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Abstract

This paper presents an approach for solving optimal control problems of switched systems.
In general, in such problems one needs to find both optimal continuous inputs and optimal
switching sequences, since the system dynamics vary before and after every switching instant.
After formulating the optimal control problem, we propose a two stage optimization methodol-
ogy for it. Since many practical problems only concern Stage 1 optimization where the number
of switchings and the sequence of active subsystems are given, we then concentrate on Stage 1
optimization problems and propose a method for solving them, which is via nonlinear optimiza-
tion and based on direct differentiations of value functions. Moreover, the method is modified
and applied to general switched linear quadratic (GSLQ) problems. Implementation difficul-
ties of the method can be successfully addressed for GSLQ problems. Examples are shown to
illustrate the results in the paper.

1 Introduction

A switched system is a particular kind of hybrid system that consists of several subsystems and a
switching law specifying the active subsystem at each time instant. Examples of switched systems
can be found in chemical processes, automotive systems, and electrical circuit systems, etc.
Recently, optimal control problems of hybrid and switched systems have been attracting re-
searchers from various fields in science and engineering, due to the problems’ significance in theory
and application. The available results in the literature on such problems can be classified into two
categories, i.e., theoretical and practical. [4, 8, 20, 26, 27, 29, 34] are some primarily theoretical
results. These results extended the classical maximum principle or the dynamic programming ap-
proach to such problems. Among them, the earliest result is [29] which proves a maximum principle
for hybrid systems with autonomous switchings only. Another early result is a proof of the exis-
tence of optimal control for a system with two subsystems by Seidman in [26]. More complicated
versions of maximum principle under various additional assumptions are proved by Sussmann in
[27] and by Piccoli in [20]. In [8, 34], Capuzzo Dolcetta and Yong study systems with switchings
using the dynamic programming approach to derive the Hamilton-Jacobi-Bellman (HJB) equations
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and prove the existence and uniqueness of viscosity solutions. Branicky in [4] formulates optimal
control problems for hybrid systems modeled by his unified model approach; he also proposes some
theoretically algorithmic approaches related to some inequalities of the value functions. However,
because there are no efficient constructive methodology suggested in these papers for obtaining
optimal solutions, there is a significant gap between theoretical results and their applications to
real-world examples. As to the second category of practical results, researchers take advantage of
the availability of high speed computers and efficient nonlinear optimization techniques to develop
approaches for solving such problems (see e.g., [4, 5, 6, 12, 13, 15, 16, 25, 24, 28]). The problem
formulations and the methodologies are very diverse in this category. For example, in [4], general
formulations and algorithms for optimal control of hybrid systems are proposed. In [16], a novel al-
gorithm using constrained differential dynamic programming is proposed for a class of discrete-time
hybrid-state systems. Johansson and Rantzer in [13, 23], by using an inequality of Bellman type,
propose upper and lower bounds of optimal cost for quadratic control of piecewise linear systems;
however no explicit method for deriving optimal control is given. Riedinger and his coworkers in
[25, 24] have tried to apply the hybrid maximum principle to time optimal and linear quadratic
control of systems with linear subsystems. More recently, some heuristically oriented methods have
been reported. For example, Lincoln in [15] develops an algorithm which prunes the search trees
in discrete-time LQR control of switched linear systems; Branicky in [5, 6] proposes fast marching
algorithms which are related to the behavioral programming in computer science.

It is worth noting that because there are many different models and optimal control objectives for
hybrid systems, the above papers often differ greatly in their problem formulations and approaches.
Switched systems, on the other hand, tend to be described by similar models, and similar optimal
control problem formulations have appeared in the literature. (e.g, [12, 13, 16, 25, 28, 32]). For an
optimal control problem of a switched system, one needs to find both an optimal continuous input
and an optimal switching sequence since the system dynamics vary before and after every switching
instant. Due to the involvement of switching sequences, such a problem is in general difficult to
solve. Interested readers may refer to [32] for an overview of the problem and its difficulties. Most
of the methods in the literature that we are aware of are based on some discretization of continuous-
time space and/or discretization of state space into grids and use search methods for the resultant
discrete model to find optimal/suboptimal solutions. But the discretization approaches may lead
to computational combinatoric explosion and the solutions obtained may not be accurate enough
(see [30]). In view of this, in this paper, we explore an approach that is not based on discretization
of the time space.

This paper presents an approach for solving optimal control problems of switched systems. Un-
like the many literature results, the characteristics of our approach is twofold. First, our approach is
not based on the discretization of the time space. Second, we emphasize on accurate optimization
of switching instants. Optimal control problems for switched systems are first carefully formu-
lated. We then propose a two stage optimization methodology. Since the two stage optimization
methodology is still difficult to implement, we then concentrate on Stage 1 optimization where the
number of switchings and the order of active subsystems are given. Focusing on Stage 1 problems
is appropriate because in many practical situations, we only need to study problems with a fixed
number of switchings and a fixed order of active subsystems (e.g., the speeding up of an automobile
power train only requires switchings from gear 1 to 2 to 3 to 4) and in such cases the solution to



Stage 1 is indeed optimal for the problem. On the other hand, Stage 1 optimization itself is already
challenging enough and solving it is a first step toward solving the general problem which does
not possess a good solution up to now. A Stage 1 problem can further be decomposed into Stage
1(a), which is a conventional optimal control problem that finds the optimal cost given the order
of active subsystems and the switching instants, and Stage 1(b), which is a nonlinear optimization
problem that finds the optimal switching instants. Stage 1(b) poses difficulties because it is hard
to obtain the values of the derivatives of the Stage 1(a) optimal cost with respect to the switching
instants. To address these difficulties, we then propose a method that approximates such deriva-
tives by direct differentiations of value functions (Theorem 5.1). Moreover, the method is modified
and applied to general switched linear quadratic (GSLQ) problems. Implementation difficulties of
the method can be successfully addressed for GSLQ problems.

The structure of the paper is as follows. In Section 2, we formulate the optimal control problem
we will study in this paper. In Section 3, we show that such a problem can be posed as a two stage
optimization problem under some additional assumptions. From Section 4 on, we concentrate
on Stage 1 optimization problems. In Section 4, we discuss Stage 1(a) and 1(b) and propose a
conceptual algorithm. In Section 5, we derive in detail how to obtain the approximations of the
derivatives which are required by Stage 1(b) by direct differentiations of value functions. The
method is modified in Section 6 and applied to GSLQ problems. Examples are given in Section 7
to illustrate the effectiveness of the method. Section 8 concludes the paper.

2 Problem Formulation

2.1 Switched Systems

Switched systems

A switched system is a particular kind of hybrid system that consists of several subsystems and
a switching logic among them. The feature that distinguishes a switched system from a general
hybrid system is that its continuous state does not exhibit jumps at the switching instants. The
switched systems we shall consider in this paper are defined as follows.

Definition 2.1 (Switched System) A switched system is a tuple S = (D, F, L) where

e D = (I,F) is a directed graph indicating the discrete structure of the system. The node set
I={1,2,--- M} is the set of indices for subsystems. The directed edge set E is a subset of
I xI—{(i,i)|i € I} which contains all valid events. If an event e = (i1,12) takes place, the
system switches from subsystem i1 to is.

o F={fi: XixU; xR—=R"'X; CR" U; CR™, i€ I} with f; describing the vector field for
the i-th subsystem & = fi(x,u,t).

o L = {A¢JAe CR", e € E} provides us with a logic constraint that relates the continuous
state and mode switchings. Note for any e € E, A, # (. Only when x € A¢, e = (i1,12), a
switching from i1 to io s possible. a



In view of Definition 2.1, a switched system is a collection of subsystems related by a switching
logic described by D and L£. Note that one distinct feature of a switched system is that it has
no discontinuities of the state x at the switching instants. If a particular switching law has been
specified (the law may be specified by state space partitions or by time involvements), then the
switched system can be described as

&(t) = fiw(x(t),ut),t) (2.
i(t) = la(t)i(t),1), (2.

where ¢ : R x I x R — I determines the active subsystem at instant ¢. Note that (2.1)-(2.2)
are used as the definition of switched systems in some of the literature (e.g., [12]). Here we adopt

1)
2)

Definition 2.1 rather than (2.1)-(2.2) because in design problems, in general, ¢ is not defined a
priori and it is a designer’s task to find a switching law.

Switching sequences

For a switched system S, the control input of the system consists of both a continuous input
u(t),t € [to,ts] and a switching sequence. We define a switching sequence as follows.

Definition 2.2 (Switching Sequence) For a switched system S, a switching sequence o in
[to, t7] is defined as

0= ((thiO)a (tlael)a (t2,€2), Tty (tKaeK))a (23)
with 0 < K < 00, tg <ty <ty <--- <tg <ty,andip €I, e = (ix_1,ix) € E fork=1,2,--- | K.
We define Sy, 1,1 2 {o’s in [to,tf]}. O

A switching sequence o as defined above indicates that, if ¢ < tp41, then subsystem iy is
active in [ty,tr11) ([tx,tf] if & = K); if &, = tg41, then iy is switched through at instant t;
(‘switched through’ means that the system switches from subsystem ix_; to 7; and then to ixq
all at instant ¢;). For a switched system to be well-behaved, we generally exclude the undesirable
Zeno phenomenon, i.e., infinitely many switchings in finite amount of time. Hence in Definition 2.2,
we only allow nonZeno sequences which switch at most a finite number of times in [tg, 7], though
different sequences may have different numbers of switchings. We specify o € p ; ;] as a discrete
input to a switched system. The overall control input to the system is therefore a pair (o, u).

Example 2.1 (An Automotive Control System) A manual transmission car with four gears
is a good example of a switched system. If we denote the lateral position as x; and the velocity xo,
the system dynamics at gear ¢ can be described by

51.31 = T2
Ty = «ij(ze)u,

where the nonlinear gear efficiency function «;(z2) is depicted in figure 1.

For this system, I = {1,2,3,4}, all X; = R” and all U; = [0, Umaz|, where upqy is given. If the
gear can only be shifted one gear up or down, we have F = {(1,2),(2,1),(2,3),(3,2),(3,4),(4,3)};
moreover, A9y = A1) = {z]z2 € [10,20]}, Aa3) = Az 9) = {z]w2 € [20,40]}, Az ) = Ag) =
{z|z2 € [40,60]} . The control input of this system consists of the continuous input u (the throttle
position) and the external switching sequence (gear shifting). 0
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Figure 1: The nonlinear gear efficiency functions «;.

2.2 An Optimal Control Problem

Note that in the sequel in this paper, we assume that X; = R", U; = R™ and A, = R" for any
1 € I, e € F and report results under these assumptions. We assume these because on one hand
optimal control problems under these assumptions are already challenging and interesting enough
and well deserve our attention; on the other hand problems under more general constraints are still
tost] 2 {ulu € Cylto, ts],u(t) € R™}; in other words,
Uty t,) 1s the set of all piecewise continuous functions for ¢ € [to,tf] that take values in R™.

under extensive researches. We also define Z/l[

Problem 2.1 Consider a switched system S = (D,F,L). Given a fized time interval [to,ty], find
a continuous input u € Z/l[toytf] and a switching sequence o € E[to,tf} such that the corresponding
continuous state trajectory x departs from a given initial state x(to) = o and meets an (n — ly)-
dimensional smooth manifold Sy = {z|s(z) = 0,¢; : R* — RIF} at ty and the cost functional

ty

J =1p(z(ty)) +/ L(z(t),u(t),t) dt (2.4)

to

18 minimized. O

Problem 2.1 is a basic optimal control problem with fixed end-time where the final state is on a
smooth manifold. As in the usual practice of formulating optimal control problems (see [1]), in the
sequel, we assume that f, L are continuous and have continuous partial derivatives with respect
to z and t; ¢y is assumed to be continuously differentiable; ¢/ has twice continuous derivatives.
Besides these assumptions, in the following, whenever necessary, we will further assume that they
possess enough smoothness properties we need in our derivations.

The way we formulate Problem 2.1 with a fixed end-time is mainly for the convenience of
subsequent studies in this paper. Note that for a problem with free end-time ¢, we can introduce
an additional state variable and transcribe it to a problem with fixed end-time (for more details,
see [30]).

Analytical tools such as the maximum principle and the Hamilton-Jacobi-Bellman (HJB) equa-
tion for hybrid and switched systems have been derived in the literature (see [20, 27, 29, 32, 34]).
However, it is difficult to directly use these tools to find optimal controls even for linear switched
systems. For details and comments on the difficulties of using them to obtain optimal control
solutions, see [30].



3 Two Stage Optimization

In general, we need to find an optimal control solution (o*,u*) for Problem 2.1 such that

J(o*,u*) = min J(o,u). 3.1
(') = oy i, T (3.1)

Notice that for any fixed switching sequence o, Problem 2.1 reduces to a conventional optimal
control problem for which we only need to find an optimal continuous input % that minimizes
Jo(u) = J(o,u). This idea naturally leads us toward considering Problem 2.1 as a two stage
optimization problem. Under some additional assumptions, we can prove the following lemma, that
provides a way to do so.

Lemma 3.1 For Problem 2.1, if
(a). an optimal solution (o*,u*) exists and

b). for any given switching sequence o, there exists a corresponding u* = u’ such that J,(u) =
ag
J(o,u) is minimized,

then the following equation holds

min J(o,u) = min min J(o,u). (3.2)
T€8 10,1 5]> WU 1] 0EB 10,1 ;] WEUtg 1 1]
Proof: First we claim that
in J(o,u) < inf min J(o,u). (3.3)
O'EZ[tO’tf], UGU[tO,tf] UGE[to,tf] “eu[to,tf]

This is because for any fixed o, there exists a ug such that J(o,u;) = minyey, . J(o,u). But for
every pair (o, u}), we must have J(o*,u*) < J(o,u}), therefore from (3.3) we must have

J(o*,u*) < inf  J(o,u}) = inf min  J(o,u). 3.4
( ) - UEE[tO,tf] ( ) UEE[thtf] UGU[tO,tf] ( ) ( )

While we also have the inequality
inf min J(o,u) < min J(o*,u) = J(o", uy). (3.5)

O'EZ[tO,tf] UGU[tO,tf] UEU[tO,tf]

In (3.5) we can choose u’. = u*, since for any other u, we must have J(o*,u*) < J(o*,u) due to
the optimality of (0*,u*). Hence combining (3.4) and (3.5) we have

J(o*,u*) < inf min  J(o,u) < J(o*, uy.) = J(o*,u"). (3.6)
O—GE[tO,tf] “eu[to,tf]

Hence all inequalities in (3.6) must be equalities and the infgeg[ can be replaced by mingex 0.t]

to,tf]
so we obtain

J(o*,u*) = min J(o,u) = min  min J(o,u). (3.7)
TE€X 1,1 41> WUt 4] TEX 1ot 4] WUyt ]

O
The right hand side of (3.2) needs twice the minimization process. This supports the validity
of the following two stage optimization methodology.

A Two Stage Optimization Methodology



Stage 1. Fixing o, solve the inner minimization problem.

Stage 2. Regarding the optimal cost for each o as a function

Ji=Ji(o) = min J(o,u), (3.8)
uEM[tO,tf]

minimize J; with respect to o € Xp, ;1. O
In more detail, we can implement the above methodology by the following algorithm.

Algorithm 3.1 (A Two Stage Algorithm)

Stage 1. (a). Fix the total number of switchings to be K and the sequence of active subsystems
and let the minimum value of J with respect to v be a function of the K switching
instants, i.e., J1 = Jl(tl,tQ, T ,tK) for K Z 0 (t[) S tl S t2 S T S tK S tf). Find Jl.

(b). Minimize J; with respect to tq,t2, -+ ,tx.

Stage 2. (a). Vary the order of active subsystems to find an optimal solution under K switchings.

(b). Vary the number of switchings K to find an optimal solution for Problem 2.1. O

The above algorithm needs further implementations. In practice, many problems only require
the solutions of optimal continuous inputs and optimal switching instants for Stage 1 optimization
where a fixed number of switchings and a fixed sequence of active subsystems are given. In general,
explicit expressions of J; are difficult to obtain or quite complicated even for very simple problems.
Therefore it is necessary to devise optimization methods that do not require the explicit expression
of J; as a function of #;’s. In the next section, we shall discuss Stage 1 optimization in detail.

4 More on Stage 1 Optimization

Now we concentrate on Stage 1 optimization. On the one hand, Stage 1 optimization has already
presented enough challenge to us. On the other hand, since many real world problems are in fact
stage 1 optimization problems, Stage 1 does deserve our attention. For example, the speeding-up
of a power train only requires switchings from gear 1 to 2 to 3 to 4. As can be seen from Algorithm
3.1 in Section 3, Stage 1 can be further decomposed into two sub-steps (a) and (b). Stage 1(a)
is in essence a conventional optimal control problem which seeks the minimum value of J with
respect to u under a given switching sequence o= ((to, %), (t1,€1), -, (tx,ex)). We denote the

. . i . N .
corresponding optimal cost as a function Ji (£), where £ = (t1,to,--- ,tx)”. Stage 1(b) is in essence
a constrained nonlinear optimization problem

min; J; (%) (@1)
subject tot € T
A~
where T = {f = (t1,12,--- ,tx) |to <t <ty <--- <t < tf}.
In order to solve a Stage 1 problem, one needs to resort to not only optimal control methods,
but also nonlinear optimization techniques. Except for very few classes of problems (e.g. minimum



energy problems in [30]), analytical expressions of J;(f) are almost impossible to obtain. This
is evident from the fact that very few classes of conventional optimal control problems possess
analytical solutions. The unavailability of analytical expressions of .J;(f) henceforth makes Stage
1(b) optimization difficult to carry out. However even without the expressions of J;(£), if we can
find the values of the derivatives 2L and 221

ot ot?
nonlinear optimization algorithms. Let us elaborate more on Stage 1(a) and 1(b) in the followings.

, we can still solve Stage 1(b) by employing some

Stage 1(a)

For Stage 1(a) where a switching sequence o = ((to, %), (t1,€1), -, (tk,ex)) is given, finding
Ji(t) for the corresponding ¢ = (t1,--- ,tx)T is a conventional optimal control problem. Note that
although different subsystems are active in different time intervals, the problem is conventional
since these intervals are fixed. In Stage 1(a), we need to find an optimal continuous input « and
the corresponding minimum J. In order to find solutions for Stage 1(a) problems, computational
methods must be adopted in most cases. Most of the available numerical methods are for uncon-
strained conventional optimal control problems with fixed end-time can be used. See [17, 21] for
surveys of computational methods. Moreover, if all subsystems are linear and the cost functional is
quadratic in control and state, then the optimal control and optimal cost can be found by solving

a Riccati equation (see [14] for more details).
Stage 1(b)

In Stage 1(b), we need to solve the constrained nonlinear optimization problem (4.1) with
simple constraints. Computational methods for the solution of such problems are abundant in the
nonlinear optimization literature. For example, feasible direction methods and penalty function

methods are two commonly used classes of methods. These methods use the information of first-
. .. 2

order derivative 85151 and even second-order derivative 8615:;1.

in this paper, we use the gradient projection method (using

a1 22

o ot ot . : : L

For more discussions on various methods for solving constrained nonlinear optimization problems,

In the computation of the examples
0J1
ot

) and their variations (see Section 2.3 in Bertsekas [3] for details).

) and the constrained Newton’s

and

method (using

please also see [2, 19].
A Conceptual Algorithm

The following conceptual algorithm provides a framework for the optimization methodologies
in the subsequent chapters.

Algorithm 4.1 (A Conceptual Algorithm for Stage 1 Optimization)

(1). Set the iteration index j = 0. Choose an initial #/.

(2). By solving an optimal control problem (Stage 1(a)), find J; (#/).

(#) and L (#).

(3). Find 2 s

J1

ot

(4). Use some feasible direction method to update #/ to be #*! = # 4 a/di’ (here the stepsize o/
is chosen using the Armijo’s rule [3]). Set the iteration index j = j + 1.



(5). Repeat Steps (2), (3), (4) and (5), until a prespecified termination condition is satisfied. O

It should be pointed out that the key elements of the above algorithm are

(a). An optimal control algorithm for Step (2).

(b). The derivations of

aJ 22J
=L and gt for Step (3).

(c). A nonlinear optimization algorithm for Step (4).

In the above discussions, we have already addressed elements (a) and (c). (b) poses an obstacle
for the usage of Algorithm 4.1 because 33‘? and 3821

the subsequent sections to address (b) and devise a method for the approximations of the values

are not readily available. It is the task of

of 38‘? and 3;:?. Lastly, it should be pointed out that in Step (4), when we are searching for o/,
optimal control algorithm for Stage 1(a) will also be used in order to obtain the value of J; at the

intermediate trial ¢’s.

5 Optimization for Stage 1 Problem Based on Direct Differentia-
tions

0J1 8%.J,
ot ot2
be used in Stage 1(b) optimizations. The method is based on direct differentiations of the value

which can

and

In the present section, we propose a method to approximate the values of

function. The approach is motivated by the approaches in [9, 10, 11]. Note that in this and next
sections, we assume S; = R". See [31, 33] for early versions of the method.

For simplicity of notations, let us assume that we are given a Stage 1 problem where the number
of switchings is K and the order of active subsystems is 1,2,--- | K, K + 1. We need to find an
optimal switching instant vector = (1,--- ,tx)” and an optimal control input .

Assume that we have a nominal = (1,--- ,tx)” and a nominal control input . If they are both
fixed, then the cost J will be a function of (x(ty), o). However, if u is fixed and # can be varied in a
small neighborhood of the nominal value, then the cost J will be a function of (z(t¢), to, t1,- -+ ,tx)-
Now let us assume that along with the small variations of £, u varies correspondingly in the following

manner. If ¢ varies to ¢ + dt, u varies correspondingly to
u(tpy—) + (t — tg)ak=, if t € [tg,ty + dty) for dtx >0

a(t) = ¢ u(tp+) + (t —tp)abt, ift € [ty + dity, t;] for dt <0, (5.1)
u(t), else,

N du(ty, — . A du(t
where uf~ = u(d’; ) and 4k+ = 71‘((1’;”

By open-loop variations, we mean that w(t) only has variations in the interval between ¢, and

. We say that u assumes open-loop variations in this case.

tr + dtx as shown in figure 2. The reason why we call such variations “open-loop” will be clear in
Section 6.2 where we define the so-called closed-loop variations. With the introduction of open-loop
variations in u, if we allow ¢ to vary in a small neighborhood of the nominal value, the cost J can
still be regarded as a function of (x(t), 0,1, - ,tx), since u in this case varies corresponding to

the variations of £. We denote such a cost as a value function

VO(z(to), to, tr,- -+ ,tx) = P(x(ty)) +/t1 L(z,u,t) dt+...+/tf L(z,u,t) dt (5.2)

to ti

9



where the superscript 0 is to indicate that the starting time for evaluation is #y. Similarly, we can
define the value function at the k-th switching instant as

ty
L(z,u,t) dt+---+ / L(z,u,t) dt. (5.3)

ti

let1

VE@(th) b s+ 1) = (a(ty) + /

173

Figure 2: The solid curves are u(t). (a). The nominal input u(¢). (b). The open-loop variations of
u(t) induced by dt; > 0. (c¢). The open-loop variations of u(t) induced by dt; < 0.

; : ; aJ %] Vo 9?vo
The idea of the method is to approximate afl a£21 by S and 577

we assume that for any given nominal ¢, we choose a nominal v which is an optimal solution to the

respectively. Here

and

corresponding Stage 1(a) problem. From our experience with numerical examples, a suboptimal
solution would also suffice to be the nominal w. In the followings, in order to make our presentation

. 2 .
clear, we denote %—‘; for a function V' as a row vector V, %T‘Q/ as an n X n matrix V,, and so on.

5.1 Single Switching

Let us first consider the case of a single switching. Assume that we are given a nominal ¢, a
nominal v (u may be optimal or suboptimal) and the corresponding nominal state trajectory x.
We denote 4(t) and Z(t) to be the input and state trajectory after variation dt; has taken place.
We write a function with a superscript 1— (resp. 14) whenever it is evaluated at ¢t;— and the
nominal values z(t1), u(t;—) (resp. ¢1+ and the nominal values z(t1), u(t1+)). Examples of
this notational convention are f!= = fi(x(t1),u(ti—),t1—), f* = folz(t1),u(t1+),t1+), L'~ =
L(z(t1),u(ti—), t1—), L'* = L(z(t1), u(ti+), t1+), V1T = Vi(z(t1),t1+) (be careful to distinguish
VI from V1), ete.

It is not difficult to see that
t1
VO(J?(),to,tl) = Vl(x(tl),tl) —l—/ L(:I?,u,t) dt. (54:)

to

For a small variation dt; of t1, we have

VO(zo,to, t1 + dty)
t1+dt1
= V@(ty +dt), t +dty) +/ L(Z,4,t) dt. (5.5)
to

The first term in (5.5) can be expanded into second order as
V&t +dt), t1 + dty)
1 1
VI Vit do(t) + Vit + §(d$(t1))TV$1;rd:1:(t1) + §Vt}t+ldt2{
+dt1V£;rdx(t1) + (higher order terms) (5.6)

10



where
de(t)) 2 2t +dt)) — 2(t1)
= FUdn (AT S P )R+ olds). (5.7)

The second order expansion of the second term in (5.5) is derived as follows by distinguishing
the case of dt; > 0 and the case of dt; < 0. If dt; > 0, we have

t1+dty t1 t1+dty
/ L(&,,t) dt:/ L(z,u,t) dt+/ L(Z,4,t) dt

to to t1
h 1- 1 1- 1 1- |
= L(:E, U, t) dt + L dt; + Edtle dx(tl) + §dt1Lu du(tl) + ELt dtl
to
+ (higher order terms). (5.8)

If dt; < 0, we have

t1+dty t1 ti+dt
/ L(z,4,t) dt :/ L(z,u,t) dt—l—/ L(z,u,t) dt
to to t1

2 1 1 1

— / L(z,u,t) dt + L'~ dt, + §dt1L}C’dx(t1) + 5dtlL};du(m) + §L§—dt§
to

+ (higher order terms) (5.9)

which has the same expression as (5.8) for d¢; > 0 although the derivation is slightly different.
Note that in (5.8) and (5.9),

ﬂlfdtl, for dt1 > 0,

AN
B W' dty 4 o(dty), for dt; < 0.

du(ty) (5.10)

w((t1 + dt1)—) —u(t1—) = {
Now substituting (5.7) and (5.10) into the expansions of the terms V!(Z(t; + dt1),t1 + dty),
j;iﬁdtl L(%,4,t) dt and summing the two terms up, we obtain

VO(z0,to, t1)

t1
_ oy +/ L(z,u,t) dt + Vi*dz(t) + V,Fdty + LY dty

to

1 1 1 _
+§(dx(t1))TV;;dx(t1) + §th+ dt} + dt, V) T da(ty) + §dt1L}; dz(t1)

1t1
1 1
+§dt1L};du(t1) + 5L;*aht‘{ + o(dt?) (5.11)
1
= V%zo,to,t1) + (V1 + V# + LY )dty + §[Vm1+(ft T fiftHflat)
(VLT AV w2Vt T L+ Lyl T + LT )dt + o(dE)

1t1

1>

1
VO(mo, to, t1) + V2 dt1 + 5V;Jl’tl dt? + o(dt?) (5.12)

for all dt; (no matter dt; > 0 or dt; < 0 we get the same expression).
Now let us consider V!* (i.e., V(z(t1),t1)) is the value function for fixed u(t), we have the

dynamic programming equation for the value function

RIS AR A (5.13)
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Note that (5.13) can be derived similarly to the HJB equation. However, the difference between it
and the HJB equation is that (5.13) holds for any continuous input.
By differentiating (5.13), we obtain

Var = ("L -Vt - Lt (5.14)
Vit = Vb=Vt Lt = (VI T+ L)
= (f"NIVET (VR L =V A
—LIT — (VI LTyl (5.15)

By substituting (5.13), (5.14) and (5.15) into (5.12), we can write V2 and V2, in the following
form

Vi) = LV LVt f”) (5.16)
Vo, = (f - 1+)TV1+(f1 Y= (Rt + ot - )
+(V (s - )+L1* L+ V(e =+ L - Lt
(V;+fu—+Li yal ™ — (V) fu + Lh)alt (5.17)

5.2 Two or More Switchings

In order to construct a second-order optimization algorithm, for switched systems with two or more
switchings, we need more information to derive the derivatives of V' with respect to the #;’s. Let
us first consider the case of two switchings. Assume that a system switches from subsystem 1 to 2
at t; and from subsystem 2 to 3 at ¢y (tg < t; < tp <ty). The value function then is

ty
V(20 t0, 11, 82) = Vl(x(tl),t1)+/ L(z,u, ) dt (5.18)
t
s
= V2(n(t) t) + / Lz, u,t) dt. (5.19)
to

Using (5.18), by holding ¢, fixed, Vt?, Vt?tl can be derived similarly to Section 5.1. In the same
manner, VQ, Vith can also be derived using (5.19). However, we need additional information to
derive V), . Arguments from the calculus of variations will be used in the followings to derive V2, .
Now let us define the important notion of incremental change which will be used in our following
derivations.

Definition 5.1 (Incremental Change) Given any wvariations dty and dts, we define
dz(t), min{t;,t1 + dt1} < t < max{ty,to + dte} to be the incremental change of the state
due to dt; and dty. In detail, it is defined as follows (see figure 3).
Case 1: dt; > 0,dty > 0 (see figure 3(a)). In this case, dz(t) is defined to be
:i‘(t) — J?(t), te [tl + dtl,tg]
dz(t) = yi(t) — z(t), t € [t1,t1 + dtq] (5.20)
z(t) — z1(¢), t € [to,ta + dits]
where y1(t) is the solution of

y1(t) = fo(yr(t), u(t), t), t € [t1,t1 + dt1]

Y1 ) = &(

5.21
(t1 + dty t1 + dty) ( )
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BX(ty + dt,) 6><(tz) x(t, + dt,) 6x(t2+ dt,)
20 4 2y fz0

Yi(t) 4
sty K- \X(jt)[/r’/‘%mu )Y L
5x(t) 2200 Aax@) TN
X(t)

x(t)
| | | \ | \ \ |
t t+dt t, t,+dt, t,t+dt,  LTd,
(a). dt,; > 0,dt,>0. (b). dt,>0,dt,<0.
(t, + dt
Y3 20 4 .0 WZI ")
x(ty+dt, ) - ~7 Xt dt s
oy X(® o A V) Vox
ax(t) Y
~ Z,)
L x(t) \ \ \ X(t)
t+dt t, t,+dt, t +dt; '[1 ,t dt2 t2
(c). dt,<0,dt,>0. (d). dt, < o,dt2 <0.

Figure 3: The incremental change dz(t) for (a). dt; > 0, dty > 0; (b). dt; > 0, dts < 0; (c).
dty < 0, dty > 0; (d) dty <0, dty < 0.

and z1(t) is the solution of

{ Z1(t) = fo(z1(8), a(t), 1), t € [ta, ts + dto] (5.22)

Case 2: dt; > 0,dts < 0 (see figure 3(b).) In this case, 0x(t) is defined to be

B(t) — x(t), t € [t + dty, ty + dis]

5$(t) = y2(t t), te [tl,tl + dtl] (523)
t), t e [tQ + dtg,tg]

where yo(t) is the solution of

o (t) = folyo(t),u(t), t), t € [t1,t1 + dt1]
{ yo(t1 + dt1) = &(t1 + dtq) (5.24)
and zy(t) is the solution of
Za(t) = fa(za(t), u(t), 1), t € [tz + diy, ts]
{ o(to + dtz) = (ts + dtz). (5.25)

Case 3: dt; < 0,dty > 0 (see figure 3(c).) In this case, 6x(t) is defined to be

ISH

() = z(t), t € [t1, 2]
Se(t) = { #(t) — ys(t), t € [t + dt1, ] (5.26)
:f?(t) — Zg(t), te [tQ,tQ + dtg]
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where ys(t) is the solution of

ys(t) = fa(ys(t), a(t), 1), t € [t + dt1, 1]
{ ys(t1) = z(t1) (5.27)
and z3(t) is the solution of
ZS(t) = f2(23(t),’&(t),t), te [tZatZ + dt2]
{ 23(t2) = (). (5.28)

Case 4: dt; < 0,dty <0 (see figure 3(d).) In this case, dz(t) is defined to be

A(t) — w(t), te [tl,tQ + dtz]
Sx(t) =4 #(t) — ya(t), t € [ty + dt1, t1] (5.29)
4(t

z ( ) —:L‘(t), t e [t2 +dt2,t2]

where y4(t) is the solution of

ya(t) = fa(ya(t), a(t), 1), t € [t + dt1, 1]
{ i(t) = o(t) (5:30)
and z4(t) is the solution of
24(t) = fa(z4(t),u(t), t), t € [to + dits, ts]
{ 24(ty + dto) = Z(ta + dts). (5:31)
O

Remark 5.1 In plain words, dz(t) defines the difference between z(t) and z(t) in the time interval
where subsystem 2 is active. Moreover, by extending the trajectories £ and z under subsystem 2
dynamics to the time interval min{t¢, ¢, + dt;} < ¢t < max{ty,ts + dt2} where at least one of &(t)
and z(t) evolves along subsystem 2, §z(t) even defines the difference for this time interval. O

In the followings, let us derive the expressions of dx(t2) and dxz(t2). The following important
Lemma will be used frequently in the proofs of the lemmas in this section (for details see Appendix).

Lemma 5.1 ([22]) Let g(t,u) be a real continuous function of the pair of variables t € (a,b),
u € U and let u(t), a < t < b, be a piecewise continuous function with values in U. If 0 is a point
in (a,b), we have
0+qe
[ attute)) dt = el = p)a(6.u(0)) + o) (532)
0+pe
Here p and q are arbitrary real numbers, € is a sufficiently small positive number, and o(e) is an
o(€)

infinitesimal of higher order than e, i.e., lim_,o == = 0. O

Remark 5.2 In [22], Lemma 5.1 is said to hold for any measurable function u. Here for our
purpose in this paper, we restrict u to be piecewise continuous functions. O
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Lemma 5.2 The expressions of 6x(t2) and dx(te + dte) are as follows

(5:5(152) = A(tg,tl)(fl_ — f1+)dt1 + O(dtl), (5.33)
Sty +dts) = Alta,t1)(f'7 — f1H)dty + f7 Alto, t1)(f1 — f11)dtidty
+(other terms in dt},dts and higher order terms), (5.34)

where A(ta,t1) is the state transition matriz for the variational time-varying equation

y(t) = y(t) (5.35)

for y(t),t € [t1,t2]; in (5.35), f is the corresponding active subsystem vector field (here it is f2) in
[t1,t2] and u, x are the current nominal input and state.

Proof: See Appendix. a

In fact, from the proof of Lemma 5.2 (see Appendix), we can observe that dx(t) = A(t, t1)dxz(t1)
for any t € [min{tq, t; + dt1 }, max{ty, t2 + dt2}]. The following important principle can be obtained
directly from this observation. We refer to it as the forward decoupling principle in the subsequent
discussions. It reveals some intrinsic relationship among different switching instants.

The Forward Decoupling Principle: If u assumes open-loop variations, then
(a). The value of the incremental change dx(¢1) at t; will not be depending on dts.
(b). The value of the incremental change dx(t2) at to will be depending on dts. O

The forward decoupling principle tells us that a variation of an earlier switching instant will affect
the value of the incremental change at a later switching instant, but not vice versa.

Lemma 5.3 The expression of dz(ts) is

dx(tz) = A(tl, tl)(fl_ — f1+)dt1 + fg_A(tQ, tl)(fl_ — f1+)dt1dt2 + f2_dt2
+(other terms in dtt,dt3 and higher order terms). (5.36)

Proof: The proof follows directly from the fact that

d:L‘(tg) = (527(752 + dtg) + fQ(J?(tQ), u(tg—), tg)dtg
+(other terms in dt?, dt2 and higher order terms). (5.37)
for all four cases of the signs of dt,, dt». O

Remark 5.3 It is very important to point out that in the expression of dz(t;), we deliberately
express the term f2~ A(ty, 1) (f1~— f11)dt1dty explicitly because it will contribute the the coefficient
of dt1dty as can be seen from the discussions below. O
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Now that we have the expressions for dz(t2), 0z (t2 + dt2) and dz(t2), we are ready to derive the
coefficient for dt;dts in the expansion of

to+dts
VO(xo,to, t1 + dt1, ta + dts) = V(& (ta + dtz), to + dito) + / L(z(t), a(t),t) dt. (5.38)
to

There are two terms in (5.38). Let us look at their Taylor expansions one by one in order to
find each term’s contribution to the coefficient of dt;dts.
Similar to the single switching case, the Taylor expansions of the first term is

V2(i(tg + dta), to + dts)
1
= V2 1 V2 da(ts) + Vi dts + E(dac(tg))TVf;dx(tz) +

1
5 Viato @3 + dia Vi dan(ta) + o(dt3). (5.39)

In (5.39), all those terms that will possibly contribute to the coefficient of dt;dty are those terms
containing dz(ts). They are

1
V2T da(ts), 5 (dz(t2)) T V2 da(ty), dta V2T da(ts). (5.40)

tox

Substituting the expression of dz(t2) into (5.40) and summing them, we obtain the contribution of
the first term to the coefficient of dtidty as

Vet o= + (PO VAT + Vsl ) (F17 = 1), (5.41)
For the second term, we have the following Lemma.
Lemma 5.4 The contribution of ftzﬁdt? L(z,4,t) dt to the coefficient of dtidty is

Ly~ A(tz, 0)(f1 = 1) (5.42)

Proof: See Appendix. a

Remark 5.4 The above results still holds even when ¢; = t5 (we can consider ¢ > ¢ first and
then let to — 1 to prove this). O

Combining (5.41) and (5.42) and the expression of V;2} which can be similarly derived as V;'7
(see 5.14), we conclude that the coefficient of dt;dts (i.e., V3,5 in the expansion of VO (z,ty,t1 +
dty,to + dtg) is

‘/;?tz = [Vm2+fm7 + (=)027)T‘/3L‘23;r + VVtZi + Lii]A(t%tl)(fli - fl+)
=V (e = 2+ (FP7 = POIVE + L - LA t)(f'7 = f17). (5.43)
The above result can also be similarly extended to the case of K switchings to relate dz(t;)

and dty, (k <1). The expression for V;; can similarly be obtained. We summarize and extend the
results obtained in this section into the following theorem.
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Theorem 5.1 For a switched system with K switchings,

VO(zo, to, t1 + dt1,to + dt2, N dtK)

= V%o, to, b1, ba,--- ot +Zv;kdtk + - ZVtktkdtk + ) VR diaty
k=1 1<k<I<K
+(higher order terms) (5.44)
where
V) = LM - LFT 1 VER(fE - ), (5.45)
V0, = (fF7 = IOTVER(FE = ) — (VR PR 4 LR (P = R
HVER(fE = )+ L = LED Y + vER (= 1)
+LF — L,’f+ (VE fh= 4 LEmyak= — (VE gkt L)kt (5.46)
Ve, = WVit(fe =+ (" = T
+LE = LEA @, ) (FF = £F1). (5.47)

5.3 The Implementation of the Algorithm

nd %g are obtained as approximations to % and 38t§1,

Algorithm which is a modified version of the conceptual Algorithm 4.1 can be used for Stage 1

Once the values of 3;/{ the following

optimization.
Algorithm 5.1 (An Algorithm for Stage 1 Optimization)

(1). Set the iteration index j = 0. Choose an initial #/.

(2). By solving an optimal control problem for the current # (Stage 1(a)), find the corresponding
optimal or suboptimal control input u/.

(3). For the current # and its corresponding u/, supposing that u/ assumes open-loop variations,

V2 (3 9°V0 (4 imati a1 9%
find =~ (/) and “5-(t’) as approximations to 1 and <5t

(4). Use some feasible direction method to update # < 0 to be #+! = #/ 4 aJd#/. Set the iteration
index j =7 + 1.

(5). Repeat Steps (2), (3), (4) and (5), until a prespecified termination condition is satisfied. O

It should be pointed out that in order to compute 7( 7 a (#) using the formulae
(5.45)-(5.47), we need to know the values of VAt VEr k= oFt and A(t,t;). However, given

rxr

22v0
d3

nominal £, u and z, these values are not readily available. In general, numerical methods need to
be used to approximate their values. These added numerical computations usually demands extra
computational effort. The numerical method we use is described in the followings.

Suppose that the current switching instant vector is ¢ = (¢1,--- ,tx)’ and the sequence of
active subsystems are subsystems 1,2,--- | K, K + 1. We can use discrete-time optimal control
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algorithms (see e.g., [11]) for the discretized version of the continuous problem to find the Stage
1(a) solution. Our computation of VF*, VEF ok~ 4+t and A(t;,t;) will be based on the solution
of the discretized optimal control problem.

In order not to lose the state, control information at the switching instant, instead of discretizing
the whole range [to,?s] using the same discretization level i (in this case, a switching instant may
fail to be grid point), we discretize each interval [t;_1,1] into N intervals of equal length hy. In
other words, for each [t;_1, ;] we specify a different discretization level hy, (hx 41 for [tx,tf]), hence
the total number of discretized intervals are (K + 1)N. In this way, we can write our discretized

system as
x(i+1) = f(ac(z),u(z),z) (5.48)
(2(i) + b fi (i), u(i), i), 0 <i <N,
w(z) + hafo(x(i),u(i), Nhy + (i — N)h2), N <1i < 2N,
= : (5.49)
I(Z) +hgi1fr+1(z(@),u(@), N(hy + hy + -+ hg)
L +(i — KN)hg41), KN <i< (K +1)N.
The corresponding discrete-time value function is
V(@(i), u(@), - u((K +1)N),i) = (K + DN) + SN i), (), ) (5.50)
where
Pz(K+1)N)) = 9(z((K +1)N)), (5.51)

[ hiL(x(i),u(i),ih), 0 <i< N,
hoL(z(3),u(i), Nhi + (i — N)ha), N <i < 2N,
L(z(i),u(i)i) = { : (5.52)
hK+1L(:E(i), ’LL(Z), N(h1 4+ ho+---+ hK)

+(t — KN)hgy1), KN <i< (K +1)N.

\

In the followings, we denote V (z(i),u(7),--- ,u((K + 1)N),%) simply as V(7). It can be shown
that the value function for the discretized problem satisfies the following backward difference equa-
tions (They are actually the equations for the derivatives of the value function for discrete-time
optimal control problems stated in [11]).

Vo((K +1)N) = (K +1)N), (5.53)
Va(i) = Vili+1)fo(i) + La(i). (5.54)

We can then approximate VF+ by
VI =V, (kN). (5.55)

Therefore, V¥ can be derived from solution of (5.53) and (5.54).
Differentiating (5.53) and (5.54). with respect to x, we obtain

Vaa(K + 1)N) = te(2((K + 1)N)), (5.56)
Vie(@) = fL()Vau(i + 1) f2(i) + Vali + 1) foe (i) + Ly (i) (5.57)
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n (5.57), fsz(i) is an n x n x n array whose (j1,j2,73) element is 7%; f“ and the notation

V(i + 1) foe(i) denotes an n x n matrix which has its (j2, j3)-th element as

Vi (i + 1) (5.58)

311

By solving (5.56) and (5.57) backwards in time, we can obtain V,; (7). Then we can approximate
Vi by
Vi =V, . (kN). (5.59)

Furthermore, we approximate *~, u¥* by

fe(kN — 1) = fu(kN - 2)

ck—

i = - , (5.60)

bt Jep1 (BN +2) = frp1 (KN + 1)‘ (5.61)
Pyt

Finally, we derive the approximation for A(#;,tx). Note that A(#;,tx) is the state transition
matrix for

of (w,u,t)
ox

For k < I, the discretized version of (5.62) for ¢t € [t, ;] is

y(t) = y(t). (5.62)

(00) + s 25 (56), (i), Ny + -+ h) + (i — kN 1)y (0,
for kNgz < (k+1)N

yli+1) =< - (5.63)
y(i) + G (i), u(@), (b + -+ by y)
+(i = (1= D)N)ha)y (@),
| for (I— )N <i <IN.
Find the solution y()(3),- - -,y (i) corresponding to initial conditions
yDEN) =er, -,y (kN) = e (5.64)

respectively, where e; is the unit column vector with all 0’s except that the j-th element is 1,
j=1,2,---  n. From linear systems theory, we observe that A(t;, ;) can be approximated by the
square matrix whose j-th column is y)(IN), i

Aty t) 2= [y (AN), -y ™ (IN)]. (5.65)

Having described the above numerical method, we note that for the special class of optimal
control problems which are called generalized switched linear quadratic (GSLQ) problems, the
method in Sections 5.1 and 5.2 can be modified so that these values can be easily obtained. We
will elaborate on this in the next section.
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6 General Switched Linear Quadratic Problems

In this section, we modify the approach in Section 5 and apply it to Stage 1 problem of the following
general switched linear quadratic (GSLQ) Problem 6.1. Using the modified approach for this class
of problems, the implementation difficulties mentioned at the end of Section 5.3 can be successfully
addressed.

Problem 6.1 (GSLQ Problem) Consider a switched system S = (D,F,L) with linear subsys-
tems & = A;x + Byu,i € I. Given a fized time interval [to,ty], find a continuous input u € Uty ]

and a switching sequence o € Xy 4.1 such that the cost functional in general quadratic form

to,tf

1 T E
J = Ex(tf) Qrz(ty) + Mpxz(ty) + Wy + (gx Qx
to

1
+zTVu + §uTRu + Mz 4 Nu+ W) dt (6.1)
is minimized. Here to, ty and x(to) = xo are given; Qp, My, W, Q,V,R,M,N,W are matrices of
appropriate dimensions with Qy >0, Q > 0 and R > 0. O

6.1 Solution for a Single Linear System

Note that for the general quadratic control of a single linear system # = Ax + Bu, we can use
the dynamic programming approach to obtain the following results (the method is similar to the
method for solving conventional linear quadratic regulator problem reported in, e.g., [7]).

The optimal value function is

V* (2, 1) = %xTP(t)x + Sz +T() (6.2)
where P(t) = PT(t) and
—P(t) = Q+Pt)A+ATP(t) - (P(t)B+ V)R YBTP(t)+V7T), (6.3)
-S(t) = M+ S(t) — (N +S@t)BYRYBTP@t) + V1), (6.4)
~T(t) = W-— —(N +S(t)B)R™Y(BTS"(t) + NT). (6.5)

The optimal control is in the feedback form

u(z(t),t) = —K(t)z(t) — E(t) (6.6)
where
K({t) = R YBTP@t)+V7),
E(t) = RYBTST(t)+NT).

Remark 6.1 For a GSLQ Stage 1(a) problem, if we assume that subsystem (Ayg, By) is active in
t € [tk—1,tx), the above results also hold except that (6.3)-(6.8) should be modified by substituting
A and B with Ay and By, in the time interval [t;_1,t;) (Ax41 and By in [tg, tf]). O
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6.2 Modified Method for GSLQ Problems

Now we modify the method developed in Section 5 so that it will suit better for Stage 1 optimization
for GSLQ problems and Vf*+, VEF 45~ and 4% can be obtained more easily without much extra
computational effort. Assume we are given nominal switching instants and the corresponding
nominal optimal continuous input u in feedback form (6.6). Unlike Section 5, here we choose the
nominal K (-) and E(-) rather than u(-) to assume open-loop variations. This can give us the
flexibility of letting u vary as a function of = since here u depends on z (see (6.6)). Consequently

we have (compare with (5.14), (5.15))

VEL = —(fNTVER - VIR LB — (VTR Ll (6.9)
Vil = —VEER VI L — (VIR 4 L gt
= (fFNTVEN T+ (VIR IEN A VR -t
H(VETfat + L) (ult 5 — ). (6.10)

Note that the expressions Vti;f and Vtij; are different from those in Section 5.1. Similar to the
derivation in Section 5.1, it can be shown that V;?g is of the same form as in Theorem 5.1 and

V0, = (fY = fOTVER(f = ) — (VETfEY 1 LN (£ - R
HVEN (I = Y+ L - LEY e vEr G - Y + L - L
Ve fu Ly )it = (VT L)t
—2(VE DR bt (fF — R, (6.11)
where
T R Vi A T (6.12)
k= ke gkt (6.13)

Vizt, can also be derived similarly to the derivation in Section 5.2 except for the difference
described below. Here we can substitute u(x(t),t) = —K(t)z(t) — E(t) into the system state
equation and the cost functional. Note that K and E assume open-loop variations and u is a
function of z; hence a variation dz will cause a variation du = —K (t)dx. Similar to the derivations
in Section 5.2, we can prove that the expression of §x(t; + dt;) is

du(ty+dt) = Aty te) (" — FF)dty + (£ + fumug) At te) (57 = F*)diget
+(other terms in dt2,dt? and higher order terms), (6.14)

where A(t;,tx) is the state transition matrix for

0@ = ox ou

ou = (Ai(t) — Bi(t)K(t))(s:E. (6.15)
Once we have the expression of dz(¢; + dt;), we can similarly obtain

da(t) = At te) (7 = [ )dbe + (F + fu g ) At ) (FF = F* ) dtgdt + [ dty
+(other terms in dt2, dt? and higher order terms). (6.16)
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Moreover, similarly to the derivation in Section 5.2, we can derive the coefficient for dtidt; in the

expansion of VO(zg,to,t1 +dty, -+ ,tx + dty,--- 4 +dty,---  tx + dtg) as
Vo, = WVat(fe =B+ (7 = Ve + (L - 1Y)
(L uly = Lyt ulh)]A, ) (fF = F55). (6.17)

It can now be seen from the expressions of Vtg, Vtgtk and Vtgt, that all terms necessary for the
evaluation of them are readily available. In this case,

Vit = 2T (ty)PFT 4 ST, (6.18)
ViR = pkt (6.19)
Wb = —KFa(ty) — KF R - BE (6.20)
Py — _Kk+x(tk)_Kk+fk+_Ek+’ (6.21)
ub~ = —KF, (6.22)
ubt = —KFT, (6.23)
ul- = —K'-, (6.24)
ult = —K', (6.25)

where z, P, S are continuous at tg; K5 KK+ EF~ E*+ are functions of P, S obtainable by sub-
stituting the expressions of P and S into the differentiation of (6.7) and (6.8). The advantage of
applying the approach to GSLQ problems is that here VF*+, VEt 4%~ and @f* can be obtained

easily without resorting to extra computational methods. A(#, %) is the state transition matrix
from t to ¢; for the time varying linear system

y(t) = (i) — Biy K (1)) y(t) (6.26)

which can be calculated by numerical integrations as described at the end of Section 5.3.
Now that we have the expressions for IQ%, Vi?ctk and Wgtl, we can use Algorithm 5.1 except that
Step (3) should be revised as “suppose K and F assumes open-loop variations”.

Remark 6.2 It should be pointed out that only closed-loop variations for w can give us the con-
venience of computing ka+, ka;“, %~ and @*t. If open-loop variations for u is adopted, the
relationship V(z,t) = 12T P(t)z + S(t)z + T(t) is no longer true; hence (6.18)-(6.25) cannot be
obtained. In such a case, extra computational effort must be spent to find approximations for the
required values. a

7 Some Examples

In this section, we illustrate the effectiveness of the approach developed in this section using sev-
eral examples. The first two examples use the method derived in Section 5 and the numerical
implementation described in Section 5.3.

Example 7.1 Consider a switched system consisting of
subsystem 1: & = x4+ 2zu, (7.1)

subsystem 2: £ = —z — 3zu. (7.2)
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Assume that ¢y = 0, ¢ = 2 and the system switches once at ¢t =t; (0 <#; < 2) from subsystem 1
to 2. We want to find an optimal switching instant #; and an optimal input « such that the cost
functional J = 1(z(2) — 1)+ § f02 u?(t) dt is minimized. Here z(0) = 1.

For this problem, we choose an initial nominal ¢#; = 1.2. By using Algorithm 5.1 with the
gradient projection method, after 40 iterations we find that the optimal switching instant is t; =
1.0013 and the corresponding optimal cost is 1.3393 x 10719, The corresponding continuous control
and state trajectory are shown in Figure 4 (a) and (b). Note that the theoretical optimal solutions

: opt N .
for this problem are t{¥" = 1, u?* = 0 and J°" = 0, so the result we obtain is quite accurate.
Figure 5 shows the optimal cost for different #;’s. ad

0.01 2.8
0.008 26
0.006
2.4
0.004
2.2
0.002
2
= 0 x
-0.002 8
-0.004 16
-0.006 14
-0.008 1.2
-0.01 S S S S— 1 S S
0O 02 0406 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
t

@ (b)

Figure 4: Example 7.1: (a) The control input. (b) The state trajectory z(t).
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Figure 5: The optimal cost for Example 7.1 for different ¢;’s.

Example 7.2 Consider a switched system consisting of

L 9

subsystem 1: { o Tt Sm (7.3)
To = X9 + ToU
(I'I1 =T — 3(L‘1U

subsystem 2: ) (7.4)
Ty = 229 — 229U
. _ 9

subsystem 3: { o= an o (7.5)
To = —ITo + 3x2u
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Assume that £y = 0, t; = 3 and the system switches at £ = ¢; from subsystem 1 to 2 and at ¢ =t
from subsystem 2 to 3 (0 < t; <ty < 3). We want to find optimal switching instants 1, t2 and an
optimal input u such that the cost functional J = $(z1(3) — €?)? + J(22(3) — €?)? + 3 f03 u?(t) dt
is minimized. Here z1(0) = 1 and z5(0) = 1.

For this problem, we choose initial nominal ¢y = 1.1, t5 = 2.1. By using Algorithm 5.1 with the
constrained Newton’s method, after 20 iterations we find that the optimal switching instants are
t; = 0.9914, t5 = 2.0140 and the corresponding optimal cost is 2.6919 x 10~%. The corresponding

continuous control and state trajectory are shown in Figure 6 (a) and (b). Note that the theoretical

optimal solutions for this problem are ¢7¥ b=1, tor b =92, u* = 0 and JP' = 0. a
0.1 25
0.08
0.06 201
0.04
0.02 15F
> 0—\—‘— -
-0.02 100
0.04

0.06 5
-0.08

-0.1 0

0 0.5 1 15 2 25 3 0 1 2 3 4 5 6 7 8

t X1
(a) (b)

Figure 6: Example 7.2: (a) The control input. (b) The state trajectory.

In the following three examples, we applied the modified method for GSLQ problems.

Example 7.3 Consider a switched system consisting of

2 0 1
1: 2z = .
subsystem 1: & [ 0 _1 | + L (7.6)
-1 0 1
bsyst 2: 2 = . 7.7
subsystem 2: i [ 0 2 T+ ) U (7.7)

Assume that ¢ = 0, t; = 2 and the system switches once at ¢t = ¢; (0 < t; <2) from subsystem 1

to 2. We want to find an optimal switching instant #; and an optimal input « such that the cost

1 72,2

functional J = § [; u?(t) dt is minimized. Here z(0) = [1, 1] and z(2) is required to be close to

e, e]T.
For this GSLQ problem, we adjoin a penalty term 3[(z1(2) — €)% + (22(2) — €)?] to J and then

consider the expanded cost functional Jez,. We use the modified method for GSLQ problems to

obtain approximations to ‘é—{ll. From an initial nominal ¢; = 1.5, by using Algorithm 5.1 with

the gradient projection method, after 6 iterations we find that the optimal switching instant is
t; = 0.9998 and the corresponding optimal cost is 1.3458 x 107>. The corresponding continuous
control and state trajectory are shown in figure 7 (a) and (b). Note that the theoretical optimal
solutions for this problem are ¢}” = 1, u°?* = 0 and Jgﬁ = 0. Figure 8 shows the optimal cost for

different ¢1’s. O
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Figure 7: Example 7.3: (a) The control input. (b) The state trajectory.
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t

Figure 8: The optimal cost for Example 7.3 for different ¢;’s.

Example 7.4 Consider a switched system consisting of

0.6 1.2 1
1: ¢z = 7.8
subsystem 1: & [ 08 34 ] T+ [ ) ] U, (7.8)
4 3 2
2: . = . .
subsystem 2: & [ 10 ] x+ [ 4 ] u (7.9)

Assume that ¢ = 0, t; = 2 and the system switches once at ¢t = #; (0 < t; <2) from subsystem 1
to 2. We want to find an optimal switching instant £; and an optimal input v such that the cost

functional

2
T = 50 =4+ 502 =2+ 5 [ (a0 =27+t (7.10

is minimized. Here z(0) = [0, 2.

For this GSLQ problem, we can use the modified method for GSLQ problems to obtain ap-
proximations to ‘é—‘g. From an initial nominal ¢; = 1.0, by using Algorithm 5.1 with the gradient
projection method, after 13 iterations we find that the optimal switching instant is £; = 0.1897
and the corresponding optimal cost is 9.7667. The corresponding continuous control and state

trajectory are shown in figure 9 (a) and (b). Figure 10 shows the optimal cost for different #;’s. O
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Figure 9: Example 7.4: (a) The control input. (b) The state trajectory.
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Figure 10: The optimal cost for Example 7.4 for different ¢;’s.

Example 7.5 Consider a switched system consisting of

-2 0 1
bsyst 1z = 7.11
subsystem 1: & 0 -1 x+ o | @ (7.11)
[ 05 5.3 1
bsystem 2: £ = 7.12
subsystem 2: 53 05 x+ [ 1 ] u, (7.12)
(10 0
bsystem 3: £ = . 7.13
subsystem 3: & 0 15 x+ BE (7.13)

Assume that 2o = 0, t; = 3 and the system switches at ¢ = ¢; from subsystem 1 to 2 and at ¢t =t
from subsystem 2 to 3 (0 < ¢; <t < 3). We want to find optimal switching instants ¢1,%s and an
optimal input u such that the cost functional J = 1 03 u?(t) dt is minimized. Here z(0) = [4, 4]T
and x(3) is required to be close to [~4.1437, 9.3569]".

For this problem, we adjoin a penalty term [(z1(3) +4.1437)% 4 (2(3) — 9.3569)?] to J and then
consider the expanded cost functional Je;,. We can use the modified method for GSLQ problems

. . . 2
to obtain approximations to 22 and 3651.

=7 From initial nominal values ¢; = 0.8, £ = 1.8, by using
Algorithm 5.1 with the constrained Newton’s method, after 43 iterations we find that the optimal
switching instant is ¢; = 1.0002, t, = 2.0008 and the corresponding optimal cost is 6.3146 x 1075,

The corresponding continuous control and state trajectory are shown in figure 11 (a) and (b). Note
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that the theoretical optimal solutions for this problem are #5"* = 1, t57* = 2, u®?* = 0 and JZ, = 0,
so the result we obtained is quite accurate. Figure 12 shows the optimal cost for different ¢; < t».
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Figure 11: Example 7.5: (a) The control input. (b) The state trajectory.

optimal cost

Figure 12: The optimal cost for Example 7.5 for different (1,%2)’s (0 <1 <ty < 3).

It can be observed from figure 12 that the function Ji (¢, ¢2) has several ripples. Hence it is not
convex even for this simple GSLQ problem; that is why such problems pose significant difficulties.

8 Conclusion

In this paper, we formulated an optimal control problem of switched systems and proposed a two
stage optimization methodology for it. Then we focused on Stage 1 optimization problems which
can further be decomposed into Stage 1(a) and Stage 1(b). We proposed a method to obtain
approximations of the values of the derivatives that are necessary for Stage 1(b) optimizations.
The method is based on direct differentiations of value functions (Theorem 5.1). In particular, a
modified version of the method was proposed for general switched linear quadratic (GSLQ) problems
which can successfully address some of the implementation difficulties of the method. Note that
earlier results of this paper have appeared in [32, 31, 33] and a more complete version can be found
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in [30]. There are many further research topics that are worth exploring since this paper is only a

first attempt to solve optimal control problems for switched systems. They include the development
of &1 271,

ot > o2’
1 optimization for systems with state and control constraints; explorations of the properties of the

of numerical methods for deriving accurate values development of methods for Stage

function J (); etc. We will report progresses in these topics in our future papers.

Appendix: Some Proofs

Proof of Lemma 5.2: Although the results in the Lemma hold for all cases in the definition of
dz(t), we need to discuss each case in order to show the validity of them.
Case 1: dt; > 0, dty < 0.

t1+dty t1+dt1
Sw(t + dt) :/ R0, a(), ) dt—/ Folz(8), u(t), 1) di. (A1)
t1 t1
Using Lemma 5.1 (here we can let € = dt1, ¢ = 1 and p = 0) and noting that #(t1) = z(t1),
@(t1) = u(t1—), we have
t1+dty
/ fi(@(t),a(t),t) dt = fi(2(t1),a(t1), t1)dtr + o(dty)
t1
= f1($(t1),u(t1—),t1)dt1 + O(dtl)
= f17dt; + o(dty). (A.2)

Using Lemma 5.1, we have

t1+dty
/1t Fola@)u(t),t) dt = folw(t), ulti+), £1)dty + o(dtr)

= f1+dt1 + O(dtl) (A3)

Hence 0z(t; +dty) = (f'~ — f17)dt; + o(dt1) and we conclude from the property of the variational
equation that

(5(1)(t2) = A(t2,t1 + dtl)(sx(h + dtl) + O(dtl)
= [A(tg, t1) + Ay, dty + o(dt)][(f1 — f1T)dty + o(dty)] + o(dty)
= A(tg, tl)(fl_ — f1+)dt1 + O(dtl), (A4)
to+dta to+dts
Srlty +dty) = [i(t) + / Fa@(8), (), ) dt] - 21 (1) + / fa(a (), (t), ) d]

to+dts
= Sults) + / o (8), (), 1) — Falz (8),a(2), )] dt

to
= 0x(te) + [fa(Z(t2), u(ta—), ta) — fo(z(ta), u(ta—), t2)]dts + o(dts)
= Ox(te) + f20x(ta)dts + o(dts)
= Alto,t1)(f'™ = f11)dty + f27 Alta, t1) ('~ — 1) dtidty
+(other terms in dt?,dt2 and higher order terms). (A.5)

Case 2: dt; > 0, dty < 0.
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The arguments for proving (A.4) in Case 1 can be applied in this case to show its validity. In

this case,

ox(ty + dtz) =

Case 3: dt; <0, dty > 0.

29(ta + dta) — x(to + dis)

to+dts

to+dta
s (t) + / Fo(oa (), u(t), ) df] — [(ts) + / Fola(t), u(t), ) di

to to

to+dts
dx(t2) —|—/ [fa(z2(t),u(t), t) — fo(z(t),u(t),t)] dt

to

0z (t2) + [f2(22(t2), u(ta—), t2) — fa(z(t2), ulta—), t2)]dts + o(dl2)

6x(ta) 4+ f270x(ta)dty + o(dts)

Alto, 1) (f* — f11)dty + f27 A(ta, t1) (f'7 = 1) dtdty

+(other terms in dt?,dt2 and higher order terms). (A.6)

In this case, we have

5:13(t1)

/t ), a(e), i - / ), u(t),

1+dty t1+dt1
falz(ty 4+ dtr), u(ti+) + o' dty, ty + dty)(—dt1)

—fl(:lj(tl + dtl),u(tl + dtl),tl + dtl)(—dtl)

+O(dt1)
f1 (I(tl), u(tl—), tl)dtl - fg(llj(tl), U(t1+), tl)dtl + O(dtl)
(f'~ = fH)dty + o(dty). (A7)

In reaching the second to the last equations in (A.7), we use the relationship

:E(tl + dtl) = (L‘(tl) + (I'I(tl—)dtl + O(dtl), (A8)
u(t1 + dtl) = u(tl—) + ﬂ(tl—)dtl + O(dtl), (Ag)

and the Taylor expressions of fo and f;. Therefore, we have

(5:5(152)

0z (t2 + dt2)

A(tQ, t1)(5(1)(t1) + O(dtl)

A(tQ, tl)(fli — f1+)dt1 + O(dtl) (A]_O)
to+dta

(k) + / ol (8), a(t), 1) dt]

to

ta+dta
~[za(ts) + / folzs(t), a(t), 1) dt]

2}

to+dts
5u(ts) + / o (t), (), £) — Folza(t), alt), )] dt

to
0z (t2) + [f2(2(t2), u(t2—), t2) — fa(2(t2), ulta—), t2)]dt2 + o(dt2)
0x(to) + f270x(to)dty + o(dts)
Alt, ) (f1 = F1H)dt + 7 A, 1) (F1 = 1) dtdes
+(other terms in dt?, dt3 and higher order terms). (A.11)
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Case 4: dt; <0, dts < 0.
The arguments for proving (A.10) in Case 3 can be applied in this case to show its validity. In
this case, we have

ta+dta
(5:5(152 + dtQ) = [Z4(t2) +/t f2(z4(t),u(t),t) dt]

to+dts
lats) + / Fola(t), u(t), t) dt]

to

to+dts
= Gu(ty) + / Falza(), ult), 1) — Fala(t), u(t), 1)) di

>
= dx(te) + [fo(za(te), u(ta—),t2) — fo(z(t2), u(ta—), t2)]dts + o(dts)
= Ox(to) + f27 6x(to)dty + o(dty)
= Al t)(f' = f1)dtr + 3 Alte, 1) (f1 = f1H)dtdty
+(other terms in dt?, dt3 and higher order terms). (A.12)

Proof of Lemma 5.4: We first note that

to+dta max{tl,t1+dt1} to+dto
/ L(z,a,t)dt = / L(z,a,t)dt + / L(z + éx,u,t)dt. (A.13)
t to max{tl,tl—l—dtl}

In the light of the forward decoupling principle, the first term in (A.13) will not depend on dts;
therefore, it will not contribute to the coefficient of dt;dts.

For the second term, we discuss as follows.
Case 1. dty; > 0.

In this case, we have

to+dts to to+dts
/ L(d, 1) dit = / L(z + 0w, 0, 1) dt +/ Lia,int) dt.  (A.14)
ma.x{tl,tl—i-dtl} max{tl,t1+dt1} to
The first term in (A.14) will not be contributing due to the reason that
ox(t) = A(t,t1)(f'= — f1H)dty + o(dty), (A.15)
a(t) = wu(t), (A.16)

for t € [to, max{t1,t; + dt1}) and therefore they are not depending on dts.
The second term is shown to be

to+dts
[ ), 0),) dt = Lialta), ulta=), o)t + oldta)

to
= L(z(t2), u(t2—), t2)dts + L2 6z (ts)dts
+(other terms in dto, dt3 and terms higher than order 2). (A.17)

By substituting the expression of dz(t2) into (A.17), we obtain the coefficient of dt;dty con-

tributed by this term as
L3 Ata, t)(f17 = f1). (A.18)
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Case 2. dty; < 0.
In this case, since z(t) + 0z(t) = z(t) and a(t) = u(t), for ¢t € [max{ty,t; + dt1},ty + dis], we
have

to+dts to+dta
/ L(z,4,t) dt = / L(z + 0z, u,t) dt
max{t1 b1 +dt1} max{t1 b1 +dt1}
to ta+dta
= / L(z + dz,u,t) dt + / L(z + dz,u,t) dt. (A.19)
max{t1 b1 +dt1} to

Similar to Case 1, the first term in (A.19) will not be contributing. The second term is shown
to be

to+dta
/ L(z + dx,u,t) dt = L(x(t2) + dx(t2),u(ta—), t2)dts + o(dts)
to

= L(z(t2), u(ta—), t2)dts + L% Sz (ts)dts
+(other terms in dio, dt3 and terms higher than order 2). (A.20)

Therefore, by substituting the expression of dz(t2) into (A.20), we obtain the same coefficient
(A.18). O
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