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1. MULTILINEAR FORMS AND DETERMINANTS

In this section, we will deal exclusively with finite dimensional vector spaces over the field F =
R,C. If U;,U; are two F-vector spaces, we will denote by Hom(U1,U2) the space of F-linear
maps U, — Uos.

1.1. Mutilinear maps.

Definition 1.1. Suppose that U, ..., Uy, V are F-vector spaces. A map
.U x---xUp—>V

is called k-linear if for any 1 < ¢ < k, any vectors u;, v; € Uj, vectors u; € Uj, j # i, and any
scalar A € F we have

D(up, ..., Ui—1,U; + Vi, Uit1, ..., W)

=O(uy,. .., Ui—1, Ui, Wit 1, .-, UE) + P(Ur, .., Wi, Vi, Wi 1, - -, UE),

D(up, ..., Wim1, AU, Wit 1, W) = AP(W, .o Wi, Wy, Wi, - e, UE).
In the special case Uy = Ug = --- = Uy, = U and V =T, the resulting map

dP:Ux.---xU—=F
k

is called a k-linear form on U. When k = 2, we will refer to 2-linear forms as bilinear forms. We
will denote by T%(U*) the space of k-linear forms on U. 0

Example 1.2. Suppose that U is an F-vector space and U™ is its dual, U* := Hom (U, F). We have
a natural bilinear map

(—,—=):U"xU —=F, U'xU >3 (a,u) = (a,u) := a(u).

The bilinear map is called the canonical pairing between the vector space U and its dual. O

Example 1.3. Suppose that A = (a;j)1<i j<n i8S an n X n matrix with real entries. Define

D,y R*xR" 5 R, &(z,y)= Zawa:zyj,

To show that @ is indeed a bilinear form we need to prove that for any «,y,z € R" and any A € R
we have

CDA(w—i_zay) :(I)A(m,’y)—F(I)A(Z,y), (I.1a)
(I)A(.’L',y—l-Z) =< (m,y)+‘1>A(93,Z), (1.1b)
DAz, y) = Pa(x, \y) = AP 4 (2, by). (1.1c)

To verify (1.1a) we observe that
Pa(z +2,y) Z aij(Ti + 2),yj = Z(azjﬂ?z‘y]‘ + aijziy;) = Z aijTiY; + Z AijZiY;
> — —~

= (I)A(m7 y) + (I)A(Za y)
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The equalities (1.1b) and (1.1c) are proved in a similar fashion. Observe that if ey, ..., e, is the
natural basis of R"”, then

@A(ei, ej) = Qgj.
This shows that ® 4 is completely determined by its action on the basic vectors e, . . . e,. O

Proposition 1.4. For any bilinear form ® € T?(R") there exists an n X n real matrix A such that
D = &y, where ® 4 is defined as in Example 1.3. O

The proof is left as an exercise.

1.2. The symmetric group. For any finite sets A, B we denote Bij(A, B) the collection of bijective
maps ¢ : A — B. We set $(A) := Bij(A, A). We will refer to 8(A) as the symmetric group on A
and to its elements as permutations of A. Note that if ¢, 0 € S(A) then

poao, 90_1 € 8(A).

The composition of two permutations is often referred to as the product of the permutations. We
denote by 1, or 1 4 the identity permutation that does not permute anything, i.e., 1 4(a) = a, Va € A.
For any finite set S we denote by |.S] its cardinality, i.e., the number of elements of S. Observe that

Bij(A, B) # 0<=|A| = |B].
In the special case when A is the discrete interval A = I,, = {1,...,n} we set
Sp:=8(Iy).

The collection §,, is called the symmetric group on n objects. We will indicate the elements ¢ € &,
by diagrams of the form
( 1 2 ... n )
Y1 Y2 .. pn )

For any finite set S we denote by |S] its cardinality, i.e., the number of elements of S.

Proposition 1.5. (a) If A, B are finite sets and |A| = | B, then
| Bij(A, B)| = | Bij(B, A)| = [8(A)[ = [S(B)].
(b) For any positive integer n we have |S,| =n!:=1-2-3---n.

Proof. (a) Observe that we have a bijective correspondence

Bij(A, B) > o+ ¢ ! € Bij(B, A)
so that

| Bij(4, B)| = | Bij(B, A)|.
Next, fix a bijection i) : A — B. We get a correspondence
Fy :Bij(A, A) = Bij(A4,B), ¢~ Fy(p) =1 oe.
This correspondence is injective because
Fy(p1) = Fy(p2) = popr=tdopr =y o(dopr) =¢ o (Yop) = g1 = pa.

This correspondence is also surjective. Indeed, if ¢ € Bij(A, B) then ! o ¢ € Bij(A, A) and

Fy(p od)=1o(p o) =¢.
Thus, F, is a bijection so that

S(A)| = |Bij(4, B)|.
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Finally we observe that
8(B)| = |Bij(B, A)| = | Bij(4, B)| = [8(4)].
This takes care of (a).

To prove (b) we argue by induction. Observe that |S1| = 1 because there exists a single bijection
{1} — {1}. We assume that |S,,_1| = (n — 1)! and we prove that |S,,| = n!. For each k € I,, we set

sk .= {p € 8u; w(n) =k}.

A permutation ¢ € 8K is uniquely detetrimined by its restriction to I,, \ {n} = I,,_; and this
restriction is a bijection I,,_; — I, \ {k}. Hence

18| = | Bij(Ln—1, In, \ {k})| = 8n—1],
where at the last equality we used part(a). We deduce
18| = 18]+ + 85 = [8n—1] + -+ [8n1]

~~
n

=n|8,—1| = n(n —1)!,
where at the last step we invoked the inductive assumption. a

Definition 1.6. An inversion of a permutation o € §,, is a pair (i, j) € I, x I,, with the following
properties.

o < j.

o o(i) > o(j).

We denote by |o| the number of inversions of the permutation o. The signature of o is then the
quantity
sign(o) := (—1)l°l € {—1,1}.

A permutation ¢ is called even/odd if sign(c) = 41. We denote by S:= the collection of even/odd
permulations. a

Example 1.7. (a) Consider the permutation o € 85 given by
(1 2 3 45
7=\5 432 1)

The inversions of o are

so that |o| =4+ 3+ 2+ 1 = 10, sign(o) = 1.
(b) For any 7 # j in I, we denote by 7;; the permutation defined by the equalities

k, k#ij
Tij(k‘): j, k=1
i, k=1j.

A transposition is defined to be a permutation of the form 7;; for some ¢ < j. Observe that
73] = 2|7 —i[ — 1,
so that
sign(7;) = —1, Vi # j. (1.2)
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Proposition 1.8. (a) For any o € §8,, we have
: o(j) —o(i)
sign(o) = 1<E<n - (1.3)
(b) For any p,0 € §,, we have
sign(ip 0 o) = sign(y) - sign(0). (1.4)
(c) sign(o~1!) = sign(o)

Proof. (a) Observe that the ratio U(j]).:j(i) negative if and only if (¢, 7) is inversion. Thus the number

o(j)—o(i)

of negative ratios =

,© < j,1s equal to the number of inversions of ¢ so that the product

[ o=t

i
1<i<j<n

has the same sign as the signature of o. Hence, to prove (1.3) it suffices to show that

H o(j) —o(i)

7 = lsien(o)| = 1,

1<i<j<n

1.e.,

[TleG) —ea@l=T]1i il (1.5)

i<j 1<j
This is now obvious because the factors in the left-hand side are exactly the factors in the right-hand
side multiplied in a different order. Indeed, for any ¢ < j we can find a unique pair ¢/ < ;' such that

o(j') —o(i') = £(j —i).
(b) Observe that

sign(p H@ - HSO ;’}(;)7()

and we deduce

Hcp (@(4)) <P( (1)) HG(J’) —o(i)
()

sign(y) - sign(o —
() o(j) —o(i) Ll =

H 90 ( ()) :SigH(QOOO').

—1
1<J ‘7

To prove (c) we observe that

1 = sign(1) = sign(oc ! o o) = sign(c 1) sign(o).
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1.3. Symmetric and skew-symmetric forms.

Definition 1.9. Let U be an F-vector space, F = Ror F = C.

(a) A k-linear form ® € T%(U*) is called symmetric if for any w1, . .., u;, € U, and any permutation
o € 8 we have

@(ua(l), cee ,’ug(k)) = <I>(u1, oo ,uk).
We denote by S¥U* the collection of symmetric k-linear forms on U.
(b) A E-linear form ® € T*(U*) is called skew-symmetric if for any wuy,...,u; € U, and any
permutation o € 8§ we have
D(Ug(1)s - -+ Ug(r)) = sign(o)@(us, ..., ug).

We denote by A*U* the space of skew-symmetric k-linear forms on U. O

Example 1.10. Suppose that ® € A"U*, and uq,...,u, € U. The skew-linearity implies that for
any ¢ < j we have

(I)(’U,l, R ¥ 7 [ ¥ 7 ¥ 7 N uj,l,uj, ’U,j+1, e ,un)
= —Cb(ul, ey W1, U, Ui 1y, U1, Wiy, Ut 1,y - - - ,’U,n).
Indeed, we have
D(uy,. .. y Wi—1, Ujy Wit 1, - o Uj—1, Wiy Wit .- , Un)
= q>(u7'ij(1)v cey Uri (k) uTij(TL))
and sign(7;;) = —1. In particular, this implies that if ¢ # j, but w; = u; then
D(uy,...,uy) =0. O
Proposition 1.11. Suppose that U is an n-dimensional F-vector space and e, . . ., e, is a basis of

U. Then for any scalar ¢ € F there exists a unique skew-symmetric n-linear form ® € A"U™ such
that
der,...,e,) =c.

Proof. To understand what is happening we consider first the special case n = 2. Thus dimU = 2.
If ® € A2U* and uy, us € U we can write

U = ajie; + azi€2, U2 = ajze; + azey,
for some scalars a;; € F, i, j € {1,2}. We have
D(ur, uz) = ®(ajie; + azier, ajzer + azer)
= a1 P(e1, a1zer + axes) + a1 P(ez, a1ze; + axes)

= aj1a12®(er, e1) + arnan®(er, e2) + aziain®(es, 1) + azianP(ez, e2).
The skew-symmetry of ® implies that
‘13(61,61) = @(62,62) = O, @(62,61) = —@(61,62).
Hence
O(ur, uz) = (a11a22 — azra12)P(eq, ez).
If dimU = nand uy,...,u, € U, then we can write

n n
up = E Aj11€45 - - -, UE = E Qi k€,

i1=1 tp=1
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n n
@(ul,...,un) =¢ E Aj11€415 -« - E i, n€i,
i1=1 in=1
n
= E aill-~~ainn¢(ei1,...,ein).
LA in=1
Observe that if the indices i1, . . ., ¢,, are not pairwise distinct then
(I>(ei1, cee ,ein) =0.

Thus, in the above sum we get contributions only from pairwise distinct choices of indices i1, . . . , iy,

Such a choice corresponds to a permutation o € §,,, o(k) = ix. We deduce that

<I>(u1, ey un) = Z ag(l)l s aa(n)nq)(ea(l), N ,ea(n)).

UESTL

= Z sign(0)ay (1)1 Aoy | Ple1,. .. €n).

O’GSn

Thus, ® € A"U™ is uniquely determined by its value on (e1, ..., e,).
Conversely, the map

n
(U1, Un) = € Y SIgN(0)ap()1 Ao, Uk = D Qik€i,
o€E8n i=1

is indeed n-linear, and skew-symmetric. The proof is notationally bushy, but it does not involve any
subtle idea so I will skip it. Instead, I’ll leave the proof in the case n = 2 as an exercise.
O

1.4. The determinant of a square matrix. Consider the vector space F™ with canonical basis

1 0 0

0 1 0
61: . ) 62: . 7"'7en:

0 0 1

According to Proposition 1.11 there exists a unique, n-linear skew-symmetric form ® on F" such that
d(e,...,e,) =1.

We will denote this form by det and we will refer to it as the determinant form on F™. The proof of
Proposition 1.11 shows that if uy,...,u, € F",

U1k
U2k
up = . , k=1,...,n,
Unk
then
det(uy,...u,) = Z Sign(o‘)ug(l)lug(g)g “ Ug(n)n- (1.6)
O’ESn
Note that
det(uq,...u,) = Z Sign(gp)uw(l)uw@) © Upg(n)- (1.7)

PpES,
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Definition 1.12. Suppose that A = (a;;)1<; j<n is an n X n-matrix with entries in F which we regard

as a linear operator A : F" — F”. The determinant of A is the scalar

det A := det(Aey, ..., Aey)

where eq, ..., e, is the canonical basis of F”, and Ae;, is the k-th column of A,
a1k
pee— | | kot
Qnk

Thus, according to (1.6) we have

. (L.7) .
det A = Z Slgn(a)aa(l)l o Qo(n)yn — Z Slgn(a)ala(l) ©Qno(n)-

O’GSn O'GSn

(1.8)

Remark 1.13. Consider a typical summand in the first sum in (1.8), a,(1)1 * * * Gg(n)n- Observe that

the n entries

As(1)15A5(2)25 - -+ s Aa(n)n

lie on different columns of A and thus occupy all the n columns of A. Similarly, these entries lie on

different rows of A.

A collection of n entries so that no two lie on the same row or the same column is called a rook
placement.! Observe that in order to describe a rook placement, you need to indicate the position of
the entry on the first column, by indicating the row o (1) on which it lies, then you need to indicate
the position of the entry on the second column etc. Thus, the sum in (1.8) has one term for each rook

placement.

If AT denotes the transpose of the . x n-matrix A with entries

T
a;; = aji

we deduce that

det AT = Z sign(a)al(l)1 . -ai(n)n = Z sign(0)a1o(1) * * * Ano(n) = det A.

oES, 0ES8y

Example 1.14. Suppose that A is a 2 X 2 matrix

Then

detA = a11a22 — a12a921.

O

(1.9)

O

Proposition 1.15. If A is an upper triangular n X n-matrix, then det A is the product of the diagonal

entries. A similar result holds if A is lower triangular.

I you are familiar with chess, a rook controls the row and the column at whose intersection it is situated.
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Proof. To keep the ideas as transparent as possible, we carry the proof in the special case n = 3.
Suppose first that A is upper tringular, Then

ailp aiz2 a3

A = 0 ag292 493
0 0 ass
so that
Aej = aj1eq, Aez = aizer + axpez, Aez = aize; + azzes + aszes
Then

det A = det(Ae;, Aeg, Aes)
= det(aiier, a12e1 + axzez, ajze; + azses + asses)
= det(auel, ajz2€1,a13€1 + ag3€2 + CL3363) + det(anel, ag2€2,0a13€1 + ag3€9 + a33€3)
= a11a12 det(el, ey, a13e1 + aszes + (13363) “+aj1a92 det(el, €2, a13€1 + aszes + 03363)

-0
= aaa (det(el, ez, ajzer) +det(e, ex, azzez) +det(eq, ez, azzes) )

-0 =0
= aj1axasz det(e, e, e3) = ajiazass.

This proves the proposition when A is upper triangular. If A is lower triangular, then its transpose AT
is upper triangular and we deduce

det A = det AT = aIIaEQagg = a11022033.
O

Recall that we have a collection of elementary column (row) operations on a matrix. The next
result explains the effect of these operations on the determinant of a matrix.

Proposition 1.16. Suppose that A is an n X n-matrix. The following hold.
(a) If the matrix B is obtained from A by multiplying the elements of the i-th column of A by the
same nonzero scalar )\, then

det B = Adet A.
(b) If the matrix B is obtained from A by switching the order of the columns i and j, i # j then

det B = —det A.
(c) If the matrix B is obtained from A by adding to the i-th column, the j-th column, j # i then
det B = det A.

(d) Similar results hold if we perform row operations of the same type.

Proof. (a) We have
det B = det(Bey, ..., Be,) = det(Aeq, ..., \Ae;, Ae,,)
= Adet(A4ey,..., Ae;, Ae,) = Adet A.
(b) Observe that for any o € §,, we have
det(Aey(1y, - - -, Aey(n)) = sign(o) det(Aey, ..., Aey () = sign(o) det A.
Now observe that the columns of B are
Bey = Ae;, 1), ..., Ben, = Ae;, ()

and sign(7;;) = 1.
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For (c) we observe that
det B = det(Aey, ..., Ae;_1, Ae; + Aej, Aejtq, ..., Aej, ..., Aey)
= det(Ae1,..., Ae;_1, Ae;, Ae;t1, ..., Aej,. .., Aey)
+det(Aey, ..., Ae;_1, Aej, Aeiya, ..., Aej, ..., Aey)
=0
= det A.

Part (d) follows by applying (a), (b), (c) to the transpose of A, observing that the rows of A are the
columns of AT and then using the equality det C' = det C .

O

The above results represents one efficient method for computing determinants because we know
that by performing elementary row operations on a square matrix we can reduce it to upper triangular
form.

Here is a first application of determinants.

Proposition 1.17. Suppose that A is an n X n-matrix with entries in F. Then the following statements
are equivalent.

(a) The matrix A is invertible.

(b) det A # 0.

Proof. A matrix A is invertible if and only if by performing elementary row operations we can reduce
to an upper triangular matrix B whose diagonal entries are nonzero, i.e., det B # 0. By performing
elementary row operation the determinant changes by a nonzero factor so that

det A # 0<=det B # 0.

g
Corollary 1.18. Suppose that w1, ..., u, € F". The following statements are equivalent.
(a) The vectors uy, ..., u, are linearly independent.
(b) det(uq,...,u,) # 0.
Proof. Consider the linear operator A : F" — F™ given by Ae; = u;, i = 1,...,n. We can

tautologically identify it with a matrix and we have
det(uq,...,uy,) = det A.

Now observe that (w1, ..., u,) are linearly independent if and only if A is invertible and according
to the previous propostion, this happens if and only if det A # 0.

g
1.5. Additional properties of determinants.
Proposition 1.19. If A, B are two n X n-matrices , then
det AB = det Adet B. (1.10)

Proof. We have

det AB = det(ABey, ..., ABe,) = det() _ bij1Aei,,... Y binAe;,)

11=1 in=1
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b
= Z biy1 - bin det(Aeil, - Aein)
i1 yeyin=1
In the above sum, the only nontrivial terms correspond to choices of pairwise distinct indices i1, . . . , iy.
For such a choice, the sequence i1, . . . , i, describes a permutation of I,,. We deduce

det AB =Y by1)1 - bo(nyn det(Aegq), ..., Agirn)

oESy

=sign(o) det A

=det A Z sign(0)by (1)1 * bo(n)n = det Adet B.

o€S8y
O
Corollary 1.20. If A is an invertible matrix, then
1
det A1 = .
¢ det A
Proof. Indeed, we have
A-At=1
so that
det Adet A7! = det 1 = 1.
O

Proposition 1.21. Suppose that m,n are positive integers and S is an (m + n) x (m + n)-matrix
that has the block form
g [ A C ]

0 B

where A is an m X m-matrix, B is an n X n-matrix and C' is an m X n-matrix. Then

det S = det A - det B.

Proof. We denote by s;; the (i, j)-entry of S, i,j € I,,y,. From the block description of S we
deduce that

j<m and i >n=s;; =0. (1.11)
We have
m4+n
det S = Z sign(o) H So(i)i-
€S m+in =1

From (1.11) we deduce that in the above sum the nonzero terms correspond to permutations o € Sy,4n,
such that

o(i) <m, Vi <m. (1.12)
If o is such a permutation, then its restriction to I,, is a permutation « of I, and its restriction to
I,,+n \ I, is apermutation of this set, which we regard as a permutation g of I,,. Conversely, given
o € 8, and S € 8, we obtain a permutation 0 = o *x 3 € §,;,, satistying (1.12) given by

v B0) = {aw, i<m,

m+ B —m), i>m.
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Observe that
sign(a * 8) = sign(a) sign(B),

and we deduce
m—+n

det S = Z sign(a * 3) H SaxfB(i)i
a€8m, BESH =1
= Z sign(a) H Sali)i Z sign(p) H Sm+8(j),j+m | = det Adet B.
a€8m =1 BESH j=1

O

Definition 1.22. If A is an n X n-matrix and i, j € I,,, we denote by A(4, j) the matrix obtained from
A by removing the i-th row and the j-th column. a

Corollary 1.23. Suppose that the j-th column of an n X n-matrix A is sparse, i.e., all the elements
on the j-th column, with the possible exception of the element on the i-th row, are equal to zero. Then

det A = (—1)"a;; det A(i, j).
Proof. Observe that if i = j = 1 then A has the block form

A= [ 0 A }

and the result follows from Proposition 1.21.

We can reduce the general case to this special case by permuting rows and columns of A. If we
switch the j-th column with (j — 1)-th column we can arrange that the (j — 1)-th column is the sparse
column. Iterating this procedure we deduce after (j — 1) such switches that the first column is the
sparse column.

By performing (i — 1) row-switches we can arrange that the nontrivial element on this sparse
column is situated on the first row. Thus, after a total of ¢ + 7 — 2 row and column switches we obtain
anew matrix A’ with the block form

A= [ aéj A(;'k,j) }

(=1)"F det A = det A’ = a;; det A(4, j).

We have

Corollary 1.24 (Row and column expansion). Fix j € I,,. Then for any n X n-matrix we have
n n
det A =" (1) aydet A(i, 5) = > (1) FaAQ, k).
i=1 k=1
The first equality is referred to as the j-th column expansion of det A, while the second equality is
referred to as the j-th row expansion of det A.

Proof. We prove only the column expansion. The row expansion is obtained by applying to column
expansion to the transpose matrix. For simplicity we assume that j = 1. We have

det A = det(Aeq, Aes, ..., Ae,) = det (Z a;1e;, Aes, . .. ,Aen>
i—1
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n
= Z a;1 det(ei, Aeg, . ,Aen).
i—1
Denote by A; the matrix whose first column is the column basic vector e;, and the other columns are
the corresponding columns of A, Aes, ..., Ae,. We can rewrite the last equality as

det A = Z ;1 det AZ'.
=1

The first column of A; is sparse, and the submatrix A;(7,1) is equal to the submatrix A(i,1). We
deduce from the previous corollary that
det A; = (—=1)" det A;(i,1) = (=1)" ' det A(4,1).

This completes the proof of the column expansion formula. O

Corollary 1.25. If k # j then

n

> (1) ay, det A(é, j) = 0.

i=1

Proof. Denote by A’ the matrix obtained from A by removing the j-th column and replacing with
the k-th column of A. Thus, in the new matrix A’ the j-th and the k-th columns are identical so that
det A’ = 0. On the other hand A’(i, j) = A(4, j) Expanding det A’ along the j-th column we deduce

0=det A" = (=1)"aj;det A(i, §) = > (—1)%a; det A(i, 5).
i=1 =1
O

Definition 1.26. For any n x n matrix A we define the adjoint matrix A to be the n x n-matrix with
entries

dij = (=1)""7 det A(j, ), Vi,j € In. 0

Form Corollary 1.24 we deduce that for any j we have

n
Z djiaij = det A,

i=1
while Corollary 1.25 implies that for any j # k we have

n

Z dj,-aik =0.

i=1
The last two identities can be rewritten in the compact form

AA = (det A)1. (1.13)

If A is invertible, then from the above equality we conclude that

1 .
-1 _
A = detAA' (1.14)
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Example 1.27. Suppose that A is a 2 x 2 matrix

A_[all CL12:|

a a2
Then
det A = ay1a22 — ai2a21,
A(L,1) = [a], A(L,2) = [an], A(2,1) = [a12], A(2,2) = [aw1],
ayp = det A(1,1) = age, a12 = —det A(2,1) = —aq2,
agp = —det A(1,2) = —agy, dge = det A(2,2) = aqq,
so that

A:[ ass —au]

—az1  a
and we observe that

0 det A

Hence

e 1 [ ass —an} -

:detA —az1 Al

Proposition 1.28 (Cramer’s Rule). Suppose that A is an invertible n X n-matrix and u, x € F™ are
two column vectors such that

Ax = u,
i.e.,  is a solution of the linear system
1171 + a1222 + -+ - + A1pTy = UL
(2171 + a22%2 + - -+ + A2pTy, = U2
an1T1 + @p2x2 + - + Apnxp = Up.

Denote by Aj(u) the matrix obtained from A by replacing the j-th column with the column vector w.
Then
det Aj(u)
pi = — 29\
I det A

Proof. By expanding along the j-th column of A;(u) we deduce

. Yi=1,....n. (1.15)

n

det Aj(u) = > (1) *uy det A(k, ). (1.16)
k=1
On the other hand,
(det A)x = (AA)x = Au.
Hence
(det A)z; =) ajpup = Z(—l)k+juk det A(k, 7) 116) et Aj(u).
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1.6. Examples. To any list of complex numbers (x1, ..., x,) we associate the n x n matrix
1 1 ... 1
1 x9 T Tn
V(zt,...,zn) = : : : : . (1.17)
1‘?_1 x;z—l . .’Ezil
This matrix is called the Vandermonde matrix associated to the list of numbers (z1, ..., z,). We want

to compute its determinant. Observe first that

det V(z1,...z,) = 0.

if the numbers z1, . . ., 2, are not distinct. Observe next that
det V(z1,22) = det 11 = (zg — 1)
1,22) = T wy | 22 1)
Consider now the 3 x 3 situation. We have
1 1 1
det V(z1,x9,23) =det | 1 z2 x3

2 .2 .2
Iy Ty I3

Subtract from the 3rd row the second row multiplied by x; to deduce
1 1 1

det V(xl,xg,:cg) =det | 1 ) xs
0 :1:% — X129 x% — T3T1

1 1 1
=det | =1 T2 T3
0 xo(xa—x1) x% — 2371

Subtract from the 2nd row the first row multiplied by x; to deduce

1 1 1
XTo — I xr3 — X1
det V(x1,29,23) =det | O To — X1 T3 — 11 = det B B
0 1'2(332 — .%'1) x3($3 — 371) .%'2(1'2 1‘1) wg(xg .%'1)
1 1
= (9 — x1)(x3 — x1) det . = (v — x1)(x3 — x1) det V(x9, x3).

= (g — z1)(x3 — x1) (23 — x1).
We can write the above equalities in a more compact form
det V(z1,22) = H (xj —x;), detV(xy,z9,23) = H (xj — ;). (1.18)
1<i< <2 1<i<j<3

A similar row manipulation argument (left to you as an exercise) shows that

det V(zy,...,zp) = (x2 —x1) -+ (X — x1) det V(z2a, ..., zp). (1.19)
We have the following general result.
Proposition 1.29. For any integer n > 2 and any complex numbers x1, . . . , x, we have
det Vo(zr,...oxn) = [ (a5 —20). (1.20)
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Proof. We will argue by induction on n. The case n = 2 is contained in (1.18). Assume now that
(1.20) is true for n — 1. This means that

det V(za,...,x,) = H (xj — ;).

Using this in (1.19) we deduce
det Vi(x1,. ..y zpn) = (x2 — 1) -+ (T — 1) - H (xj —x;) = H () — ;). O
2<i<j<n 1<i<j<n

Here is a simple application of the above computation.

Corollary 1.30. Ifx1, ..., x, are distinct complex numbers then for any complex numbersry, ...,y
there exists a polynomial of degree < n — 1 uniquely determined by the conditions
P(z1) =r1,...,p(Tn) = 0. (1.21)

Proof. The polynomial P must have the form

P(x) =ap+ a1z + -+ ap_12" 7,

where the coefficients ag, . .., a,—1 are to be determined. We will do this using (1.21) which can be
rewritten as a system of linear equations in which the unknown are the coefficients ag, . . ., an—1,

ap +a1Ty + -+ an71x?_1 = n

ag+ a1xa 4 - a1y = 1y

ao+ a1y + -+ ap_ 12"t = 7y,

We can rewrite this in matrix form
1 n—1

xr1 - Zq ag 71
1 29 --- :1:72171 al 79
1z, - a7t an—1 Tn
=V(z1,..,xn)t
Because the numbers 1, .. ., z, are distinct, we deduce from (1.20) that

det V(x1,...,2p) = V(x1,...,2,) #0.

Hence the above linear system has a unique solution ag, . . . , Gp—1. O
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1.7. Exercises.

Exercise 1.1. Prove that the map in Example 1.2 is indeed a bilinear map. O
Exercise 1.2. Prove Proposition 1.4. O

Exercise 1.3. Fixn € N,n > 2andset I, := {1,...,n}
(i) Show that forany 1 <14 < j < n we have 7;; 0 7; = 17,,.
(ii) Prove that for any permutation o € 8,, there exists a sequence of transpositions 7, j, , - -+ , Ty, jm s
m < n, such that
O O Tipjm © 0 Tiyjy = Lr,.
Conclude that any permutation is a product of transpositions. Hint. Define k1 = k1 (o) as the unique
element of o, such that o(k) = 1. If k1 (o) # 1 compute k1 (o 0 71, ).

O

Exercise 1.4. Decompose the permutation
1 2 3 45
5 4 3 2 1
as a composition of transpositions. O

Exercise 1.5. Suppose that ® € T?(U) is a symmetric bilinear map. Define Q : U — F by setting
Q(u) = d(u,u), YuecU.
Show that for any u, v € U we have

2w, v) = 1 (Qu+v) ~ Qu—v)). 0

Exercise 1.6. Prove that the map

P :R? x R? - R, D (u,v) = ujvy — ugvy,
is bilinear, and skew-symmetric. O
Exercise 1.7. (a) Show that a bilinear form ® : U x U — F is skew-symmetric if and only if
O(u,u) =0,YVu e U.
Hint: Expand ®(u + v, u + v) using the bilinearity of .
(b) Prove that an n-linear form ® € T (U) is skew-symmetric if and only if for any ¢ # j and any

vectors U1, . .., u, € U such that u; = u; we have
O(ug,...,uy) =0.
Hint. Use the trick in part (a) and Exercise 1.3. O

Exercise 1.8. Compute the determinant of the following 5 X 5-matrix

1 2 3 45
21 2 3 4
3 21 2 3
4 3 2 1 2
5 4 3 2 1
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Exercise 1.9. Fix complex numbers = and h. Compute the determinant of the matrix

1 -1 0 0
T h -1 0
2 hx h -1
3

Can you generalize thus example? O
Exercise 1.10. Prove the equality (1.19). O

Exercise 1.11. (a) Consider a degree (n — 1) polynomial
P(x) = 12"+ a0z 4+ a1z + ag, an—1 # 0.

Compute the determinant of the following matrix.

1 1 e 1
1 x2 e Tn
V= : : :
a?’f_g mg‘Q g2
| P(z1) P(x2) -+ P(zn) |
(b) Compute the determinants of the following n x n matrices
[ 1 1 . 1 T
z1 T2 T In
A= : : : : 7
x’f’2 ngQ o 22
| Zow3 Ty TT3TyTp o AT Tpoy |
and
[ 1 1 e 1
I Z2 T In
xrfo x3—2 . 22
(@t @zt +an)" (@t astaat )"t o (@t ae o Fano)"

Hint. To compute det B itis wise to write S = 1 + -+ zp sothatzo + 23+ +xn = (S—2z1), 21 +23+ -+ a0 =5 — 22
etc. Next observe that (S — 2)* is a polynomial of degree k in . a
Exercise 1.12. Suppose that A is skew-symmetric n X n matrix, i.e.,

Al = —A.
Show that det A = 0 if n is odd. O

Exercise 1.13. Suppose that A = ((I@'j)lgi’ j<n 18 anm X n matrix with complex entries.
(i) Fix complex numbers z1, ..., 2y, Y1, ., Yy and consider the n X n matrix B with entries
bij = ziyjaij.
Show that
det B = (x1y1 - - - Tpyn) det A.
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(i1) Suppose that C'is the n x n matrix with entries
cij = (=1) ™ ay.
Show that det C' = det A.
O

Exercise 1.14. Suppose we are given three sequences of numbers a = (ax)i>1, b = (bx)r>1 and
¢ = (cx)k>1. To these sequences we associate a sequence of Jacobi matrices

ag by 0 0 --- 0 0 |
c1 a2 bg 0 s 0 0
J, = 0 ¢ ag by --- 0 0 | (J)
i 0O 0 0 0 - cpo1 ap |
(i) Show that
det J, = apdet J,_1 — b_1cn_1 det J,_o. (1.22)

Hint: Expand along the last row.
(i) Suppose that above we have

Ck:1, bk:2, ak:3, VkZL
Compute det J1,det Jy. Using (1.22) determine det J3, det Jy, det Js, det Jg, det J7. Can
you detect a pattern?
O

Exercise 1.15. Suppose we are given a sequence of polynomials with complex coefficients (P, (x))n>0,
deg P, = n, foralln > 0,
P,(z)=anx"+---, a, #0.
Denote by V', the space of polynomials with complex coefficients and degree < n.
(i) Show that the collection { Py(x), ..., P,(x)} is a basis of V/,.

(ii) Show that for any 1, ..., z, € C we have
Po(x1)  Po(z2) -+ Po(wn)
det Pl(:xl) . (:Ez) ' ':' Pl(:xn) = apai - ap—1 H(xj — ;).
Poi(e1) Par(wa) -+ Poi(on)

Hint. Factor out ag from the first row, a1 from the second row etc. Then use row operations to compute the determinant.

O

Exercise 1.16. To any polynomial P(z) = ¢y + ¢z + ... + c,_12" ! of degree < n — 1 with
complex coefficients we associate the n x n circulant matrix

o C1 ¢ + Cp—2 Cp—1
Cn—1 Co cl -+ Cp—3 Cp—2

Cp=|cCi2 Ch1 € -+ Cpa Cpn-3 |,

C1 C2 3 - Cp-—1 €o
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Set

o= 6221" i— \/?17
so that p" = 1. Consider the n x n Vandermonde matrix V,, = V (1, p, ... ,p”_l) defined as in (1.17)
(i) Show thatforany j =1,...,n — 1 we have
1+pj+p2j+...+p(n_1)j:0.
(i1) Show that
Cp-V,=V,- Diag(P(l), P(p),... ,P(p”fl) ),
where Diag(aq, . .., a,) denotes the diagonal n x n-matrix with diagonal entries a1, . . . , a,.
(iii) Show that
det Cp = P(1)P(p) - - P(,o"_l). O
(iv) Suppose that P(x) = 1 + 2z + 3z% + 422 so that Cp is a 4 x 4-matrix with integer entries

and thus det C'p is an integer. Find this integer.
(v) Generalize the computation at (iv).

Exercise 1.17. Consider the n X n-matrix

[0 1 0 0 0 0]
0010 -~ 00
A= :
0000 0 1
(0000 0 0 |
(i) Find the matrices
A% A3, A

(ii) Compute (I — A)(I +A+---+ A" ).
(iii) Find the inverse of (I — A).

Exercise 1.18. Let

P(z) = 2%+ ag 127+ + a1z + ag
be a polynomial of degree d with complex coefficients. We denote by S the collection of sequences
of complex numbers, i.e., functions

f:{O,l,Q,...}—>(C, n— f(n).

This is a complex vector space in a standard fashion. We denote by 8 p the subcollection of sequences
f € 8 satisfying the recurrence relation

f(n+d)+ag1f(n+d—1)+---arf(n+1)+aof(n) =0, Vn>0. (Rp)

(a) Show that 8§ p is a vector subspace of S.
(b) Show that the map J : Sp — C? which associates to f € Sp its initial values Jf,

£(0)

1
If = f(:) e C?

fd—1)

is an isomorphism of vector spaces.
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(c) For any A € C we consider the sequence f) defined by
fa(n) = A", Vn > 0.

(Above it is understood that A\’ = 1.) Show that f\ € 8p if and only if P(\) = 0, i.e., A is a root of

P

(d) Suppose P has d distinct roots A1, . .., A\q € C. Show that the collection of sequences f),, . ..

is a basis of Sp.
(e) Consider the Fibonacci sequence ( f(n)), ., defined by

fO)=f1) =1, f(n+2)=fn+1)+ f(n), ¥n=0.

Thus,
f2)=2, f(3)=3, f(4)=5, f(5)=8, f(6)=13,....

Use the results (a)—(d) above to find a short formula describing f(n).

Exercise 1.19. Let b, ¢ be two distinct complex numbers. Consider the n x n Jacobi matrix

[ b4+c¢ b 0o 0 --- 0 0
¢c b4+e b 0 -+ 0 0
0 ¢c b+c b -~ 0 0
0 0 v 0 ¢ b4+c b
0 0 0 0o --- c b+ c

Find a short formula for det .J,,.
Hint: Use the results in Exercises 1.14 and 1.18.

s Faa



LINEAR ALGEBRA 23

2. SPECTRAL DECOMPOSITION OF LINEAR OPERATORS

2.1. Invariants of linear operators. Suppose that U is an n-dimensional [F-vector space. We denote
by L(U) the space of linear operators (maps) 7' : U — U. We already know that once we choose a
basis e = (eq, ..., ey) of U we can represent 7" by a matrix

A=M(e,T) = (ay)i<ij<n;

where the elements of the k-th column of A describe the coordinates of T'ey, in the basis e, i.e.,

n
Tep = ajper + -+ + apgen = Zajkej-
=1

A priori, there is no good reason of choosing the basis e = (e, ..., e) overanother f = (fy,..., f,).
With respect to this new basis the operator 7' is represented by another matrix

B=M(f,T) = (bij)i<ij<n, Tf)= ijkfj-
=1

The basis i is related to the basis e by a transition matrix

n
C= (Cz‘j)1gi,jgm = chkej-

j=1
Thus the, k-th column of C describes the coordinates of the vector f, in the basis e. Then C' is
invertible and
B=C"tAC. 2.1)
The space U has lots of bases, so the same operator T can be represented by many different matrices.
The question we want to address in this section can be loosely stated as follows.

Find bases of U so that, in these bases, the operator T represented by “very simple” matrices.

We will not define what a ”’very simple” matrix is, but we will agree that the more zeros a matrix
has, the simpler it is. The above question is closely related to the concept of invariant of a linear
operator. An invariant is roughly speaking a quantity naturally associated to the operator that does
not change when we change bases.

Definition 2.1. (a) A subspace V' C U is called an invariant subspace of the linear operator 1’ €
L(U) if
TveV, YveV.

(b) A nonzero vector ug € U is called an eigenvector of the linear operator 7' if and only if the linear
subspace spanned by ug is an invariant subspace of 7T'. g

Example 2.2. (a) Suppose that 7' : U — U is a linear operator. Its null space or kernel
kerT := {ueU; Tu:()},

is an invariant subspace of 7. Its dimension, dim ker 7', is an invariant of I" because in its definition
we have not mentioned any particular basis. We have already encountered this dimension under a
different guise.
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If we choose a basis e = (ej,...,e,) of U and use it to represent 7" as an n X n matrix A =
(@ij)1<ij<n, then dimker T" is equal to the nullity of A, i.e., the dimension of the vector space of
solutions of the linear system

z1
Ar =0, == : IS
Tn
The range
R(T)={Tu; uweU}
is also an invariant subspace of 7. Its dimension dim R(7") can be identified with the rank of the
matrix A above. The rank nullity theorem implies that

dimker7 4+ dim R(T') = dimU. (2.2)

(b) Suppose that ug € U is an eigenvector of 7. Then T'uy € span(ug) so that there exists A € F
such that

T’LLO = )\UO.
Conversely, if ug € U \ {0} and there exists A € [F such that Tuy = Aug, then uy is an eigenvector
of T O

2.2. The determinant and the characteristic polynomial of an operator. Assume again that U is
an n-dimensional F-vector space. A more subtle invariant of an operator 7' € L(U ) is its determinant.
This is a scalar detT" € F. Its definition requires a choice of a basis of U, but the end result is
independent of any choice of basis. Here are the details.

Fix a basis

e=1{e,...,ey}
of U. We use it to represent 1" as an n X n real matrix A = (aij)lgi,jgn. More precisely, this means
that

n
Tej = Zaijei, Vj = 1,.. ., Nn.
i=1

If we choose another basis of U,

.f:(flv"'vfn)a

then we can represent 7" by another n x n matrix B = (b;j)1<; j<n, i.€.,
n
Tf;=>Y bijfi, j=1...,n.
i=1

As we have discussed above, the basis f is obtained from e via a change-of-basis matrix C' =
(cij)i<ij<ns i€,

n
fj = Zcijej, j = 1,... , 1.
i=1
Moreover, the matrices A, B are related by the transition rule (2.1),

B=C"1AC.

We say that two n. X n matrices A, B are similar if there exists an invertible n x n matrix C' such that
B = C~'AC. Similar matrices represent the same linear operator, but in different bases.
If A, B are similar, then

det B = det(C1AC) = det C ! det Adet C' = det A.
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The upshot is that the similar matrices A and B have the same determinant. Thus, no mater what
basis of U we choose to represent 1" as an n X n matrix, the determinant of that matrix is independent
of the basis used. This number, denoted by det 7" is an invariant of " called the determinant of the
operator I'. Here is a simple application of this concept.

Corollary 2.3.
ker T # 0<=detT = 0. O

More generally, for any = € [ consider the operator
x1-T:U = U,
defined by
(1 —=T)u =2u —Tu, YuecU.

Note that if A, B are matrices representing 7" in different bases, then B = C~! AC for some invertible
matrix C'. We deduce that

2l — B=C"'21C - C'AC = C Y (z1 — A)C.

Thus, the matrices 1 — A and z1 — B are similar for any z € [F and thus they have the same
determinant. We set

Pr(z) :=det(zl — A) = det(z1 — B)
The function Pr(x) is an invariant of 7.

Proposition 2.4. The quantity Pr(x) is a polynomial of degree n = dim U in the variable .

Proof. Choose a basis e = (eq,...,ey). In this basis the operator T is represented by an n X n
matrix A = (a;;)1<i j<n and the operator x1 — T is represented by the matrix

T — a1l —ai2 —aiz - —Aaln
—a1 r — a2 —a23 - —Aa2n
ol — A= : : . :
—Qnl —Gn2 —QGp3 - T — Gpn

As explained in Remark 1.13, the determinant of this matrix is a sum of products of certain choices
of n entries of this matrix, namely the entries that form a rook placement. Since there are exactly
n entries in this matrix that contain the variable x, we see that each product associated to a rook
placement of entries is a polynomial in = of degree < n. There exists exactly one rook placement
so that each of the entries of this placement contain the term x. This placement is easily described,
it consists of the terms situated on the diagonal of this matrix, and the product associated to these
entries is

(x —a11) - (& — ann).
Any other rook placement contains at most (n—1) entries that involve the term z, so the corresponding
product of these entries is a polynomial of degree at most n — 1. Hence

det(xl — A) = (z — a11) - - - (x — apnp) + polynomial of degree < n — 1.
Hence Pr(x) = det(zI — A) is a polynomial of degree n in x. 0

Definition 2.5. The polynomial Pr(x) is called the characteristic polynomial of the operator T'. O
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A number A € F is called an eigenvalue of the operator 7" if and only if there exists w € U \ 0
such that Tu = \u, i.e.,
(AL —T)u = 0.
Thus A is an eigenvalue of 7' if and only if ker(AI — T') # 0. Invoking Corollary 2.3 we obtain the
following important result.

Corollary 2.6. A scalar \ € F is an eigenvalue of T’ if and only if it is a root of the characteristic
polynomial of T, i.e., Pp(\) = 0. O

The collection of eigenvalues of an operator T is called the spectrum of T and it is denoted by
spec(T). If A € spec(T), then the subspace ker(A\1 —T') C U is called the eigenspace corresponding
to the eigenvalue .

From the above corollary and the fundamental theorem of algebra we obtain the following impor-
tant consequence.

Corollary 2.7. If T : U — U is a linear operator on a complex vector space U, then spec(T) # 0.0

We say that a linear operator 7' : U — U is triangulable if there exists a basis e = (eq,...,ey)
of U such that the matrix A representing 7’ in this basis is upper triangular. We will refer to A as
a triangular representation of T'. Such a triangular representation need not be unique. The linear
operators over complex vector spaces are triangulable.

Theorem 2.8 (Schur). Suppose that U is an n-dimensional complex vector space and T € L(U) is
a linear operator. Then T is triangulable.

Proof. We argue by induction on n. The result is trivially true when n = 1. So we assume it is true
for operators on complex vectors spaces of dimension n — 1 and we prove it for a linear operator T’
on a complex n-dimensional vector space U. In this case spec(T") # (). Fix an eigenvalue X of 7" and
choose a nonzero eigenvector u1, Tu; = Auj. Complete u; to a basis {uy, ug, ..., u,} of U. The
matrix representing 7" in this basis has the block decomposition

A ok k%

0
A=
A

0
Above, the block A; is an (n—1) X (n—1) matrix defining a linear operator on the (n— 1)-dimensional
space

V = span{ug, ..., u,}.
More concretely, any vector u is described uniquely as a linear combination u = cju; + v, ¢; € C,
v € V and then
Tvk = CrU1 +Alvk, k= 27...,n.

By induction, we can find a basis vs, ..., v, of V such that, in this basis, the operator A is rep-
resented by the upper triangular matrix B;. In the basis {u1,vo,...,v,} of U the operator T is
represented by the upper triangular matrix

By
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O

Corollary 2.9. Suppose that T : U — U is a triangulable operator. Then for any basis e =
(e1,...,en) of U such that the matrix A = (a;j)1<i,j<n representing T' in this basis is upper trian-
gular, we have
Pr(z) = (z —a11) - (x — ann)-
Thus, the eigenvalues of T' are the elements along the diagonal of any triangular representation of T
O

Suppose that 7" is a complex linear operator. If A and B are two triangular representations of 7',
then

(x —a11) - (x —app) = Pr(x) = (x —b11) -+ (x — b)) (2.3)
We have the following result whose proof is left to you as an exercise.

We say that two lists of numbers X = (A1, ..., An) and I = (11, . . ., ptn) coincide up to a permu-
tation, and we write this A =, /i, if there exists a permutation o € §,, such that

UE = )‘a(k)’ Vk=1,...,n.
Example 2.10. (a) Note that (3,1,1,2) =, (1,3,2,1) =, (3,2,1,1)

(b) Two lists of numbers coincide up to a permutation if one list can be obtained from another by a
succession of switches of location of pairs of elements. For example

(7 177 2) :p (7 177 2)7 (1777 2) :p (17?7 2)

Proposition 2.11. Suppose X = (A, M) €CM T = (1, -y i) € C™ are such that
(Z_Al)'”(z_)‘n):(Z_:ul)”'(z_/‘bn)a VZG(C,
then X =p [i. O

Using (2.3) and Proposition 2.11 we deduce that the list of numbers b11, ..., by, is simply a per-
mutation of the list a1, .. ., any,. Forany A € C we denote by m(7') the number of times \ appears
in one of these lists. Note that A is an eigenvalue of 7" if and only if m(7") > 0. In this case m(T")
is called the algebraic multiplicity of the eigenvalue .

We deduce from Theorem 2.8 the following important consequence.

Corollary 2.12. Suppose that T is a linear operator on the finite dimensional complex vector space
U. Then

detT= [ Am®, (2.42)
Aespec(T)
Prx)= [ @@-»m®, (2.4b)
Aespec(T)
Z mx(T) = deg Pr = dimU = n. (2.4¢)

Aéespec(T)
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2.3. Symmetric polynomials. A polynomial f in n complex variables X is called symmetric if
X=pii = f(N) = f(@).

Any symmetric polynomial f in n complex variables defines an invariant of a linear operator 7" on an
n-dimensional complex vector space U. More precisely define

f(T) = f(a117 e 7ann)7

where A = (ai;)1<i j<n is any upper triangular matrix representing 7" in some basis of U
A fundamental collection of symmetric polynomials are the elementary symmetric polynomials

(A, = > Ay, k=1,

1<i1 << <n

For example,

Cl(/\l""’)\”):>\1+"'+)\n22)\i,
=1

(M, d) = ) AN

1<i<j<n
Cn(Alw-'a)\n) =X A
To prove that the polynomials ¢ are symmetric observe that
(T+ah)--(L+ar) =1+ei(Nz+ -+ ceNaF + -+ ea( V)™

If we permute the \’s, the left-hand side of the above equality does not change and thus neither does
the right-hand side. From the above equality we also deduce.

T4+ M) @+ ) ="+ (M) L+ oW+ (V).

If A1, ..., \, are the eigenvalues (repeated according to their multiplicities) of a linear operator 7" on
a complex n-dimensional space U complex n X n matrix, then

Pr(z) = (z =) (@+ ) = 2" —cr(A)a" " 4+ (= DFea (N2 + - (1) (V).
If the upper triangular complex n X n matrix A represents the matrix 7" in some basis, then
At Ay =an £+ ang,

and we deduce
trT =ay1+ -+ anpp = c1(N).
Similarly
ecn(N) =N A\p=ai1 - ap, =detT.

Another important class of symmetric polynomials is given by

e, ) =D X k=12,
j=1

E.g.,
_ _ 12 2
pP1 = Ci, pz—)\1+"'+)\n,....



LINEAR ALGEBRA 29

Theorem 2.13 (Newton-Giraud). For 1 < m < n we have

P — P16 + Pm—2ca 4+ -+ (=)™ piem1 + (=1)™me,, = 0. (2.5)
More explicitly

€1 =p1, —2c2 =pz—pic1, 3¢z =p3—p2c1+Ppica,. ..
We deduce successively

1
c1=p1, 2ca=p2—pi, 303=p3—P2p1+§p1(p2—p%)7-~-

In other words the polynomials cy, are uniquely determined by the polynomials p1, . . ., py.

Proof. The polynomial on the right hand side of (2.5) is a sum of terms of the form

Tfir i = (CDFNP TN N, k=0, m =1, 1<i1 < <ip<n,
and

T iy = (DA A XNy gy i1 < <1, € {i, e imet )
Note thatif 7 € {é1,...,%}, say j = 4y, then

k k—1 _
T iy V5 iy sigga i, = O
If j & {i1,...,4r}, we arrange the numbers 7,1, . .., iy in increasing order, j1 < --- < ji < jx41 and then
k k+1 —
Tj7ila<-<aik +Tj:j1v-"1jk‘+1 =0.

[m}
2.4. Generalized eigenspaces. Suppose that 7' : U — U is a linear operator on the n-dimensional
[F-vector space. Suppose that spec(T") # (. Choose an eigenvalue A € spec(T).
Lemma 2.14. Let k be a positive integer. Then
ker(Al — T)* C ker(A\1 — T)**1,
Moreover; if ker(A\l — T)* = ker(A1 — T)**1, then
ker(Al — T)F = ker(A1 — T)**! = ker(AL — T)**2 = ker(A\1 - T)F 3 = ... .

Proof. Observe that if (\1 — T)*u = 0, then
(AL — 7)1y = (A — T)(\1 — T)Fu = 0,
so that ker(A\1 — T)* C ker(A\1 — T)*+1,
Suppose that
ker(A\1 — T)* = ker(A1 — T)**1.
To prove that ker(A1 — T)*+1 = ker(\1 — T)*+2 it suffices to show that
ker(AL — T)F 5 ker(A1 — T)**2,
Let v € ker(A1 — T)**+2. Then
(A1 —T)F 1 - AXTv =0,
so that (1 — AT)v € ker(Al — T)**! = ker(A1 — T)* so that
(AL —T)*(\1 — T)v = 0,
ie., v € ker(A\1 — T)*¥*1, We have thus shown that
ker(A1 — T)F+1 = ker(A1 — T)**2,
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The remaining equalities ker(A1 — T')*+2 = ker(A\1l — T)**3 = ... are proven in a similar fashion.
O

Corollary 2.15. For any m > n = dim U we have

ker(A\1 —T)™ = ker(A\1 — T)", (2.6a)

RAL-T)" =R\l —-1T)". (2.6b)
Proof. Consider the sequence of positive integers
di(\) = dimp(\L = T),...,dp()) = dimp(A1 — T)%, ...
Lemma 2.14 shows that
di(A) <dy(\) <---<n=dimU.
Thus there must exist & such that di(\) = dj1(\). We set
ko = min{ k; dp(A) = dpy1(N) }-
Thus
di(N) < - < diy(N) < .
so that kg < n. On the other hand, since dj,(\) = dj,+1(A) we deduce that
ker(Al — T)*0 = ker(A1 — T)™, Vm > k.
Since n > kg we deduce
ker(Al — T)" = ker(A1 — T)% = ker(AL — 7)™, Ym > ky.
This proves (2.6a). To prove (2.6b) observe that if m > n, then
Run—TWu:uﬂ—Tw(uﬂ—Twh%ﬁ<:Q1—TW(Vy=R01—Tw.
On the other hand, the rank-nullity formula (2.2) implies that
dim R(AL - T7)" =dimU — dimker(A1l —7)"
=dimU — dimker(A\l — 7)™ = dim R(A1 —T)™.

This proves (2.6b). g

Definition 2.16. Let T : U — U be a linear operator on the n-dimensional F-vector space U'.

(i) For any A\ € spec(T') the subspace ker(AL — T')" is called the generalized eigenspace of T
corresponding to the eigenvalue A and it is denoted by F (7).
(ii) The depth of the eigenvalue is the smallest positive integer k) = ky(7") such that

dimker(A\1 — T)* = dim ker(A1 — T)**1.
O

Proposition 2.17. Let T € L(U), dimp U = n, and X € spec(T). Then the generalized eigenspace
E\(T) is an invariant subspace of T.

Proof. We need to show that TE)(T') C E5\(T). Letu € Ex(T), i.e.,
(AL — T)"u = 0.
Clearly A\u — T'u € ker(A\1 — T)" = E\(T). Since Au € E)(T') we deduce that
Tu = u— (Au —Tu) € E\(T).
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Theorem 2.18. Suppose that T : U — U is a triangulable operator on the the n-dimensional -
vector space U. Then, for any \ € spec(T), dim Ex(T") = mx(T). We recall that m(T) is equal
to the number of times \ appears along the diagonal of a triangular representation of T

Proof. We will argue by induction on n. For n = 1 the result is trivially true. For the inductive step
we assume that the result is true for any triangulable operator on an (n — 1)-dimensional F-vector
space V, and we will prove that the same is true for triangulable operators acting on an n-dimensional
space U.

Let T' € L(U) be such an operator. We can then find a basis e = (e, ..., e,) of U such that, in
this basis, the operator 7' is represented by the upper triangular matrix

_)\1 * % *

0 X = *
A= o0
0 -+ 0 A1 =
0O --- 0 0 An

Suppose that A € spec(T"). For simplicity we assume A = 0. Otherwise, we carry the discussion
using instead the operator 7" = T — 1. Let v be the number of times 0 appears on the diagonal of
A, ie., v =mo(T). We have to show that

v =dimker T".

Denote by V' the subspace spanned by the vectors ej,...,e,_1. Observe that V' is an invariant
subspace of T, i.e., TV C V. If we denote by S the restriction of 7" to V' we can regard S as a linear
operator S : V — V.

The operator S is triangulable because in the basis (eq,...,e,_1) of V it is represented by the
upper triangular matrix

A1k % *

0 X x *
B=| . . .

0 -+ 0 Mg

Denote by . the number of times 0 appears on the diagonal of B. The induction hypothesis implies
that
1 = dimker "' = dim ker S™.
Clearly p© < v. Note that
ker S™ C ker T™
so that
u = dimker S™ < dim ker 7.
We distinguish two cases.
1. A\, # 0. In this case we have = v so it suffices to show that

kerT" C V. 2.7
Indeed, if (2.7) were true, we would conclude that ker T C ker S™, and thus
dimker 7" = dim ker S = yu = v.

To prove (2.7) we argue by contradiction. Suppose that there exists u € ker 7™ such that u ¢ V.
Thus, we can find v € V and ¢ € F \ 0 such that

u = v+ ce,.



32 LIVIU I. NICOLAESCU

Note that 7"v € V and
ey, = A\nep +vectorin V.
Thus
T"ce,, = cA\,ey + vectorin V

so that

T"u = cAj e, + vectorin V' # 0.
This contradiction completes the discussion of Case 1.
2. A\, = 0. In this case we have v = i + 1 so we have to show that

dimker 7" = p + 1.

We need an auxiliary result.

Lemma 2.19. There exists w € U \ 'V such that T"u = 0 so that

dim(V +ker7") > dimV +1 =n. (2.8)

Proof. Set
v, = Te,.

Observe that v,, € V. From (2.6b) we deduce that R S"~! = R S™ so that there exists vy € V such
that

S"‘lfvn = S"'vo.
Setu := e, — vg. Note thatuw € U \ V,

Tu = v, — Tvy = v, — Svg,

T"u = T" (v, — Svg) = S" v, — S"wy = 0.

Now observe that

(2.8)
n=dmU > dim(V + kerT") > n,

so that
dim(V + kerT") = n.
‘We conclude that

n =dim(V + kerT") = dim(ker 7") + dim V, — dim(U N ker T")

n—1

=p
= dim(ker ") +n — 1 — pu,
which shows that

dimker7" =p+1=w.
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1= [n the remainder of this section we will assume that F is the field of complex numbers, C.
For any polynomial with complex coefficients
p(x) =ap+ a1z + - - + apa” € Clz]
and any linear operator 7" on a complex vector space U we set
p(T) =apl +a1 T+ -+ a,T".
Note that if p(z), g(z) € C[z], and if we set r(x) = p(x)q(z), then
r(T) = p(T)q(T).

Theorem 2.20 (Cayley-Hamilton). Suppose T is a linear operator on the complex vector space U.
If Pr(x) is the characteristic polynomial of T', then

Pr(T) =0.
Proof. Fix abasis e = (eq, ..., e,) in which T is represented by the upper triangular matrix
[ )\1 * * i
0 )\2 *
A — . . . E
0 0 )\n—l *
| 0 0 0 A |
Note that
n
Pr(z) = det(xl - T) = [J(x = A))
j=1
so that

Forj =1,..., N we define
U, :=span{ey,...,e;}.

and we set Uy = {0}. Since A is upper triangular, we deduce that for any j = 1,...,n we have

(T — )\j]l)Uj C Uj_l.

Thus
n n—1
Pr(T)U = [[(T - \)U. = [[(T - Aj)((T - )\n]l)Un>
7j=1 j=1
n—1 n—2
c [[(@ - )Unac [[(@T=2)UnzC-- C(T—M)U C{0}.
j=1 =1

In other words,
Pr(T)u =0, YVueU.
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Example 2.21. Consider the 2 x 2-matrix

Its characteristic polynomial is

r—3 -2
Pa(z) = det(zI — A) = det [ 9 a4l ]
—(z—3)(z+1)+4=0-20-3+4=0—-20+1.
The Cayley-Hamilton theorem shows that
A?—244+1=0.

Let us verify this directly. We have

and
A22A+I:[_5 ! ]2[ ¥ 21]+[1 ?]:0.

We can rewrite the last equality as
A* =241
so that
A2 — g A™L _ An
We can rewrite this as

An+2_An+l:AnJrl_An:An_Anflzl__:A_I.
Hence
A" = (A" — A" (AP A o (A= D)+ =nA — (n— D). 0
—n(A-T)

2.5. The Jordan normal form of a complex operator. Let U be a complex n-dimensional vector
space and 7' : U — U. For each eigenvalue A € spec(7T) we denote by F)\(T) the corresponding
generalized eigenspace, i.e.,

u € B\(T)=3k>0: (T —X\)fu=0.

From Proposition 2.17 we know that F)(T) is an invariant subspace of 7' of dimension m (7).
Suppose that the spectrum of 7" consists of £ distinct eigenvalues,

spec(T') = {)\1,...,>\g}.

Proposition 2.22.
U=E\(T)®-- @ Ey(T).

Proof. It suffices to show that
U=E,\(T)+ -+ E\/(T), (2.9a)
dimU = dim Ey,(T) + --- +dim E) (7). (2.9b)
The equality (2.9b) follows from (2.4¢) since
dimU =my, (T)+--- +my,(T) = dim Ey, (T) + - -- + dim E) (T,
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so we only need to prove (2.9a). Set
V.=E\,T)+---+E\,(T)CU.

We have to show that V = U.
Note that since each of the generalized eigenspaces F\(1") are invariant subspaces of 7', so is their

sum V. Denote by S the restriction of 7" to V', which we regard as an operator S : V — V.
If A € spec(T) and v € E\(T') C V, then

(S —A)ro = (T —ADFv =0

for some k& > 0. Thus A is also an eigenvalue of .S and v is also a generalized eigenvector of .S. This
proves that

spec(T") C spec(S),
and
E\(T) C Ex(S), VA € spec(T).
In particular, this implies that
dmU = Y  dmE\(T)< Y dimE,(S)=dimV < dimU.
Aéespec(T) pnespec(S)

This shows that dim V' = dim U and thus V' = U. g

For any A € spec(T') we denote by S), the restriction of 7" on the generalized eigenspace F)(T).
Since this is an invariant subspace of T" we can regard S as a linear operator

S)\ : E)\(T) — E)\(T)

Arguing as in the proof of the above proposition we deduce that £/, (T') is also a generalized eigenspace
of Sy. Thus, the spectrum of .S consists of a single eigenvalue and

Ex(T) = Ex(S) = ker(A1 — Sy)3mEXT) — ker(AT — §))™ (),
Thus, for any u € E) (1) we have
(AL — Sy)™ My =0,
ie.,
(Sy — AL)™ D) = (—1)™ (D (\1 — §,)™ 1) = q.

Definition 2.23. A linear operator N : U — U is called nilpotent if N* = 0 for some k > 0. O

If we set Ny = S\ — A1 we deduce that the operator N, is nilpotent.

Definition 2.24. Let N : U — U be a nilpotent operator on a finite dimensional complex vector
space U. A tower of N is an ordered collection T of nonzero vectors

U, us, ..., u, €U
satisfying the equalities
Nu; =0, Nuz=uy,...,Nup = ug_1.

The vector u; is called the bottom of the tower, the vector wy is called the fop of the tower, while the
integer k is called the height of the tower. O
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FIGURE 1. Pancaking a tower of height 4.

In Figure 1 we depicted a tower of height 4. Observe that the vectors in a tower are generalized
eigenvectors of the corresponding nilpotent operator.
Towers interact in a rather pleasant way.

Proposition 2.25. Suppose that N : U — U is a nilpotent operator on a complex vector space U
and Ty, ..., T, are towers of N with bottoms by, ..., b,.
If the bottom vectors by, . . ., b, are linearly independent, then the following hold.

(i) The towers T, ..., T, are mutually disjoint, i.e., T; N T; = D if i # j.
(i1) The union
T=T1U---UT,

is a linearly independent family of vectors.

Proof. Denote by k; the height of the tower T; and set
k=max(ky,... k), K:=k+- -+ k.- =#7.

We will argue by induction on k, the sum of the heights of the towers.

For k = 1 the result is trivially true. Assume the result is true for all collections of towers with
maximum heights < k and linear independent bases, and we will prove that it is true for collection of
towers with maximal heights = k.

Let T = T1,...,7, be a collection of towers with maximum height k. Denote by T/ the tower
obtained by removing the top of the tower TJ; if the height of the tower 7; is k. Otherwise we set
T, = T;. Define

T =T/ U---UT.

The collection of towers J7, . .. J7. has maximal height k£ — 1. The induction assumption implies that
the collection J” is linearly independent. Denote by 1, . . ., t, the tops of T of height % so that

T={ty,...,.t,}UT.

We argue by contradiction. Suppose that T is linearly dependent. Hence there exist complex numbers
ClyenryCly Ty, €T,

not all equal to zero, such that

l
chtj + Z Tau = 0.
j=1

ueJ’
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Clearly some of the numbers c; are nonzero since J” is linearly independent. Hence

l
chth + Z Ty Nu = 0.
Jj=1 ueT’

Note that the vectors IN't; are tops of towers in T’, but none of the vectors Nu, u € T’ is a top of a

tower in J7. Hence
¢
Z ciINt; + Z TuNu.
Jj=1 ueT’
is a nontrivial linear combination of vectors in 7’ equal to zero. This is impossible. O

Theorem 2.26 (Jordan normal form of a nilpotent operator). Let N : U — U be a nilpotent operator
on an n-dimensional complex vector space U. Then U has a basis consisting of a disjoint union of
towers of IN.

Proof. We will argue by induction on the dimension n of U. For n = 1 the result is trivially true. We
assume that the result is true for any nilpotent operator on a space of dimension < n and we prove it
is true for any nilpotent operator N on a space U of dimension n.

Observe that V- = R(IN) is an invariant subspace of IN. Moreover, since ker IN # 0, we deduce
from the rank-nullity theorem that

dimV =dimU —dimker N < dimU.

Denote by M the restriction of IN to V. We view M as a linear operator M : V — V. Clearly M
is nilpotent. The induction assumption implies that there exist a basis of V' consisting of mutually
disjoint towers of M,
L ETI

For any j = 1,...,r we denote by k; the height of T;, by b; the bottom of J; and by ¢; the top of
TJ;. By construction

dmR(N) =k +---+ k..
Since t; € V = R(IN) there exists u; € U such that (see Figure 2)

tj = NU,j.

Next observe that the bottoms by, . .., b, belong to ker IN and are linearly independent, because
they are a subfamily of the linearly independent family J; U - - - U J,. We can therefore extend the
family {by,...,b,} to a basis of ker IV,

bi,....b,,v1,...,v5, 7+ s=dimker N.

We obtain new towers ‘j'l, ey Ty ‘j}+1, ... ,‘j'r+ s defined by (see Figure 2)
T =T, U {ur},..., T. =7, U {u,}, ‘j'r+1 ={v1},... ,‘j’r+5 = {vs}.
The sum of the heights of these towers is

B4+ 1)+ (ke +1)+ 4+ (ke +1)+1+4--+1
(ki +1) 4+ (he+1) 4+ (ke +1) + 14+

s

=Fki+-Fk)+ (r+s) =dimU.
—_—— N —
=dim R(IN) =dim ker N
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FIGURE 2. Towers in R(IN).

By construction, their bottoms are linearly independent and Proposition 2.25 implies that they are
mutually disjoint and their union is a linearly independent collection of vectors. The above computa-
tion shows that the number of elements in the union of these towers is equal to the dimension of U.
Thus, this union is a basis of U. O

Definition 2.27. A Jordan basis of a nilpotent operator N : U — U is a basis of U consisting of a
disjoint union of towers of IN arranged in decreasing order of their heights.. O

Example 2.28. (a) Suppose that the nilpotent operator IN : U — U admits a Jordan basis consisting
of a single tower

€e1,...,€En.

Denote by C,, the matrix representing IV in this basis. We use this basis to identify U with C" and
thus

(1] [0 ] [0

0 1 0

0 0 0
e = . y €y = . ,...,en:

0 0 0

0 0 1

From the equalities
Nel :O, N62 = e, N63 = €9,...

we deduce that the first column of C,, is trivial, the second column is e, the 3-rd column is es etc.
Thus C,, is the n X n matrix.

010 0 0
001 0 0

Co=|: :
000 0 1
(000 0 0 |
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The matrix C), is called a (nilpotent) Jordan cell of size n.
(b) Suppose that the nilpotent operator IN : U — U admits a Jordan basis consisting of mutually
disjoint towers T, ..., T, of heights k1,... k.. Forj =1,...,r we set

Uj = span(‘Tj).
Observe that U ; is an invariant subspace of IV, TJ; is a basis of U ; and we have a direct sum decom-
position
U=U,¢---oU,.

The restriction of IN to U is represented in the basis T by the Jordan cell Cy; so that in the basis
J =71 U---UT, the operator IV has the block-matrix description

Co,, 0 0 -+ 0
0 Cp, 0 -+ 0
S O
0 0 0 -+ Cg

We want to point out that the sizes of the Jordan cells correspond to the heights of the towers in a
Jordan basis. While there may be several Jordan bases, the heights of the towers are the same in all
of them; see Remark 2.30. In other words, these heights are invariants of the nilpotent operator. O

Definition 2.29. The Jordan invariant of a nilpotent operator NV is the nonincreasing list of the sizes
of the Jordan cells that describe the operator in a Jordan basis. O

Remark 2.30 (Algorithmic construction of a Jordan basis). Here is how one constructs a Jordan basis
of a nilpotent operator IN : U — U on a complex vector space U of dimension 7.

(i) Compute N2, N3, ... and stop at the moment m when N™ = 0. Set
Ry=U, R =R(N), Ry =R(N?,...,R, = R(N™) ={0}.
Observe that Ry, Ra, ..., R,, are invariant subspaces of IN, satisfying
RyDRi DRy D -+,

(i) Denote by Ny, the restriction of N to Ry, viewed as an operator Vi : Ry — Rj. Note that
Nm,1 = 0, No = N and

Rj = R(N;_1), Vi=1,...,m.
Set rj = diij, Kj = dimkerNj, k‘j = dim Kj so that l{ij =Tj = Tjt1- Note that
Ry 1=Kn 1 CKyp2CKy2C--r.

(iii) Construct a basis B,,,_1 of R,,,—1 = K,,—1. B, —1 consists of r,,_1 vectors.
(iv) Foreach b € B,,,_; find a vector ¢(b) € U such that

b= N""1t(b).
For each b € B,,,_1 we thus obtain a tower of height m
Tm-1(b) = {b=N""1t(b), N"2t(b),..., Nt(b),t(b) }, b€ By,_;.
(v) Extend B,,_1 C R;,—1 C R,,_o to a basis
Bm—2 = Bm—1UGm—2
of K,,_s.
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(vi) Foreachb € €,,,_2 C R,_o findt = t(b) € IN such that N™ 2t = b. Foreachb € %,,_»
we thus obtain a tower of height m — 1

Tm—2(b) = {b=N""t(b),...,Nt(b),t(b) }, be By
(vii) Extent B,,,_2 to a basis
Bm—?) = Bm—? U Cgm—S
of Kmfg.
(viii) Foreach b € %,,_3 C R,,_3, find t(b) € IN such that N 3t(b) = b. Foreach b € %,,,_3
we thus obtain a tower of height m — 2
Tm—3(b) = {b=N""%(b),...,Nt(b),t(b) }, b€ Cn_s

(ix) Iterate the previous two steps
(x) In the end we obtain a basis

Bo=Bpm_1UCn—-oU---U%
of ker Ny = ker N, vectors t(b), b € €, and towers
T;(b) = {b= N7t(b),...,Nt(b),t(b) }, j=0,....m—1, be ;.

These towers form a Jordan basis of IV.

(xi) For uniformity set 6,,—1 = B;,—1, and forany j = 1, ..., m denote by c; the cardinality of
%j—1. In the above Jordan basis the operator N will be a dirrect sum of ¢; cells of dimension
1, cg cells of dimension 2, etc. In terms of towers, there are c¢; towers of height 1, co towers
of height 2 etc. We obtain the identities

Tm—1 = Cm; Tm—2 = Cm—1+ 2Cm, Tm—3 = Cm—3 + 2cm—2 + 3cm,
rj =cCjy1 + 242+ -+ (M —J)em, Vi=0,...,m—1. (2.10)
where rg = n.
Indeed, by construction, dim K; — dim K11 = ¢j41 50
diij = Cj+1 + -+ Cmy-

On the other hand
rj = dim Kj + it

If we treat the equalities (2.10) as a linear system with unknown cy, ..., ¢y, we see that the matrix
of this system is upper triangular with only 1-s along the diagonal. It is thus invertible so that the
numbers ¢y, ..., ¢, are uniquely determined by the numbers r; which are invariants of the operator
N. This shows that the sizes of the Jordan cells are independent of the chosen Jordan basis.

If you are interested only in the sizes of the Jordan cells, all you have to do is find the integers m,
71,...,"m—1 and then solve the system (2.10). Exercise 2.17 explains how to explicitly express the
c;-s in terms of the 7;-s. O

Remark 2.31. To find the Jordan invariant of a nilpotent operator N on a complex n-dimensional
space proceed as follows.

(i) Find the smallest integer m such that N™ = 0.
(ii) Find the ranks r; of the matrices NI, j=0,...,m—1, where N := 1.
(iii) Find the nonnegative integers cy, . . ., ¢, by solving the linear system (2.10).
(iv) The Jordan invariant of NV is the list
my...,m, (m—1),....(om—=1),..., 1,...,1.
—— N——

Cm Cm—1 (&)
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O

If T : U — U is an arbitrary linear operator on a complex n-dimensional space U with spectrum
spec(T) = {)\1, R
then we have a direct sum decomposition
U=E\T)e- ek, (1),

where ) (T) denotes the generalized eigenspace of T' corresponding to the eigenvalue \;. The
generalized eigenspace Ey;(7T') is an invariant subspace of 7" and we denote by S the restriction of
T to Ey,(T). The operator Ny, = Sy, — A;1 is nilpotent.

A Jordan basis of U is basis obtained as a union of the Jordan bases of the nilpotent operators

Ny, ..., Ny,. The matrix representing 7' in a Jordan basis is a direct sum of elementary Jordan
A-cells
A 10 0 0]
o x1 - 00
Co(\)=Cn+AI= | 1 o
000 -~ X1
000 - 0 A

Definition 2.32. The Jordan invariant of a complex operator T is a collection of lists, one list for
every eigenvalue of of T'. The list L) corresponding to the eigenvalue A is the Jordan invariant of the
nilpotent operator Ny, the restriction of 7' — A1 to E(7") arranged in noincreasing order. 0

Example 2.33. Consider the 4 x 4 matrix

1 0 00

1 -1 10
A= 2 -4 3 0}’

0 0 01

viewed as a linear operator C* — C*.
Expanding along the first row and then along the last column we deduce that

Pa(z) = det(a] — A) = (z — 1) det { e } — (z—1)

Thus A has a single eigenvalue A = 1 which has multiplicity 4. Set

0 0 00
1 =210
N=A-I= 2 —4 2 0
0 0 00

The matrix NV is nilpotent. In fact we have

N2 =0
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Upon inspecting N we see that each of its columns is a multiple of the first column. This means that
the range of IV is spanned by the vector

u = N61 =

o N = O

where ey, .. ., e4 denotes the canonical basis of C*.
The vector u; is a tower in R(/N') which we can extend to a taller tower of N

T1 = (u1,u2), us =ey.

Next, we need to extend the basis {u; } of R(IN) to a basis of ker N. The rank nulity theorem tells us
that
dim R(N) + dimker N = 4,
so that dimker N = 3. Thus, we need to find two more vectors v, vs so that the collection
{u1,v1,v2} is a basis of ker N.
To find ker N we need to solve the linear system

L1
T2
T3
T4

Nx =0, =

which we do using Gauss elimination, i.e., row operations on /N. Observe that

0 0 0O 1 -2 10 1 -2 10
N — 1 =210 |2 420 (0 0 00
2 -4 20 0 0 00 0 0 00
0 0 00 0 0 00 0 0 00

Hence
ker N ={xeC z1— 2z +23=0},
and thus a basis of ker NV is

2 -1 0
1 0 0
.fl = 0 ) .fQ = 1 ) f3 = 0
0 0 1
Observe that
uy = 2f; + fo,

and thus the collection {u1, f5, f3} is also a basis of ker N.
We now have a Jordan basis of IV consisting of the towers

T = {ur,uz2}, To={f2}, T3={Ff3}
In this basis the operator is described as a direct sum of three Jordan cells: a cell of dimension 2, and

two cells of dimension 1. Thus the Jordan invariant of A consists of single list L corresponding to
the single eigenvalue 1. More precisely

Li=21,1. O
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2.6. Exercises.

Exercise 2.1. Denote by U3 the space of polynomials of degree < 3 with real coefficients in one
variable x. We denote by B the canonical basis of U,

B = {1,x,m2,a:3 }
(a) Consider the linear operator D : U3z — U3 given by

d
U39pHDp:£€U3.

Find the matrix that describes D in the canonical basis B.
(b) Consider the operator A : U3 — U3 given by

(Ap)(x) = p(z +1) — p(x).

Find the matrix that describes A in the canonical basis B.
(c) Show that for any p € U 5 the function

= (Lp)(z) = /OOO e_tdp(z;_t)dt

is also a polynomial of degree < 3 and then find the matrix that describes £ in the canonical basis
B. O

Exercise 2.2. (a) For any n x n matrix A = (a;;)1<i j<n We define the trace of A as the sum of the
diagonal entries of A,

n
trA:=ap+- -+ ap = Zaij-
i—1

Show that if A, B are two n X n matrices then
tr AB = tr BA.

(b) Let U be an n-dimensional F-vector space, and e, f be two bases of U. Suppose thatT" : U — U
is a linear operator represented in the basis e by the matrix A and the basis f by the matrix B. Prove
that

trA =trB.

(The common value of these traces is called the trace of the operator T and it is denoted by tr7'.)
Hint: Use part (a) and (2.1).
(c) Consider the operator A : F? — F? described by the matrix

A= | @11 012

as  az |
Show that
Pr(z) = 2* — tr Az + det A.

(d) Let T" be a linear operator on the n-dimensional F-vector space. Prove that the characteristic
polynomial of 7" has the form

Pr(z) =det(zl —T) = 2" — (tr )z ' +--- 4 (—=1)" det T. 0

Exercise 2.3. Suppose T': U — U is a linear operator on the [F-vector space U, and V1,V C U
are invariant subspaces of 7. Show that V' N V3 and V1 + V5 are also invariant subspaces of T'. O
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Exercise 2.4. Consider the Jacobi matrix

2 10 0 0 0
1210 - 00
Jo=|l0121 . 00
(0000 - 1 2]

(a) Let P, (x) denote the characteristic polynomial of .J,,,
P, (z) = det(z] — Jp,).
Show that
Pix)=x—-2, Pyz)=a?—4z+3=(z—1)(z—23),
P,(z) = (z —2)Pp_1(x) — Py—2(x), ¥Yn>3.
(b) Show that all the eigenvalues of J4 are real and distinct, and then conclude that the matrices
1, Jy, J2, J3 are linearly independent. O

Exercise 2.5. Prove Proposition 2.11. Hint. Use induction on n. O

Exercise 2.6. Suppose that A and B are complex n x n matrices. Prove that AB and B A have the
same characteristic polynomial.Hint: Consider first the case when A is invertible. For the general case show that e1 + A is
invertible for all sufficiently small €. O

Exercise 2.7. Suppose that A = (a;;)1<;,j<n is an n x n-matrix such that

a1j+a2j++an]:]_7 \V/j:]_7,n

Let
T
T =
In
be an eigenvector of A such that 1 + - - - + x,, # 0. Prove that Az = . O

Exercise 2.8. Consider the n x n matrix A = (a;j)1<i j<n, Where a;; = 1, for all 4, j, which we
regard as a linear operator C* — C™. Consider the vector

1
1
c=| . |eC™

1
(a) Compute Ac.
(b) Compute dim R(A), dim ker A and then determine spec(A).
(c) Find the characteristic polynomial of A. O
Exercise 2.9. Fix the nonzero complex numbers z1, ..., z, and denote by A = (a;;)1<i j<n be the
n X n matrix with entries a;; = 2;/%;. Find the characteristic polynomial of A. a

Exercise 2.10. Find the eigenvalues and the eigenvectors of the circulant matrix described in Exercise
1.16. O
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Exercise 2.11. Let A, B be two complex n x n matrices such that tr(A™) = tr(B™), Vm =
1,...,m.

(i) Let X = (A1,...,\n) and @ = (p1, ..., un) be the cigenvalues of A and B respectively,
repeated according to their multiplicities. Prove that

IR

n n
trAm:Z)\;»n, ter:Z,um VYm € N.
j=1 j=1

(ii) Prove that A and B have the same characteristic polynomial. Hint. Use Theorem 2.13.
g

Exercise 2.12. Let 7' : U — U be a linear operator on the finite dimensional complex vector space
U. Suppose that m is a positive integer and w € U is a vector such that

Tl #£0, but T™u = 0.

Show that the vectors
w, Tu,...,T" lu

are linearly independent. g

Exercise 2.13. Let 7' : U — U be a linear operator on the finite dimensional complex vector space
U. Show that if

dim ker 79U =1 £ dim ker 79U
then 7' is a nilpotent operator and
dimker7’ = j, Vj=1,...,dimU.

Can you construct an example of an operator 7" satisfying the above properties? O

Exercise 2.14. Let S, T be two linear operators on the finite dimensional complex vector space U
Show that ST is nilpotent if and only if 7'S is nilpotent. a

Exercise 2.15. Find a Jordan basis of the linear operator C* — C* described by the x4 matrix

10 -1 -1
01 1 1
=100 1 o0 .
00 0 1
Exercise 2.16. Find a Jordan basis of the linear operator C” — C7 given by the matrix
[ 3211 0 -3 1]
-1200 1 -1 1
1130 -6 5 -1
A= 0214 1 -3 1 O
0oooo0o 3 0 O
0000 -2 5 0
. 0000 =2 0 5|
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Exercise 2.17. (a) Find the inverse of the m x m matrix

1 2 3

m—1 m
01 2 m—-—2 m-—1
O o0 0 --- 1 2
_0 o o0 --- 0 1

(b) Find the Jordan normal form of the above matrix.
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3. EUCLIDEAN SPACES

In the sequel F will denote either the field R of real numbers, or the field C of complex numbers.
Any complex number has the form z = a + bz, ¢ = /—1, so that i> = —1. The real number a is
called the real part of z and it is denoted by Re 2. The real number b is called the imaginary part of
z and its is denoted by Im z.

The conjugate of a complex number z = a + bz is the complex number

Z=a—b.
In particular, any real number is equal to its conjugate. Note that

z+zZ=2Rez, z—zZ=21Imz.

The norm or absolute value of a complex number z = a + bz is the real number

|z] = Va? + b2
Observe that
|2)? = a® + b = (a + bi)(a — bi) = 2Z.
In particular, if z # 0 we have

11
= 5%
|22

N |

3.1. Inner products. Let U be an [F-vector space.
Definition 3.1. An inner product on U is a map
<—,—> :UxU—>F, UxU-> (ul,uQ) — (ul,uQ> e,

satisfying with the following condition.

(i) Linearity in the first variable, i.e., Vu,v,vo € U, x,y € F we have
(zu + yv,v3) = z(u,v2) + y(v, va).

(ii) Conjugate linearity in the second variable, i.e., Vui,u,v € U, x,y € F we have
(w1, zu + yv) = T(ui, u) + y{uy,v).

(iii) Hermitian property, i.e., Vu,v € U we have

(v,u) = (u,v).
(iv) Positive definiteness, i.e.,
(u,u) >0, VueU,
and
(u,u) = 0<=u = 0.

A vector space u equipped with an inner product is called an Euclidean space. O

Example 3.2. (a) The standard real n-dimensional Euclidean space. =~ The vector space R" is
equipped with a canonical inner product

(—,—) :R" x R" - R.
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More precisely if

Uy U1
U2 V2

u = L, v= . e R,
Unp, Un

then

n
(u,v) = uvy + -+ + UV, = Zukvk =ul v
k=1

You can verify that this is indeed an inner product, i.e., it satisfies the conditions (i)-(iv) in Definition
3.1

(b) The standard complex n-dimensional Euclidean space. The vector space C" is equipped
with a canonical inner product

(—,—):C"xC"—C.

More precisely if

U1 U1
U2 V2

u= . , U= . cCc”
Un Un

then

n
(u,v) = U101 + -+ + Upy = Zukﬁk.
k=1
You can verify that this is indeed an inner product.
(c) Denote by P, the vector space of polynomials with real coefficients and degree < n. We can
define an inner product on P,
(—, =) : P x Py = R,
by setting

1
<p,(J>:/O p(z)q(z)dz, Vp,q € Py.

You can verify that this is indeed an inner product.
(d) Any finite dimensional F-vector space U admits an inner product. Indeed, if we fix a basis
(e1,...,ep) of U, then we define

(—,—):UxU —F,
by setting
<U1el+-~+unen,v161+---+vnen>ZU161+---+un®n- U

3.2. Basic properties of Euclidean spaces. Suppose that (U, (—, —)) is an Euclidean vector space.
We define the norm or length of a vector u € U to be the nonnegative number

[ul]l = v/ (u,u).

Example 3.3. In the standard Euclidean space R™ of Example 3.2(a) we have

[ul =
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Theorem 3.4 (Cauchy-Schwarz inequality). For any u,v € U we have
| (w, ) | < [Ju]l - |Jv]l.

Moreover, the equality is achieved if and only if the vectors u, v are linearly dependent, i.e., collinear.

Proof. 1If (u,v) = 0, then the inequality is trivially satisfied. Hence we can assume that (u, v) # 0.
In particular, u, v # 0.
From the positive definiteness of the inner product we deduce that for any = € F we have

0< |lu—zv|?=(u—rv,u—2v) = (u,u — 2v) — z(v,u — )
= (u,u) — z(u,v) — x(v,u) + 2z (v, v)

= |[ul? = 2(u,v) — z(v,u) + |z[*|v]*.

If we let .
o = 7<’U,,’U>, (31)
[v]|?
then
. 1 1 [(u, v)[?
.’L‘0<’LL,’U> =+ ZE()<’U,U> = W<uav><uvv> + W<uav><uvv> = 2W7
[(u, v)[?
|$0‘2H'UH2 = [o]2
and thus
2 sl v)* | [(u,0))? o |{u,v)
0 < flu—zov|” = |lul” —2 [v]2 + |v][2 = [Jul* - W (3.2)
Thus )
|<’U,,’U>’ || ||2
[ —
so that

[ (u,0) [ < [lu]® - [[0]%.
Note that if 0 = (u, v) = ||u|| - ||v]| then at least one of the vectors u, v must be zero.
If 0 # (u,v) = ||ul - ||v||, then by choosing z¢ as in (3.1) we deduce as in (3.2) that

w — wv]| = 0.
Hence u = xgv. O
Remark 3.5. The Cauchy-Schwarz theorem is a rather nontrivial result, which in skilled hands can
produce remarkable consequences. Observe that if U is the standard real Euclidean space of Example

3.2(a), then the Cauchy-Schwarz inequality implies that for any real numbers uy, vy, ..., Uy, Vn WE
have

n n n
E ULV | < E ui E v,%
k=1 k=1 k=1

If we square both sides of the above inequality we deduce

n 2 n n
(Z ukvk> < (Z u%) . ( v,%) . 3.3)
k=1 k=1 k=1
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Observe that if u, v are two nonzero vectors in an Euclidean space (U, (—, —)), then the Cauchy-
Schwarz inequality implies that
Re(u,
Re(u, v) e [-1,1].
[l - ]l

Thus there exists a unique 6 € [0, 7] such that

Re(u,v)

cosf = .
[l - vl

This angle 6 is called the angle between the two nonzero vectors u, v. We denote it by £(u,v). In
particular, we have, by definition,
R
cos L (u,v) = M. (3.4)
[Jull - [lv]l
Note that if the two vectors u, v were perpendicular in the classical sense, i.e., £(u,v) = 7, then
Re(u,v) = 0. This justifies the following notion.

Definition 3.6. Two vectors u, v in an Euclidean vector space (U, (—, —)) are said to be orthogonal
if (u, v) = 0. We will indicate the orthogonality of two vectors w, v using the notation v L v. g
v [n the remainder of this subsection we fix an Euclidean space (U, (—, —)).

Theorem 3.7 (Pythagora). Ifu L v, then
lu +[|* = [lul* + |[v]*.
Proof. We have

Hu+'u||2 =(u+v,u+v)=(u,u)+ (u,v) + (v,u) +(v, v)
=0 =i

= [Jull® + [lv]I*.

Theorem 3.8 (Triangle inequality).
[+ < fluf| + o], Vu,veU.
Proof. Observe that the inequality is can be rewritten equivalently as
2
lw +[* < (llull + [foll)"
Observe that
|u+v]]? = (u+v,u +v) = (u,u) + (u,v) + (v,u) + (v,v)
lwll + [0]* + 2 Re(u, v) < [lu]* + [[v]* + 2| (u, v) |
(use the Cauchy-Schwarz inequality)

2
< lul® + [lwll* + 2llwl - [loll = (lull + [0 )"
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3.3. Orthonormal systems and the Gramm-Schmidt procedure. In the sequel U will denote an
n-dimensional Euclidean F-vector space. We will denote the inner product on U by (—, —).

Definition 3.9. A family of nonzero vectors

{ul,...,uk} cU
is called orthogonal if

w; Luj, Vi#j.
An orthogonal family

{ul,...,uk} cU
is called orthonormal if

|will| =1, Vi=1,...,k.

A basis of U is called orthogonal (respectively orthonormal) if it is an orthogonal (respectively
orthonormal) family. O

Proposition 3.10. Any orthogonal family in U is linearly independent.
Proof. Suppose that
{ul,...,uk} cU
is an orthogonal family. If z1, ..., z; € [F are such that
Tiuy + -+ 2pug =0,
then taking the inner product with u; of both sides in the above equality we deduce
0=wa1(ur,uy) + -+ zj1(uj—1, uy) + @5(uj, uj) + i1 (W1, uy) + - + Tn(Un, uy)

((wi, u;) =0, Vi # j)

= a;luyl|*.
Since u; # 0 we deduce x; = 0. This happens for any j = 1,...,k, proving that the family is
linearly independent. u

Theorem 3.11 (Gramm-Schmidt). Suppose that
{ul,...,uk} cU

is a linearly independent family. Then there exists an orthonormal family
{el,...,ek} cU

such that
span{uy,...,u; } =span{e,...,e; }, Vi=1,... k.

Proof. We will argue by induction on k. For k = 1, if {u;} C U is a linearly independent family,
then u; # 0 and we set
e = Lul.
[ ]
Clearly {e;} is an orthonormal family spanning the same subspace as {u1 }.

Suppose that the result is true for any linearly independent family of vectors consisting of (k£ — 1)
vectors. We need to prove that the result is true for linearly independent families consisting of &
vectors. Let

{ul,...,uk} cU
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be such a family. The induction assumption implies that we can find an orthonormal system

{61,...,ek_1}

such that
span{ul,...,uj} :span{el,...,ej }, Vi=1,...,k—1.
Define
Vg = <uk, 61>€1 + ...+ <uk, ek,1>ek,1,

Ji = up — v

Observe that
v € span{ el,...,en_1 } = span{uq,..., U1 }

Since {u1, ..., ux} is a linearly independent family we deduce that

up, & {er,....,ex1}

so that f;, = u, — v # 0. We can now set

1
eni= —f,.
£l
By construction ||eg|| = 1. Also note thatif 1 < j < k, then
(frr€j) = (ur — i, €j) = (uk, €) — vy, €;)

= (ug, ej) — < (ug,er)e; + ...+ <’uk,€k71>ek717€j>

=V
(ug, ej) — (ur, €j) - (eje;) = 0.
This proves that {e1, ..., ex_1, ek} is an orthonormal family.

Finally observe that
up = v + [, = v + || frllex

Since
Vi € span{ €1,...,€L_1 }
we deduce
U € span{ €1,...,€6L_1,€L }
and thus
span{uy,...,u; } =span{ey,... e }

O

Remark 3.12. The strategy used in the proof of the above theorem is as important as the theorem
itself. The procedure we used to produce the orthonormal family {e1, ..., ex}. This procedure goes
by the name of the Gram-Schmidt procedure. To understand how it works we consider a simple case,
when U is the space R? equipped with the canonical inner product.

Suppose that
— 3 Pp— 5
u = 4 , U 1= 0 .
Then
wi||? = 3% 4+ 4% = 9 + 16 = 25,
so that
3
1 5
€] = —Uuy =
[ ]|

(S
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Next 0
5 5
vy = (ug,er)e; = 3e1, fo=us—vy= -
0 12
5
16 4
5 5
= = 4
_12 _3
5 5
We see that f, = 4 and thus
4
5
ey = a
_3
5

The Gram-Schmidt theorem has many useful consequences. We will discuss a few of them

Corollary 3.13. Any finite dimensional Euclidean vector space (over F = R, C) admits an orthonor-
mal basis.

Proof. Apply Theorem 3.11 to a basis of the vector space. a

The orthonormal bases of an Euclidean space have certain computational advantages. Suppose that
€1,...,€n

is an orthonormal basis of the Euclidean space U. Then the coordinates of a vector u € U in this
basis are easily computed. More precisely, if

u=2x1e;+- - -+xpey, T1,...,T, €TF, 3.5)
then
zj = (u,e;) Vj=1,...,n. (3.6)
Indeed, the equality (3.5) implies that
(u,e;) = (w11 + -+ anen, €5 ) = xj(e;, €;) = x5,
where at the last step we used the orthonormality condition which translates to
1, 1=y
€, €j5) = . .
(e, €5) {0’ i # 7.
Applying Pythagora’s theorem we deduce

2

|z1e1+ -+ anen|® =2 + -+ 2l = [(u,e) P + -+ [(u, e,) | (3.7)

Example 3.14. Consider the orthonormal basis e, es of R? constructed in Remark 3.12. If

u=| 1],

then the coordinates x1, x2 of u in this basis are given by
6

= = — —_ = 2

1 <u7 €1> 5 5 )

8 3

Ty = (u,e) = 5 5

so that
u = 2e; + es. O
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Corollary 3.15. Any orthonormal family

{61,...,6k}

in a finite dimensional Euclidean vector can be extended to an orthonormal basis of that space.

Proof. According to Proposition 3.39, the family

{61,...,ek}

is linearly independent. Therefore, we can extend it to a basis of U,

{617"' y €k Uk415-- -5 Un }
If we apply the Gram-Schmidt procedure to the above linearly independent family we obtain an
orthonormal basis that extends our original orthonormal family.> O

3.4. Orthogonal projections. Suppose that (U, (—, —)) is a finite dimensional Euclidean F-vector
space. If X is a subset of U then we set

XL:{ueU; (u,z) =0, V:BEX}.
In other words, X consists of the vectors orthogonal to all the vectors in X . For this reason we will

often write w | X to indicate that w € X . The following result is left to the reader.

Proposition 3.16. (a) The subset X is a vector subspace of U.

(b)
XcY=Xxtovyth

(c)
Xt = (span(X))J'. O

Theorem 3.17. If V is a subspace of U, then

U=VaVv:
Proof. We need to check two things.
VAvt=o, (3.8a)
U=V +V+ (3.8b)
Proof of (3.8a). If x € V NV then
0= (z,x)

which implies that z = 0.
Proof of (3.8b). Fix an orthonormal basis of V,

B:={ey,...,ex}.
Extend it to an orthonormal basis of U,
€1, ..., €k, €CLil,...,Ep.
By construction,
€hils. .. ey € BL = (spam(B))L vt
so that
span{egi1,...,en} C v+,

ZExercise 3.5 asks you to verify this claim.
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Clearly any vector u € U can be written as a sum of two vectors

u=v+w, veEspan(B) =V, w € span{eg1,...

Corollary 3.18. IfV is a subspace of U, then
V= (vhHt

Proof. Theorem 3.17 implies that for any subspace W of U we have

dim Wt =dimU — dim W.
If we let W = V- we deduce that

dim(VH)t =dimU — dim V*.

If we let W = V we deduce

dimV* =dimU — dim V.
Hence

dimV = dim(V+)t
so it suffices to show that
Vc(VhH,

cent C VL

55

i.e., we have to show that any vector v in V' is orthogonal to any vector w in V*. Since w € V* we

have w 1 v sothatv L w.

Suppose that V' is a subspace of U. Then any v € U admits a unique decomposition

u=v+w, veV, weV™t

We set
Pyu :=wv.
Observe that if
up = vo + woy, up =v1 +wy, v,v; €V, wy,w; € VL
then

(up +u1) = (vo +v1) + (wo + w1)
—_— ——

ev ev+t
and we deduce

Pv(uo + ’LL1) =v9+v1 = Pyug + Pyu;.

Similarly, if A € F and w € U, then
Au = \v + \w

and we deduce
Py (Au) = \v = \Pyu.
We have thus shown that the map

Py:U—-U, u— Pyu

is a linear operator. It is called the the orthogonal projection onto the subpace V. Observe that

R(Py)=V, kerPy =V

Note that Py u is the unique vector v in V' with the property that (u —v) L V.

O

(3.9)
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Proposition 3.19. P, =1 — Py.

Proof. Any vector © € U admits a unique decomposition as a sum
u=u" +uLL, ut e VL, utevi=v.

By definition we have u' = vLu and utt = Pyu O
Proposition 3.20. Suppose V is a subspace of U and e, . . . , ey, is an orthonormal basis of V. Then
Pyu = (u,ej)e; +---+ (u,ep)ex, Yu e U.

Proof. It suffices to show that the vector
w=u— ((u,e)er+ -+ (u,eey)

is orthogonal to all the vectors ey, . . ., e because then it will be orthogonal to any linear combination
of these vectors. We have

(w, ej) = (u,e;) — ((u,e1,)(e1, ej) + -+ (u, ex)(ex, e;) ).

Since ey, ..., e is an orthonormal basis of V' we deduce that
1, 1=
e‘? e = . .
e ei) {0, i # J.
Hence

((w,e1,)(e1,€j) + -+ (u,ex)(ex, e5) ) = (u,e;)(eje;) = (u,e;).

Theorem 3.21. Let V' be a subspace of U. Fix ug € U. Then
lup — Pyuol| < ||lup — v||, Vv eV,

and we have equality if and only if v = vq. In other words, Py uy is the vector in V' closest to uy.
Proof. Set vy := Pyug, wg := ug — Pyug € VL. Then for any v € V we have

uy — v = (vg — v) + wo.
Since vg L (ug — v) we deduce from Pythagoras’ Theorem that

lo —[|* = lvo = v[|* + [lwo|* > [[wo|* = luo — Pvuol®.

Hence

luo — Pyuol| < [lug — |,
and we have equality if and only if v = vg = Py uy. O
Proposition 3.22. Let V' be a subspace of U. Then

Py = Py,

and
[Pvu| < |ul, YuecU.
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Proof. By construction
Pyv=v, YveV.
Hence
Pv(PVu) = Pyu, YueU
because Pyu € V.
Next, observe that for any w € U we have Pyu L (u — Py u) so that

lull* = [|1Pvull* + |u — Pyul® > | Pyul®.
O

3.5. Linear functionals and adjoints on Euclidean spaces. Suppose that U is a finite dimensional
F-vector space, F = R, C. The dual of U, is the F-vector space of linear functionals on U, i.e., linear
maps
a:U —F.

The dual of U is denoted by U*. The vector space U™ has the same dimension as U and thus they
are isomorphic. However, there is no distinguished isomorphism between these two vector spaces!

We want to show that if we fix an inner product on U, then we can construct in a concrete way an
isomorphism between these spaces. Before we proceed with this construction let us first observe that
there is a natural bilinear map

B:U*xU —F, B(a,u) = au).

Theorem 3.23 (Riesz representation theorem: the real case). Suppose that U is a finite dimensional
real vector space equipped with an inner product

(—,—):UxU —R.
To any u € U we associate the linear functional u* € U™ defined by the equality
B(u*,z) =u*(x) = (x,u), Ve e U.
Then the map D : U — U™ given by
Usu—u cU”"
is a linear isomorphism.

Proof. Let us show that the map D is linear.
For any u, v,z € U we have

(u+v)(x) = (2, u+v) = (z,u) + (z,v)
= u'(z) + v (x) = (u" +v7)(z),
which show that
(u+v)" =u" +v".
For any v,z € U and any ¢t € R we have
(tu)*(x) = (@, tu) = t{x,u) = tu*(x),
i.e., (tu)* = tu*. This proved the claimed linearity. To prove that it is an isomorphism, we need to
show that it is both injective and surjective.

Injectivity. Suppose that w € U is such that u* = 0. This means that u*(x) = 0, V& € U. If we let
T = u we deduce

0=u"(u) = (u,u) = ||ul?
so that u = 0.
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Surjectivity. The dual of U has the same dimension as U and the rank nullity theorem implies that
dim R(D) = dimU — dimker D = dimU = dimU".
Hence R(D) =U™. O

Theorem 3.24 (Riesz representation theorem: the complex case). Suppose that U is a finite dimen-
sional complex vector space equipped with an inner product

(—,—):UxU — C.
To any u € U we associate the linear functional w* € U™ defined by the equality
Bu*,z) =u*(x) = (x,u), Ve e U.
Thenthe map D : U — U™ given by
Usu—u* eU"
is bijective and conjugate linear, i.e., for any u,v € U and any z € C we have
(u+v)" =u"+v*, (zu)" =zZu".

Proof. Let us first show that the map u — u* is conjugate linear.
For any u, v, € U we have

(u+v)"(z) = (z,u+v) = (z,u) + (z,v)
=u'(z) +v7(z) = (u" 4+ v7) (),
which show that
(u+v)" =u" +v"
For any u,x € U and any z € C we have
(zu)"(z) = (z, zu) = Z(z,u) = Zu"(z),
i.e., (zu)* = zu*. This proved the claimed conjugate linearity. We now prove the bijectivity claim.
Injectivity. Suppose that u € U is such that u* = 0. This means that u*(x) = 0, V& € U. If we let
x = u we deduce
0=u"(u) = (u,u) = |lu]?,
so that u = 0.
Surjectivity. We have to show that that for any o« € U* there exists u € U such that « = u*.

Let n = dim U. Fix an orthonormal basis ey, . . ., e, of U. The linear functional « is uniquely
determined by its values on e;,

Q; = a(ei).
Define
n
U = deek.
k=1
Then
u*(e;) = (e, u) = (e;,a1e1 + -+ ae; + - + anen)
= (ej,v1e1) + -+ (e, a;ei) + - - + (e, aney,) = (e;, ae;) = ai(e;, e) = .
Thus

so that o = u*. O
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Suppose that U and V' are two F-vector spaces equipped with inner products (—, —); and respec-
tively (—, —)y. Next, assume that 7 : U — V is a linear map.

Theorem 3.25. There exists a unique linear map S : V. — U satisfying the equality
(Tu,v)v = (u,Sv)y, vuecU,ve V. (3.10)

This map is called the adjoint of T' with respect to the inner products (—, —)u, (—,—)v and it is
denoted by T*. The equality (3.10) can then be rewritten

(Tu,v)y = (u, T*0)y, (T*v,u)y = w,Tu)y, YuclU, veV. (3.11)

Proof. Uniqueness. Suppose there are two linear maps S, 52 : V' — U satistying (3.10). Thus
0= (u,S1v)u — (u, S2v)y = (u, (S1 — S2)v)y, YueU,ve V.
For fixed v € V we let u = (51 — S2)v and we deduce from the above equality
0= ((S1 = S2)v, (S1 — S2)v)u = [|(S1 — S2)vllz,

so that (S7 — S2)v = 0, for any v in V. This shows that S; = So, thus proving the uniqueness part
of the theorem.

Existence. Any v € V defines a linear functional
Ly, U —F, Ly(u) = (Tu,v)y.
Thus there exists a unique vector Sv € U such that
L, = (Sv)" <= (Tu,v)y = (u,Sv)y, YucU.

One can verify easily that the correspondence V' 5 v — Sv € U described above is a linear map;
see Exercise 3.13. O

Example 3.26. Let 7' : U — V be as in the statement of Theorem 3.25. Assume m = dimyp U,
n = dimg V. Fix an orthonormal basis

e:={ei,....en}t
of U and an orthonormal basis
i:: {fla"'a.fn}
of V. With respect to these bases the operator 7' is represented by an n X m matrix
ail a2 - Gim
a1 a2 - G2,
A= . . -
Gpl Ap2 - OGpm

while the adjoint operator 7" : V' — U is represented by an m X n matrix

* * *

app @ v Gy
* * *

A — Ay Qg v Ao
* * *

A1 A2 Amn

The j-th column of A describes the coordinates of the vector T'e; in the basis f,

Tej=aijfi+ - anif,.
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We deduce that

(Tej, fi)v = aij.
Hence

(fi,Tej)v = (Tej, fi)v = aij.
On the other hand, the i-th column of A* describes the coordinates of 7 f, in the basis e so that
T f,=aj,e1+ - +a,emnm

and we deduce that

(T"fi,e5) = aj;.
On the other hand, we have

aij = (fi, Tej)v N (T"f;,e5) = @;‘z‘-

Thus, A* is the conjugate transpose of A. In other words, the entries of A* are the conjugates of the
corresponding entries of the transpose of A,

A* = AT, 0

Definition 3.27. Let U be a finite dimensional Euclidean [F-space with inner product (—, —). A linear
operator 7' : U — U is called selfadjoint or symmetric if T = T%, i.e.,

(Tuy,u2) = (w1, Tuz), Vuj,us €U. O
Example 3.28. (a) Consider the standard real Euclidean n-dimensional space R™. Any real n x n

matrix A can be identified with a linear operator 74 : R” — R™. The operator T4 is selfadjoint if
and only if the matrix A is symmetric, i.e.,

aij = aji, Vl,j
or, equivalently A = A" = the transpose of A.
(b) Consider the standard complex Euclidean n-dimensional space C™. Any complex n X n matrix
A can be identified with a line operator 7’4 : C™ — C". The operator T4 is selfadjoint if and only if
the matrix A is Hermitian, i.e.,
Qi = Gjs, VZ,]
or, equivalently A = A* = the conjugate transpose of A.

(c) Suppose that V' is a subspace of the finite dimensional Euclidean space U. Then the orthogonal
projection Py : U — U is a selfadjoint operator, i.e.,

(Pyuy,u2) = (u1, Pyug), Yui,us €U.
Indeed, let u;, us € U. They decompose uniquely as
U] =v] +wy, U =v2+ws, v1,v2€V, w,ws € v+,
Then Py u; = v so that

(Pyui, ug) = (v1,v2 + wa) = (v1,v2) + (v1,w2) = (v1,v2).
——

wo lvg
Similarly, Py us = vo and we deduce
(u1, Pvug) = (v1 +wiy,v2) = (v1,v2) + (w1, v2) = (v1,v2). 0
~————

wilvg
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Proposition 3.29. Suppose that U is a finite dimensional Euclidean F-space andl’ : U — U is a
selfadjoint operator. Then
specT C R.

In other words, the eigenvalues of a selfadjoint operator are real.

Proof. Let A be an eigenvalue of 7" and u # 0 an eigenvector of 7" corresponding to the eigenvalue
A. We have
Tu =\u

so that
1

]

Mul? = Qu,u) = (Tu,u) = X = (Tu,u,).

On the other hand
(Tu,u) = (u,Tu).

Since T is selfadjoint we deduce
(u,Tu) = (Tu,u)

so that
(Tu,u) = (Tu,u).

Hence the inner product (T'u, ) is a real number. From the equality

1
[]?

we deduce that )\ is a real number as well. O

A=

(Tu,u)

Corollary 3.30. If A is an n x n complex matrix such that A = A*, then all the roots of the charac-
teristic polynomial Py(\) = det(A\1 — A) are real.

Proof. The roots of P4(\) are the eigenvalues of the linear operator 74 : C" — C" defined by A.
Since A = A* we deduce that 7’4 is selfadjoint with respect to the natural inner product on C™ so that
all its eigenvalues are real. a

Theorem 3.31. Suppose that U,V are two finite dimensional Euclidean F-vector spaces and T :
U — V is a linear operator. Then the following hold.

(@ (T*)*=T.
(b) ker T = R(T*)*.
(¢) kerT* = R(T)*.
(d) R(T) = (ker T*)*.
(e) R(T*) = (ker T)>.
Proof. (a) The operator (T)* is a linear operator U — V. We need to prove that, for any u € U we
have z := (T%)*u — Tu = 0.
Because (7)* is the adjoint of 7 we deduce from (3.11) that
<(T*)*uv ’U>V = <u7 T*’U>U
Because 7™ is the adjoint of 7" we deduce from (3.11) that
(u, T*v)y = (Tu,v)y.
Hence, for any v € V we have
0= {((T")u,v)yv — (Tu,v)y = (x,v)vy.

By choosing v = x we deduce = 0.
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(b) We need to prove that
u € kerT<=u L R(T™).

Let u € ker T, i.e., Tu = 0. To prove that w | R(7™) we need to show that w L T*v, Vv € V.
For v € V we have

) 27

(u, T*v Tu,v) =0,

sothatu 1 T*v forany v € V.

Conversely, let us assume that v | T™v for any v € V. We have to show that ¢ = Tu = 0.
Observe that x € V so that v L T*x. We deduce

0= (u,T*z) = (Tu,x) = (z,z) = ||=|*

Hence x = 0.
(c) Set S := T™. From (b) we deduce

ker T* = ker S = R(S*)*.

From (a) we deduce S* = (7™)* = T and (c) is now obvious.
Part (d) follows from (c) and Corollary 3.18, while (e) follows from (b) and Corollary 3.18. O

Corollary 3.32. Suppose that U is a finite dimensional Euclidean vector space, and T : U — U is
a selfadjoint operator. Then

kerT = R(T)*, R(T) = (kerT)t, U =kerT ® R(T). O

Example 3.33 (Least squares approximation). Let U, V' be two real Euclidean spaces and A : U —
V an injective linear operator. Given vg € V we seek ug € U such that Auy is as close to vg as
possible.

Since Aug € R(A) we deduce that Aug must be the orthogonal projection of vy on R(A) so that

vo — Aug € R(A)L = ker A*.
Hence A*vy — A*Aug =0, i.e.,
A*AUO = A*’UO.
Now observe that the linear operator A*A : U — U is bijective. It suffices to prove that it is injective.
Indeed, if A*Au = 0 then

0= (A*Au,u) = (Au, Au) = ||Au|* = 0= Au = 0.

Since A was assumed injective, we deduce u = 0. Hence A* A is bijective and we deduce

Uy = (A*A)_IA*’UO .

Suppose for example that we are given three points in the plane

P1 = (:L‘lvyl)a P2 = (332;3/2), P3 = (5537.@3)-

We want to find a linear function f(x) = b+ ma that is as close as possible to these points, i.e.,

2 2 2
(1= f(@1))" + (y2— flz1))" + (y3 — fl=3))
is as small as possible. Consider the operator A : R? — R? given by the matrix

1 T
A=1|1 x9
1 x3



LINEAR ALGEBRA 63

Set
[
Vo= | Y2 e R3.
Y3

uO:|:TZ7)l:|€R2

We seek a vector

such that
b+ mxi

AUO = b+ mxo
b+ mxs

is as close to vg. The answer is
Uy = (A*A)_IA*’U().

Proposition 3.34. (a) Suppose that U,V ;W are finite dimensional Euclidean F-spaces. If
T:-U—->V, S: VW

are linear operators, then
(ST)* =T*S™.
(b) Suppose that T : U — 'V is a linear operator between two finite dimensional Euclidean F-spaces.
Then T is invertible if and only if the adjoint T* : V' — U is invertible. Moreover, if T is invertible,
then
(T~ = (")~
(c) Suppose that S, T : U — V are linear operators between two finite dimensional Euclidean

F-spaces. Then
(S+T) =S"+T", (25)"=2zS", VzeF. O

The proof is left to you as Exercise 3.16.

Proposition 3.35. Suppose that U is a finite dimensional Euclidean F-space and S, T : U — U are
two selfadjoint operators. Then

S =T (Su,u) = (Tu,u), VucU.

Proof. The implication ” = ” is obvious so it suffices to prove that
(Su,u) = (Tu,u), vuelU = S =T.
We set A := S — T'. Then A is a selfadjoint operator and it suffices to show that
(Au,u) =0, Vvu e U = A=0.
We distinguish two cases.
(@) F = R. For any u, v € U we have
0=(A(u+v),u+v)=(Au,u+v) + (Av,u + v)
= (Au,u) +(Au,v) + (Av,u) + (Av,v)
—— ——

=0 =0
= (Au,v) + (v, Au) = 2({Au, v).
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Hence
(Au,v) =0, Yu,v e U.
If in the above equality we let v = Au we deduce
|Au||?> =0, Yu €U,
ie, A=0.
(b) F = C. For any u,v € U we have
0=(A(u+v),u+v)=(Au,u+v) + (Av,u +v)
= (Au,u) +(Au,v) + (Av,u) + (Av,v)
i ianent
= (Au,v) + (v, Au) = (Au,v) + (Au,v) = 2Re(Au, v).
Hence
Re(Au,v) =0, Yu,v e U. (3.12)
Similarly for any w, v € U we have
0= (A(u + tv),u + iv) = (Au, u + iv) + i(Av, u + v)
= (Au,u) —i(Au,v) + i(Av,u) — i* (Av,v)
g I
= —1(Au,v) + i(v, Au) = —1 ((Au,v) - m> = 2Im(Au,v).
Hence
Im(Au,v) =0, Yu,v e U. (3.13)
Putting together (3.12) and (3.13) we deduce that
(Au,v) =0, Yu,v e U.

If we now let v = Aw in the above equality we deduce as in the real case that Au = 0, Vu € U.
O

Definition 3.36. Let U,V be two finite dimensional Euclidean F-vector spaces. A linear operator
T :U — V is called an isometry if for any u € U we have
1Tulv = [ullu. O

Proposition 3.37. A linear operator T’ : U — 'V between two finite dimensional Euclidean vector
spaces is an isometry if and only if
T =1y. O

The proof is left to you as Exercise 3.17.

Definition 3.38. Let U be a finite dimensional Euclidean F-space. A linear operator ' : U — U
is called an orthogonal operator if T is an isometry. We denote by O(U) the space of orthogonal
operators on U. O

Proposition 3.39. Let U be a finite dimensional Euclidean F-space. Then
TeOU)<=T'T=TT" =1y.
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Proof. The implication ” < ” follows from Proposition 3.37. To prove the opposite implication,
assume that 7" is an orthogonal operator. Hence

|Tu|| = ||ul|, YueU.
This implies in particular that ker 7 = 0, so that T is invertible. If we let w = T~ 'v in the above
equality we deduce
1T | = |jv||, VveU.

Hence 7! is also an isometry so that

(T~ Y771 = 1y.
Using Proposition 3.34 we deduce (7~1)* = (T*)~!. Hence

()77 = 1y,
Taking the inverses of both sides of the above equality we deduce

Ly = (T)7'771) = (7)) (@) ) =TT



66 LIVIU I. NICOLAESCU

3.6. Exercises.

Exercise 3.1. Prove the claims made in Example 3.2 (a), (b), (c). O

Exercise 3.2. Let (U, (—, —) ) be an Euclidean space.
(a) Show that for any u, v € U we have

lu + ) + [l = o] = 2([lu]® + [[v]*).
(b) Let ug, ..., u, € U. Prove that
lwo = wnll < fluo —wall + flur —woll + - - + [Jun—1 — un]. 0
Exercise 3.3. Show that for any complex numbers 21, . .., z, we have
(leal 44 lzal)* < (a4 ).
O

Exercise 3.4. Consider the space P3 of polynomials with real coefficients and degrees < 3 equipped
with the inner product

1
(P, Q) :/0 P(x)Q(x)dx, YP,Q € Ps.

Construct an orthonormal basis of P3 by using the Gramm-Schmidt procedure applied to the basis of
P3 given by
Eo(x) =1, Ei(z) ==, Ey(z) =2 FEs(x)=2a". O

Exercise 3.5. Fill in the missing details in the proof of Corollary 3.15. O

Exercise 3.6. Suppose that 7' : U — U is a linear operator on a finite dimensional complex Eu-
clidean vector space. Prove that there exists an orthonormal basis of U, such that, in this basis 7T is
represented by an upper triangular matrix. O

Exercise 3.7. Prove Proposition 3.16. O
Exercise 3.8. Consider the standard Euclidean space R3. Denote by e, es, e3 the canonical or-
thonormal basis of R3 and by V' the subspace generated by the vectors

v, = 12e; + 5e3, vy = e + es + e3.
Find the matrix representing the orthogonal projection Py : R® — R? in the canonical basis

e, e, es. O

Exercise 3.9. Consider the space P3 of polynomials with real coefficients and degrees < 3. Find
P € P35 such that p(0) = p/(0) = 0 and

/1‘24-3%—])(1') }2dx
0

is as small as possible.
Hint Observe that the set

V ={pePs p0)=p(0)=0}
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is a subspace of P3. Then compute Py, the orthogonal projection onto V' with respect to the inner
product

1
.0 = [ @)z, p.ae s
0
The answer will be Py q, ¢ = 2 + 3z € Ps. O

Exercise 3.10. Suppose that (U, (—, —)) is a finite dimensional real Euclidean space and P : U — U
is a symmetric linear operator such that

P? =P, |Pu| < |ul, YuecU. (P)
Show that there exists a subspace V' C U such that P = Py = the orthogonal projection onto V.

Hint: Let V = R(P) = P(U), W := ker P. Using (P) argue by contradiction that V" W+ and
then conclude that P = Py,. O

Exercise 3.11. Let P, denote the space of polynomials with real coefficients and degree < 2. De-
scribe the polynomial py € Ps uniquely determined by the equalities

/ cosxq(m)dx:/ po(x)q(z)dz, Yq € Pa. 0

—T —T
Exercise 3.12. Let k be a positive integer, and denote by P denote the space of polynomials with real
coefficients and degree < k. For k = 2, 3,4, describe the polynomial p;, € Py uniquely determined
by the equalities

1
q(0) = /1pk(a:)q(:1:)da:, Vq € Py. O

Exercise 3.13. Finish the proof of Theorem 3.25. (Pay special attention to the case when F = C.) O

Exercise 3.14. Let Py denote the space of polynomials with real coefficients and degree < 2. We
equip it with the inner product

1
.0 = [ po)ala)da,
0
Consider the linear operator 1" : Py — P4 defined by

d
Tp = £, Vp € Po.
dx

Describe the adjoint of 7' O

Exercise 3.15. Let U be a finite dimensional Euclidean space and 7' : U — U a linear operator.
Prove that the following are equivalent.
(i) T is surjective.
(i) T is injective.
(iii) TT* is injective.
O

Exercise 3.16. Prove Proposition 3.34. O

Exercise 3.17. Suppose that U is a finite dimensional Euclidean F-space and 7' : U — V is an
orthogonal operator. Prove that A € spec(T') = |A\| = 1. 0
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Exercise 3.18. Let U be a finite dimensional Euclidean F-vector space and 7" : U — U is a linear
operator. Prove that the following statements are equivalent.
(1) The operator T : U — U is orthogonal.
(i) (Tu,Tv) = (u,v),Vu,v € U.
(iii) For any orthonormal basis ey, . . ., e, of U, the collection T'ey, . .., Te,, is also an orthonor-
mal basis of U.

O
Exercise 3.19. Denote by (—, —) the natural inner product on R",
n
(w7y) = Z:Ui:yi? vmv Yy e R™.
i=1
Let ey, ..., e, be the canonical basis of R". Let U be a real euclidean space with inner product
(—, —) and associated norm || — || Fix vectors uy, ..., u, and consider the linear operator
T:R*"—=U, Te =z1u1 + -+ xpUy..
(1) Describe explicitly the adjoint operator 7 : U — U..
(i1) Describe explicitly the operator G = T*T : R™ — R".
(iii)) Show that
2
Ve e R" : (Gz,x) = H iU + -+ TpUuy HU
O
Exercise 3.20. Let H be a finite dimensional real Euclidean space with inner product (—, —). Given
n € Nand uy,...,u, € H we define the Gram determinant of uq, ..., u, to be the determinant of
the Gramian matrix
Gut, ... uy) = [ (ui,uj) ] 1<ij<n
(i) Fix any orthonormal basis {ei,..., ey} of span{ui,...,u,}. Denote by A the m x n
matrix with entries a;; = (e;,u;), 1 <i <m,1 < j < n. Show that
Gu,...,z,) = AT A,
where AT is the transpose of A. Hint. Define T : R* — H, T = 7, z;u; and use Exercise 3.19.
(ii) Prove that det G(uy,...,u,) > 0 with equality if and only if the vectors uy,...,u, are
linearly dependent. Hint Use (i) to prove that all the e-values of G' are nonnegative real numbers. Prove that ker A =
ker G.
(iii) Suppose that uy,...,u, are linearly independent and set U := span{ui,...,u,}. Let
y € H and denote by y the orthogonal projection of 4y on U. Prove that
Iy — o2 = det G(y, ui, ..., up)
det G(uy, ..., uy)
Hint. Observe that (y — yo, u;) = 0, Vi. Use Exercise 3.19. Compute G(y — yo, U1, ..., Un).
O
Exercise 3.21. Suppose that X is a finite dimensional real Euclidean space with inner product (—, —)
and norm || — ||. Suppose that P : E — F is a linear operator satisfying the following properties.
(i) P> =P.

(i) [Pzl <z

, Ve e X
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Prove that P is in fact the orthogonal projection on some vector subspace U C X. Hint. Let
U =ker(1—P),V =ker P. Showthat UN'V = 0, X = U + V and then argue by contradiction that P is the orthogonal projection
onU.
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4. SPECTRAL THEORY OF NORMAL OPERATORS

4.1. Normal operators. Let U be a finite dimensional complex Euclidean space. A linear operator
T :U — U is called normal if

T =TT".

Example 4.1. (a) A selfadjoint operator 7' : U — U is a normal operator. Indeed, we have T' = T™*
so that

T*T =T? =TT".
(b) An orthogonal operator 7" : U — U is a normal operator. Indeed Proposition 3.39 implies that
T°T=TT" = 1p. O
(c)If T : U — U is anormal operator and A € C then A\ — 7' is also a normal operator. Indeed
Ay —T) = (M\yp)* = (T*) =My - T*

and we have
Ay —T) ANy —T) =My —T*) - (A\ly - T). O

Proposition 4.2. If T : U — U is a normal operator then so are any of its powers T*, k > 0.

Proof. To see this we invoke Proposition 3.34 and we deduce

Then
(Tk)*Tk =TT (T---T)=(T*---T*)-(T---T)-T*
X T a T
=(T*--T)(T---T)(T*)*=--- = (T-- -T)(T*)k = Tk(T*)k = Tk(Tk)*.
k—2 k k

O

Definition 4.3. Let U be a finite dimensional Euclidean [F-space. A linear operator 7" : U — U is
called orthogonally diagonalizable if there exists an orthonormal basis of U such that, in this basis,
the operator 7' is represented by a diagonal matrix. O

We can unravel a bit the above definition and observe that a linear operator 7" on an n-dimensional
Euclidean F-space is orthogonally diagonalizable if and only if there exists an orthonormal basis
ey,...,e, and numbers ay,...,a, € IF such that

Tek = ag€g, Vk.

Thus the above basis is rather special: it is orthonormal, and it consists of eigenvectors of 7. The
numbers a;, are eigenvalues of 7.

Note that the converse is also true. If U admits a n orthonormal basis consisting of eigenvectors of
T, then T is orthogonally diagonalizable.

Proposition 4.4. Suppose that U is a complex Euclidean space of dimension n andT : U — U is
orthogonally diagonalizable. Then T is a normal operator.
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Proof. Fix an orthonormal basis

€= (elv"'ven)
of U such that, in this basis, the operator 7" is represented by the diagonal matrix
az 0 0 --- 0 O
0 a2 0 --- 0 O
D: . . . . . . I al?"'aanec‘
0 0 0 --- 0 ay

The computations in Example 3.26 show that the operator T™ is represented in the basis e by the
matrix D*. Clearly

laa? 0 0 -~ 0 0
0 Jagl> O --- 0 0
DD* =D*D = : L
0 0 0 -+ 0 lan|?

O

4.2. The spectral decomposition of a normal operator. We want to show that the converse of
Proposition 4.4 is also true. This is a nontrivial and fundamental result of linear algebra.

Theorem 4.5 (Spectral Theorem for Normal Operators). Let U be an n-dimensional complex Eu-
clidean space and T : U — U a normal operator. Then T is orthogonally diagonalizable, i.e., there
exists an orthonormal basis of U consisting of eigenvectors of T

Proof. The key fact behind the Spectral Theorem is contained in the following auxiliary result.
Lemma 4.6. Let A € spec(T). Then
ker(A\ly — T)? = ker(AMy — 7).

We first complete the proof of the Spectral Theorem assuming the validity of the above result.
Invoking Lemma 2.14 we deduce that

ker(AMy — T) = ker(\ly — T)? = ker(My — T)> = - -

so that the generalized eigenspace of 7' corresponding to an eigenvalue A coincides with the eigenspace
ker(A\ly — T),

E)\(T) = ker()\IlU — T).
Suppose that

spec(T) = { A1,..., e }.
From Proposition 2.22 we deduce that

U=kerMly—-T)® - -®ker(\ly —T). 4.1)

The next crucial observation is contained in the following elementary result.

Lemma 4.7. Suppose that A\, i are two distinct eigenvalues of T, and w,v € U are eigenvectors
Tu = u, Tv=pv.

Then B
T u = \u, Tv = fiv,
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and

ulwv.

Proof. Let Sy =T — Ay so that Syu = 0. Note that Sy = T™ — Al so that we have to show that
Siu = 0. As explained in Example 4.1(c), the operator S) is normal. We deduce that

0= Sj‘\S)\u = S)\Sj{u
Hence
0 = (\Sxu, u) = (Siu, Sxu) = [Sul*.

This proves that 7w = Au. A similar argument shows that T*v = fiv.
From the equality T'u = Au we deduce

Mu,v) = (Tu,v) = (u, T"v) = (u, 4v) = plu,v).
Hence

O\ = ), ) = 0.
Since A\ # p we deduce (u, v) = 0. 0

From the above result we conclude that the direct summands in (4.1) are mutually orthogonal. Set
dy, = dimker(\; 1y — T'). We fix an orthonormal basis

e(k) =ei(k),... eq (k)

of ker(A\;x 1y — T'). By construction, the vectors in this basis are eigenvectors of 7". Since the spaces
ker(Ay 1y — T) are mutually orthogonal we deduce from (4.1) that the union of the orthonormal
bases e, is an orthonormal basis of U consisting of eigenvectors of 7. This completes the proof of
the Spectral Theorem, modulo Lemma 4.6. O

Proof of Lemma 4.6. The operator S = Aly — T is normal so that the conclusion of the lemma
follows if we prove that for any normal operator S we have

ker S? = ker S.

Note that ker S C ker S? so that it suffices to show that ker S? C ker S.
Let u € U such that S2u = 0. We have to show that Su = 0. Note that

0= (5")25%u = §*S*SSu = S*SS*Su.

Set A := S*S. Note that A is selfadjoint, A = A* and we can rewrite the above equality as 0 = A%u.
Hence

0 = (A%u,u) = (Au, Au) = || Aul*.
The equality Au = 0 now implies
0 = (Au,u) = (S*Su,u) = (Su, Su) = ||Sul*.

This completes the proof of Lemma 4.6. O
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4.3. The spectral decomposition of a real symmetric operator. We begin with the real counterpart
of Proposition 4.4

Proposition 4.8. Suppose that U is a real Euclidean space of dimension n and T : U — U is
orthogonally diagonalizable. Then T is a symmetric operator.

Proof. Fix an orthonormal basis

€ = (ela"'ven)
of U such that, in this basis, the operator 7" is represented by the diagonal matrix
ag 0 0 --- 0 O
0 az 0 --- 0 O
D = X X X X . X , al,...,GHER.
0 0 0 -+ 0 ap
Clearly D = D* and the computations in Example 3.26 show that T’ is a selfadjoint operator. O

We can now state and prove the real counterpart of Theorem 4.5

Theorem 4.9 (Spectral Theorem for Real Symmetric Operators). Let U be an n-dimensional real
Euclidean space andT' : U — U a symmetric operator. Then T' is orthogonally diagonalizable, i.e.,
there exists an orthonormal basis of U consisting of eigenvectors of T'.

Proof. We argue by induction on n = dim U. For n = 1 the result is trivially true. We assume that
the result is true for real symmetric operators action on Euclidean spaces of dimension < n and we
prove that it holds for a symmetric operator 1" on a real n-dimenasional Euclidean space U'.

To begin with let us observe that 7" has at least one real eigenvalue. Indeed, if we fix an orthonormal
basis ey, . .., e, of U, then in this basis the operator 1 is represented by a symmetric n x n real matrix
A. As explained in Corollary 3.30, all the roots of the characteristic polynomial det(A1 — A) are real,
and they coincide with the eigenvalues of 7'.

Fix one such eigenvalue A € spec(T') C R and denote by E) the corresponding eigenspace

Ey:=ker(A\1-T)CU.
Lemma 4.10. The orthogonal complement E)% is an invariant subspace of T, i.e.,
ul Fy=Tul F),.

Proof. Letu € E)% We have to show that Tu L F),ie.,Tu L v, Vv € E). Given such a v, we

have
Tv = \v.

Next observe that u L v since u € Ef Hence
(Tu,v) = (u, Tv) = \Nu,v) =0.
O

The restriction Sy of T' to E)% is a symmetric operator Ei — Ef\- and the induction hypothesis
implies that we can find and orthonormal basis of Ef such that, in this basis, the operator S) is
represented by a diagonal matrix D). Fix an arbitrary basis e, of E)% The union of these e, ’s is an
orthonormal basis f of U. In this basis T is represented by the block matrix

lg, O
0 Dy |

The above matrix is clearly diagonal. a
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4.4. Nonnegative operators. Suppose that U is a finite dimensional Euclidean [F-vector space.

Definition 4.11. A linear operator 7' : U — U is called nonnegative if the following hold.

(1) T is selfadjoint, T* = T.
(i) (Tu,u) >0, forallu € U.

The operator is called positive if it is nonnegative and (T'u, u) = 0<=u = 0. O

Example 4.12. Suppose that 7' : U — U is a linear operator. Then the operator S := T*T is
nonnegative. Indeed, it is selfadjoint and

(Su,u) = (T*Tu,u) = (Tu,Tu) = ||Tul* > 0.

Note that S is positive if and only ker S = 0 so that S is injective. O

Definition 4.13. Suppose that 7' : U — U is a linear operator on the finite dimensional F-space U'.
A square root of T is a linear operator S : U — U such that S? = T.. O

Theorem 4.14. Let T : U — U be a linear operator on the n-dimensional Euclidean F-space. Then
the following statements are equivalent.

(1) The operator T is nonnegative.

(ii) The operator T is selfadjoint and all its eigenvalues are nonnegative.
(iii) The operator T’ admits a nonnegative square root.
(iv) The operator T' admits a selfadjoint root.

(v) there exists an operator S : U — U such that T = S§*S.

Proof. (1) = (ii) The operator 1" being nonnegative is also selfadjoint. Hence all its eigenvalues are
real. If \ is an eigenvalue of 7" and u € ker(Aly — T) \ 0, then

/\Hu\|2 = (Tu,u) > 0.

This implies A > 0.
(ii) = (iii) Since T is selfadjoint, there exists an orthonormal basis e = {eq,...,e,} of U such
that, in this basis, the operator T is represented by the diagonal matrix

A = Diag(A1,...,.\n),

where A1, ..., A\, are the eigenvalues of T'. They are all nonnegative so we can form a new diagonal

matrix
B = Diag(v/ AL, -+ -, V).

The matrix B defines a selfadjoint linear operator S on U which is represented by the matrix B in
the basis e. More precisely

Sei = \/)\iei, Vi = 1,...,n.
Ifu= Z?:l u;e;, then

Su = Z \/)C-uiei, (Su,u) = Z \/)\7|ul]2 > 0.
i=1 i=1

Hence S is nonnegative. From the obvious equality A = B? we deduce 7 = S? so that S is
nonnegative square root of 7.
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The implication (iii) = (iv) is obvious because any nonnegative square root of 7" is automatically
a selfadjoint square root. To prove the implication (iv) = (v) observe that if .S is a selfadjoint square

root of 7" then
T =5%=5*S.
The implication (v) = (i) was proved in Example 4.12.

O

Proposition 4.15. Let U be a finite dimension Euclidean F-space. Then any nonnegative operator

T : U — U admits a unique nonnegative square root.

Proof. We have an orthogonal decomposition
U= P ker(\y-T)
Aespec(T)
so that any vector u € U can be written uniquely as

u = Z uy, uy € ker(Aly —T).
Aespec(T)

Tu = Z Auy.

Aespec(T)

Moreover

Suppose that S is a nonnegative square root of 7'. If 1 € spec(S) and u € ker(uly — 5), then

Tu = S%u = S(Su) = S(pu) = plu.
Hence
p? € spec(T)
and
ker(ply — S) C ker(p?1y —T).
We have a similar orthogonal decomposition

(4.2)

U= @ ker(puly — S) C EB ker(p2ly — T) C @ ker(\ly —T)=U.

puespec(S) pnespec(S) Aespec(T)
This implies that

spec(T) = {p% p € spec(S) }, ker(uly — S) = ker(p®ly — T), Vu € spec(S).

Since all the eigenvalues of S are nonnegative we deduce that for any A € spec(T") we have Ve

spec(.S). Thus if w is decomposed as in (4.2),

u= ), un

Aé&spec(T)

Su = Z \f/\u/\.

Aéespec(T)

then

The last equality determines .S uniquely.

O

Definition 4.16. If 7' is a nonnegative operator, then its unique nonnegative square root is denoted by

VT.

O
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4.5. Exercises.

Exercise 4.1. Let U be a finite dimensional complex Euclidean vector space and 7' : U — U a
normal operator. Prove that for any complex numbers ag, . . . , ax the operator

aly + aiT + -+ aTF

is a normal operator. O

Exercise 4.2. Let U be a finite dimensional complex vector space and T" : U — U a normal operator.
Show that the following statements are equivalent.

(i) The operator 7' is orthogonal.
(i) If A is an eigenvalue of 7', then || = 1. O

Exercise 4.3. (a) Prove that the product of two orthogonal operators on a finite dimensional Euclidean
space is an orthogonal operator.

(b) Is it true that the product of two selfadjoint operators on a finite dimensional Euclidean space is
also a selfadjoint operator? O

Exercise 4.4. Suppose that U is a finite dimensional Euclidean space and P : U — U is a linear
operator such that P2 = P. Show that the following statements are equivalent.
(i) P is the orthogonal projection onto a subspace V' C U.
(i) P*=P.
O
Exercise 4.5. Suppose that U is a real Euclidean space of dimension 2k —1,k € NyandT : U — U

is an orthogonal operator. Prove that there exists a one-dimensional subspace L C U such that
TLCL. O

Exercise 4.6. Suppose that U is a finite dimensional complex Euclidean space and 7' : U — U is a
normal operator. Show that

R(T) = R(T™). O
Exercise 4.7. Does there exists a symmetric operator 7" : R? — R3 such that
1 0 1 1
T(1|=|10]|,T|2|=]2]7? O
1 0 3 3

Exercise 4.8. Show that a normal operator on a complex Euclidean space is selfadjoint if and only if
all its eigenvalues are real. O

Exercise 4.9. Suppose that 7' is a normal operator on a complex Euclidean space U such that 77 =
T3. Prove that 7T is selfadjoint and 73 = T. O

Exercise 4.10. Let U be a finite dimensional complex Euclidean space and T' : U — U be a
selfadjoint operator. Suppose that there exists a vector w, a complex number y, and a number € > 0
such that

|Tu — pul| < efjul.
Prove that there exists an eigenvalue A of T" such that [\ — x| < . Hint. Use an orthonormal basis that diagonalizes
T. O
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Exercise 4.11. Let U be a finite dimensional complex Euclidean space and S,7 : U — U be two
selfadjoint operators such that ST" = T'S. Prove that there exists an orthonormal basis of U so that
in this basis both operators are represented by diagonal matrices. Give an example of an Euclidean
space U and selfadjoint operators S, T : U — U such that there exists no orthonormal basis of U in
which both operators are represented by diagonal matrices. O

Exercise 4.12. Let U be a finite dimensional complex Euclidean space and T : U — U a selfadjoint
operator. Prove that for any v € U the number (T'u, u) is real. Set

A= sup (Tuu), A= inf (Tu,u).
flull=1 uli=

Prove that A, and \* are eigenvalues of 7" and spec(7") C [A«, A*]. Hint. Use Theorem 4.9. 0

Exercise 4.13. Suppose that U is a real Euclidean space and J : U — U is a linear operator such
that

J=—J" and J? = —1.
(i) Show that U is even dimensional dimgp U = 2m, m € R. Hint. Show that J does not have real
eigenvalues.
(ii) Prove thatw | Ju, forany u € U.
(iii) Suppose that u; € U is a unit vector, i.e., ||u;|| = 1. Set v; = Ju; and

U, = spang{u;,vi} V= Uf‘.

Prove that U and V'; are invariant subspaces of J.

(iv) Prove that there exists an orthonormal basis e1, f1,. .., emn, f,, of U such that in this basis
J has the block form
0 -1 0 0 0 0 00
1 0 0 0 0 0 00
0 0 0 -1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 -1
0 0 0 0 0 1 0
a

Exercise 4.14. Suppose that U is a real Euclidean space and A : U — U is a skew-symmetric
operator, i.e., A* = —A.

(i) Prove that 1 4+ A is invertible.
(ii) Show that the operator T = (1 — A)(1 + A)~! is orthogonal.
(iii) Prove that 1 4 T is invertible and A = (1 — T)(1 + 7).

O

Exercise 4.15. Suppose that U is a finite dimensional real vector space and 7' : U — U is linear
operator. Prove that the following statements are equivalent.

(i) There exists an inner product (—, —) on U such that

(Tu,v) = (u, Tv), Yu,veU.
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(ii) All the eigenvalues of 1" are real, spec(7") C R, and the operator 7" is diagonalizable.
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5. APPLICATIONS

5.1. Symmetric bilinear forms. Suppose that U is a finite dimensional real vector space. Recall
that a symmetric bilinear form on U is a bilinear map

Q:UxU—R
such that
Qu1,uz) = Q(ur, uz).
We denote by Sym(U) the space of symmetric bilinear forms on U.
Suppose that e = (eq, ..., e,) is a basis of the real vector space U. This basis associated to any
symmetric bilinear form ) € Sym(U') a symmetric matrix
A= (aih<ijen, aij = Qei,e;) = Qe &) = aji.

Note that the form () is completely determined by the matrix A. Indeed if

n n
u:Zuiei, U:Z’l}jej,
i=1 j=1
then
n n n m
Q(u,v) =Q Zuiei,Zvjej = Z u;v;Q(e;, e5) = Z a;ijU;Vj.
i=1 j=1 i,j=1 ij=1

The matrix A is called the symmetric matrix associated to the symmetric form @ in the basis e.

Conversely any symmetric n x n matrix A defines a symmetric bilinear form 4 € Sym(R"™)
defined by

m
Q(u,v) = Z a;jju;vj, Yu,v € R".
ij=1
If (—, —) denotes the canonical inner product on R", then we can rewrite the above equality in the
more compact form

Qa(u,v) = (u, Av).

Definition 5.1. Let Q € Sym(U) be a symmetric bilinear form on the finite dimensional real space
U. The quadratic form associated to (@ is the function

O :U =R, ®g(u) =Q(u,u), VueU. 0

Observe that if @@ € Sym(U ), then we have the polarization identity

Q(u,v) = %(@Q(u—i—’v)—@Q(u—v)).

This shows that a symmetric bilinear form is completely determined by its associated quadratic form.
Proposition 5.2. Suppose that Q € Sym(U ) and
€= {817"'76”}? i: {fla“'?fn}

are two bases of U. Denote by S the matrix describing the transition from the basis e to the basis f.
In other words, the j-th column of S describes the coordinates of f ; in the basis e, i.e.,

n

=1
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Denote by A (respectively B) the matrix associated to Q by the basis e (respectively f). Then
B =STAS, (5.1)
where S denotes the transpose of S.

Proof. We have

'L] = Q(fza.f] (Z Skzekazsﬁje€>
= Z skisejQ(ex, ep) = Z SkiQkeSej

k=1 k=1

If we denote by s the entries of the transpose matrix ST, s!. = s ji» we deduce

]
n

bij == Z S;rkakgng.

k=1

The last equality shows that b;; is the (4, j)-entry of the matrix STAS. O

v We strongly recommend the reader to compare the change of base formula (5.1) with the change
of base formula (2.1).

Theorem 5.3. Suppose that Q) is a symmetric bilinear form on a finite dimensional real vector space
U. Then there exist at least one basis of U such that the matrix associated to Q by this basis is a
diagonal matrix.

Proof. We will employ the spectral theory of real symmetric operators. For this reason with fix an
Euclidean inner product (—, —) on U and the choose a basis e of U which is orthonormal with
respect to the above inner product. We denote by A the symmetric matrix associated to ) by this
basis, i.e.,

aij = Q(ei, e]').

This matrix defines a symmetric operator 74 : U — U by the formula

n
TAej = Zaijei.
i=1
Let us observe that

Q(u,v) = (u, Tyv), Yu,v e U. (5.2)

To verify the above equality we first notice that both sides of the above equalities are bilinear on u, v
so that it suffices to check the equality in the special case when the vectors u, v belong to the basis e.

‘We have
<ezaTAe] <e7,7 Zak]ek> = Q35 = Q(e’ia ej)~

The spectral theorem for real symmetric operators implies that there exists an orthonormal basis f of
U such that the matrix B representing T4 in this basis is diagonal. If S denotes the matrix describing
the transition to the basis e to the basis f then the equality (2.1) implies that

B=S"1AS.
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Since the biases e and f are orthonormal we deduce from Exercise 3.18 that the matrix S is orthog-
onal, ie., STS = SST = 1. Hence S~' = S' and we deduce that

B = S*AS.

The above equality and Proposition 5.2 imply that the diagonal matrix B is also the matrix associated
to @ by the basis f. a

1= Warning. Suppose that ) is a symmetric bilinear form on U. As shown above if we choose
an inner product (—, —); on U, then we can identify () with a symmetric operator A;. If we choose
another inner product (—, —)2 on U, then we can identify () with a symmetric operator As. Typically
these two operators are different! They may not even have the same spectra!

Theorem 5.4 (The law of inertia). Let U be a real vector space of dimension n and QQ a symmetric
bilinear form on U. Suppose that e, f are bases of U such that the matrices associated to () by these

bases are diagonal.®> Then these matrices have the same number of positive (respectively negative,
respectively zero) entries on their diagonal.

Proof. We will show that these two matrices have the same number of positive elements and the same
number of negative entries on their diagonals. Automatically then they must have the same number
of trivial entries on their diagonals.

We take care of the positive entries first. Denote by A the matrix associated to ) by e and by B
the matrix associated by f. We denote by p the number of positive entries on the diagonal of A and
by ¢ the number of positive entries on the diagonal of B. We have to show that p = ¢. We argue by
contradiction and we assume that p # ¢, say p > q.

We can label the elements in the basis e so that

ai; = Q(ej,e;) >0, Vi <p, aj; =Q(ej,e;) <0, Vj>p. (5.3)
Observe that since A is diagonal we have
Q(ei, e;) =0, Vi#j. (5.4)
Similarly we can label the elements in the basis f so that
bk = Q(Fis Fr) >0, VE < q, b= Q(fy, fr) <0, VL>gq. (5.5)

Since B is diagonal we have
Denote V the subspace spanned by the vectors e;, 7 = 1, ..., p, and by W the subspace spanned by
the vectors f,. 4, ..., f,. From the equalities (5.3), (5.4), (5.5), (5.6) we deduce that

Q(v,v) >0, Yo e V\DO, (5.7a)

Q(w,w) <0, Ywe W\ 0. (5.7b)
On the other hand, we observe that dim V' = p, dim W = n — ¢. Hence
dimV +dimW =n+p—g>n>dimU

so that there exists a vector

ue (VNWw)\o.
The vector u cannot simultaneously satisfy both inequalities (5.7a) and (5.7b). This contradiction
implies that p = q.

3Such a bases are called diagonalizing bases of Q).
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Using the above argument for the form —@ we deduce that A and B have the same number of
negative elements on their diagonals. g

The above theorem shows that no matter what diagonalizing basis of () we choose, the diagonal
matrix representing () in that basis will have the same number of positive negative and zero elements
on its diagonal. We will denote these common numbers by p4(Q), u—(Q) and respectively 1(Q).
These numbers are called the indices of inertia of the symmetric form Q. The integer p— (Q) is called
Morse index of the symmetric form () and the difference

0(Q) = p4+(Q) — p—(Q).
is called the signature of the form Q).
Definition 5.5. A symmetric bilinear form @ :€ Sym(U) is called positive definite is
Q(u,u) >0, YueU \ 0.
It is called positive semidefinite if
Q(u,u) >0, YVueU.

It is called negative (semi)definite if —() is positive (semi)definite. O

We observe that a symmetric bilinear form on an n-dimensional real space U is positive definite if
and only if 44+ (Q) =n =dimU.

Definition 5.6. A real symmetric n x n matrix A is called positive definite if and only if the associated
symmetric bilinear form @ 4 € Sym(R") is positive definite. O

5.2. Stochastic matrices. First some terminology. Let A € M,,,»,,(C),

A = (aij)i<i<m.
1<5<n

We introduce the following notation and conventions.
e We denote by | A| the matrix
Al = (\aij|)11§z‘sm € Mpxn(R).

SIS

e We denote by R;(A) the i-th row of A
Ri(A) = [an, aiz, ..., ai .
e We denote by C;(A) the j-th column of A

al j
agj
Ci(A) = .
amj
e We write A > 0 to indicate that a;; > 0, V%, 7. We write A > 0 to indicate that that a;; > 0,

Vi, j.
If A, B € Mypxn(R), then
A>B &L 4_pB>o

and
A>B &L 4_pB-o.
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We will refer to 1 x n matrices as rows or weights of dimension n and to n x 1 matrices as columns
or observables of dimension n. Observe that if R and C' are respectively a row and a column of the
same dimension then R - C'is a scalar,

Definition 5.7. A weight

w= [wl,...,wn]
is said to be a distribution if it is nonnegative w > 0 and

wi b wy =1,

The distribution w is called positive if w > 0. O

We ought to explain the above terminology. Suppose that we have a box with a large number of
balls that come in n colors. We denote by p; the proportion of balls of color ¢. Then the row
= [pl,...,pn}
is a positive distribution: the distribution of colors in the box. The number p; is the probability that a
randomly drawn ball has color 1.

One can think of an observable as a numerical attribute associate to a color, e.g., the value or the

mass of a ball of a certain color. If
U1

Un,

is an observable: v; is the “value” of a ball of color 7. The scalar

n
TV = Zpkvk
k=1

is the expected value of a randomly drawn ball.

Set
1
i=|:
1
Observe that a weight w = [wl, .. ,wn] is a distribution iff w > 0 and

w-f:wl—i—-'-—kwn:l.

Definition 5.8. A matrix A € My (R) is called stochastic if each of its rows is a distribution, i.e.,
A >0and
a1 +---+any=1, VI <i<N.

Observe that a nonnegative matrix A is stochastic iff
Al =1.
Indeed

[t

Ri(A)-
AT = :

=y

Ry (A)-
We have thus proved the following result.
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Proposition 5.9. If A € My(R) is a stochastic matrix then 1 € spec(A). O

Lemma 5.10. Let A, B € My(R) be stochastic matrices.

Q) Ifw= [wl, e WN ] is a distribution then w - A is also a distribution.
(ii) A - B is a stochastic matrix.

O
Proof. (i) Setm:=w - A = [m,..., 7y | where
T, =W - Cl(A) == ijaji.
J
Then obviously m > 0 and
YIRED DRETES SIS S 0307
=1
= Z wy; = 1.
J
Hence 7 is a distribution.
(i1) We have
Rl(AB) Rl(A)B
A-B= s = .
Ry(A-B) Ry(A)-B
We deduce from (i) that R;(A) - B is a distribution for any ¢ since the row R;(A) is a distribution and
B is stochastic. O

To proceed further we need to introduce a but more terminology. For any N dimensional real
observable

U
u = : e RN
UN
we set
maxu = max Ug, minw = min ug,
1<k<N 1<k<N

Lemma 5.11. If w is a N dimensional distribution and w is an N-dimensional observable real
observable, then
minu < w- v < maxu. (5.8)

If w is positive and min u # max u, then the above inequalities are strict.

Proof. Let
w = [wl,...,wN]
Then
W U= Wwiul + wauz + -+ WNUN

<wi(maxu) + - +wy(maxu) = (wy + -+ + wy) Max ¥ = maxu.
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If w > 0 and min v < max wu, then there exists ¢ such that w;u; < w; max u so
w - u < maxu.

The lower inequality is dealt with in a similar fashion. O

Lemma 5.12. Suppose that w is a distribution and u is a complex observable of the same dimension.
Then
‘w~u’§w~‘u‘§max‘u|. (5.9)

Moreover, if w > 0, then we have equality ‘ w-u ‘ = max { u ‘ iff w is a multiple of 1.

Proof. We have

(5.8)
’w~u|:}w1u1+---+wNuN|gwl\u1|+~'-+wN|uN|:w~‘u‘ < max}u!.

If w > 0 and we have equality, then we deduce from Lemma 5.11 that
lug| =+ = |uy| = max [u].

Thus, the n complex numbers uq, ..., uy are situated on a circle of radius » = max | u ‘ If two of
them are different, say u; # us, then the point
z = L U + 2 uz,
w1 + w2 w1 + w2
is in the interior of the the line segment connecting these two points so z lies strictly in the interior of
the circle of radius 77, |z| < r so that

}wlul + woug ‘ = (w1 + w2)|z| < (w1 + wo)r.

Hence
|w-w| < | wiug + wous | + wslug| + -+ wy |un|
< (w1 +wa)r + wslug| + - - wylun| =7
Thus if|w . u‘ = max‘uLthen U] = Uug = - -+ = up, i.e., w is a multiple of 1. O

Corollary 5.13. Let A € My (R) be a stochastic matrix. If X € spec(A), then |A| < 1.
Proof. Suppose
u1
u = : c CV\ {0}.
un
be an eigenvector corresponding to the eigenvalue A. Then max ‘ u ‘ > (. Note that

Rl(A> U
A= Au = :

Ry(A)-u

There exists k such that |ug| = max ’ u|. Then
(5.9)
I\l -max‘u! = Al |ug| = ‘Rk(A)u| < max!u’.
Hence
A < 1.
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Theorem 5.14. If A € My (R) is a positive stochastic matrix then the following hold.
(1) 1 is a simple eigenvalue of A and ker ( 1-—A ) = span(1).
(ii) If A € spec(A) \ {1}, then |\ < 1.
Proof. We h_:'iwe to prove that 1 has algebraic multiplicity 1. Let us first show that ker(1 — A) is
spanned by 1 and thus it is 1-dimensional. Let
U1
u = : € ker(1 — A).
un
There exists k such that u; = max v. Form the equality u = Au we deduce

5.8)
maxu = uy = Ri(A) -u < maxu.

Hence Ry (A) - u = max u we deduce from Lemma 5.11 that u; = - - - = ux so w is a multiple of 1.
We will show that ker(1 — A)? = ker(1 — A). Let V denote the subspace of RV consisting of
observable v such that

vi+ -+ oy = 0.

Any u € R™ decomposes uniquely as a sum ¢ + v, v € V. If u € ker(1 — A)? then (1 — A)u €
ker(1 — A). We have

(1-Au= (ﬂ—A)(Ci+U) =v — Av.

Hence v — Av € ker(1 — A) so v — Awv is a multiple of 1,say v — Av = ¢1, ¢ > 0. We will argue
by contradiction that v = 0. Suppose v # 0. Since

v+ +oy =0
we deduce min v < 0. Fix & such that v, = min v. From the equality v — Av = 1 we deduce
¢ = v — Rp(A)v.
Since A > 0 we deduce from Lemma 5.11 that
0<c¢=v— Rr(A)u < vy —minv = 0.

Let A € spec(A) \ {1}. Then |\| < 1. We will prove by contradiction that |\| < 1.
Suppose that [A\| = 1 and u € ker(A\1 — A) is a non-zero eigenvector. Fix k such that

lug| = max |u] > 0.
Since A > 0 and w is not a multiple of 1 we deduce from Lemma 5.12 that
0 <max|u|=|A"|ug| = | Rp(A)u|| <max[u].

This contradiction show that |A| < 1. 0

Definition 5.15. Let A € My (R) be stochastic matrix .

(i) The matrix A is called irreducible if for any 1 < i, j < N there exists k = k(i,j) € N such
that Afj > 0, where Afj denotes the entry of A* at location (4, 7).

(i) The matrix A is called primitive if there exists k& € N such that Afj > 0, Vi, j.

Clearly a primitive stochastic matrix is irreducible.
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Corollary 5.16 (Perron). If A € My (R) is a primitive stochastic matrix, then 1 is a simple eigenvalue
of A. Moreover, if A € spec(A) \ {1}, then |\| < 1.

Proof. Let k € N such that AF > 0. Then A™ > 0, Vm > k. Note that A* is stochastic

spec(AF) = {)\k; A € spec(A) }.
We deduce from Theorem 5.14 that 1 is a simple eigenvalue and the corresponding eigenspace is
spanned by 1. Moreover if i1 € spec(A¥)\ {1}, then |u| < 1. Thus, if A € spec(A)\ {1}, then either
M =Tor |\ < 1. IfA\* = 1 and \ # 1, then there exists a nonzero vector w such that \u = Awu.

Clearly u is not a multiple of 1 since A # 1. We deduce that w = A*u contradicting the fact that
dimker(1 — A) = 1. The characteristic polynomial of A* is

Put)y= T (t—a%)™®,
A€spec(A)
where m 4 () is the algebraic multiplicity of A € spec(A). Since \¥ = 1iff A = 1 we deduce
ma(A) = mge(A) = 1.
g

Corollary 5.17. If A € My(R) is an irreducible stochastic matrix, then 1 is a simple eigenvalue of
A.

Proof. Set B = %( 1+ A ) Then B is a stochastic matrix. Moreover, Vm € N
e L ()
= 5m 2. j .

Since A is irreducible we deduce that there exists m € N such that B™ > 0, i.e., B is a primitive
stochastic matrix. Thus 1 is a simple eigenvalue of B. Since

spec(B) = { %(1 + A); A € spec(4) }

we deduce that 1 is also a simple eigenvalue of A. O

Theorem 5.18. Let A € Mpn(R) be an irreducible stochastic matrix. The there exists a unique
distribution w such that w™ - A = w. This distribution is called the invariant distribution of A.

Proof. Note that
w-A=w=Aw =w' <=w' Eker(]l—AT)
Since A and A" have the same characteristic polynomial we deduce that 1 is a simple eigenvalue of
AT Hence the vector space
{ w; w=w-A }
is one dimensional. It particular, this space contains at most one distribution.
Let w be a weight such that w - A = w. We argue by contradiction that | w | CA= ‘ w ‘ We have

wj = ZwiAij, \V/j
[

so that
wil <> lwilAyy, Vi
J
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If |w]| - A # |w], then there exists jo such that
[wjo| < Z |wil Aijo-
SO Z
D il >0 wil Ay =D fwil | YAy | =) lwil.
i i i j_l i
This contradiction shows that |w | = [w | - A. :

Set B = %(H—FA). Notethat{ ‘ A= ‘w‘ iff|w’-B = ‘w‘ . In particular we deduce
|w’-Bm: ‘w‘,VmGN.Choosemsuchthath>OandsetM:Bm. SinceHw‘-M:‘w}
andM>Owededuce’w’ >0and’w’:|w|-A.Hence

- 1
lwi|+ -+ |wn

is a positive distribution satisfying w> - A = w®. Since there is at most one distribution with this
property, we deduce that w is the unique distribution with this property. g

|[|w1|,...,wa\]

Theorem 5.19. Let A € Mpy(R) be a primitive stochastic matrix. Denote by w™ its invariant

distribution. Then the sequence of stochastic matrices (A™),en converges as n — oo. Its limit,
denoted by A satisfies

R;(A*®) = w™, Vi.
In other words
lim R;(A") =w™>, Vi=1,...,N.

n—oo

1st Proof. Assume first that the sequence A™ converges and denote by A its limit. Hence
n—oo

Since the rows R;(A™) are distributions so are their limits. Letting n — oc in the equality A"*! =
A" - A we deduce
A® = A% A
We have
Ri(Ax) = Ri(A®) - A,
so the distribution R;(A) is a solution of the equation w - A = w. The only distribution satisfying
this equation is w* so that
RI(A) = woo, V.
To conclude the proof of the theorem it suffices to show that A™ converges as n — co. We will

achieve this using the Jordan decomposition of A.
The space CV decomposes as a direct sum

c- @ w
A€spec(A)

where V), is the generalized eigenspace corresponding to the eigenvalue A. These are invariant spaces
of A. The space V; is one-dimensional and spanned by 1. The restriction of A to V) has the form
Al + N,, where N, is a nilpotent operator.
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Any u € C" decomposes uniquely as a sum

u=uj + Z uy, uy €V
A€spec(A)\{1}
Then
Au = uq + Z (/\Il—l—N)\)nu,\
Aespec(A)\{1}
Since A is primitive, any A € spec(A) \ {1} satisfies A\| < 1 and we deduce that

lim (AL + Ny)"uy =0, VA€ spec(A4)\ {1}.

n—oo

Hence, for any u € C” the sequence A™u is convergent and its limit is .
Let ( e;j )1 <j<N be the canonical basis of C™. We deduce that for any jb the sequence ( Ae; )n N

is convergent. Observing that A™e; is the j-th column of A™ we deduce that the sequence (A"),en
is convergent. O

2nd Proof.* For any matrix M € My/(C) we set
M) = sup | My |
z?J

Denote by A™ the stochastic matrix with all rows equal to w>. Note that A>° > 0 and
A® A=A A = A,
Fix k such that A* > 0 and set

k k
c:minﬁ :minﬁ >0
ij A%@ ij w;?o

From the equality w™ = w> A* we deduce

Wi = W Cy(A%) 2 minC5(4¥) = min 4

Hence
AF.

min —g) <1
iws
so that ¢ € (0, 1]. Note that if ¢ = 1 then we deduce from Lemma 5.11 that
Al =w;, Vi
and thus in this case A* = A™ so that
A" = A Vn > k.

In this case the theorem is trivially true. Suppose that ¢ € (0, 1). Note that A¥ — cA> > 0 and the

matrix
1

1—c¢

B= (AF —cA™)
is stochastic. Moreover
BMA® — A®B™ — A® — A% . A%, Vm e N
“This argument is due to Wolfgang Doeblin (1915-1940). During his life cut short by WW2 he had major mathemati-

cal contributions, many made public only in the year 2000. https://link.springer.com/content/pdf/10.
1007/s780-002-8399-0.pdf.


https://link.springer.com/content/pdf/10.1007/s780-002-8399-0.pdf
https://link.springer.com/content/pdf/10.1007/s780-002-8399-0.pdf
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Set D := B — A*. We claim that

D™= (B—A>®)"=B"—A>, VmeN. (5.10)
We argue by induction. The result is obviously true for m = 1. As for the inductive step we have

D™ =D™. D= (B™— A%®)(B - A™)

:Bm+1—BmAOO—AOO—AOO-AOO:Bm+1—AOO.
Arguing in a similar fashion we deduce
(AR — Aym = AFm — A%, (5.11)
Note that
D™ :=B™ — A® =B™ - BM"A* = B™(1 — A™).
We deduce from Lemma 5.12 that
D} = | Ri(B™)Cy(1 — A®) | <1, Vi, j,
ie.,
D™ < 1.

On the other hand,

(AF — A4%°) = (1 - ¢)(B— A%®) = (1 — ¢)D.
Hence for any m € N

Afm A% = (AF — 4" = (1 - )" D™,
Hence

||Akm — AT <A =-o"|D™"|| < (1 =)™ (5.12)
On the other hand from the equality A‘T!1 — A> = A( A* — A>) we deduce that

(A=) | = | R G4 = 4) | 'S A= 4], v
In other words,
|AT — A% < || A" — A%,
so the function £ +— r(¢) := ||A* — A*|| is nonincreasing. The inequality (5.12) implies that
77}i_r)noor(/fm) =0

and thus
lim r(¢) = 0.

{—00

This completes the proof of the theorem. O

How hard it is to find the invariant distribution of an irreducible stochastic matrix A € My (R)? If
the size IV of the matrix, then this is a nearly impossible task. There are however situations frequently
occurring in concrete applications when this is possible, and quite easily.

Proposition 5.20. We say that P € Mpy(R) is a stochastic matrix and w, ..., wy are positive
numbers such that

’LUZ'pZ'j = w]'pji, V’i,j (513)
If we set w = [wl, . ,wN], then wP = w. In particular, if P is irreducible, its stationary

distribution is

1 N
wi® = W W = ;wl
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Proof. Note that
w-P=[w-Ci(P),...,w-Cn(P)]

Hence (5.13)
5.13 )
(w . P)j =w - Cj(P) = Z’wipij = ijpji = wj ijz = wj.
Note that 1
W= —w
w
is a distribution satisfying
wP =w.
If P is irreducible, there is only one such distribution, the stationary distribution w°. O

Definition 5.21. A stochastic matrix P € My (RR) is called reversible if there exist positive numbers
wy, . . ., wy satisfying the condition (5.13) in Proposition 5.20. O

5.3. Hopping kangaroos and Markov chains. Let’s fix a stochastic nxn matrix P = ( Dij )
A large mob of kangaroos prepares to engage in a hopscotch game, but with a random twist.

There are n locations ¢1, ..., £,. At each location there is an urn containing balls colored with one
of the n colors, ¢y, ..., c,. The matrix P tell the proportions of balls of a given color in the urn at
a given location. Thus, at location ¢; the the proportion of balls colored ¢y, is p;1, the proportion of
co-balls is p;s etc. The fact that P is a stochastic matrix guarantees that p;; > 0 and

pit +pi2+ - +pin =1, Vi.

The kangaroos in the cloud enter one after the other into the following hopscotch game: each starts
at location ¢1, draws a ball from the urn located there, reads the number on the ball, puts it back in
the urn and hops at the location with the number he read on the ball. Once at a location ¢;, he draws
a ball from the urn located there, reads the number an the ball, puts it back in the urn and hops at the
location with the number he read on the ball. And so on. The game stops after a very large number
of hops, say after one million (10%) hops. The kangaroo will stay put at the location he found himself
after one million of random hops.

After the first kangaroo finishes his million hops, the next kangaroo performs the same routine and
freezes in place at the location he found himself after one million of random hops. Successively, each
of the kangaroo of the mob will land, after one million of such random hops, to one of the n available
locations.

At the end the mob splits into n smaller troops, one troop at each of the n locations. A fraction f;
of the initial mob will be located at /5, a fraction fo will be located at £» and so on. Clearly

ittt =1

Thus, the row vector f := [f1, fa, ..., fn] is what in the previous subsection we called distribution.
This random hopping game is an example of the mathematical concept of Markov chain. If P is
primitive, then Theorem 5.19 and a bit of elementary probability show that f is well approximated by
the unique invariant distribution w>° of P. Thus, from the very beginning of the game, we some idea
what will happen in the long term though complex randomness will intervene during the evolution.

1<ij<n’
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5.4. Exercises.

Exercise 5.1. Let () be a symmetric bilinear form on an n-dimensional real vector space. Prove that
there exists a basis of U such that the matrix associated to () by this basis is diagonal and all the
entries belong to {—1,0,1}. O

Exercise 5.2. Let () be a symmetric bilinear form on an n-dimensional real vector space U with
indices of inertia p, u—, po. We say @ is positive definite on a subspace V' C U if
Q(v,v) >0, Yo e V\0.

(a) Prove that if () is positive definite on a subspace V', then dim V' < .
(b) Show that there exists a subspace of dimension y+ on which @ is positive definite.
Hint: (a) Choose a diagonalizing basis e = {ej,...,e,} of . Assume that Q(e;, e;) > 0, for
i=1,...,uy and Q(ej,e;) < O0forj > py. Argue by contradiction that

dim V + dimspan{e;; j > py} < dimU =n. O
Exercise 5.3. Let () be a symmetric bilinear form on an n-dimensional real vector space U. with
indices of inertia i, —, pg. Define

Null (Q) := {u eU; Qu,v)=0, YweU. }
Show that Null (Q) is a vector subspace of U of dimension . O
Exercise 5.4 (Jacobi). For any n x n matrix M we denote by M; the ¢ X 7 matrix determined by the

first 2 rows and columns of M.
Suppose that () is a symmetric bilinear form on the real vector space U of dimension n. Fix a

basis e = {eq,...,e,} of U. Denote by A the matrix associated to () by the basis e and assume that
AZ’ = detAZ- 75 O, Vi = 1,...,n.
(a) Prove that there exists a basis f = (fy,..., f,) of U with the following properties.

(i) span{ey,...,e;} =span{f,....f;},Vi=1,...,n.
(i) Q(fr,ei) =0,VI<i<k<n, Q(fr,ex)=1Vk=1,... n.

Hint: For fixed k, express the vector f;, in terms of the vectors e;,

n
fr= Z Sik€i
i=1

and then show that the conditions (i) and (ii) above uniquely determine the coefficients s;i, again with
k fixed.
(b) If f is the basis found above, show that

Ag_
Qf i f1) = Akikl’ Vk=1,...,n, Ag:=1.
(c) Show that the Morse index p— (@) is the number of sign changes in the sequence
1,A1,Aq, ... A, O

Exercise 5.5 (Sylvester). For any n x n matrix M we denote by M; the ¢ X ¢ matrix determined by
the first ¢ rows and columns of M.

Suppose that @) is a symmetric bilinear form on the real vector space U of dimension n. Fix a
basis e = {ei,...,e,} of U and denote by A the matrix associated to () by the basis e. Prove that
the following statements are equivalent.
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(i) @ is positive definite.
(i) det A; > 0,Vi=1,...,n. O

Exercise 5.6. (a) Let f : [0,1] — [0,00) by a continuous function which is not identically zero. For
any k = 01, 2,... we define the k-th momentum of f to be the real number

1
k
p = pk(f) = / z” f(x)dx.
0

Prove that the symmetric (n 4+ 1) x (n + 1)-matrix symmetric matrix

A= (aij)ocijen, i = flit;-
is positive definite.
Hint: Associate to any vector

uo
U1

Un

the polynomial P, (z) = ug + uix + - - - + u,z™ and then express the integral

1
/0 Po(a)Po() ()

in terms of A.
(b) Prove that the symmetric n X n symmetric matrix

1
i+

B = (bij)i<ij<n, bij =

is positive definite.
(c) Prove that the symmetric (n + 1) X (n + 1) symmetric matrix

C = (cijlo<ij<n, cij = (i +7),

where 0! :=1,n!=1-2-.-n.
Hint: Show that for any £k = 0,1, 2,... we have

/ tFe dx = k!,
0

and then due the trick in (a). O

Exercise 5.7. (a) Show that the 2 x 2-symmetric matrix

2 -1
I
is positive definite.
(b) Denote by @ 4 the symmetric bilinear form on R? defined by then above matrix A. Since Q 4 is
positive definite, it defines an inner product (—, —) 4 on R,

(u,v) 4 = Qa(u,v) = (u, Av)

where (—, —) denotes the canonical inner product on R?. Denote by T# the adjoint of T" with respect
to the inner product (—, —) 4, i.e.,

(Tu,v)4 = (u,T#v>A, Vu,v € R%. (#)
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Show that

T# = A7'T* A,
where T is the adjoint of 7" with respect to the canonical inner product (—, —). What does this
formula tell you in the special case when 7" is described by the symmetric matrix

23]

Hint: In (#) use the equalities (x, y) 4 = (x, Ay), (Tx,y) = (x, T*y), Vx,y € R O

Exercise 5.8. Suppose that U is a finite dimensional Euclidean F-space and T" : U — U is an
invertible operator. Prove that /T*T is invertible and the operator S = T'(v/T*T)~! is orthogonal.[J

Exercise 5.9. (a) Suppose that U is a finite dimensional real Euclidean space and @) € Sym(U) is a
positive definite symmetric bilinear form. Prove that there exists a unique positive operator

T:U—->U
such that
Q(u,v) = (Tu,Tv), Yu,veU. O
Exercise 5.10. Let U be a complex Euclidean space and 7' : U — U a selfadjoint operator.

(i) Prove that 72 is nonnegative definite.
(ii) Set |T'| = V'T*2. Prove that |T'| and T’ commute, i.e., T - |T| = |T| - T.
(iii) Prove that if 7T is invertible then so is |T'| and then operator |T'|~!7" is orthogonal.
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