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12 Cyclotomic units

This is from Washington, Introduction to Cyclotomic Fields.

(12.1) Let Vn be the group generated by ±ζn and 1− ζan for all 1 < a < n.

Remark 1. Vn ⊂ Z[ζn]×.

Definition 1. If K/Q is a number field with abelian Galois group over Q then the cyclotomic units of K
are Vn ∩ O×K for n such that K ⊂ Q(ζn). Denote the group of cyclotomic units CK .

Let p > 2 be a prime and m ≥ 1. Consider the number fields K = Q(ζpm) totally complex of degree
pm−1(p−1)/2 over Q and K+ = Q(ζpm)+ = Q(ζpm + ζ−1pm ) totally real of degree pm−1(p−1)/2 over Q. Note
that K/K+ is quadratic generated by an imaginary quadratic number. Then

rankO×K = rankO×K+ = pm−1(p− 1)/2− 1

Lemma 2. For 1 < a < pm/2 coprime to p let

ξa = ζ
(1−a)/2
pm

1− ζapm
1− ζpm

1. ξa ∈ O×K+ .

2. The group CK of cyclotomic units of K are generated by ±ζpm and the units ξa for 1 < a < pm/2
coprime to p.

3. The group CK+ of cyclotomic units of K+ are generated by −1 and the units ξa for 1 < a < pm/2
coprime to p.

Proof. Part one: First, write ζ = ζpm in which case

ζ1/2 = eπi/p
m

= e2πi+πi/p
m

= −e2πi(p
m+1)/(2pm)

= −ζ(p
m+1)/2 ∈ K

Next, it is clear that ξa is real and so ξa ∈ K+ and it is invertible because 1− ζ | 1− ζa and since (a, p) = 1
it follows that ab = pk + 1 for some k in which case 1− ζa | 1− ζ = 1− (ζa)b.

Part two: CK is generated by ±ζ and 1− ζa for some a. Write a = bpk with p - p. Note that

1−Xpk =

pk−1∏
j=0

(1− ζj
pk
X) =

∏
j

(1− ζjp
m−k

X)

1



and so
1− ζa =

∏
j

(1− ζb+jp
m−k

)

If k < m, i.e., if pm - a then the RHS consists of factors of the type 1 − ζa with (a, p) = 1 and so CK is
generated by ±ζ and 1− ζa for (a, p) = 1. Moreover, 1− ζ−a = −ζ−a(1− ζa) so CK is generated by ±ζ and
1− ζa for 1 ≤ a < pm/2 coprime to p.

Suppose ξ ∈ CK . Then

ξ = ±ζk
∏

1<a<pm/2,(a,p)=1

(1− ζa)ca

and on the level of ideals (1) = (ξ) =
∏

(1− ζa)ca . But (1− ζa) = (1− ζ) and so
∑
ca = 0. Thus

ξ = ±ζk+
∑
ca(a−1)/2

∏
1<a<pm/2,(a,p)=1

ξcaa

Part three: we only require that ξ be real in which case k = 0 in the above formula.

(12.2) Cyclotomic units of K+.

Lemma 3. Let G be a finite abelian group and f : G→ C be any function. Then

det(f(στ−1)− f(σ))σ,τ 6=1 =
∏

χ∈Ĝ,χ 6=1

∑
σ∈G

χ(σ)f(σ)

Proof. Do an example with G = Z/3Z.
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