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Abstract

This review considers a specific domain in combustion science, so-called discrete combustion waves, which have been observed in a

variety of processes including combustion synthesis of materials, burning of solid propellants, coals and biomass. The main objective of

this work is to discuss the relevant experimental and theoretical results and to bring to light the fundamental nature of this phenomenon.

The criteria for distinguishing between the homogeneous and discrete combustion waves based on the analysis of local and global

behavior of the reaction systems have been discussed. Different theoretical models that account the discrete nature of the process are

critically overviewed and compared with experimental results. It was concluded that combustion occurs in quasi-homogeneous or

discrete modes depending on the ratio of characteristic times of chemical reaction and heat transfer in the heterogeneous medium.

r 2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Typical temperature time profiles for different combustion

regimes: (a) homogeneous and (b) discrete.
1. Introduction

A combustion wave represents a self-organized system
where a chemical reaction, localized in the vicinity of the
reaction front, propagates throughout the reaction media,
converting initial reactants into combustion products.
Depending on the nature of reaction media, we can
distinguish homogeneous combustion processes, such as
premixed gas flames, and heterogeneous combustion, when
the reaction medium consists of several phases. Analysis of
works published in the last decade in the field of
heterogeneous combustion leads to the conclusion that a
‘‘critical mass’’ of experimental and theoretical data has
been accumulated, which may initiate a new domain in
combustion science, so-called discrete combustion waves.
This phenomenon has been observed in a variety of
processes including combustion synthesis of materials
[1–4], burning of solid propellants [5–7], coals and biomass
[8–10], forest fires [11–13], reaction propagation in fluidized
beds [14–16] and in clouds of solid particles or spray
combustion [17–19]. The main objective of this work is to
discuss the relevant experimental and theoretical results
and to bring to light the fundamental nature of this
phenomenon. It is worth noting that in this review we
primarily focus on gasless combustion of solid powder
mixtures, which represents a typical example of discrete
combustion waves.

To differentiate continuous and discrete combustion
waves, let us first recall some basic concepts of combustion
wave propagation. It is commonly accepted that steady-
state combustion represents an important class of auto-
wave processes, where invariable space distributions of
temperature, concentrations, density, etc., propagate with
constant velocity, U, through the reactive medium [20]. For
example, in a one-dimensional (1D) case, this means that
the temperature at any random point with coordinate, x1,
and instantaneous time, t1, can be related to the
temperature of any other point x2 (see Fig. 1a) by the
following equation:

Tðx1; t1Þ ¼ Tðx2; t1 þ ðx2 � x1Þ=UÞ. (1)

Note that values of x1 and x2 can be taken randomly
only if the medium is a strictly homogeneous continuum.
Taking into account the discrete atomic nature of matter,
one can admit that no real media fits this requirement for
an arbitrarily small volume. As the scale of the region
under consideration is gradually decreased, at some step,
when the media heterogeneity becomes noticeable, the
selection of xi points influences relation (1), and thus the
process cannot be described as homogeneous. The critical
dimension can be as small as the size of a molecule
(combustion of gas mixtures) or as large as the size of a tree
(forest fire).
In general, a homogeneous approach can be applied to

describe combustion processes with high accuracy when the
critical size of heterogeneity is small compared to the
thickness of the combustion wave. In this case, the spatial
fluctuations of temperature and concentration can be
neglected. In classical works [21,22], it was shown that
the continuous approach is applicable for describing
premixed gas flame propagation based on the following
experimental observations: (a) the thickness of the pre-
heated zone far exceeds the free path of molecules in the
gas and (b) the characteristic time of chemical reaction (tcr)
is much larger than the time of heat transfer in gas phase
media (tht). The latter is explained by the fact that the
energy exchange occurs during any collision between
molecules, but only a small fraction of these collisions
results in chemical conversion.
In turn, heterogeneous condensed systems, such as

powder mixtures, solid propellants, clouds of coal particles,
and many others, are characterized by relatively large
scales of heterogeneity (usually comparable with the
particle size of the reactants). In addition, such media
involves not only particles, but also boundary regions
between them. These elements (particles and boundaries)
typically have different physical and chemical properties
and as a rule, auto-wave solutions cannot be used to
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describe the combustion process on a scale comparable
with the scale of media heterogeneity. Nevertheless,
combustion reactions propagate through such media in a
wave-like manner, and average combustion velocity
(measured for a scale much larger than the particle size)
can be considered as approximately constant.

Does this mean that the homogeneous approach can be
used as a proper approximation for describing combustion
in all heterogeneous condensed systems? At first glance, the
answer is straightforward: the smaller the particle size
(down to the size of molecules), the better the approxima-
tion provided by the homogeneous model. However,
similar to a gas flame, one of the main criteria for
applicability of the continuum approximation is not the
reactant size, but the ratio of the characteristic times for
chemical reaction and energy (heat) transfer. Recall that
the homogeneous approximation works well if the time of
heat exchange (tht) in the heterogeneous medium is much
less then the time of chemical reaction (tcr) in the
considered system, i.e. tcr5tht. In the opposite limiting
case, when tcrbtht, it should be expected that propagation
of the combustion front occurs as an intermittent sequence
of discrete local ‘‘explosions’’, which correspond to rapid
exothermic reaction within some elementary reaction cell.
Evidently, such a process cannot be described as a steady-
state propagation of the invariable temperature profile, as
shown in Fig. 1a for the homogeneous combustion wave.
Rather, the self-sustained propagation of ‘‘explosions’’
should exhibit oscillatory-type T-profiles (see Fig. 1b),
where the ‘‘super-adiabatic peak’’ corresponds to rapid
reaction within the cell followed by relatively slow heat
dissipation into the neighboring cells until their ‘‘ignition’’.
We designate this kind of reaction propagation as a discrete

combustion wave.
For example, in the case of combustion of a 1D chain of

elemental chemical cells, the temperature profile undergoes
periodic oscillations with some period, t ¼ L//US, where
L is the size of a reaction cell, and /US is the average
combustion velocity, measured during a period of time
much longer than t. With this, condition (1) can be
rewritten as follows:

Tðx1; t1Þ ¼ Tðx1 þ nL; t1 þ ntÞ, (2)

where n ¼ 1,2,3,y (i.e. natural numbers). This means that
if any spatial temperature distribution T(x) takes place at
time t1, a similar temperature profile will be reproduced
only after discrete time- and space-intervals.

Various heterogeneous media give a wide variety of
reaction cells with different sizes, ranging from microns in
powder mixtures to meters for a forest fire (where the
reaction cell is the crown of a tree). As noted above, in
this review we focus on micro-heterogeneous systems, with
a scale of heterogeneity on the order of 1–100 mm. These,
for example, include powder mixtures for combustion
synthesis of materials, pyrotechnical systems, and some
solid propellants.
In Section 2 of this work, recent experimental results that
illustrate the specifics of discrete waves are discussed. Most
of the data on microstructure and thermal structure of the
combustion waves was obtained by means of high-speed
micro-video recording, as well as micro-pyrometry, and
thermal vision techniques. In Section 3, theoretical models
and results of computer simulations of discrete wave
propagation in gasless powder media are reviewed, and
evolution of the related ideas is traced from the classical
works of the end of the 19th century to the present day.
Section 4 is devoted to a comparison of theoretical
predictions and experimental results. The objective of this
section is to describe criteria for distinguishing between the
homogeneous and discrete combustion waves based on the
analysis of local and global behavior of the reaction
systems.

2. Experimental results

The velocity of the reaction front propagation and the
temperature–time history for any random point of the
reaction medium are two major macroscopic parameters
that define the combustion wave behavior in different
systems [23,24]. One of the main tasks is to establish a
relation between these parameters and to define the specific
regions for different combustion regimes (e.g. steady-state,
pulsating, spin, chaotic, etc.). According to homogeneous
theory, in the case of steady-state propagation the
combustion velocity is strictly constant, and the tempera-
ture profile simply shifts with this velocity, maintaining its
shape and values. Observation of the non-steady state
(by the above description) combustion waves may be
explained either by the loss of reaction front stability
(pulsations, extinction, etc.) or by manifestation of the
discrete combustion mode. The specific experimental
approaches were be used to define the differences between
these two cases.
The temperature profiles of combustion processes are

measured by thermocouples, point and linear pyrometers,
and 2D thermal video systems [25–31]. The combustion
front velocity is commonly determined by photo-registra-
tion method, frame-by-frame treatment of the movie and
video recordings, or from data obtained by sets of
thermocouples (photo-diodes) located at fixed distance
intervals along the burning sample [32–35]. It is well
recognized that in order to obtain reliable data on the
investigated phenomenon, the researcher needs to use
experimental techniques with certain scales of space and
time resolutions, which in turn are determined by the
characteristic scales of the considered process. For
example, it was shown that to obtain an accurate thermal

structure of the combustion wave in heterogeneous
systems, such as Nb–B, Ti–Si and Ti–C powder mixtures,
the thickness of the thermocouple used for recording
temperature profiles should be less than the width of the
reaction front (i.e. o10 mm) [26]. Also the characteristic
scale of heterogeneity in such reaction systems is on the
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order of the precursors dimensions (i.e. a few microns). For
example, powders with a wide range of particle sizes (i.e.,
d�1–102 mm) are used for combustion synthesis of ad-
vanced materials [14–16]. Under typical conditions,
d�10 mm and Uc�1 cm/s, the reaction front travels the
distance of one particle in �10�3 s. Thus, for in-situ studies
of the phenomenon, an apparatus that allows the process
to be observed with a spatial resolution on the micron level
and time scale on the order of microseconds must be used.
In the past 10–15 years, several methods that permit the
measurement of combustion parameters with such time
and spatial resolutions have been developed. Let us
overview some recent results obtained through the use of
such unique diagnostics to study the process of combustion
wave propagation in porous powder mixtures.
2.1. Combustion velocity

High-speed micro-video recording (HSMVR) is the most
effective technique that provides the required character-
istics for observation of the combustion wave propagation
in heterogeneous media. Beginning with high-speed film
recording [36,37], development of the method progressed
by utilizing analog [38–40] and digital [41,42] cameras, as
well as further enhancement of lighting conditions and
optical systems [43].

The scheme of an HSMVR set-up is shown in Fig. 2.
Propagation of the reaction wave is observed through a
quartz window in the reactor by using a long-focus
microscope attached to a digital high-speed video camera
and processor. The spatial resolution of the microscope
(e.g. K-2, Infinity Photo-Optical, Boulder, CO) can be as
high as 1.7 mm with magnification up to 1000� . These
values are probably close to the physical limits of the
method. Achieving higher resolution could be possible by
using short-focus objective lenses (as is typical for metallo-
graphic microscopes); however, the severe conditions near
the combustion wave do not allow one to decrease the
distance between the burning sample and the lens. Perhaps,
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Fig. 2. Experimental setup for microscopic high-speed video recording of

the combustion wave propagation (adopted from Ref. [2]).
development of novel optical methods, such as scanning
laser microscopy etc., can help to overcome this obstacle.
The high-resolution, high-speed video camera attached

to the microscope records the events, and the images are
transferred to the intermediate digital processor or directly
to the computer memory. The recording rate depends on
the desired size and quality of the picture. For example, for
black-and-white recording, with a frame size of about
768� 512 pixels, the recording rate is in the range of
300–1000 frames/s. Rate up to 50,000 frames/s can be
achieved by decreasing the frame size. Additionally, strong
illumination (highlighting) of the surface allows one to
monitor both initial reaction media and the reacted part of
the sample. In contrast to space resolution, the time
resolution (recording rate) of digital video cameras has
increased rapidly, and high-speed cameras are becoming
more available for routine combustion experiments.
Digital images, transferred to the computer memory, can

be processed and analyzed to yield quantitative character-
istics of the reaction wave structure by utilizing specially
developed or commercially available software packages for
image analysis. The latter gives state-of-the-art imaging
and analysis capabilities, which includes measuring object
attributes such as: area, diameter, aspect ratio, as well as
object numbers and center-to-center distance between them
[44,45]. Typically, in conjunction with the HSMVR
method, a conventional video camera (24–30 frames/s) is
used, which provides a macroscopic view of the process.
A variety of reaction processes were investigated by

high-speed recording, including combustion of propellants,
coals, metal–nonmetal (e.g. Ti–C, Ti–Si), metal–metal (e.g.
Ni–Al, Ti–Al), thermite (Al–Fe2O3), and metal–gas (e.g.
Ti–N2) systems [46–51]. Among several important observa-
tions, let us consider those which are related to the
measurement of the combustion front velocity. These
results are critical for understanding the fundamental
concept of combustion wave propagation in heterogeneous
systems.
For a majority of the above-mentioned systems (e.g.

Ti–C, Ti–Si, Ni–Al, Ti–N), the existence of an essentially
flat combustion front, which under certain experimental
conditions propagates in a steady-state manner (i.e. with
constant velocity), is a well-established experimental fact.
However, this conclusion was made based on phenomenon
observation by conventional video camera (i.e. a spatial
resolution Dr�0.1mm and time scale Dt�10

�1 s, Fig. 3a).
Monitoring of the same processes using HSMVR with
Dr�10

�4 mm and Dt�10
�4 s (Fig. 3b) unequivocally re-

vealed that on the microscopic scale, the reaction front has
an irregular shape and propagates in a sequence of rapid
‘‘jumps’’ and long-term hesitations (i.e. with chaotic
oscillations in local velocity) [37–45].
The local random perturbations of the combustion front

cause some difficulties in the precise measurement of
combustion velocity. In the case of strictly homogeneous
steady-state combustion, any point of the reaction front
with some chosen value of temperature (within the range
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T0oToTC) can be used as a marker for measuring its
velocity. In the presence of local perturbations, different
points of the temperature profile move with different
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and 30 frames/s and (b) 100� and 1000 frames/s (adopted from Ref. [52]).
velocities. Therefore, determination of the combustion
front position and its propagating velocity becomes a
nontrivial task. Methods for determining the combustion
front position, its roughness, instantaneous local velocity,
etc. are discussed in several publications [39–42,45].
Fig. 4 illustrates one of the possible ways for determining

the location of the combustion front. The original image
(Fig. 4a) is converted to a matrix of brightness intensity
levels (Fig. 4b). The intersection of the matrix with the
threshold intensity (see [53] for the algorithm for finding
the threshold) separates the reacted and unreacted parts of
the sample and corresponds to the instantaneous location,
F(x,y), of the combustion front (Fig. 4c). Another way is to
determine the point of maximum gradient of the tempera-
ture (or brightness) at the combustion front and monitor
movement of this point [54]. At first glance, the value of the
chosen temperature (or its gradient) may influence the
obtained value of combustion velocity leading to uncer-
tainty in experimental results. However, the thickness of
the combustion front is usually very small and comparable
with the space resolution of the optical systems used in
experiments. Thus, the exact selection of the marker point,
while it is within the width of combustion front (preheating
+reaction zones), does not significantly affect the mea-
surements.
An average combustion front profile F̄ ðtÞ was introduced

(see Fig. 4d) based on the relation:

F̄ ðtÞ ¼

R y0
0 F ðy; tÞdy

y0

,

where y0 is the width of the investigated sample surface.
matrix of intensity

threshold intensity

Average front
profile, F(t)

F(y,t)

al
ustion
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y

trix of the brightness level; (c) subsequent wave front and (d) average front
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Once F(x,y) and F̄ ðtÞ are found for the series of video
images, the heterogeneity of the combustion front can be
characterized in many ways. For example, a set of
parameters that characterizes the combustion front shape

(e.g. average front length (l) and its dispersion (sF, sF))
were suggested (see Table 1). A group of functions that
describe the combustion front propagation were also
introduced (Table 2). Specifically, the instantaneous
velocity of the combustion front, Uinst(y,t), projected along
lines parallel to the macroscopic direction of the wave
propagation, is determined by measuring the distance the
combustion front moves along the axis in one time step:

U instðy; tÞ ¼
qF ðy; tÞ

qt
¼

F ðy; tjÞ � F ðy; tj�1Þ

tj � tj�1
.

By conducting a statistical treatment on the video frames
obtained by the HSMVR technique, it was shown that the
transition from the steady-state to the jump-hesitation
regime can be achieved by changing sample density [39–42].
To illustrate this important observation, let us compare
experimental results obtained on combustion in the Ni–Al
system [55]. Fig. 5 represents the distributions of the
instantaneous combustion velocities, Uinst, for samples
with relatively high (Fig. 5a) and low (Fig. 5b) initial
densities. It can be seen that for dense reaction media, the
Table 2

Characterization of combustion wave propagation (adopted from Refs. [132,1

Characteristics Value at time t

Range RU ðtÞ ¼ max
y
½Uðy; tÞ� �min

y
½Uðy; tÞ

Average
UðtÞ ¼

R y0
0 UðyÞdy

y0

Dispersion
sU ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR y0
0 ½UðtÞ �Uðt; yÞ�2 dy

y0

s

Table 1

Characterization of combustion front shape (adopted from Refs. [132,157])

Characteristics Value at time t

Range RF ðtÞ ¼ max
y
½F ðy; tÞ� �min

y
½F ðy; tÞ�

Dispersion
sF ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR y0
0 ½F ðtÞ � F ðy; tÞ�2 dy

y0

s

Length
lðtÞ ¼

1

y0

Z y0

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

qF ðy; tÞ

qt

� �2
( )vuut
Uinst distribution is unimodal, narrow (DU1/2/Umaxo5%)
and its maximum exactly coincides with the average value
of the combustion velocity, Uc

av, which was measured by
conventional video camera. However, in the case of less
dense samples, this distribution is noticeably different and
involves two maxima (Fig. 5b). It is important that the
most prevalent velocity (UI

max) approaches zero, i.e. the
combustion front is momentarily stationary. It means that
most of the time the reaction front hesitates! The second
peak (UII

max) is wide and its maximum value exceeds the
average macroscopic combustion velocity. Interesting that
observation of the same process by conventional video
camera (time scale �5� 10�2 s) gives an unconditional
illusion of the steady-state process!
These experimental data led to the formulation of a new

mechanism for combustion wave propagation in gasless
heterogeneous media. This concept affirms that the process
of reaction front propagation possesses a jump-hesitation
(discrete) character and involves two stages: (a) rapid

burning (tb�10
�4 s) of the specific local area (so-called

elemental reaction cells), and (b) a relatively long

(tind�10
�2 s) ignition delay stage during which the next

reaction cell is preheated. Since in this case one region
successively ignites the other, this mechanism has been
named relay-race [39,40]. The existence of such phenomena
57])

Over experimental duration

�

RU ðtÞ ¼

R tf
t0

RU ðt
0Þdt0

tf � t0

UðtÞ ¼

R tf
t0

R y0
0 UðyÞdydt

y0ðtf � t0Þ

sU ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR tf
t0

R y0
0 ½UðtÞ �Uðy; tÞ�2 dydt

y0ðtf � t0Þ

vuut

Over experimental duration

RF ðtÞ ¼

R tf
t0

RF ðt
0Þdt0

tf � t0

sF ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR tf
t0

R y0
0 ½F ðtÞ � F ðy; yÞ�2 dydt

y0ðtf � t0Þ

vuut

dy l ¼

R tf
t0

lðt0Þdt0

ðtf � t0Þ



ARTICLE IN PRESS

reaction spot
appears

gr

Direction of Combustion Front Propagation

ows

spreads
along the front

hesitation

reaction spot
appears  again

grows

spreads
along the front

Fig. 6. Frames of the combustion front propagation illustrating the

scintillating character of the reaction wave (adopted from Ref. [2]).

Fig. 5. Typical distribution of the instantaneous combustion velocities in

a heterogeneous system fort different combustion modes: (a) homoge-

neous and (b) heterogeneous (adopted from Ref. [55]).

A.S. Mukasyan, A.S. Rogachev / Progress in Energy and Combustion Science 34 (2008) 377–416 383
was explained by the micro-heterogeneous nature of the
reaction media that consists of reaction particles with a
varying ‘‘quality’’ of inter-particle contacts, which is
discussed in details below.

2.2. Temperature–time history

Qualitative consideration of the brightness maps ob-
tained by micro-video recording with high magnification,
assuming that in general the brighter areas have a higher
temperature compared to the darker regions, brought other
unusual observations [2]. For example it was shown that in
many systems (e.g. Ti–Si, Ni–Al, Ti–C, etc.) temperature is
not uniformly distributed in the combustion front. More
specifically, relatively small (10–100 mm) bright (‘‘hot’’)
spots randomly appear in the vicinity of the reaction front,
indicating local (discrete) regions of very high temperatures
(Fig. 6). Some of these spots tarnish, and dissipate, others
initiate the reaction in the neighboring areas, leading to a
virtual propagation of the high temperature spots along the

lateral direction of the front. It was also shown that the
front moves forward as a consequence of the appearance of
hot spots and the overall progress of the front occurs only
locally in the vicinity of such high temperature regions
[2,43,45]. It means that during the periods of time when the
hot spots are absent, the reaction front hesitates. Taking
into account all of these features, this mode was designated
as a ‘‘scintillating reaction wave’’ (SRW).
Typical 2D and 3D representations of thermal structures

in the Ti–Si system are shown in Fig. 7. It is worth noting
that the temperature of the hot regions exceeds the average
temperature of the reaction front. Based on this observa-
tion, it was concluded that in these local overheating
(scintillation) zones, the reaction rate is so high that the
characteristic reaction time is much less than the time
required for heat dissipation into the surrounding media.
Similar, hot spot type, temperature maps were obtained for
combustion of solid fuels [3]. For example, Fig. 8 shows the
thermal heterogeneity of the combustion wave in the
Fe–KMnO4 system.
More accurate methods to obtain data on the combus-

tion wave thermal structure are related to the utilization of
thermocouples and pyrometers. In the former case, because
of the high-temperature gradients occurring in the combus-
tion wave, very thin thermocouples (with diameter less
than width of the reaction front, i.e. 7–10 mm) with a small
relaxation time should be used [26]. A variety of systems
were investigated by this method and the obtained results
contributed to a deeper understanding of the reaction
mechanisms [56,57]. Analysis of such temperature profiles
by applying, for example, the Boddington–Laye method,
allow one to extract the kinetics parameters of rapid
combustion reactions [27,58,59]. However, the reliability
and reproducibility of this technique is not always
sufficient [60], especially in the case of monitoring the
stochastic distribution of high temperature regions along
the sample surface.
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Fig. 7. Thermal structures of a scintillating reaction wave (adopted from Ref. [2]).
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Fig. 8. (a) 2D-temperature map of combustion front propagation and (b) temperature and temperature gradient distributions along selected cross section

(adopted from Ref. [3]).
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Recently, rapid high-resolution optical pyrometers were
developed to meet the specific need for studying propaga-
tion of high-temperature heterogeneous reactions. For
example, a two-color linear 2D array device, built on the
basis of high-resolution CCD light detectors, allow one to
reach spatial resolution of 1 mm and monitor the combus-
tion wave propagation every 10�2 s [61]. The scheme of the
experimental apparatus is shown in Fig. 9. The linear
detectors consist of 1024 sensing elements, 13� 13 mm
each. The two wavelengths (750 and 850 nm) were selected
by using narrow-band (10 nm) interference filters (Fig. 9b).
An even faster apparatus, (time scale 10�6 s) however, with
lower spatial resolution (100 mm) was designed and
constructed by another group [62].

Examples of temperature profiles obtained during the
combustion of a Zr+CoO system using a CCD-based
pyrometer are presented in Fig. 10. It can be seen that the
sharp temperature peaks are present at the beginning of
each profile (Fig. 10a). Analysis of such data revealed that
some of these peaks are attributed to the formation of
small cracks on the sample surface. However, the others
are directly related to the existence of the ‘‘hot’’ spot
regions described above.
Another example of temperature profiles captured by

a high-speed pyrometer for the Ni–Al mixture is shown in
Fig. 11 [62]. It was statistically proven that complex
temperature–time dependencies characterize the interaction
in this system. While inflection points and saturated regions
can be explained based on the analysis of the system phase
diagram [29], the observed temperature peaks are a direct
confirmation of the ‘‘hot’’ spot appearances, followed by the
process of energy dissipation to the neighboring regions.
Further, it was suggested that hot spots form in the

locations of the most refractory reactant (e.g. Ti in Ti–Si
system) at the melting point of the other reactant (Si)
[2,50]. Indeed, in initial solid porous media (Ti+Si), the
contact area between the particles is small, which leads to
relatively slow heat conduction and negligible reaction
rates. A significant intensification of chemical interaction
occurs at the melting point of the less refractory reactant
(e.g. Si). For example, when temperature in the vicinity of a
Ti particle reaches 1410 1C, silicon melts and rapidly
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Fig. 10. (a) Video images and instantaneous light-intensity profiles (LIPs) for r

the experimental duration (adopted from Ref. [61]).
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spreads over the surface of a solid Ti particle with
simultaneous chemical reaction (so-called ‘‘reaction-
spreading’’). Hence, the reactant melting point is indicative
of the ignition temperature (Tig), which is much smaller
than the maximum combustion temperature, Tc. Since the
temperature of the media just before ‘‘ignition’’ is much
greater than T0, and the reaction time is so small, the
generated heat does not have enough time to dissipate from
the local area, causing a maximum temperature in the hot
spot that can be significantly higher than the ‘‘adiabatic’’
combustion temperature.
In conclusion, recent experimental observations con-

ducted by means of different time-resolved techniques,
show that, when observed on time scales of �10�3–10�4 s
and at spatial resolutions on the order of the scale of
heterogeneity of the discrete system, the combustion front
moves as a sequence of rapid jumps and hesitation with
random formation of localized high-temperature regions,
which stimulate the reaction propagation. It became clear
that the aforementioned features are related to the
microstructural characteristics of the initial reaction media,
and thus it was critical to find out these relations.

2.3. Global and local behavior of combustion waves: relation

to microstructure of the reaction media

A considerable amount of published experimental data
on the dependencies of combustion parameters (i.e. Uc and
eaction front propagation in the Zr+NiO system and (b) set of LIPs over
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T(t)) versus different process factors (e.g. reaction media
composition, its porosity, reactant particle size, etc.) are
difficult to explain based on the classical concepts of
combustion phenomena. For example, Fig. 12a represents
the burning rates for amorphous and crystalline boron with
Boron Concentration, mas.%
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Fig. 12. Combustion velocity in different boron-oxidizer systems as a functio

oxidizer (adopted from Ref. [3]).

Fig. 13. Dependencies of combustion velocity and temperature as a function o
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Fig. 11. Temperature profiles of combustion wave propagation in the

Ni–Al system at two points 1mm apart (adopted from Ref. [62]).
different oxidizers as a function of boron/oxidizer ratio. It
can be seen that no common trend can be attributed to
these data. However, an accurate statistical analysis of the
initial mixture microstructure revealed the parameter that
makes sense of this complex ‘‘irregular’’ picture. It was
shown that the contact surface area between boron and
oxidizer per volume (S) is a parameter that is responsible
for the variation of combustion velocity. Indeed, the
same data for Uc re-plotted versus S gives a straight line
(Fig. 12b). Similar relations were found for other systems
such as Al–AP–PMMA and Zr–AP–PMMA [3] (where AP
is ammonium perchlorate and PMMA is polymethyl
methacrylate).
Also, detailed studies demonstrate that in many systems

(e.g. solid rocket propellants, pyrotechnic mixtures, and
spray combustion) the combustion limits are defined by the
formation of the percolation cluster, i.e. a continuous net
of contacting reactants on the burning surface [63–66]. For
example, it was shown that at some critical volume
concentration of metal in different heterogeneous con-
densed systems, a sharp change of combustion velocity
occurs (see Fig. 13). It was also reported that for a variety
of systems (metal–metal, metal–AP/PMMA, etc.) the
critical concentration of metal component is essentially
constant (�16 vol%). Statistical treatment of the samples
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cross section revealed that at this specific concentration,
percolation clusters are formed in the reactive heteroge-
neous media [3,64]. These results suggest that the observed
thermal heterogeneity of the reaction front should correlate
with the microstructure of the reaction media.

To verify this hypothesis, microstructural parameters of
the reaction media should be quantitatively compared with
the suitable features of the combustion wave [44,45]. While
microstructural characteristics of heterogeneous media
(such as average particle and pore sizes, their distributions,
contact surface area, etc.) are well known, the micro-
structural parameters of the combustion wave should be
defined.

Let us consider an example. Typical backscattering
electron images of the microstructures for initial reaction
media in the Ti–Si system with different Ti particle size
are presented in Fig. 14 (light phase: Ti; gray: Si; black:
pore) [48]. It can be seen that the microstructure consists
of relatively large Ti particles surrounded by smaller
particles of Si as well as many fine pores (1–2 mm)
and a few randomly distributed coarse pores (�10 mm).
The corresponding values of different parameters, which
are characteristics of these structures and obtained by
computer analysis of images using the IMAGE-PRO-
PLUS package, are presented in Table 3.

In turn, the sequences of video micro-images of
combustion wave propagation in such media (see Fig. 6),
Table 3

Microstructural characteristics: initial reaction medium and combustion wave

Parameters

Range of Ti particles size, mm (sieving)

Average Ti particles size, mm (sieving)

Number of Ti particles per unit volume, mm�3 (sieving)

Number of Ti particles per unit cross section area, mm�2

Number of hot spots per unit cross section area, mm�2

Number of Ti particles per unit volume, mm�3

Number of hot spots per unit volume, mm�3

Approximate number of Ti particles per hot spot

Average c–c distance between Ti particles, mm
Average c–c distance between hot spots, mm
Average time between hot spots appearance along line, ms

Average lifetime of hot spot, ms

Fig. 14. Typical microstructure of initial sample cross sections (Ti–Si sy
were also statistically analyzed. The microstructural
features of the SRW were described through many
parameters including a size distribution of the hot spots
and the distance between them, their lifetime (the period
between the appearance of a bright spot and the
moment when its brightness equals that of the combustion
product), and time intervals between the appearance of hot
spots (for some predetermined area or along an arbitrarily
selected line). Some of these data are also presented in
Table 3.
Comparison of the obtained results demonstrates a good

correlation between the microstructural characteristics of
the initial reaction media and those for the combustion
wave. Indeed, for coarse powders (440 mm), the specific
number of Ti particles approximately equals the number of
hot spots observed during the combustion process. This
essentially means that every Ti particle forms a hot spot.
However, for finer Ti particles, the average hot spot is
formed by several (3–5) such particles (a cluster). It can
also be seen that several parameters of SRW, such as the
number and size of hot spots, and the average distance
between their appearances, strongly correlate with the
number, size and location of titanium particles. It is
important that the typical lifetime of the hot spots in the
local area is at least ten times shorter that the time between
consecutive appearances of hot spots in the same area. It
was found that this ‘‘delay’’ time increases with increasing
(adopted from Ref. [48])

Values

20–45 45–75 75–106

33 60 90

14,990 2490 740

332 169 82

100 92 76

10,060 2815 907

3030 1533 844

3.3 1.8 1.1

39 45 53

38 40 52

5.8 9 11

2.2 1.5 1.6

stem) with different titanium particle size (adopted from Ref. [45]).
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Ti particle size (Table 3). Apparently, preheating of larger
particles up to the reaction initiation temperature requires
more time compared to smaller particles. When the
reaction is initiated, it proceeds within a small local volume
in a relatively short time, independent of the Ti particle
size. Finally, it was also demonstrated [45] that the hot spot
size does not change, while its average lifetime slightly
decreases with increasing reaction media density. The latter
was explained by an increasing rate of energy dissipation
within the media for higher densities.

Thus, it was concluded that thermal micro-heterogeneity
of the combustion wave, which manifests itself through
characteristic roughness of the reaction front and chaotic
local oscillations of the instantaneous propagation velocity
and formation of the short-lived hot spots along the front
surface, is strongly correlated and even defined by the
heterogeneity of the reaction media [41,45].

Let us summarize the experimental findings. For many
heterogeneous gasless and gas–solid systems including,
Ti–C, Ti–Si, Ni–Al, Ti–N, etc., it was shown that
combustion waves, which look steady-state and planar
when they are observed with the time scale of Dt�10

�1 s
and spatial resolution of Dr�0.1mm, under more precise
examination (i.e. Dt�10

�4–10�3 s and Dr�1 mm) show a
discrete (jump-hesitation) manner of propagation with
non-uniform temperature distribution along the reaction
front. Such waves possess a complex temperature structure
that is correlated with the microstructure of the reaction
media.

While the specific experimental conditions for each
system are different (see corresponding references), it was
proven that above behavior is observed when the
characteristic reaction rate is much faster than the rate of
heat transfer in the considered reaction media. Analysis
shows (see also Section 4) that this requirement is fulfilled
over a wide range of typically used experimental para-
meters (density, particle size, etc.).

In the above context, to switch from relay-race to a
quasi-homogeneous mode of combustion wave propaga-
tion, one needs to significantly increase the thermal
conductivity of the reaction media, e.g., using samples
with very high initial density (475%) and/or to slow down
the intrinsic kinetics of the chemical reaction. The latter
can be achieved, for example, in a gas–solid system by
using low gas pressure or in a gasless system by diluting the
reaction mixture with an inert substance. As noted above,
in general a decrease in reactant particle size does not lead
to the quasi-homogeneous combustion mode, but rather
causes the opposite effect.
To

Tig

ds

Fig. 15. Temperature profile with super adiabatic peak (adopted from

Ref. [22]).
3. Theoretical models for discrete combustion

3.1. Discrete combustion waves: evolution of ideas

It is shown below that all major features of the discrete
combustion wave discussed in Section 2 may be described
based on two assumptions:
(A)
 Reaction medium consists of clearly distinguishable
reaction cells.
(B)
 Reaction time within the cell is shorter than the time of
heat transfer between the neighboring cells.
These simple statements lead to the theoretical models
for discrete combustion wave propagation; however the
route for developing such models was not straightforward.
Let us briefly overview some aspects of combustion theory
from the viewpoint of the discrete reaction wave.
It is interesting that the early theory of flame propagation

developed in pioneer works of Mallard and Le Chatelier [21],
as well as Mason and Wheeler [22], exhibit some features of
the discrete approach. First, the temperature profile of the
combustion wave, considered in these classical papers,
involves a discontinuity in the derivative at some ‘‘ignition’’
point (Tig) and a super-adiabatic peak (Tm) (see Fig. 15).
Second, when they described a small movement of the
combustion front (on distance ds, Fig. 15), it was assumed
that heat, generated by the chemical reaction of source F,
was used for preheating of the ds layer from the initial
temperature (T0) up to the ignition temperature Tig:

cðT ig � T0Þds ¼ F ðTm;T igÞdt.

Note that these features are similar to those for the
combustion of a chain of reaction cells with size ds, which
have high thermal conductivity and are separated by highly
thermal resistive contacts (i.e. conditions of step-like
temperature distribution on the boundary between the cells).
Also, while the assumption of a fixed ignition temperature
(Tig) typically does not hold for gaseous reaction mixtures
(see below) it may have physical meaning for combustion in
a condensed system. Indeed, it can be related to the system
characteristic temperature of phase transformation, such as
melting or dissociation, as discussed above. Finally, as noted
by Garner [67], the equation for combustion velocity
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obtained in this earliest theory is

U ¼
F ðT ; tÞ

cðT ig � T0Þ
¼

F 0ðTm;T igÞlðTm � T igÞ

cðT ig � T0Þ

¼
F 0ðTm;T igÞlQ

c0 cðT ig � T0Þ
, ð3Þ

where Q is the heat of reaction, l is heat conductivity of the
reaction media, ‘‘yholds exactly only for the limiting case
where the speed of reaction in the flame is very rapid
compared with the rate of conduction of heat to the cold
gas, but it is of general service for all but the slowest
burning mixtures’’.

Later, Zeldovich, Frank-Kamenetskii, and co-workers
[20,24] showed that the above physical model could not be
applied to the combustion of premixed gases. In their
theory of the thermal propagation of flame, it was proven
that for a homogeneous, steady state propagation regime,
it is necessary to take into account not only the heat
conservation law, but also the continuity of heat flow at
any point. As a result, a novel equation for the combustion
velocity was derived:

U ¼
2l
R

F dT
� �1=2

rQ
, (4)

where r is reaction media density.
In the suggested approach the continuity of heat flow

means that in the steady-state propagation regime the rate
of heat transfer from reaction to the preheating zone
cannot be slower than the rate of heat generation in the
reaction zone, which in some sense denies the aforemen-
tioned note of Garner [67]. Nevertheless, the Zeldovich–
Frank-Kamenetskii model serves as a basis for modern
combustion theories and it was further adapted to describe
different phenomena such as combustion of condensed
matters, gasless combustion, SHS, and other processes.

However, condensed combustibles (gun powders,
explosives, composite and homogeneous propellants, etc.)
possess quite different thermal properties and reaction
kinetics in comparison with gas mixtures. For example,
many solid propellants consist of two phases (fuel particles
and oxidizing binder, or fine oxidizer particles embedded in
a fuel matrix), which allow reaction cells to be outlined and
define media heterogeneity. Nevertheless, under certain
conditions, the homogeneous theory describes the burning
of solid matter well. The experimental basis for under-
standing why combustion of essentially heterogeneous
systems can be described by a homogeneous model was
first provided by Belyaev [68]. He showed that a gap exists
between the surface of the burning solid explosive and the
flame. Based on this observation, a conclusion was made
that combustion primarily occurs in a gas phase and heat
flux from the reaction zone cause further evaporation of
the solid explosive.

These experimental results allowed Zeldovich to develop
a theory for combustion of gunpowders and explosives
[69], where gas-phase reactions play a controlling role in
the complex burning process, while reactions in the
condensed phase are neglected. Later, it was shown [70]
that with increasing temperature, the ‘‘leading’’ combus-
tion stage transfers from gas to the condensed phase. This
effect occurs because at sufficiently high temperatures, the
rate of the condensed phase reaction becomes greater than
the rate of gas phase combustion. Note that increasing
ambient pressure also leads to the dominating role of
reaction in the condensed phase in such systems. Upon
analyzing different possible limiting stages in propellant
combustion, Williams [71] came to the conclusion that a
complete theory must take into account the heterogeneity
of composite propellants.
An attempt to develop a novel, essentially discrete,

combustion model for the burning of composite propel-
lants and other exothermic mixtures was made by Fur
[72,73]. The model was named a ‘‘relaxation mechanism’’
of combustion propagation. The main features of this
model are: (1) the reaction medium consists of a cubic
lattice with fuel particles located on the lattice points and
small oxidizer particles are distributed between them; (2) a
layer of such cubic lattice cells is considered to be an
elementary layer of the mixture; (3) heat flow from the
reaction zone preheats the elementary layer to some
ignition temperature, Tig, at which the reaction initiates
(inflames); (4) the inflammation time is much less than the
preheating time. The preheating process is treated as
thermal relaxation, lending to the name of the model.
Comparison of these conditions with the previously
formulated criteria for discrete combustion shows that
Fur’s relaxation mechanism represents a kind of discrete
combustion process. Based on the heat balance between
reaction and preheating layers, the following equation for
the combustion velocity was suggested:

U ¼
k1l
crD

T� � k2T ig � k3T0

k4ðT ig � k5T0Þ þ
Q

c
þ

4�

crd

, (5)

where ki (i=1,y,5) are numerical coefficients, D is a
dimension of the elementary cell, e is a coefficient of
thermal emission. Note that Eq. (5) is a complicated
version of the Mallard and Le Chatelier formula (3). Fur’s
works were subjected to severe criticism [74], in which the
model was characterized as a deteriorated variant of
Mallard and Le Chatelier’s theories. The main points for
the criticism were the following:
(1)
 It is not correct to introduce ignition temperature (Tig)
as a constant value, because according to fundamental
theory [75], Tig is determined by the balance between
reaction heat evolution and heat losses, which can vary
for the same system from one experiment to the next.
(2)
 Fur’s formula does not provide the proper dependence
of combustion velocity on gas pressure.
(3)
 A reciprocal proportion between combustion velocity
and particle size, U�1/D, ‘‘has no serious experimental
ground’’, and if it finds experimental confirmation in
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the future, it will be ‘‘more natural to explain this
dependence by a diffusion combustion mode’’ [75].
While today, these arguments look less unquestionable
than 45 years ago, they led to a long pause in further
development of discrete combustion models.

Failure of the early discrete combustion models can also
be explained by the lack of understanding of the systems to
which they should be applied. The following types of
combustible condensed phase systems can be outlined:
(i) homogeneous; (ii) initially heterogeneous, but all of its
components melt and mix at the molecular level in the
preheating zone (i.e. before the reaction starts);
(iii) heterogeneous, in which at least one component
remains solid (completely or partially) to the point of
reaction initiation. Thermal homogeneous theory
[20,24,76] can be adapted to describe the features of
combustion wave propagation for the first two cases
[77,78]. A comprehensive analysis of these models can be
found in the monographs and review [71,79–81]. The third
case, where a heterogeneous reaction leads the combustion
process, is of the most interest from the viewpoint of a
discrete model. As it was shown in Section 2, many
experimental results clearly indicate the existence of a
discrete combustion wave in such systems. However, the
experimental techniques that permitted this evidence to be
obtained were not available at the beginning of the 1970s,
when the combustion theory of heterogeneous mixtures
was being established. Probably for this reason, a quasi-

homogeneous approach was used as the basis for the
development of such models.

The principle of thermal homogeneity for reaction media
was introduced in several works [82,83] as follows:
‘‘yregardless of the particle size, a condensed mixture
may be considered as thermally homogeneous, because
heat release in such mixtures (controlled by inter-diffusion
of the components) is much slower as compared to heat
relaxation in the particles. Chemical heterogeneity, which is
intrinsic for such mixtures, reveals itself only through
special types of kinetic functions, which defines heat
evolution in the effectively homogeneous medium’’.

Since this postulate has been the basis for thousands of
publications on combustion of heterogeneous mixtures
during the last 30 years, it is worthwhile to consider the
evidence for such a statement. First, it was assumed that
heterogeneous reactions occur by diffusion of the compo-
nents though the solid layer of product formed along the
boundary between the reactants. Thus, solid-state diffusion
was admitted to be a limiting stage of the process. Second,
thermal conductivity in the bulk solid material was
considered to be a main mechanism of heat transfer in
such media. Based on these assumptions and Arrhenius-
type kinetic laws, a parameter that characterizes a mixture
thermal homogeneity was derived [84]:

B ¼
D

ag
,

where D and a are the maximum values of reaction
diffusion coefficient and thermal diffusivity of the medium,
respectively; g ¼ RTc

2/E(Tc–T0). If B is small, the reaction
medium may be considered as thermally homogeneous,
while if BX1 it is important to account for the media
heterogeneity. Upon substitution of common values,
according to assumed mechanisms (D�10�6�10�8 cm2/s,
a�10�1–10�2 cm2/s and g�0.1), one finds B51U Thus, it
was accepted as indisputable fact that combustion pro-
cesses in all chemically heterogeneous combustible mix-
tures can be considered as thermal homogeneous.
Recent experimental results (see Section 2) have shown

that the above assumptions fit only a small portion of the
investigated heterogeneous powder systems. For example,
let us consider combustion when mass transfer is controlled
by liquid-phase diffusion (D�10�5 cm2/s) and take into
account high thermal resistances between the contacts of
particles (thermal diffusivity of real powder mixtures
�10�3�10�4 cm2/s). It is obvious that, in this case B�1,
and the above stated principles of media thermal homo-
geneity could not be applied. In the next paragraph we
briefly discuss several important theoretical models, which
were developed to account for the thermal heterogeneity of
reaction media during combustion in such systems.
3.2. Contemporary theoretical models of discrete

combustion

As it was shown in Section 2, the microstructure of real
heterogeneous media is rather complicated (Fig. 14). In an
attempt to account for this complexity, a variety of
theoretical approaches have been developed, which are
based on different assumptions and contain various
governing parameters. However, the common feature in
all such discrete models is the consideration of a distin-
guishable element in the structure, a so-called elementary
reaction cell. Typically, the elementary reaction cell is
defined as the smallest volume of the combustible media,
which contains all components (fuel, oxidizer, etc.) in the
same proportion as the whole mixture. This concept was
initially formulated for thermite combustible mixtures with
all molten components in the reaction zone [85]. However,
it may be applied to most known heterogeneous mixtures
[86]. For example, in binary systems (A+B) in which the
particle size of one reactant (e.g. A ¼ metal: Ti, Al, Mg) is
much larger than the other (e.g. B ¼ nonmetal: carbon,
boron, oxides), the reaction cell is composed of one large
metal particle surrounded by a defined number of fine non-
metal particles. If the reactants in a mixture have
comparable sizes (e.g. Ni+Al, Ti+Ni), then two neighbor-
ing particles of different reagents may constitute the
reaction cell. Thus, the inner structure of the elementary
reaction cell may be different for different mixtures.
However, the common property of all considered cellular
media is that mass transfer and heterogeneous reaction
occur inside each cell, while only heat transfer takes place
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between the cells. This assumption is of critical importance
for all theoretical models discussed below.

Strictly speaking, the geometry of the reaction cell
influences the kinetics of heterogeneous reaction. Solid
products can appear at the contact boundary between the
reactants and thus may retard further reaction. This aspect
was analyzed in numerous works, including the classical
combustion models with strong retardation [78,79], and
further summarized in several reviews [60,81,86]. However,
a specific form of the reaction rate function plays a
governing role only in the quasi-homogeneous combustion
mode, when the reaction heat evolution is a limiting stage
of the process. In the discrete mode, propagation of the
combustion front is limited by heat transfer between the
cells, while heat release inside each reaction cell occurs
relatively rapidly. For this reason, the simplest kinetic laws,
e.g., stepwise kinetics or zero-order reactions, are widely
used in the discrete models considered below.
3.2.1. One-dimensional discrete models with zero-order

Arrhenius-type kinetics

One of the simplest discrete models of heterogeneous
media is a 1D chain of reaction cells shown in Fig. 16. The
state of each cell at any moment in time can be fully
described by two variables: temperature, Ti, and degree of
conversion, Zi ¼ 1�m/m0 (where m0 and m are initial and
instantaneous fuel contents in the cell). In addition, each
cell is characterized by a few invariable parameters: c�M

(where c is the specific heat capacity and M is the mass of
the cell, M ¼ erd3, r and d are density and size of the cell, e
is a shape factor, e.g., e ¼ 1 for cube, e ¼ p/6 for sphere,
etc.), and the heat of reaction Q. Contacts between the cells
are defined by a contact surface, S, and heat exchange
coefficient, a. A system of equations to describe the
combustion wave propagation in i-cell can be written as
follows [87]:

cM
qTi

qt
¼ aSðTi�1 � 2Ti þ Tiþ1Þ þQ

qZi

qt
, (6)

qZi

qt
¼ F ðZi;TiÞ, (7)

where F(Zi, Ti) is a kinetic function of heterogeneous
reaction within the cell presented in the most general form.
Further, more accurate, definition of this function can be
done to denote the specifics of the reaction mechanism,
T
i-1

iT
i+1T

T
i-2

T
i-3

i+2T
i+3T

i-3 i-1 i i+1 i+2 i+3i-2

Fig. 16. Schematic representation of the one-dimensional cell model of the

reaction media (adopted from Ref. [87]).
e.g., reaction- or diffusion-controlled interaction, dissolu-
tion-precipitation, etc.
It should be emphasized that Eq. (6) is valid only if one

can neglect temperature distribution within the cell, i.e.
assuming that temperature variation inside each cell is
much smaller than the temperature ‘‘jump’’ at its bound-
aries. This means that the Biot number for the single cell
should be small, Bi ¼ ad/l51 (where l is effective thermal
conductivity inside the cell). This assumption is based on
experimental data, which show that l of the bulk particle is
much higher than the thermal conductivity of the contacts
between particles [88]. For example, comparison of
experimentally measured values of thermal conductivity
for Ti+xC mixtures with the thermal conductivity of Ti,
gives Bi �0.03.
The influence of radiation heat transfer can be taken into

account if, instead of a constant value for a, an effective
heat transfer coefficient is introduced [89]:

aeff ¼ aþ 4gsT3
�,

where g is emittance, s is the Stefan–Boltzmann constant,
T� is a scaled temperature selected from additional
considerations (as a first approximation, T� can be taken
as the middle point between initial and maximum
combustion temperatures).
Several types of kinetic functions, F(Zi, Ti) have been

considered in Eq. (7). For example, zero-order Arrhenius-
type kinetics was investigated in work [90]. Computational
experiments led to the conclusion that a dimensionless
Semenov’s number:

Se ¼
Qd

aeff

E

RT2
�

k0 exp �
E

RT�

� �

can be used as a criterion to determine the regime of
combustion wave propagation. It was shown that when Se
is small, propagation occurs in a quasi-homogeneous
regime, while with increasing Se, combustion propagation
switches to the heterogeneous (discrete) regime. Note that
the Semenov number defines a ratio of characteristic heat
exchange time between reaction cells and time of chemical
reaction in the cell at some specific temperature (T*).
Therefore, the above conclusion is qualitatively similar to
condition B, which was formulated in Section 3.1 based on
experimental observations.
However, it is difficult to make a quantitative compar-

ison of the theoretical results obtained in the form sugges-
ted in [90] with the experimental data. Analysis has shown
that it is not easy to establish a direct relation between
dimensionless variables used in the model and physical
parameters that can be controlled in the experiments. In
order to make such a comparison, other dimensionless
variables were suggested [87]:
�
 temperature Wi ¼ Ti � T0=TC � T0, where TC ¼ T0 þ

Q=cM and

�
 time t ¼ ðaS=cMÞt ¼ t=tT, where tT ¼ cM=aS is a

characteristic time of heat transfer between the cells.
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By using these variables, the Eqs. (6) and (7) with
standard initial and boundary conditions can be rewritten

as follows:

qWi

qt
¼ Wi�1 � 2Wi þ Wiþ1 þ

qZi

qt
;

qZi

qt
¼ FðZi;WiÞ;

8>><
>>:
t ¼ 0 : Wi ¼ 0; Zi ¼ 0; i ¼ 1 . . .N,

t40 : W1 ¼ Wign; WN ¼ 0, ð8Þ

where N is the total number of reaction cells in the sample.
At t=0, the temperature of the first cell W1 ¼ Wign is high

enough to initiate the reaction (e.g. Wign ¼ 1), while the last
cell always remains at the initial temperature (WN ¼ 0).

It can be seen that system (8) contains only one arbitrary
function (FðZi;WiÞ), which determines the combustion
regime. For example, for Arhenius-type kinetics:

F ðZi;TiÞ ¼ k0 exp �
E

RTi

� �
; 0pZio1;

F ðZi;TiÞ ¼ 0; ZiX1;

8><
>: (9a)

FðZi;WiÞ can be presented as follows:

FðZi;WiÞ ¼ p exp �
1

Ar0 þArCWi

� �
; 0pZio1;

FðZi;WiÞ ¼ 0; ZiX1;

8><
>: (9b)

where

p ¼
cM

aS
k0

¼ tTk0�
tT

tr
ðt is a characteristic reaction timeÞ,

Ar0 ¼
RT0

E
,

ArC ¼
RðTC � T0Þ

E
. ð9cÞ

The dimensionless parameters (9c) have lucid physical
meanings and are directly related to the experimental
conditions. Parameter p indicates the ratio of characteristic
times for heat transfer (tT) and reaction (tr). It can be
varied in experiment by changing: (i) density of the powder
mixture, thus affecting the contacts between particles,
which primarily influence tT; or (ii) the particle size of the
reactants, which governs tr. The Arrhenius number at the
initial temperature, Ar0, can be controlled by preheating
the reaction mixture. Finally, parameter Arc can be varied
in experiments by dilution of the reactive mixture with inert
additives (e.g. final product), thus changing the combustion
temperature, Tc.

Fig. 17 represents the typical structure of a combustion
wave computed according to the model (9a) with the kinetic
function (9c). It can be seen that if pp1, (Fig. 17a), the
temperature profile and heat release function are similar to
those for a homogeneous combustion wave, as predicted by
classical theory [20,79]. However, for pb1 (Fig. 17b), the
reaction wave structure is different. The temperature profile
involves several inflection points (due to the influence of
reaction in neighboring cells) and a ‘‘super-adiabatic’’ peak.
Such thermal explosion type profiles are typical for the
discrete regime of combustion wave propagation (compare
with Figs. 7 and 11). Also note that there is no fixed
temperature of reaction initiation in this model. However,
by analogy with the theory of thermal explosion [75], some
temperature value, W*, can be considered as critical for
reaction initiation in the cell. This critical temperature (W*)
can be defined from the following equation [87]:

qZi

qt
¼ Wi�1 � 2W�i þ Wiþ1, (10)

which describes conditions when in the ith cell, the rate of
heat evolution (owing to chemical reaction) equals the rate of
heat accumulation (due to heat exchange between the cells).
When cell temperature is less than the critical value,

WoW*, it is heated primarily by the thermal flow from the
reacted part of the sample, while reaction within the cell is
negligible. On the contrary, when W4W*, exothermic self-
sustained reaction becomes a main source for further
increase in the cell temperature. Calculated values of
critical temperature for different p are shown on the
temperature profiles in Fig. 17c. It can be seen that in the
quasi-homogeneous mode (p�1), the critical temperature is
very close to the maximum combustion temperature, Wm,
which is in good agreement with the results of classical
Zeldovich–Frank-Kamenetskii theory. In the discrete
combustion regime (pb1), W* is much lower than Wm.
Another important characteristic that defines the tem-

perature sensitivity of the process is a temperature
coefficient of combustion velocity:

KT ¼
qðln UÞ

qT0
. (11)

In terms of variables used in (8) this parameter can be
presented as follows:

KArð0Þ ¼
qðln UÞ

qAr0
¼

E

R
KT . (12)

Temperature coefficients are commonly measured in
various combustion experiments and traditionally associated
with the temperature dependence of reaction rates. The
discrete model of combustion suggests an alternative inter-
pretation for this value. Results of theoretical calculation,
by using the above simple discrete model [87], are shown in
Fig. 18. When p is small (quasi-homogeneous mode) the
temperature coefficient fits the value obtained from Zeldovich
homogeneous theory [24]. As p increases, KAr(0) first slightly
drops, but then slowly increases (e.g. when p grows by one
million, KAr(0) increases only about two times).
The same model allowed the development of a map for

different combustion regimes as shown in Fig. 19. Note
that the region of steady-state combustion expands toward
smaller values of Arc (i.e. more strongly activated
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reactions) with increasing p. It can also be seen that the
quasi-homogeneous combustion wave (po10), becomes
oscillating if Arco0.15, while discrete waves (pb1) remains
stable up to Arc ¼ 0.03. It is important that the results
presented in Figs. 17–19 can be utilized for direct
comparison with experimental data (see Section 4).

Besides the zero-order Arrhenius-type function, various
stepwise kinetics laws with a pre-determined constant
temperature of reaction initiation have been considered in
discrete models and are discussed below.

3.2.2. One-dimensional discrete models with stepwise

kinetics

A stepwise kinetic law means that the reaction rate
remains zero up to some pre-determined constant tem-
perature, Tin. Once the temperature reaches this value the
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reaction initiates and proceeds at a significant rate. As
mentioned above, the presumption of a fixed temperature
of reaction initiation was made in the earliest works on gas
combustion [21,22], as well as in the relaxation model
[72,73], and was subjected to criticism by creators of
modern homogeneous combustion theory [74].

It is worth noting that the concept of reaction initiation
at some constant temperature has no direct links to discrete
combustion theory. As it is discussed in Section 3.2.1, the
discrete heterogeneous models can be established based on
conventional Arrhenius-type kinetics, i.e. without the
assumption of a fixed critical initiation point. Moreover,
detailed analysis of combustion front propagation with
stepwise kinetics was for the first time made by Daniel
using a homogeneous combustion model [91]. It was shown
that in this case, a steady state flame propagation velocity
can be calculated from the following equation:

T in � T0

TC � T0
¼

1� e�w

w
; where w ¼

U2

aw
, (13)

where a ¼ l=cr is the thermal diffusivity of the reaction
media, and w is rate of chemical reaction, which is assumed
to be constant above the initiation temperature Tin. There
is one more complication that arises during analysis of
Eq. (13). The propagating velocity approaches infinity
when T0! T in. However, for condensed phase reactions it
was concluded that temperatures of phase transformations
(Tft), such as a reactant melting point, which is typically
much less than Tm, plays the role of ignition temperature
[92]. In turn, as it was pointed out in [93], singularity at
T0 ¼ Tin can be overcome by accounting for the heat of
phase transformation at Tin ¼ Tft. Therefore, considera-
tion of step-wise kinetics for heterogeneous systems has a
clear physical basis.

Discrete 1D models based on step-like kinetics were
developed in the works [85,94]. It was assumed that the
dimensionless reaction rate (9a) can be written as follows:

FðZi;WiÞ ¼
dZi

dt
¼

0; WioWin; Zio1;

F1ðZi; WiÞ; WiXWR; Zio1;

0; Zi ¼ 1;

8><
>: (14)

where Win ¼ T in � T0=TC � T0. Two types of F1 function
were analyzed: F1 ¼ const [94] and F1 ¼ p expð�1=ðAr0 þ
ArCWiÞÞ [87].

It was shown that in the discrete combustion mode,
because the time of reaction is much shorter than the time
of heat transfer, a specific form of kinetic function does not
influence the combustion wave behavior. The dependencies
of the calculated combustion velocity on the reaction
initiation temperature are presented in Fig. 20. The role of
Win is clarified by comparison of this value with the
temperature of thermal explosion W* (10). Analysis
revealed that if WinoW*, then the combustion velocity does
not depend on Win (curves 2–4, for Wino0.2). In the opposite
case, when Win 4W*, regardless of considered conditions, all
calculated values of combustion velocity, Uc, fit the same
curve (Win40.35). This curve also remains invariant for all
types of kinetic functions, because under the considered
conditions, the propagation velocity is controlled solely by
the heat transfer process.
Note that a semi-logarithmic plot of this curve (curve 5

in Fig. 20), for the region 0.15oWin o0.56, indicates a
linear relationship. This allows for the calculation of a
temperature coefficient for combustion velocity:

KR ¼
qðln UÞ

qWin
, (15)

which is linked to the conventional temperature coefficient
(11) by the relation:

KT ¼ �
KR

TC � T0
. (16)

Using the least-squares method, values of KR ¼ �3:6 for
Arrhenius-type kinetics and KR ¼ �3:9 for stepwise
reaction with a constant reaction rate, were found. These
values match well with experimental data (see Section 4 for
details). Another feature, which is illustrated in Fig. 20, is a
combustion limit for discrete reaction waves. Propagation
of the reaction becomes unstable when Win approaches 0.56,
and combustion is not possible for Win40.6.

3.2.3. Two-dimensional discrete models

Describing the combustion process in 2D heterogeneous
systems inevitably results in more complicated models.
However, the concept of the elementary reaction cell is also
utilized. Typically, temperature is assumed to be uniform
inside the cell, while heat transfer is limited by heat
conduction from one cell to another through contacts
between the cells and gas in the pores.
One of the first 2D-micro-heterogeneous cell models was

developed in the works [55,95]. It was assumed that the
structure of the reaction media is a regular 2D matrix of
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circular elements with diameter, d, equal to the diameter
of the reactive particles (Figs. 21a and b). Some fraction of
the circular elements is randomly removed, so that ratio of
voids to total number of cells represents pre-required media
porosity. Next, this randomized medium is divided into
Fig. 21. Schematic representation of the different cell model structures of

the reaction medium: (a) 2D model overall view of particle matrix;

(b) different cell structures: (1) particle ‘‘cores’’; (2) interstices; (3) particle

‘‘edges’’ (adopted from Ref. [55]); (c) 2D model: (1) elementary cell;

(2) combustible particles (dark cells); (3) inert particles (light cells); (4) gas

inter-layers (adopted from Ref. [97]); and (d) 3D model: geometric scheme

and coordinate system (adopted from Ref. [152]).
square reaction cells by superimposing a rectangular net as
illustrated in Fig. 21a. The mesh size of this net, l, was
taken to be d/2. This procedure creates three basic types of
cells, presented in Fig. 21b: ‘‘cores’’ (1), ‘‘interstices’’ (2),
and ‘‘edges’’ (3). The cores have the highest thermal
conductivity, which equals that of the bulk solid, while
interstices possess the lowest value, owing to a large
fraction of gas. The edges have some intermediate value of
thermal conductivity depending on the properties of
thermal contact between particles. An elastic contact
model [96] was used to describe contact regions between
cells, which accounts for the loading pressure and
mechanical properties of the reactants.
The three types of reaction cells correspond to three

methods of heat transfer, by volume solid state heat
conduction, by heat transfer across the contacts, and heat
transfer through the gas filled pore (the latter includes
conduction and convection in gas and also radiation
heat transfer). A discrete heat balance equation for the
cell i,j (horizontal and vertical indices) can be written as
follows [95]:

½cr�ði;jÞ
qT ði;j Þ

qt
¼ kx

qT

qx

����
ðiþ1=2;jÞ

� kx

qT

qx

����
ði�1=2;jÞ

 !
1

Dx

þ ky

qT

qy

����
ði;jþ1=2Þ

� ky

qT

qy

����
ði;j�1=2Þ

 !
1

Dy
þQr

qZ
qt

����
ði;jÞ

,

where

kxj
ðiþ1=2;jÞ ¼

2kðiþ1;jÞx kði;jÞx

kðiþ1;jÞx þ kði;jÞx

,

qT

qx

����
ðiþ1=2;jÞ

¼
2ðT ðiþ1;jÞ � T ði;jÞÞ

d
, ð17Þ

and similarly for ky and qT=qy.
It is important to note that due to the randomized

microstructure of the medium, each square reaction cell has
its own coefficient of heat conductivity, k (in ‘‘x’’ or ‘‘y’’
direction) that is different from the other cells. Among a
wide variety of reaction kinetic laws, applicable for this
model, a simple stepwise function was chosen for computer
simulation. It was assumed that the reaction in the cell
starts when the cell reaches a pre-determined temperature,
Tin, and then runs with constant velocity until full
conversion:

qZ
qt
¼ k0HðT � T inÞHð1� ZÞ, (18)

where k0 ¼ 1/tr ¼ const, H(x) is a Heaviside function.
Parametric maps of the combustion modes were

obtained by computer simulation as shown in Fig. 22
[95]. For high densities, combustion proceeds by the quasi-
homogeneous mechanism. As the density decreases, the
structure of the reaction medium becomes more heteroge-
neous, resulting in the appearance of the relay-race (discrete)
mechanism. The transition from the quasi-homogeneous to
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the relay-race mechanism is more gradual for a larger
particle size. At the same time, when relative density is
less than 60% (porosity exceeds 40%), only the discrete
combustion mode exists for all ranges of considered
particle sizes. At this threshold, authors [95] presume that
the percolation limit in the heat conduction mechanism is
reached, when connectivity of the solid matrix becomes a
limiting factor.

Another 2D discrete model was suggested; in works
[97,98] composed of reaction cells lined up in a rectangular
grid and separated by thin gas-filled gaps, as shown in
Fig. 21c. All cells possess similar size, shape and properties
(thermal conductivity, density, etc.), except for initial fuel
concentration, which may vary from one cell to another.
Again, some pre-determined fraction of the cells contains
no fuel and plays the role of inert particles in the mixture.
The system of heat balance and chemical kinetic equations,
used in this model [98], coincides with the previous model
with step-like kinetics:

cr
qTij

qt
¼ l

q2Tij

qx2
þ

q2Tij

qy2

 !
þ pijQr

qZij

qt
,

dZi;j

dt
¼W ðTi;jÞ,

W ðT ; ZÞ ¼
1

tr
HðT � T igÞHð1� ZÞ.

Factor pij indicates the relative fuel content in the cell
(when pij ¼ 0, the cell is inert; cells with pij ¼ 1 are the most
exothermic).

A specific feature of this model is that it does not
consider the reaction cell like a point, but rather takes into
account the internal temperature distribution within the
cell. For this purpose, each cell is considered as a matrix of
49 points (7� 7 in a rectangular grid), while the whole
sample consists of 2500 such cells (50� 50). Two types of
systems have been investigated in detail: (a) regular
systems, where all cells have the same fuel concentration
equal to the mean concentration of the fuel across the
sample, pij ¼ p; (b) disordered (randomized) systems,
where some randomly selected cells have pij ¼ 0, all others
have pij ¼ 1, so that the average concentration for the
sample is equal to a predetermined value, P.
It was found that in the vicinity of some critical value of

P, combustion characteristics, such as average velocity,
degree of conversion and critical heat loss, undergo abrupt
changes. Examples of plots for average velocities are shown
in Fig. 23. A conclusion was made that such behavior is a
‘‘geometrical phase transition’’, which is related to the
percolation limit. If P is taken as a variable parameter, then
randomization of the system structure leads to a decrease
in the combustion limits, compared to a system with
ordered structure.

3.2.4. Discrete models with homogeneous heat transfer

The model considered above represents two limiting
cases for the description of combustion in heterogeneous
systems. The quasi-homogeneous approach is based on the
assumption that both heat transfer and heat evolution can
be described in terms of continuous functions of space
coordinates, and only a particular form of reaction kinetics
denotes the specifics of the heterogeneous reaction. On the
contrary, the discrete approach assumes that heat sources
are located inside reaction cells and that the cells are
separated by regions of very low thermal conductivity
(contacts, gas gaps), which means that both heat evolution
and heat conduction are quantified by discrete functions of
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space coordinates. Between these two ‘‘poles’’, there is a
spectrum of models, which combine continuous equations
to describe the heat transfer process and essentially
heterogeneous (sometimes even discrete) patterns of heat
sources. In this section, we will briefly overview the main
concepts of such models.

A model proximal to the homogeneous approach was
developed in the works [84,99]. Ordered (e.g. layered) or
randomly distributed solid reactants generate heat due to
the diffusion-controlled heterogeneous reaction, while
thermal conductivity is presumed to be uniform through-
out the medium. Comprehensive analysis of this model,
made in [99], involved three different characteristic length
scales. The largest scale is attributed to the preheating zone
(thermal conduction). The intermediate scale, under the
assumption of a diffusion-limited reaction, is associated
with the reaction zone. The smallest scale is identified with
the size domain over which mass diffusion takes place (i.e.,
the typical size domain of the alloyable constituent).
Several cases were analyzed: (a) reactant lamina stacked
parallel to the flame propagation direction, (b) reaction
domain perpendicular to the flame propagation direction;
(c) reactants are randomly distributed in the space. In each
of these cases, the flame velocity was found to be inversely
proportional to the square root of the time for mass
diffusion multiplied by the thermal diffusivity. Note that
this diffusion time plays the role of the reaction time which
typically appears in the common asymptotic solutions for
premixed, gas-phase flames. In other words, it was shown
that Arrhenius-type diffusion-controlled processes lead to
the same flame speed function as premixed gas-phases, but
instead of activation energy of chemical reaction, the
activation energy for mass diffusion should be used.
As it followed from the relations between the charac-
teristic length scales, in this model the thermal relaxation
time is always assumed to be much smaller than any
other characteristic time of the process (e.g. reaction,
diffusion, etc.), which makes this approach close to the
homogeneous ones.

Several theoretical models have been developed, taking
into consideration more-or-less realistic microstructures
for the reaction cells, e.g. spherical particle of one reactant
surrounded by a melt of the other reactant. The list of
interaction mechanisms is as follows: (a) a continuous layer
of solid product appears on the surface of the particle, this
layer grows or diminishes depending on the temperature
rise in the combustion front and phase diagram of the
reacting system [100]; (b) a thin film of intermediate solid
product with constant thickness separates the reactants
along their border [101–103]; (c) both reactants are molten
and interact through the layer of liquid product [85]. As a
rule, analysis of diffusion-limiting heterogeneous reactions
inside the reaction cells in conjunction with the continuum
heat transfer equation lead to a reciprocal dependence of
the propagating velocity on particle size, d [85,104,105]. In
the case of the product layer thickness, d, having no direct
links with the particle size, d, both of these parameters may
be included in the velocity equation [106]:

U ¼
1

d

2

d
þ

1

d

� �� 	1=2
F ðTÞ.

Sophisticated three-scale models, which have been
proposed in works [107,108], take into account the random
space distribution of particles, dispersion of their sizes, and
melting of one of the reactants. It also assumes that
product is formed through a diffusion-controlled hetero-
geneous reaction at the surface of the refractory reactant.
The inter-particle diffusion is modeled with two regimes: an
initial primary-diffusion regime followed by a slower
secondary-diffusion regime. The availability of reactants
depends on the inter-particle diffusion from the melt-rich
regions to the melt-lean regions and this transport is
influenced by the particle-size distribution. Based on these
assumptions, computer modeling was carried out for the
Ti–Al system, and good agreement with experimental data
was reported [108]. However, too many governing para-
meters in the model make the generality and significance of
such comparisons doubtful.
The examples considered above do not cover all possible

reaction mechanisms. Indeed, such important cases as
direct dissolution of solid reactant in melts with volumetric
product precipitation and reactive coalescence of molten
reactants have not been adequately analyzed in combustion
theories. Unfortunately, the widely used assumption that
diffusion mass transfer controls the reaction restricts the
scope of applicability for these models. The appearance of
new experimental data on real processes taking place at the
microscopic level of reaction media (inside the reaction
cells) stimulate development of models based on alternative
reaction mechanisms (not on the diffusion-reaction).
Recently a continuum-discrete model was suggested that
is based on the dissolution/precipitation reaction route
[109]. A few works were published taking into account
flows of melts in the combustion wave [110–112]; however,
no accomplished model has been suggested.
An interesting approach for describing combustion

processes in stochastic mixtures was suggested in [113]. A
2D model was composed of square reaction cells char-
acterized by temperature and degree of conversion. The
model assumes that reaction in the cell is a random process,
while degree of conversion changes with some probability
depending on the temperature of the cell. This assumption
causes a continuous permanent generation of disturbances,
which results in roughness of the combustion front, the
appearance of hot spots, and other effects which make
the computed patterns look quite similar to the micro-
scopic video records of real micro-heterogeneous combus-
tion waves. Nevertheless, a physical basis for the model
assumptions remains questionable.
The distinguishing features of the discrete model were

formulated in the work [114] for flame propagation in
particulate suspension. A comparison of continuous heat
sources and discrete heat sources was performed, always
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assuming a homogeneous mechanism of heat transfer
which is controlled by thermal diffusivity in the gas phase.
For the discrete model, it was assumed that point heat
sources (particles) were regularly distributed in space, so
that they form a cubic lattice, as shown in Fig. 21d. The
particles ignite when the gas temperature of the flame front
reaches some constant prescribed value, Tig (step-like
kinetics). The distance between particles is much larger
than their sizes, and, therefore, the reacting particle is
actually a d-function heat source in spatial coordinates.
The flame front is flat and propagates in the x direction
(Fig. 21d). It was shown that the combustion velocities
obtained from the continuous and discrete models coincide
if the burning time of each particle is much longer than the
characteristic time of heat transfer between them. In the
opposite case, for a rapid burning fuel, the flame speed in
the discrete system is a weak function of the particle size
and is an explicit function of the distance between the
particles. This conclusion is equivalent to the condition (B)
from Section 3.1, which indicates a sign of the discrete
combustion mode.

A similar approach has been developed for so-called
solid flame processes [115]. The following assumptions
were used: the heat sources (combustible particles) are
located on some regular lattice (e.g. hexagonal), whereas
heat transfer is still assumed to be uniform. Stepwise
kinetics similar to (14) is attributed to the particles. The
combustion wave propagation manifests itself as a process
of sequential ignition and burning of the particles. It was
found that propagation of a combustion wave in this
periodic medium possesses a complex behavior inherent in
nonlinear discrete dynamic systems. In particular, so called
period doubling bifurcations where found in the vicinity of
the steady/non-steady boundary. A similar phenomenon
was also reported for the discrete combustion model in the
work [116].

Several studies were made for the case of homogeneous
media with periodic variations in its composition
[117–119]. For example, oscillating propagation of the
combustion wave in a lamellar microstructure composed of
reactive and inert layers oriented normally to the combus-
tion propagation direction (i.e., parallel to the flat
combustion front) was investigated. It was shown that
the combustion regime depends on the ratio between the
layers width, L, and thickness of reaction zone, l. If L5l, a
quasi-homogeneous regime is realized (similar to the case
considered in [99]), in the opposite situation, when Lbl,
nearly steady-state homogeneous combustion occurs in the
Table 4

Classification of the combustion models

Model Nature of heat transfer

Homogeneous Continued

Quasi-homogeneous Continued

Semi-discrete Continued

Discrete Heterogeneous
combustible layers, whereas too thick inert layer may result
in extinction of the combustion process. The most
interesting case is L�l, where non-linear interactions
between the inherent oscillations of the combustion wave
and spatial periodicity of the medium is observed. In this
instance, the combustion process has features which are
typical for the discrete mode: depression periods of
preheating of the inert barrier, alternate with periods of
non-stationary over-adiabatic rapid reaction in the reactive
layers. The detailed consideration of such oscillating
regimes is out of the scope of current review.
Complicated 3D models of heterogeneous reaction

mixtures are developed for propellants ([120,121] and
related works). A random pack of solid spherical particles
of different compositions and sizes generated by computer
represents an adequate approximation of the real 3D
microstructure of the heterogeneous propellants. Excellent
agreement between the model and experimental data has
been achieved due to the 3D random pack model of the
propellant, complete coupling of the gas-phase combustion
processes and the solid-phase heat conduction across the
unsteadily regressing non-planar propellant surface. Ap-
plication of this approach to combustion synthesis systems
is limited by the lack of knowledge about real micro-
structures, mechanisms of heat transfer, and interaction
between particles in such systems.

3.3. Summary of the theoretical models

Summarizing the discussion of Section 3, we suggest a
classification of the combustion models for reaction wave
propagation in heterogeneous powder gasless systems as
shown in Table 4. Note that the only difference between
homogeneous and quasi-homogeneous models is the type
of kinetic law, while in both cases the heat source is
described as a continuous function of coordinates,
temperature, and degree of conversion. Semi-discrete
models (Section 3.2.4) account for the discrete nature of
heat evolution, but assume uniform thermal conductivity
throughout the medium. It is important that the discrete
models (Sections 3.2.2 and 3.2.3) involve a difference in
thermal conductivities in the reaction cell (bulk) and
between the cells.
As stated above, the ratio of characteristic reaction and

heat transfer times is a main criterion for applicability of the

above models. When the reaction time is much smaller than
the time of heat transfer from one cell to another (tr5th),
the kinetics of chemical reaction does not influence the
Heat sources Reaction kinetics

Continued Homogeneous

Continued Heterogeneous

Discrete Any type

Discrete Any type
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process of combustion wave propagation. In this case, in
heterogeneous gasless systems one has to account for the
discrete nature of the combustion phenomena and a
stepwise kinetic function is a good approximation for
process analysis. In the opposite situation, when trbth the
homogeneous approach can be used to describe combus-
tion of such a heterogeneous system. A relation between
the reaction cell size and the thickness of the reaction zone
results from the above ratio of the characteristic times: if
trbth the reaction zone includes many cells; at tr5th the
sizes of the reaction zone and reaction cells are comparable.
It is important to outline that the criterion is not directly
defined by the reactant particle size. Therefore, decreasing
the particle size does not necessarily result in homogeniza-
tion of the combustion process.
4. Comparison of experimental and theoretical results

Two general aspects should be discussed when compar-
ing discrete theories with the experimental results. First, the
experimentally observed microstructural features of a
combustion wave, (such as the appearance of hot spots,
their size and lifetime, super-adiabatic temperature peaks,
chaotic oscillations of the local propagation velocity,
distance of the combustion front jumps, etc.), must be
compared with corresponding results predicted by theore-
tical models. However, comparison of the local, micro-
scopic characteristics is not enough, because most
experimental data, accumulated up to now, describe global
(average), macroscopic behavior of the combustion wave.
Thus, the macroscopic parameters (i.e. average combustion
velocity, limits of combustion stability, temperature
coefficients of the propagation speed, etc.) must also find
their proper explanations in the discrete model. Below,
analysis of both aspects is presented, with special attention
paid to macroscopic features of the process, which help to
distinguish homogeneous and essentially heterogeneous
combustion mechanisms.
4.1. Microscopic aspects

It can be understood why the local behavior of the
combustion front predicted by discrete theoretical models
qualitatively correlates with the experimental results ob-
tained by high-speed micro-video recording (Sections 2.1
and 2.3) and temperature–time measurements by optical
pyrometers (Section 2.2). Indeed, heterogeneity either of a
real mixture or a virtual 2D lattice leads to similar results:
(a) deviations of the combustion front from planar,
(b) random oscillations of the propagating velocity,
(c) existence of hot spots, etc. For example, study of flame
propagation in random media [122,123] led to 2D tempera-
ture field patterns, which looked very similar to the
experimentally observed scintillating mode of gasless com-
bustion. Akin results were obtained when irregularities were
attributed not to the medium, but to the kinetic law [113].
It is important to reiterate that not all theoretically
obtained features, which qualitatively look similar to the
experimental observations, prove a models reliability. For
example, the theoretically predicted existence of hot spots
[113] or oscillating behavior of the temperature profile with
a pronounced super-adiabatic peak [115] cannot be
considered as indisputable proof for the discrete nature
of the described phenomenon. Only quantitative congru-
ence of the theoretical and experimental results can prove
that the model adequately depicts the real process.
Unfortunately, analysis of publications allows us to
conclude that most of the developed theoretical models
do not provide sufficient results for quantitative compar-
ison with existing experimental data. Also, not all
experimental studies provide numerical values, which can
be compared with theoretical predictions. Therefore, this
task should be solved from both sides, i.e. by development
of experimental approaches that allow formalizing of the
data, as well as by adapting theoretical models in order to
make them comparable with experiments.
Elaboration of the microstructural characteristics of

combustion front propagation was made in [42]. Defini-
tions of main parameters are given in Tables 2 and 3 (see
Section 3.2). Such processing of the experimental data
allows one to build dependencies, which can be directly
compared with the results of computer modeling. Fig. 24
demonstrates some examples of experimental data on local
behavior of the combustion front, in comparison with
results of 2D discrete modeling [95]. It can be seen that the
cellular 2D model [55,95] adequately describes the varia-
tion in the combustion front roughness as a function of
media porosity and particle sizes. The discrepancy between
the experimental and theoretical critical values of the
relative sample density at which the combustion mechan-
ism changes was explained based on the fact that it is a real
3D structure that was analyzed using a 2D model. In 3D-
reaction media, the combustion wave is able to propagate
not only around inert inclusions or voids (as it does in a
plane model), but also above and below them. Hence, some
pre-determined values of connectivity will be achieved in
the 2D lattice at higher density (less porosity) than in the
3D network of real particles.
Comparison of measured and calculated distributions of

local instantaneous velocity were also made [52]. An
example presented in Fig. 25 shows a satisfactory fit
between model and experiment. Furthermore, an approx-
imate parametric map showing the regions of combustion
mechanisms for the Ti–Air system as a function of initial
organization of the reaction medium was plotted on the
basis of experimental observations (Fig. 26). Comparison
of this diagram with the map obtained by computer
simulation (see Fig. 22) reveals reasonable agreement in
location of the main regions of combustion modes,
although some discrepancy is observed between the density
scales.
However, we may conclude that the currently available

amount of quantitative data on microscopic behavior of
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the combustion front is very limited. This is partly due to
the complexity of time-consuming methods, which must be
utilized to collect such information. Rapid development of
high-speed video recording equipment and computer soft-
ware for image processing allows us to believe that this
obstacle will be overcome in the near future. Another
reason for the lack of data is human inertia. Unfortunately,
the traditional approaches for combustion research, where
macroscopic characteristics, such as average combustion
wave propagation velocity or maximum temperature are
assumed to be an exhaustive description of the entire
process, still prevail.

4.2. Thermal and chemical heterogeneity of the reaction

media

As discussed above, the discrete models of combustion
waves are based on the assumption of relatively slow rates
of heat conduction in porous heterogeneous media, which
is the result of high thermal resistivity of the contacts
between reaction cells (particles) in the powder mixtures.
Let us consider experimental justifications for this assump-
tion. Thermal conductivity in solid porous systems has
been extensively investigated [124–127]. In general, such
systems consist of a variety of solid particles and pores,
both of different size and complex forms, which make the
analysis difficult. However, it was shown that if in the
microstructure of such a material some elementary cell
(i.e. distinctive structural element with the physico-chemical
properties similar to those of the bulk media) can be
defined, thermodynamic and hydrodynamic approaches
allow one to describe the heat conduction process in these
media and carefully predict the effective coefficient of heat
transfer (lef).
It is well established that lef depends on a variety of

parameters including media porosity (p), thermal conduc-
tivities of solid (ls) and gas (lg) phases, and contacts
between the solid particles (lc). It was also shown that at
relatively large porosity (420%) and small particle size
(o100 mm), the contact particle resistance to the heat flow
defines the heat conduction in such media. The size of the
contact spot area (Asp) depends on the physical character-
istics of the solid particles (e.g. modulus of elasticity), the
applied pressure (P), as well as the roughness of particle
surfaces (hc). Also, in general, contact conduction occurs
through different mechanisms including molecular and
radiation thermal conductivities in the micro-gaps.
All of the above allow one to clarify the experimental

data on effective thermal conductivities of different discrete
reactive porous systems. For example, the contact resistance



ARTICLE IN PRESS

0.0

0.1

0.2

0.3

f,
 r

e
l.
u

n
it
s

 Experimental

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

f,
 r

e
l.
u

n
it
s

Combustion velocity, cm/s

 Experimental

 Calculated

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

f,
 r

e
l.
u

n
it
s

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

f,
 r

e
l.
u

n
it
s

 Calculated

0 2 4 6 8

Combustion velocity, cm/s

0 2 4 6 8

Combustion velocity, cm/s

0 2 4 6 8

Combustion velocity, cm/s

0 2 4 6 8

Fig. 25. Measured (a, b) and calculated (c, d) distributions of instantaneous velocities for large (a, c) and small (b, d) reaction media densities (adopted

from Ref. [52]).

10080

0.3

0.4

0.5

0.6

Transition

Relay-race

Quasihomogeneous

No Ignition

R
e

la
ti
v
e

 d
e

n
s
it
y
, 
re

l.
u

n
it
s

Particle size, μm

6040200

Fig. 26. Parametric map (adopted from Ref. [52]) showing regions of

combustion mechanisms for the Ti–air system as a function of initial

organization of the reaction medium.

A.S. Mukasyan, A.S. Rogachev / Progress in Energy and Combustion Science 34 (2008) 377–416 401
explains the essentially equal values of lef (less than 1W/mK)
for heterogeneous samples consisting of metal particles with
high bulk ls (�40–200W/mK) and oxides with relatively low
ls (1–10W/mK) [124]. It is more important that it was shown
experimentally and confirmed theoretically that lef of such
solid porous structures may be much lower (10–100 times)
than the bulk ls for the solid particles which formed these
structures.

Despite the large number of publications on combustion
of heterogeneous systems, there is a lack of experimental
data on their microstructure and transport properties.
These systems involve at least two types of solid particles
(e.g. A and B) that assume different types of contacts (e.g.
A–A, A–B, and B–B). The thermal properties of such
media also depend on the ratio between the reagents and
may change abruptly at compositions which correspond to
the formation of a continuous skeleton (percolation) of
sorts of A (or B) particles. This interesting aspect was
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noted by different authors [64], but additional direct
measurements of the media thermal conductivity as a
function of the length of the continuous clusters are
required to make a distinct conclusion.

However, the thermal conductivities of some reaction
mixtures were experimentally defined [128–130]. Hard and
Phung [128] reported the lef for binary (Ti–B; Ti–C Zr–C;
Ni–Al) and ternary (Ti–B–Al; Ni–Al–B) systems (Table 5).
It can be seen that loose powders have very low lef
(�0.05W/mK), which is comparable to the thermal
conductivity of air (�0.027W/mK). After compaction,
for example in the Ti–2B system, lef increases on an order
of magnitude (0.3–1.2W/mK) and depends on the sample
porosity, as well as the direction of measurement (normal
Table 5

Thermo-chemical characteristics for different powder reaction systems (adopt

Mixture Nom. part size (mm) C (cal/gK)

Ni–Al 3 0.180

With 5wt% B 3 0.193

10wt% B 3 0.217

25wt% B 3 0.273

Ni–Al 30 0.180

With 5wt% B 30 0.193

10wt% B 30 0.217

25wt% B 30 0.273

Ti–2B 60 0.306

Ti–2B 10 0.306

With 30% Al 60 0.292

With 60% Al 60 0.282

Zr–2B 2 0.171

Zr–2B 50 0.171

Ti–Ca 10 0.226

Ti–Cb 60 0.226

Ti–Cb 10 0.226

Zr–Ca 2 0.180

Zr–Cb 2 0.180

ZR–Cb 15 0.180

a1/3-Lampblack+2/3 graphite.
bLampblack.
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or parallel to the direction of compression). It is important
that the measured lef is still much lower than ls of the
individual solid components. Also, a small addition of a
third element (e.g. boron in the Ni–Al–B system) leads to a
significant decrease in the media thermal conductivity,
which may be explained by the percolation effect (note that
ls of Al, 220W/mK is much higher than for B, 25W/mK).
Thermal conductivities of binary metal powdered systems

(Zr–Al; Ni–Al) were also investigated as a function of media
porosity and temperature [129]. It was shown that in the
temperature interval 300–500K, the effective thermal con-
ductivity of these systems is essentially independent of
temperature (see Fig. 27a). Also, the absolute values of the
measured lef are much less than ls for the bulk metallic
ed from Ref. [128])

r (g/cm3) l (cal/cm sK) Q (Cal/g)

5.11 0.1156 329

4.50 0.053 273

3.95 0.008 230

2.82 0.0013 100

5.11 0.156 329

4.50 0.053 273

3.95 0.008 230

2.82 0.0013 100

2.32 0.0029 1155

2.32 0.0029 1155

2.45 0.0043 690

2.42 0.0085 533

2.11 0.00081 690

2.11 0.00081 690

2.50 0.017 737
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components. In addition, at relatively high porosity, lef
weakly depends on the amount of Al in the system (Fig. 27b),
which has a high thermal conductivity (�220W/mK).

Finally, it was reported that lef in such systems depends
on the nature of the gas environment [130]. More
specifically, it was shown that effective conductivity (e.g.
in the Ti–C system) increases with an increase in the gas
thermal conductivity, lg, being 0.34, 0.627, and 1.24W/mK
in vacuum, air, and helium, respectively. Note that these
data explained the observed dependence of combustion
velocity in heterogeneous systems as a function of the
thermal conductivity of the used inert gases [131].

All of the above results, on the one hand, are in
qualitative agreement with the trends, which were observed
for one-component systems. On the other hand, they
confirm the important role of the inter-particle contacts in
the mechanism of heat transfer in heterogeneous reaction
media. The latter suggests relatively slow rates of heat
conduction in such discrete systems as compared to the
bulk pore-free media with ideal (no contact heat resistance)
inter-particle contacts (e.g. obtained by sputtering of
reactants nano-layers [132]).

Unlike the thermal heterogeneity of the reaction media,
chemical heterogeneity issue has been discussed in many
papers and reviews [60,86]. A variety of mass transfer and
reaction mechanisms were suggested and discussed (see
also Section 3). Since this concept can be the topic of a
separate review, let us consider only two important
features.

First, the unique conditions of the combustion wave
(extremely high rate of temperature change in the com-
bustion front, up to 105K/s; high reaction temperatures,
Fig. 28. Schematic representation of the interaction mechanisms for different b

B remains solid, high heating rate; (b) reaction coalescence—both reactants mel

and B remains solid, low heating rate (adopted from Ref. [53]).
typically above the melting point of at least one reagent;
and relatively low initial contact area between the
reactants) leads to very high rates of chemical interaction.
Experiments have shown that because of the high heating
rates, there is not enough time to form a continuous layer
of the intermediate products owing to solid-solid reactions,
i.e. below the melting point of the less refractory reactant
[133–135]. Thus when one reactant (e.g. A) melts, it spreads
along the ‘‘pure’’ surface of the other reactant particle B,
which leads to a significant increase in the direct contact
area between the reagents (A and B). The latter effect is
known as chemical homogenization of the reaction media.
Again, an absence of a product layer allows immediate
reaction between reagents (so-called reaction spreading
[136]) with rates much higher than typically observed at
these temperatures under relatively low (o103K/s) heating
rates (compare Fig. 28a and c). A similar situation (so-
called reaction coalescence [137])) occurs if the combustion
temperature is higher than the melting point of both
components (Fig. 28b). The detailed studies on kinetics of
chemical reactions in such heterogeneous systems allows
for the critical heating rates to be obtained, which are
required to observe such rapid interaction at high
temperatures [135]. Recall that below the critical heating
rate, chemical reaction is relatively slow since it proceeds
by diffusion of melted reagent through a solid layer of
product formed at lower temperatures (Fig. 28c).
The second important observation is that typically

reactions in such heterogeneous combustion waves ‘‘on-
sets’’ at some specific point, which is related to the
temperature of reagent phase transformation (e.g. melting,
dissociation, etc.). Note that the latter is the characteristic
inary (A,B) reaction systems: (a) reaction spreading—reactant A melts and

t, high heating rate; and (c) solid state reaction diffusion—reactant A melts
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temperature of the system, which does not depend on
ambient conditions (heat loss, inert gas pressure, etc.) [52].
This feature follows from the previously discussed mechan-
isms of interaction in heterogeneous combustion waves.
Indeed, melting of particles (or reagents coalescence) leads
not only to a rapid increase in reaction surface but also
enhances the diffusion processes. Taking into account slow
reaction rates by solid diffusion and small contact surface
area between reagents in the initial porous media, it
becomes clear why the melting point of the less refractory
reagent is the ‘‘ignition’’ temperature for most considered
reactions. This conclusion was confirmed by numerous
studies of the ignition temperatures in a variety of
heterogeneous systems [138–141].

Thus, the thermal and chemical heterogeneity of the
reaction media are important features that define the
specifics of combustion wave propagation in such systems.
To develop an adequate model that accurately describes
this process, it is important to take into account two
factors: (i) the contact thermal resistance in porous discrete
media makes this network much less thermally conductive
than bulk homogeneous materials; (ii) despite chemical
heterogeneity, the rate of chemical interaction in the
combustion front of such systems may be extremely high.
In another words, experimental studies of the heat and
mass transfer mechanisms in the considered heterogeneous
reactive systems allow one to conclude that the character-
istic reaction time, tr, in such heterogeneous reactive
mixtures is much smaller than the time of heat conduction,
thc. The latter exactly match condition B formulated in
Section 3.1 for existence of the discrete combustion waves.

4.3. Global characteristics of combustion processes

The data on the macroscopic characteristics of combus-
tion form a major part of all experimental data available
up to date. However, analysis of these data in order to
distinguish homogeneous and discrete combustion me-
chanisms faces certain difficulties. The point is that most of
the observed macro effects can be qualitatively explained
from the viewpoints of both homogeneous and discrete
approaches. Indeed, experimentally observed trends, such
as increasing combustion (Uc) velocity with increasing
initial temperature and density of the reaction media, or
decreasing Uc with increasing reactant particle size, heat
losses, inert dilutions, evidently work for both mechanisms.

Quantitative calculations of absolute values of combus-
tion velocities could provide more distinguishing conclu-
sions, however, two obstacles arise: (a) such calculation
require knowledge of the characteristics of the reaction
medium, which are usually unknown, e.g., thermal resis-
tance of the inter-particle contacts or intrinsic reaction
kinetics, and (b) there is no consistency between experi-
mental data reported by different authors even for the same
systems (see, for example, review [142]). Thus, we must
admit that there are no algorithms, neither homogeneous
nor discrete, which allow precise calculation of the
combustion velocity for micro-heterogeneous mixtures
without using at least one fitting parameter.
However, other approaches exist, where comparison can

be made for a wide variety of experimental data obtained
by different research groups. For example, despite the
significant scattering of absolute values of combustion
velocity, different authors reported consistent data on
effective activation energy for the combustion propagation
process. The most widespread method for measuring this
energy is based on the variation of combustion temperature
(by preheating of a green mixture or dilution with inert
product), defining a temperature coefficient of combustion
velocity KT (see Eq. (11)) and calculating the value of the
activation energy as follows:

E ffi 2RT2
CKT . (19)

The results of different authors obtained using this
approach, are summarized in Fig. 29. According to quasi-
homogeneous theory, the E value is equal to the activation
energy of the ‘‘leading’’ chemical reaction in the combus-
tion wave. Since the rate of this reaction is commonly
assumed to be limited by diffusion, E is usually related to
the activation energy of diffusion: a high value is
considered as evidence of solid-state diffusion across
the layer of refractory product, while a low value (Eo
150KJ/mol) is attributed to liquid-phase diffusion in the
melts. As a matter of fact, most of the works [143–153]
presented in Fig. 29 followed this viewpoint. However,
when all results are collected in one plot, the weakness of
such an explanation becomes evident.
Indeed, the systems with light elements (boron, carbon)

where one may expect the lowest diffusion activation
energies actually exhibit the highest E values. The tendency
of E to increase with increasing temperature also cannot be
rationally explained from the viewpoint of homogeneous
theory. Let us briefly discuss this issue. On the one hand,
the combustion temperature for a Ti+2B stoichiometric
mixture (TC ¼ 3200K) is much higher than the melting
point of Ti (1940K) or B (�2300K) and equal to the
melting point of the final product, titanium diboride. A
similar situation takes place for Zr+2B and Hf+2B
mixtures. On the other hand, the Tc for Zr+2Al or Ti+Co
mixtures is lower than the melting points of Ti or Zr.
Moreover, in the vicinity of the combustion temperature,
the solubility of Al in Ti or Zr is much lower than the
solubility of B in these metals. Therefore, it can be expected
that activation energies will be lower for the diffusion in
Ti–B, Zr–B systems compared to intermetallic systems
(Zr–Al; Ti–Co, etc.). However, quite opposite results were
obtained experimentally (see Fig. 29).
Furthermore, if one assumes (following quasi-homoge-

neous theory), that the effective activation energies
presented in Fig. 29 are equal to the intrinsic activation
barriers of elementary diffusion, then these value should
coincide with E values obtained by other approaches. The
method for determining this parameter based on the
treatment of temperature profiles of combustion or thermal
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Table 6

Some effective kinetic parameters of gasless combustion assessed from temperature profiles and thermal explosion experiments

Reaction Range of T (K) Range of Z E (kJ/mol) Kinetic function parameters Z/B/S Reference

m n

Ti+C-TiC o1940 – 210 – – S [92]

1940–3000 – 0 [92]

Ti+xB-TiB+Ti (xo1) – – – 0 2 Z [26]

Zr+2B-ZrB2 1500–2700 0.3–0.9 142717 10 0 Z [26,154]

o1500 o0.3 59 [154]

Zr+1.5B+xTiB2 – 0.5 89710 – – B [153]

-ZrB2+Zr+ 0.6 138713 [153]

TiB2 0.7 155717 [153]

0.8 140739 [153]

0.9 88777 [153]

0.5–0.9 122729 [153]

0.6–0.8 145715 [153]

Hf+2B-HfB2 1900–2800 0.5–0.9 168721 15 0 Z [26,154]

o1900 o0.5 80

Nb+2B-NbB2 1600–2300 0.4–0.9 146721 12 0 Z [26,154]

o1600 o0.4 100 [154]

Nb+B-NbB 1800–2500 0.4–0.8 210742 23 0 Z [26,154]

o1800 o0.4 159 [154]

Ta+2B-TaB2 – 0.4–0.9 210742 18 0 Z [26,154]

o0.4 138 [154]

Ta+B-TaB – – 285 24 0 Z [154]

5Ti+3S-Ti5Si3 1100–1790 – 11778 0 1 Z [156]

1790–2400 – 147 0 3 [156]

Zr+xSi-Zr5Si3+Zr – 0.25–0.5 84 0 1.5 Z [156]

Si (0.5pxp1) 0.7–0.9 126 8 0 [156]

Notes: Z, B, and S denote methods of E determination. Z—temperature profile treatment according to Zenin et al. [26]; B—temperature profile treatment

according to Boddington et al. [155]; S—electric–thermal explosion method by Shteinberg et al. [92].
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Fig. 29. Summary of the experimental data on activation energies for typical gasless combustion systems (dashed line is calculated using Eq. (20))

(adopted from Ref. [87]).
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explosion processes is described in the works [26,27,154].
Generally, there are two routes for processing temperature
profiles of the combustion wave, one suggested by Zenin
et al. [26,56], another by Boddington and Layer [27,155],
which allow one to extract kinetic data. Results obtained
for gasless heterogeneous systems are shown in Table 6.
Comparison of these data with those shown in Fig. 29
reveals significant discrepancies. Only one system, Ti–Si,
demonstrate similar E values obtained by different
methods. For the other compositions, values extracted by
analysis of temperature profiles are lower than those
obtained from velocity measurements.
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Finally, activation energies can be derived from the
temperature–time history of the thermal explosion process.
Data obtained by Knyazik et al. [92] for a Ti+C mixture
indicate a highly activated reaction below the melting point
of Ti and essentially zero activation energy for reaction
above this point. All of the above discrepancies are
impossible to explain based on the quasi-homogeneous
combustion model.

Let us consider these results from the viewpoint of the
discrete model. If the reaction time is shorter than the time
of heat transfer between reaction cells, the combustion
wave velocity is limited by heat transfer. It means that Uc is
less sensitive to the rate of chemical reaction, which allows
one to use simplified stepwise kinetics (Eq. (14)). As it was
shown above (see Section 3), the temperature coefficient for
combustion velocity KR in this case equals 3.9. It is
Fig. 30. Dependence of effective activation energy (assessed from the

combustion experiments) on initial reaction medium media density for the

5Ti–3Si reaction system (adopted from Ref. [156]).
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Fig. 31. Summary of the experimental data on stability limits for combustion o
important that this coefficient does not depend on any
parameter of the model. Utilizing Eqs. (14)–(16), one can
obtain the formula for effective activation energy as
follows:

Ē ¼ �2R
T2

c

T c � T0
KR. (20)

Calculations according this formula yield the line which
is presented in Fig. 29. First of all, it is not a trivial result
that the values calculated by formula (20) have the same
order of magnitude as the measured values. Indeed, the
discrete model based on stepwise kinetics assumes no
specific activation energy. Second, this curve demonstrates
the tendency of increasing E with increasing temperature.
Third, it is in satisfactory agreement with experimental
results.
Dependence of the effective activation energy on

porosity of the mixture is another distinguishing feature
between quasi-homogeneous and discrete models. Accord-
ing to the quasi-homogeneous model, E does not depend
on media porosity, because it relates directly to the
elemental process of atomic diffusion through the solid
layer of product. The discrete model makes the opposite
prediction: since propagation of the combustion wave is
limited by heat transfer between particles, the effective
activation energy must exhibit a noticeable dependence on
the contacts properties, which in turn depend on the
density (porosity) of the powder mixtures. Evident
dependencies of E on the sample density were observed
for Ti–Si [156] and T–Si–C [157] systems (see Fig. 30). It
was found that the effective value of activation energy
decreases with increasing porosity. The fact that E depends
on porosity indicates a discrete mechanism rather than a
homogeneous one.
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Fig. 32. The microstructures of the samples compacted from: (a) Ni–Al

clad particles and (b, c) Ni+Al powder mixtures with the same overall

composition (1:1mole ratio) (adopted from Ref. [141]).
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The boundary between steady-state and oscillating
regimes is one of the most important combustion
characteristics. Two equations were suggested in the frames
of quasi-homogeneous theory for calculating this bound-
ary. A stability criterion for steady combustion wave
propagation was developed numerically in the form of the
approximate relation [158]:

ast ¼ 9:1
T c

T c � T0
� 2:5

� �
RT c

E

and the boundary separating the steady state and oscilla-
tion combustion modes is given by the following condi-
tions: ast41, steady state mode; asto1, oscillatory mode.

This formula is in good agreement with the analytically
derived criterion [159,160]:

EðT c � T0Þ

2RT2
c

oð2þ
ffiffiffi
5
p
Þ.

Under closer examination, it becomes evident that these
two criteria describe essentially the same condition, i.e. for
stable steady-state propagation, the temperature depen-
dence (sensitivity) of combustion velocity must not be too
high (relatively low E). Note that the discrete model, as it
was shown in Section 3, suggests a notably different
criterion: Arc40.03.

Analysis of this criterion indicates that the relay-race
mechanism allows the existence of a steady regime for
much higher values of the activation energies. Since the
effective energies and combustion temperatures were
measured for a wide variety of powder mixtures, it is
possible to check the applicability of all above criteria
directly. Fig. 31 shows values of the stability criteria
calculated using published experimental data for the
systems known as typical examples of steady-state combus-
tion. A conclusion can be made that the discrete model fits
the experimental data on combustion stability much better
than the quasi-homogeneous approach.

4.4. Combustion in model heterogeneous systems

Commonly used reactive powder mixtures possess very
complicated irregular microstructures, which is a difficult
object for mathematical formalization. On the one hand,
this gap can be decreased by developing more sophisticated
mathematical models taking into account the random
distribution of the reaction cells, as considered above (see
Section 3). On the other hand, the microstructure of the
real reaction media can be modified in order to make it
closer to theoretical models. This approach, which allows
experimental verification of the basic principles of discrete
models, is named model experiments.

Several approaches were used to increase the contact
surface area between reagents inside the reaction cell,
including utilization of so-called clad particles [161,162],
composite particles obtained by mechanical activation
[163,164], and reactive multi-layer nano-films [165,166].
Each of these methods allowed emphasis on the important
features of heterogeneous combustion, which are briefly
discussed below.
The clad particle is a specially prepared ‘‘elemental

chemical cell’’, where one metal (e.g. Al) is uniformly
covered by a layer of the other (e.g. Ni) reagent with a
desired mole ratio between reactants. The microstructures
of the samples compacted from the Ni–Al clad particles
and powder mixture (Ni+Al) with the same overall
composition are shown in Fig. 32 [141]. These micrographs
show that in the case of clad particles, Fig. 32a, the
contacts between reactants are more uniform and their area
is larger than for mixtures compacted from elemental
reactant particles, Figs. 32b and c.
More importantly, absolutely different trends in the

dependence of combustion velocity vs. the initial sample
density (r0) were observed for these mixtures [162]. It is
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well established that in the Ni–Al system, with increasing
r0, Uc monotonically increases or exhibits a maximum
[60,86]. A singular dependence was obtained for combus-
tion of clad particles (Fig. 33). It was shown that within a
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density in heterogeneous powder media consists consisting of clad Ni–Al

particles (adopted from Ref. [162]).

Fig. 34. Typical microstructures of the Ni+Al powder mixtures after different

ball milling (adopted from Ref. [172]).
relatively wide range of r0, (0.48–0.65) the combustion
front velocity increases monotonically as predicted by
classical theory. However, when density was increased by
only 3% above the critical value, Uc increases significantly

(more than five times). These results were explained by a
change in the primary mechanism of heat transfer in the
reaction medium. Detailed studies showed that below a
critical density (in this system rcr ¼ 0.66) heat conduction
along the porous media occurs primarily because of the
gas-phase heat convection mechanism, whereas for r04rcr
the more rapid solid-phase heat conduction predominates.
This elucidates the considerable increase in combustion
velocity on the right branch of the curve of Fig. 33 and
emphasizes the role of heat transport on combustion in
such heterogeneous media.
Other remarkable results were obtained on combustion

of such systems in microgravity [162] including onboard
the MIR Space Station [167,168]. In all cases, both pressed
pellets (r0o0.7) and loose powder (r�0.5) of Ni clad Al
particles were used for the investigation. For the latter, the
powders were typically placed in evacuated sealed quartz
ampoules with a free space (pores+unoccupied ampoule
volume) of 50–70%. Combustion was initiated at the
bottom of the quartz ampoule, for example by focused
types of mixing procedures: (a, b) conventional mixing; (c, d) high energetic
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radiation from halogen lamps located around the sample
[167]. The video recordings of the process showed that in
microgravity conditions, clad particles were initially uni-
formly distributed throughout the ampoule volume form-
ing a particle cloud in vacuum. After reaction initiation,
the combustion front propagates in this gasless cloud. It
was also suggested that heat transfer in such clouds can
occur by radiation and/or upon particle collisions [162,168].
In addition, it was reported that the average combustion
velocity in such gasless clouds is higher than in loose
powder mixtures [169]. The latter suggests that heat
transfer is the controlling step of reaction front propaga-
tion in such heterogeneous mixtures, and radiation
(T�2000K) in contactless combustion waves provides
higher propagation velocities compared to gas phase
convection.

Another type of complex particles, which have even
higher surface contact between the reagents, can be
obtained by energetic ball-milling [163,170,171]. Fig. 34
represents the microstructures of porous media in the
Ni–Al system after conventional (a and b) and energetic
(c and d) ball-milling [172]. It can be seen that in the latter
case, each particle is pore-free and has a lamellar structure

that involves thin layers of both reagents (Ni: bright and
Al: gray). Note that one can control the ratio between the
precursors and the thickness of these layers can be as small
as a few nanometers. Thus, each particle represents the
elemental chemical cell which, as it was discussed above, is
frequently used in theoretical models.

High-speed video recording of combustion wave propaga-
tion [172] in the reaction media compacted from these
complex particles revealed strongly pronounced features of
the relay-race mechanism discussed above. The typical
distributions of the hesitation (th) time and duration of the
active phase (tr) are presented in Fig. 35a. It can be seen that th
is much (1–2 orders) longer than tr. The hesitations occur on
the boundary between the particles, while during the active
stage the reaction propagates along the complex particle.
Indeed it was shown that the distributions of reaction front
‘‘jump’’ distances during the active stage is essentially similar
to those of the precursor particle diameters (Fig. 35b).

The last ‘‘model’’ system to be considered is combustion
of multilayer foils with nano-scale thickness of the reagent
layers, which can be used for production of nano-crystal-
line materials, foils, and coatings [173,174]. The multilayer
foils are prepared by means of magnetron sputtering ([174]
for details). An example of the microstructure of such a foil
prepared from the Ti–Al system [175] is shown in Fig. 36a.
A columnar grains with diameters equal to 1 mm or less,
can be observed at the fracture of the foil (Fig. 36b). The
length of these columnar microstructure elements ap-
proaches the total thickness of the foil, which is about
18–20 mm. Each columnar element consists of many
alternating layers of Ti and Al, therefore, it may be
considered as one composite Ti/Al grain.

Among the unique features of combustion wave
propagation in such media, there are exceptionally high
velocities of the reaction front and low temperatures of
reaction initiation [173,175]. Due to good contact between
nano-layered reactants (see Fig. 36), propagation of the
combustion wave in this pore-free multi-layer foil is an



ARTICLE IN PRESS

Fig. 36. Microstructure of a multilayer Ti/Al film Ti/Al: (a) SEM picture of the foil fracture; (b) atomic scanning tunneling microscopy of the foil surface;

(c, d) TEM and electron micro-diffraction with sample oriented parallel (c) or perpendicular (d) to the electron beam (adopted from Ref. [176]).
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example of ‘‘true’’ homogeneous gasless combustion.
Fig. 37 shows the position of the combustion front as a
function of time for a Ti–Al foil obtained by the HSVR
technique under different experimental conditions [177]. In
all cases, the coordinate (position) of the front changes
linearly with time. Also, distributions of local velocities
(Fig. 38) indicate that their instantaneous value never
drops to zero, as is typically observed in powder mixtures.
Also, it was suggested that deviation of instantaneous
velocities (average value 7175 cm/s, while instantaneous
velocity spreads from 20 to 90 cm/s) is related to the
thermal factors, such as heat evolution and heat losses and
does not correlate with the fine microstructure of the foils.
It was concluded that the combustion process in such
Ti–Al multi-layer foils most likely is an example of quasi-

homogeneous combustion, where the scale of heat conduc-
tion (preheating zone) exceeds the size of reactant layers.
Combustion velocity of the multilayer foils decreases with
increasing layer thickness according to a parabolic law,
which indicates that the process is diffusion-limited.
However, note that combustion mechanisms in multilayer
foils (especially with nano-scale layers) are not yet
adequately understood.
Thus, the model experiments confirmed the existence of

discrete and quasi-homogeneous modes in the most
pronounced form. And it was demonstrated that the
experimental approach is a powerful tool for verification
of the nature and mechanisms of such complex phenom-
enon as combustion of heterogeneous systems.

5. Concluding remarks

An overview of recent experimental and theoretical
discoveries demonstrates that heterogeneity of the reaction
media not only influences the kinetics of chemical reaction
(i.e., local rate of heat evolution) but often determines the
process of heat transfer. When the governing effect of
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heterogeneity is limited by a specific form of heat
evolution, well-developed theoretical models based on
continuous heat transfer equations provide satisfactory
description of the combustion process. In the other case,
when heat transfer undergoes strong disturbance from the
heterogeneous microstructure and non-uniform thermal
properties of reactive media (e.g. powder mixtures,
pyrotechnical compositions, etc.), novel discrete models
lead to a more adequate description of local and global
behavior of the combustion wave. These discrete models,
as well as their experimental prerequisites and proofs, have
been in the focus of present work.
Detailed analysis of experimental results has shown that,

in many cases, the reaction front propagates as a sequence
of rapid high-temperature scintillations separated by
relatively long periods of hesitation. It was also found
that the parameters of such micro-heterogeneous discrete
reaction waves closely correlate with the characteristics of
the reaction media. Finally, global behavior characteristics
of heterogeneous combustion waves, such as the effective
energy of activation or limits of steady-state combustion,
can be explained and predicted in the frames of the discrete
approach.
Despite of the considerable progress in the investigation

of discrete reaction waves which was made during last
decade, we have to admit that the study of rapid reaction
propagation in random media is only in its early stage.
Progress in both experimental and theoretical directions is
required for deeper understanding of the phenomenon,
which will allow for precise control over the combustion
processes in complex heterogeneous media. First of all, it is
related to the development of the experimental methods,
which allow simultaneous investigation of the reaction wave
propagation and transformation of the heterogeneous
reactive media on different time and length scales. Also,
it is critical to investigate the influence of the reaction
media microstructure on important processes which
typically accompany combustion, i.e. inhomogeneous
transport of melts in porous structures, fluid and gas
convection, heterogeneous thermal conductivity. For some
applications, such as combustion synthesis of materials,
it is important to find out correlations between micro-
structure of the initial media, characteristics of the reaction
front, and microstructure of the final products. The
obtained results will allow the development of theoretical
approaches which account for a transformation of the
reaction media structure in the combustion wave and 3D
models which account for the complexity of the hetero-
geneous media.
Currently, a kind of competition between quasi-homo-

geneous and discrete paradigms occurs, which helps better
understand the combustion processes in heterogeneous
systems. As shown above, combustion occurs in quasi-
homogeneous or discrete modes depending on the ratio of
characteristic times of chemical reaction and heat transfer
between the reaction cells. However, direct measuring of
this governing parameter represents a real challenge
for experimental methods in combustion science. Thus,
Table 7 summarizes empirical results, which show the
applicability of the competing approaches to some specific
combustion processes. Many of the existing theoretical
models satisfactorily explain the specific experimental data,
but none of them can justify the whole ensemble of
observations and provide comprehensive patterns for the
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Table 7

Competitive analysis of quasi-homogeneous and discrete approaches to

different combustion processes

Type of combustion

phenomenon

Applicability of the

homogeneous and

quasi-homogeneous

models

Applicability of

discrete models

Combustion synthesis (powder mixtures, solid products)

Premixed gas flames Homogeneous theory

describes main

features of the process

Not applicable

Propellants Quasi-homogeneous

approach that

accounts the specific

forms of the heat

evolution kinetics

which inherent to

heterogeneous

processes gives good

approximation of the

experimental results

An attempt to use

heterogeneous

(‘‘relaxation’’) model

did not succeed

Macroscopic behavior

of the combustion

wave: velocity

dependences on main

experimental

parameters (porosity,

heat losses, specific

heat of reaction, etc.)

Qualitatively explain

main tendencies.

Quantitative

calculations require

utilization of

essentially unknown

adjustable parameters,

such as thermal and

mass diffusivities in

the combustion front

Qualitatively explain

main tendencies.

Quantitative

calculations require

utilization of

adjustable parameters,

such as heat-transfer

coefficients of the

contacts between

particles in the

combustion front

Shape of temperature

profiles of the

combustion waves

Can explain plateaus

but not super

adiabatic peaks (treat

them as manifestation

of oscillating regime)

Explain all known

features, including

local super-adiabatic

peaks

Effective value of the

activation energy (E)

Relate each

experimentally

measured value to the

diffusion in solid or

liquid phases; suggest

no explanation for

tendency of increasing

E with increasing

combustion

temperature

Give general

explanation of the

measured values of E

and main tendency,

basing only on the

heat-transfer process

in heterogeneous

mixtures

Boundary between

steady-state and

oscillation regimes

Obvious discrepancy

with many SHS-

systems

Good agreement with

all studied SHS-

systems

Microscopic features

of the combustion

waves: hot spots,

random jumps of the

local combustion

velocity, correlation

with microstructure of

heterogeneous

mixtures

Not applicable Give explanation for

all these phenomena

and utilize them as

experimental basis of

the models
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complex process. We hope that the ideas, approaches, and
results discussed in this review will induce new fundamental
studies of this existing phenomenon, which in turn will lead
to numerous novel applications.
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