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A peculiar and undesirable current-voltage characteristic of nanoporous membranes is that it exhibits a
voltage window with a near-constant limiting-current density when bulk ions near one surface of the membrane
are depleted. We show both theoretically and experimentally that this interval disappears for an isolated
circular nanopore �or narrow nanoslot� because radial field focusing at the pore entrance enhances the depletion
effect and drives an ejecting hydrodynamic vortex pair that amplifies ion flux into the nanopore. This vortex
pair is distinct from the vortex arrays that appear in front of a wide nanoslot or a nanoporous membrane with
small inter-nanopore separation. It hence suggests that an optimal pore radius/separation ratio exists for maxi-
mum current density across a membrane.
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I. INTRODUCTION

A curious and important I-V characteristic of conducting
ion-selective �nanoporous� membranes, such as those in fuel
cells, solar cells, mammalian cells with ion channels and
desalination devices, is that, at sufficiently high voltages, the
current I deviates from the usual linear Ohmic dependence
on the voltage V. More specifically �see Fig. 1�a��, at some
voltage threshold, the differential resistance increases to a
large but finite value. Beyond yet another critical “gating”
voltage, the differential resistance decreases again to a level
that is comparable with that in the Ohmic region. The former
part of the I-V curve is referred to as the “limiting-
resistance” region, while the latter is referred to as the “over-
limiting” current region �e.g., �1��. �The middle high-
resistance region is often referred to as the limiting-current
region �2� but it is more aptly described as a limiting-
resistance region with high but finite limiting differential re-
sistance, as the current does not necessary approach a limit-
ing value.� The high resistance in this region limits the
current density of fuel/solar cells and is an important factor
in the overall efficiency of these devices.

A straight nanochannel or more accurately nanoslot �since
the standard photolithography techniques cannot produce a
width that approaches the submicron length scale of its
height� is a simple model �Fig. 2� for an ion-selective nano-
porous membrane, as the electric Debye layers �EDLs� of
both top and bottom substrates overlap as in a nanopore.
Like an ion-selective membrane, the overlapping double lay-
ers select the counterions to carry most of the current across
the slot. In recent years, fabrication of nanochannels has be-
come possible and the ion transport �e.g., �3��, ion-
enrichment, and ion-depletion �e.g., �4,5��, rectification of
ionic current �e.g., �6��, limiting and overlimiting-current �7�

phenomena have been examined with these pseudo-ion se-
lective membranes.

While these nonlinear I-V features were previously stud-
ied for pseudohomogenous nanoporous membranes with
high pore connectivity �8� and recently for wide nanoslots
�9�, the case of a single nanopore �or equivalently, a narrow
nanoslot� with three-dimensional field-focusing effects is yet
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FIG. 1. �a� I-V characteristics of the widest nanoslot �2.5 mm�
for varying ionic strengths �c0�; �b� Conductance of aqueous-filled,
Polysilicon/Pyrex glass, nanoslot as a function of c0. �symbols—
experiment; continuous line—model �18�; dashed line—bulk con-

ductivity �model �18� with �̃=0��.
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to be scrutinized. Transport issues important at the single
nanopore level are mostly neglected �or averaged out� when
describing bulk membranes consisting of many nanopores
�8�. However, they are expected to become important when
the pore separation is sufficiently large such that the interac-
tion among pores does not smooth out the point-sink nature
of each pore with respect to field and current flux. As the
electromigration ion flux in the electroneutral bulk is con-
trolled by the gradient of the electric potential, which satis-
fies the Laplace equation in this space charge-free region, the
flux density is expected to reflect the equation’s classical
fundamental solutions with constant, 1 /r and 1 /r2 field
strengths �r being the radial coordinate� for planar, line, and
point sinks. Since these fundamental solutions exhibit ex-
tremely different field strengths and length scales �see Sec.
IV�, it is quite possible that the different geometries can pro-
duce fundamentally different I-V characteristics. Phenomena
involving space charge generation and electrohydrodynamics
will be shown to appear with enhanced field focusing to
increase the ion flux. Hence, nanoporous membranes with
large pore separation and surface heterogeneities may pro-
duce a larger overall current even if their void fraction is
smaller.

There is another development in nanotechnology that re-
quires the understanding of current flux through isolated
nanopores/slots. In recent years, artificially engineered mem-
brane �10� or artificially fabricated �11� nanopores have been
shown to be able to capture single-molecule passage events.
The fabricated nanopores are often isolated to prevent cross-
talk. Also, higher current density translates into higher
electro-osmotic convection or higher electromigration flux of
the molecular targets. Thus, understanding the electrokinetics
of isolated nanochannels can help design future sensitive
single-pore biosensors that can detect a specific molecule
�e.g., by using surface molecular probes�.

In this study, a nanoslot with varying widths is fabricated
on a chip �Fig. 2� as a simple model to capture the geometric

field-focusing transition from a line �wide nanoslot� to a
point �narrow nanoslot� sink. The advantages of using the
two-dimensional nanoslot chip, fabricated using standard
photolithography techniques, to image the concentration-
polarization phenomenon were already demonstrated in
�9,12�—the concentration fields and dynamics are much
more amenable to confocal characterization than three-
dimensional nanopore structures. Also, the photolithography
technique allows precise control of the nanoslot geometry to
produce gradual enhancement of the field-focusing effect �by
decreasing the nanoslot width� and to eliminate the need for
more sophisticated nanofabrication tools, e.g., focused-ion-
beam �FIB� and electron-beam �E-Beam�.

The threshold current at which the limiting-resistance re-
gion occurs is often approximated by the classical diffusion-
limited current transport theory �2�, according to which the
current density saturates at a constant limiting-current den-
sity with an infinite differential resistance. An electroneutral
diffusion layer �DL� with an ion concentration gradient ap-
pears near one of the two membrane interfaces to enhance
the flux via diffusion. �This interface is on the side where the
counterions enter the membrane, the side that controls the
ion flux into the membrane.� This diffusive-flux enhanced
current density saturates when the ion concentrations vanish
at that interface to produce the limiting current—the electro-
lyte is effectively deionized at that location �2�.

Latter theories by Rubinstein and Shtilman �8� suggest
that, at higher voltages, an extended polarized layer with
space charge �EPL, or equivalently, space charge layer—
SCL� much thicker than the EDL can appear between the
EDL and the electroneutral diffusion layer to sustain an
overlimiting-current density, which is much higher than the
limiting-current density �Fig. 1�a��. The collection of these
three different layers is termed the concentration-polarization
layer �CPL�. Starting with Rubinstein and Shtilman �8�, latter
studies have offered one-dimensional �1D� models of either
an ideal �13� or nonideal �14� permselective nanoporous
membrane. Such one-dimensional models treat the nano-
porous membrane as a continuum and neglects field-focusing
effects through the nanopores. The small cross-section area
of the pore, compared to the cross-section area of the same
flux tube outside the pore, enhances intrapore resistance to
ion current. As a result, models and theories which omit this
field effect often mistakenly attribute the dominant resistance
below the limiting current to be in the DL outside the mem-
brane instead of intrapore resistance due to field focusing.

Recently, we have explained and quantitatively captured
�9� the nonlinear features of the entire I-V curve of a
nanoslot based on a pseudo-one-dimensional model that in-
cludes field-focusing effect and the CPL, whose length was
measured directly from experiments. The nanoslot entrance
was assumed to be wide enough such that lateral variations
can be neglected, thus resulting in a pseudo-two-dimensional
geometry in cross-section. Furthermore, by realizing that the
ratio between the microchamber height and that of the
nanoslot is very high ��104�, the two-dimensional geometry
was effectively collapsed onto a pseudo-one-dimensional ge-
ometry with a radial coordinate in the microchambers and a
longitudinal Cartesian coordinate in the nanoslot.

A key parameter in the one-dimensional model is the
thickness of the CPL near the membrane. Rubinstein et al.

FIG. 2. �Color online� Schematic of the two Pyrex slides �top
view� consisting the chip: �a� Two square microchambers of 50 �m
depth that were wet-etched into a 1 mm Pyrex glass slide. Inlet/
outlet access holes were mechanically drilled into the center of each
microchamber; �b� Rectangle of varying width w �=2.5, 1, 0.5 mm,
and 50 �m� and depth H=190 nm, that is etched into the depos-
ited polysilicon layer on top of a second 1 mm Pyrex glass slide; �c�
Sealing of these two glass slides form the nanoslot that connects the
two microchambers as seen in the side-view that corresponds to the
cross-section A-A of the chip; �d� Optical microscope image
�top view� of the chip with the widest �2.5 mm� nanoslot �empha-
sized with red background�.
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�15� suggested a possible physical mechanism for selecting
the CPL dimension that involves an intrinsic instability of the
SCL �see also �16� and references therein�. The lateral os-
motic pressure gradient of this vortex instability produces a
vortex array �Fig. 3� that specifies the thickness of the CPL
which, in turn, controls the overlimiting-current density. This
mechanism, although consistent with some indirect experi-
mental observations ��1,17��, was only recently verified ex-
perimentally both with a nanoslot model �12� and a real
membrane �18�. A predictive theory for this selected CPL
thickness has not yet appeared and we have used the mea-
sured value in our model to quantitatively capture the entire
I-V curve of a wide nanoslot �9�. If the CPL length scale for
a real membrane can be measured empirically or derived
theoretically, the model can also be extended to capture its
I-V characteristics.

This CPL-selecting instability manifests itself in an array
of vortices with a periodic depletion layer pattern of a char-
acteristic wavelength �12�. In the case of a sufficiently wide
nanoslot, the corners/side walls constitute only a small por-
tion of the entire entrance width, and hence the singular elec-
tric fields that may be present there can be neglected at small
enough voltages. Such corner effects are expected to become
important for narrower slots and have been shown to produce
corner vortices by the induced-charge electro-osmosis
�ICEO� phenomenon �20,21�. Here we will show that there is
another mechanism for the occurrence of corner vortices
resulting from the combined field focusing �i.e., strong
tangential electric fields� and space charge effects, known as
electroosmosis of the second kind �22�. These vortices are
different from the vortex array driven by Rubinstein’s
instability under pseudohomogenous membrane conditions.
They can even suppress the instability and significantly alter
the onset voltages of the limiting-resistance and overlimiting
regions. As corner vortices are not observed for communi-
cating nanopores �18�, it is expected that pore isolation is
necessary for their appearance. As such, the I-V characteris-
tics of isolated pores can be dramatically different from com-
municating ones. This pore communication effect is most
likely related to another well-known empirical fact. It is
known that nonuniformity on the membrane can reduce the

voltage range of the undesirable limiting-resistance window.
A theory concerning electroconvection predicts a reduction
in the window for membranes with increased conductive or
geometrical heterogeneity �15�. This was also recently ex-
perimentally verified �23�, wherein reduction in up to 60% in
the voltage window of the undulated membranes was ob-
tained compared to that of a flat membrane. The heterogene-
ity presumably increases the isolation of the pores and also
produces localized and isolated space charge regions that can
sustain the corner vortex pairs.

Here, we extend previous studies on the nonlinear
I-V characteristics of pseudo-one-dimensional membranes
�8,13� and two-dimensional wide nanoslots �9� to isolated
nanochannels �i.e., narrow nanoslots� and relate them to
the three-dimensional field-focusing effects of isolated axi-
symmetric nanopores. We demonstrate the existence of the
corner vortices for narrow nanoslots and show how these
are related to the occurrence of a toroidal vortex in front of
a nanopore. Moreover, we show how the nonlinear I-V
features of a narrow nanoslot can be captured with an axi-
symmetric nanopore model when the former width becomes
comparable to that of the depletion layer size. Furthermore,
we demonstrate, for the first time for nanochannels, how
the limiting-resistance window decreases with decreasing
nanoslot entrance width and attribute it directly to the
gradual change in field-focusing effects from a line source to
a point source and the appearance of an ejecting vortex pair
at the corners. This corner vortex pair has replaced the vortex
array due to Rubinstein’s instability to dictate the I-V char-
acteristics. The same phenomenon is expected for real mem-
branes with separated pores.

II. EXPERIMENTAL TECHNIQUES AND METHODS

Nanofluidic slots of different widths were fabricated to
connect between two microchambers. The fabrication tech-
nique is similar to the anodic bonding procedure of Kutch-
oukov et al. �24�. Briefly, nanoslots 0.5 mm long but of dif-
ferent widths 2.5, 1, 0.5 mm, and 50 �m were patterned on
a 190 nm thick polysilicon layer deposited on a 1 mm thick
Pyrex glass �Corning 7740� substrate �Fig. 2� using standard
photolithography techniques. A reactive CF4 /O2 plasma then
etched into the polysilicon layer at a rate of 100 nm/min. The
depth of the resulting channel was determined by the thick-
ness of the polysilicon layer �i.e., H=190 nm� as was veri-
fied using an �-stepper profilometer. The microchambers
3�3 mm2 were patterned on a second 1 mm thick Pyrex
glass slide on which masking layers of Cr/Au �30/300 nm�
were deposited. After developing through the mask layers,
the microchambers were wet-etched using 52% HF solution
for a predetermined time to achieve a depth of about 50 �m.
Two entrance holes 1 mm in diameter were then drilled in
the center of each microchamber and the rest of the masking
layers were etched away using a Cr- and Au-etchants
�Fig. 2�a��. After cleaning in HNO3 solution for about 10
min, the two slides were bonded together �Figs. 2�c� and
2�d��. To ensure good bonding, the wafers were preheated for
2 h at 400 °C and bonded at the same temperature at 1000 V
for 1 h. Reservoirs made of flexible silicon �FastwellTM

FIG. 3. Sequence showing the depletion layer pattern evolution
as a response to a stepwise application of 30 V across the wide �2.5
mm� nanoslot. In particular, the complex process of wavelength
selection by small vortices break up through fusion and transforma-
tion into still larger vortices until a quasisteady like pattern is
formed is clearly seen.
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from Grace bio-Laboratories� were used on top of the open-
ings wherein platinum electrodes were introduced. The
nanoslot was filled by introducing distilled, deionized
�18 M� cm� water into the large fluidic reservoirs and al-
lowing capillary forces to draw the water across the nanoslot.
The electrical voltage source and I-V converter �Agilent
Technologies, 4155 B Semiconductor Parameter Analyzer�
were connected to the fluidic channel with negligible resis-
tive loss via Platinum wires inserted into the reservoirs. The
channels were cleaned of ionic contaminants using electro-
phoretic pumping. The ionic current was observed to decay
while 10 V were applied across the channels to drive out
ionic impurities. The reservoirs were periodically flushed
with fresh solution until the current equilibrated to a mini-
mum, which typically took �20 min. This procedure was
also followed by displacing different dilutions of a 1 M po-
tassium chloride �KCl� solution to change the ionic strength
and control the degree of EDL overlap.

To obtain the measured I-V curves in Figs. 1 and 4, the
applied voltage was stepped in 0.25 V increments every 3 s,
during which time current transients were observed to decay
completely. In the low concentration limit, the three distinct
I-V regimes for the wide nanoslot are indeed observed: a
linear Ohmic region, followed by a limiting-resistance region
with a small slope �large limiting differential resistance� and
finally an overlimiting region �Fig. 1�a��. These data are in
qualitative agreement with previous experimentally obtained
I-V curves for true nanoporous membranes ��1�, �17�� and
also for nanochannels �7,9�. It is quite clear that a limiting-
resistance region is not discernable for the narrow slots �Fig.
4� and there seems to be a direct transition from the Ohmic
to the overlimiting region. In the following, we suggest that
this disappearance of the limiting-resistance region is due to
the severe ionic concentration gradients �resulting, effec-
tively, in a much shorter depletion region or CPL� and the
ejecting vortex pair sustained by enhanced field focusing at
the pointlike narrow nanoslot.

At high enough concentrations ��10−3 M�, only the
Ohmic region is observed �Fig. 1�a��, irrespective of the
nanoslot width. The thinner Debye length stipulates that
EDLs do not overlap within the slot and the nanochannel’s
perm-selectivity, space charge, and superior conductivity are
lost—it is no longer a model for an ion-selective nanoporous
membrane. Note that the conductance at the low-voltage

Ohmic region does not scale linearly with the ionic strength
at its low values �Fig. 1�b��, suggesting that intraslot resis-
tance is important. Ohmic resistance is hence not just due to
external resistance, as is assumed in earlier theories involv-
ing an infinitely conducting membrane �2�. The conductivity
within the slot is finite and must be considered to quantita-
tively capture the true I-V characteristics �9�.

In order to visualize the polarized regions, we used
positive-charged Rhodamine dye molecules �counterions of
the nanoslot� at 10 �M concentration. When a large enough
electric field, beyond the critical voltage for the limiting-

FIG. 5. Confocal image snap-
shots of the quasisteady depletion-
enrichment layers occurring at
the nanoslot opposite entrances
for 10−5 M KCl concentration
buffer at different voltage levels
and nanoslot width: 2.5 mm
�a�–�f�, 0.5 mm �g�–�l�, 50 �m
�m�–�r�.

FIG. 4. �a� I-V characteristics of nanoslots with varying widths
at 10−5 M KCl concentration; �b� the same data but normalized by
the corresponding conductivity value �Ohmic region�, so as to em-
phasize the differences in the limiting-resistance region.
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resistance region, is applied across the nanoslot, an enrich-
ment region at the cathodic entrance of the nanoslot is ob-
served with high dye concentration while a depletion region
is observed at the anodic side where the dye enters the
nanoslot, as seen in Fig. 5 for the nanoslots of different
width. Instead of a periodic array of depletion regions ob-
served on the anodic side of the wide nanoslot �Fig. 3�, a
single and significantly smaller depletion region is obtained
for the narrow nanoslot �Figs. 5�n�–5�r��. This is also con-
firmed by plotting the selected depletion layer length �de-
fined as L in Fig. 5�, which approximates the selected CPL
length scale �12�, for nanoslots of different widths at differ-
ent applied voltages �Fig. 6�. At voltages below �5 V for
narrow and �10 V for wide nanoslots �Fig. 6�, it was hard
to discern any depletion and the CPL length scales �see also
Fig. 5�. It was hence assumed that the CPL extends all the
way to the electrodes ��2.5 mm�, as indicated by the filled
symbols in Fig. 6. The critical voltage in Fig. 6, when the
observed CPL length undergoes a discontinuous drop, is in
agreement with the onset voltage of the overlimiting region
in Fig. 4. Beyond this critical voltage, the depletion is clearly
discernable at the anodic side of the nanoslot interface and
became more pronounced with voltage. The CPL length in-
creased with voltage until it reached again the slot-electrode
separation. However, compared to conditions below the
overlimiting region, the concentration gradient in the CPL is
much higher and increases with decreasing slot width. That
the ionic concentration gradients in the depletion layer of the
narrower nanoslot are more severe is clearly seen in Fig.
7�c�, which compares the concentration profiles of different
slots at 10 V. Figures 7�a� and 7�b� depict the voltage depen-
dence of the concentration profile on the applied voltage for
the wide �2.5 mm� and narrow �50 �m� nanoslots, respec-
tively. It clearly shows the increase of the total CPL length
scale in Fig. 6 and also the emergence of the polarized layer
�SCL�, with a flattened concentration profile inside the high-
gradient depletion region, at higher voltages. These concen-
tration plots were extracted from the fluorescent intensity
profile across the depletion region at the anodic side of the
nanoslot.

In order to visualize, in a qualitative manner, the inner
flow structure of these depletion regions, we used fluorescent

polymer microbeads �Duke Technologies� of 1.2 �m in size
and 0.02% volumetric concentration, reminiscent of the mi-
croparticle imaging velocimetry ��-PIV� technique used for
quantitative determination of the velocity field �e.g., �20��. In
the case of a wide nanoslot �Figs. 8�a�–8�d��, an array of
depletion regions appear, with each region encompassing a
single vortex pair �12� �see the schematic vortex streamlines
in Fig. 8�c�, and the supplementary video �19��. Individual
vortex pairs in the array appear at different locations along
the nanoslot entrance. The bright spots in Figs. 8�b�–8�d� are
the stagnation points of the different vortex pairs where col-

FIG. 7. Normalized concentration profile of the depletion layer
at the anodic side of the �a� wide �2.5 mm� and �b� narrow �50 �m�
nanoslots for different applied voltages. The normalized �by the
nanoslot length� profile coordinate origin is at the nanoslot entrance
at the anodic side and points into the microchamber. Part �c� of the
figure compares the different concentrations profile at 10 V applied
voltage for the different nanoslot widths, clearly showing increase
in concentration gradient with decreasing nanoslot widths.

FIG. 6. The instability selected CPL length scale �L—as mea-
sured from Fig. 5� versus the applied voltage for varying nanoslots
width. Filled symbols stand for cases when there is no observable
vortex array �depletion array�. It is then assumed that the depletion
layer extends all the way to the electrodes.
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loids tend to accumulate. They eventually synchronize and
coalesce in a complex manner to create a single �thicker�
depletion layer and a single �larger� vortex pair at large
enough voltages �see the transition from Figs. 8�c� and 8�d�
and the supplementary video �19��. In contrast, the depletion
side of the narrow nanoslot always produces a single vortex
pair �Figs. 8�e�–8�k�� at the nano-microchannel junction cor-
ners �see the schematic vortex streamlines and the supple-
mentary video �19��. Since the colloids mirror the back-
ground flow, they follow the closed-streamline patterns of
the vortex pair and tend to accumulate there. Hence, the ac-
cumulation of colloids, as seen also in the stills pictures of
Fig. 8, is an indication of the existence of a vortex there.
Interestingly, an elevated voltage does not only increase the
size of the depletion region, and its associated vortex pair,
but also tilts the vortex pair toward the horizontal plane con-
sisting of the nanoslot entrance �compare the schematic vor-
tex streamlines of Figs. 8�h� and 8�k��. Furthermore, the vor-
tex pair appears at the narrower slots before the emergence
of the depletion layer �see Figs. 8�e� and 8�f� and the supple-
mentary video �19��. This suggests that the single vortex pair
of the narrow slots originates from a mechanism different
from the initial vortex array in the wider slots. The latter is
most likely due to the SCL instability ��15,12,18�� but the
dominant corner effects of the former suggests that corner
polarization �e.g., ICEO �20,21�� at low voltages and space
charge emergence concurrent with large tangential electric
field component �22� �due to the field-focusing geometry� at
higher voltages ��10 V� are responsible for the vortex pair
generation of narrow slots. This vortex pair enhances the
ionic current through the nanoslot �as seen in Fig. 4�b��, as
its mixing action reduces the selected CPL length scale �12�.

For a sufficiently large depletion layer length relative to
the nanoslot width, the three-dimensional field-focusing re-
sults in an almost spherically shaped depletion layer. More
precisely, for the fabricated narrow nanoslot �Fig. 9�a��, it is

a quarter of a sphere as the bottom surface of the chip be-
haves as a symmetry plane. This observation allows us to
produce a simple model that connects the narrow nanoslot to
the nanopore. Both share the same field-focusing behavior,
but with different radial geometries, and the quarter-sphere
depleted region of the nanoslot is exactly one half of the
half-sphere region in front of the nanopore �Fig. 9�b��.

We find the thickness of the depletion layer at one en-
trance to be comparable to that in the enrichment region in
the other. However, due to the low ionic strength in the
depletion layer, it is quite obvious that it is the depletion
layer that controls the current and the thickness of both lay-
ers. The vortices and the resulting constrained depletion
layer only appear beyond a critical voltage of about 10 V
�Figs. 8�c� and 6� and 5 V �Figs. 8�e� and 6� for the wide and
narrow nanoslots, respectively. Below this voltage, the CPL
extends to the electrode and beyond it the vortex pair selects
a smaller CPL dimension that increases monotonically with
voltage, as shown in Figs. 6 and 8.

III. THEORETICAL MODEL

A nonideal permselective membrane necessitates a model
for membranes of finite conductance and a theory that
couples all three domains of the problem �i.e., both the CPLs
at the anodic and cathodic sides of the membrane, and the
nanopore�. We employ Manazanares et al.’s simplified model
�14� for a nonideally permselective nanoporous membrane,
in which the surface charge is included in the averaging of
the ion transport and Poisson equations across both solid and
liquid phases to produce an effective homogeneous model.
The membrane is assumed to contain fixed charged groups at
a uniform volumetric concentration density �. This approach
was previously used for the case of a wide nanoslot �9�, but
here it is extended to the axisymmetric nanopore geometry
�Fig. 9�b�� with matching conditions at the entrance to cap-

FIG. 8. �Color online� Similarly to Fig.
5—confocal image snapshots were taken of the
quasisteady depletion layer occurring at the an-
odic entrance of the widest �a�–�d� and narrowest
�50 �m� �e�–�k� nanoslots at varying applied
voltages. However, in addition to the Rhodamine
dye molecules, fluorescently tagged 1.2 �m
�0.02% volumetric concentration� were added to
the electrolyte solution �10−5 M KCl� in order to
visualize the flow dynamics, and in particular, the
resulting vortex pairs �sketched schematically
based on the supplementary videos �19��. In con-
trast to the narrow nanoslot case, wherein only a
single pair of vortex can be observed, multiple
vortex pairs are observed in the wide nanoslot
case before they merge into a single large vortex
pair �d� for large enough voltages.
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ture the field-focusing effect in the bounding reservoirs �mi-
crochambers� that arises from the three-dimensionality of the
nanopore. The same field-focusing effect also occurs for true
membranes consisting of widely separated nanopores but has
yet to be scrutinized.

Figure 9�b� depicts schematically the two-sided axisym-
metric micro-nanopore junction problem geometry viewed in
profile. We use a spherical coordinate system �R� in the mi-
croreservoirs and a Cartesian coordinate system �x� inside
the intra-nanopore. The three-dimensional problem can be
further simplified into an effective one-dimensional problem,
by assuming radial symmetry in the microchamber regions
and treating only axial changes within the nanopore region.
This assumption is valid because the nanopore radius, h, is
much smaller than the dimensions of the microreservoir.

In the Ohmic region wherein the nanopore/nanoslot resis-
tance dominates over that of the microreservoirs, it is only
the former parameters �i.e., cross-section area, A, length, d,
and volumetric fixed charge density �� that control the con-
ductance of the entire system. The parameter � depends on
the nanopore radius h �or nanoslot height, H� and the surface
charge density. The latter, unless chemically modified, is
usually predetermined by the surface chemistry of the fabri-

cation process. Hence, for the same �, the nanopore �Fig.
9�b�� and nanoslot �Fig. 9�a�� conductance are related to each
other by the ratio of the nanopore ��h2� to nanoslot �wH�
cross-section area. As for microfabricated nanoslot w�H ,h,
this ratio is �h /w	1.

In the non-Ohmic regions �i.e., limiting-resistance and
overlimiting regions� the differential resistance is determined
mainly by processes occurring outside the nanochannel/
nanopore. A narrow nanoslot of width that is much smaller
than the depletion layer length �i.e., w	L� can be effectively
described as a point source/sink in terms of the field-focusing
effect as in the case of a nanopore. Hence, for large enough
depletion length, the nanoslot and nanopore non-Ohmic dif-
ferential resistances are again related by the ratio of their
cross-section area. It is obvious that a narrow nanoslot
�i.e., w
L� cannot be modeled anymore by the two-
dimensional approach which is only applicable for wide
nanoslots �i.e., w�L� �9�. Instead, the three-dimensional
field-focusing effect can be captured by the more simplified
axisymmetric nanopore geometry as described in the
following.

Both the enrichment region and the depletion region in
the two entrances are assigned the CPL length L. By appro-
priate coordinate transformation �i.e., x=−R at −L�x�−h,
and x=d+R at d+h�x�d+L, where L is the CPL length
and d is the nanopore length� we can describe all three do-
mains in terms of one axial coordinate x. We chose the fol-
lowing normalization for the axial coordinate x̃=Lx, ionic
concentration c̃=c0c, electric potential �̃= �RT /zF��, ionic

flux j̃= �Dc0 /L�j and electric current density ĩ= �FzDc0 /L�i.
Here, the tilda stands for dimensional parameters, c0 is the
buffer solution concentration, F denotes the Faraday number,
z the ion valency, R the universal gas constant, T the absolute
temperature, and D the ionic diffusion coefficient. We also
define the nondimensional parameter =� /L as the ratio be-
tween the EDL length scale, � �=���0� fRT /2z2F2c̃ and the
CPL length L. Herein, �0 is the electric permittivity of
vacuum and � f denotes the dielectric constant of the electro-
lyte solution.

As is true for most micro- and nanochannel dimensions
and applied voltages, convection effects can be discarded
�i.e., negligible Peclet number�. A symmetric electrolyte
�z+=−z−=z� of equal diffusivities �D+=D−=D� is assumed
to simplify the analysis. Thus, � and c� satisfy the follow-
ing �Nernst-Planck� equations for the ionic species in the
three domains, with radial symmetry invoked in the mi-
croreservoirs,

�c�

�t
=��

�

�x
+

2

x
	� �c�

�x
� c���

�x
	 at − 1 � x � −

h

L

�

�x
� �c�

�x
� c���

�x
	 at −

h

L
� x �

d + h

L

� �

�x
+

2

x − d/L	� �c�

�x
� c���

�x
	 at

d + h

L
� x �

d + L

L


 , �1�

FIG. 9. �Color online� Schematic description of the three-
dimensional �a� narrow nanoslot geometry and �b� axisymmetric
two-sided micro-nanopore junction. When the depletion region ex-
tent L is much larger than that of the nanoslot width w, the field-
focusing effect at the nanoslot resembles that of the nanopore. How-
ever, instead of the depletion region being half a sphere, it is a
quarter of a sphere in the former case.
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and the corresponding Poisson’s equation for the three domains are

�
1
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�
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�x2��
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22 at − 1 � x � −
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�2�
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�

�x
��x −

d

L
	2��

�x
� = −

c+ − c−
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L
� x �

d + L

L


 , �2�

where � is the effective fixed volumetric charge �normalized
by c0� from surface charge that allows a one-dimensional
formulation within the nanopore �14�. At the interface
between the diffusion layer and the Ohmic bulk

solution �i.e., R̃=L� � and c� satisfy the electrostatic
conditions

��/�x = − I/4� at x = − 1��I� , �3a�

� = 0 at x = 1 + d/L��II� , �3b�

and the equality of the ionic concentrations to that of the
buffer solution concentration c0

c� = 1 at x = − 1��I�, x = 1 + d/L��II� . �4�

In Eq. �3� I is the imposed electric current through �I which
is positive in the positive x direction. Furthermore, for future
reference, the electric potential drop across the system �i.e.,
between �I and �II� is designated as V.

At the interface between the nano- and microchannels

�i.e., R̃=h� we impose the matching conditions of electric
field E and ionic flux j� continuity to capture the field and
flux focusing effects,

�E�R = �E�x/2
�j��R = �j��x/2

� at x = − h/L�SI�, x = d/L + h/L�SII� .

�5�

IV. FIELD-FOCUSING EFFECT

An analog of Levich’s limiting-current density can be
theoretically estimated for this geometry by including in-
traslot resistance and geometric field-focusing effects, as a
first-order approximation of the limiting-resistance region in
Figs. 1�a� and 4�a�. This limiting current occurs when the
ionic concentration at the anodic nanopore-electrolyte inter-
face �x=−h /L� vanishes when the electroneutrality condition
�c+=c−=c� is employed to describe the ionic transport within
the diffusion layer. Hence, the resulting ionic fluxes at the
anodic side of the nanopore are

j� = − � �c

�x
� c

��

�x
	 , �6�

wherein j� is positive in the positive x direction, from which
one obtains for the spherical geometry outside the nanopore

�c

�x
= −

j+ + j−

2
= −

J+ + J−

4�x2 , �7�

wherein J�=2�x2j� is the steady ionic flux �positive in the
positive x direction� through the surface of half a sphere of
R=−x and the x term in the denominator on the right cap-
tures the field and flux focusing effects of the spherical ge-
ometry.

Combining Eqs. �7� and �4� yields the following nonlinear
concentration profile in the DL �see Fig. 10�a��:

c = 1 +
J+ + J−

4�
�1 +

1

x
	 at − 1 � x � − h/L , �8�

and that of the electric potential

FIG. 10. Analytical results for the limiting-current conditions
depicting the: �a� concentration and �b� potential profiles at the an-
odic side of a pseudo-one-dimensional membrane, two-dimensional
nanoslot, and three-dimensional nanopore, exhibiting an increasing
field-focusing effect.
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� = ln�1 +
J+ + J−

4�
�1 +

1

x
	��� + 1

� − 1
	 at − 1 � x � − h/L .

�9�

Imposing the limiting-current condition c=0 at x=−h /L �SI�
on Eq. �8� yields J++J−=4��h /L� / �1−h /L�. The spherical
geometry that focuses the field into the nanopore is respon-
sible for a large reduction in the current corresponding to the
ratio of the nanopore radius to the diffusion layer thickness,
h /L, which is typically on the order of 10−4. This electric
current I=J+−J− results in the following expression for the
limiting current �normalized by FzDc0L�

IL = 4�� h/L
1 − h/L	�� + 1

� − 1
	 , �10�

wherein �=−J+ /J− is the ratio between the counter- and co-
ions fluxes �assuming that the nanopore surface is negatively
charged� and is related to the permselectivity of the nano-
pore. For an ideal permselective nanopore �i.e., �→�� we
obtain IL ��→�=4��h /L / �1−h /L��. Following Manazanares
et al. �14� �Eq. �16�� � is related to � through the ratio of the
counter- to co-ions concentration within the membrane
�=c+��� /c−��� at −h /L�x�d /L+h /L, wherein explicit
expressions for c���� are given in Eq. �17�. It is obvious
from Eq. �2� that within the membrane nanopore this ratio
increases with �. Also, from Eq. �10� it is clear that the
normalized limiting-current IL monotonically increases as the
permselectivity degree � decreases.

In contrast, for the pseudo-two-dimensional wide nanoslot
case studied in �9�, the nonlinear concentration and potential
profiles in the DL are

c = 1 +
J+ + J−

�
ln�− x� at − 1 � x � − H/L , �11�

� = ln�1 +
J+ + J−

�
ln�− x���� + 1

� − 1
	 at − 1 � x � − H/L ,

�12�

while the limiting current �normalized by FzDc0� is

IL = −
�

ln�H/L��� + 1

� − 1
	 . �13�

For the pseudo-one-dimensional membrane ��9,14�� the fa-
miliar linear concentration profile and potential profile in the
DL is

c = 1 −
J+ + J−

2
�x + 1� at − 1 � x � 0, �14�

� = ln��1 −
J+ + J−

2
�x + 1�	�� + 1

� − 1
	� at − 1 � x � 0,

�15�

while the limiting-current density �normalized by FzDc0 /L�
is

IL = 2�� + 1

� − 1
	 , �16�

with the familiar asymptotic limit of IL=2 for an ideal perm-
selective membrane ��→�� �e.g., �13��. The extra algebraic
term in the nanopore case in Eq. �10� and the logarithm
geometric term in the nanoslot case in Eq. �13� are due to the
field-focusing effects of the two different geometries. It is
clear that both serve to lower the limiting-current density but
the difference is more pronounced for the nanopore.

However, the limiting-current density in Eq. �10� only
estimates the current density at the limiting-resistance
region and not its differential resistance. The dominance of
intraslot resistance occurs because of field focusing into the
nanopore—all the current must go through the nanopore and
the converging field produces a high current density from the
bulk in Eq. �10� that increases with the large ratio of the CPL
thickness to the nanochannel height. To sustain this high
Ohmic current from the bulk, a polarized layer develops as
the bulk concentration at the interface approaches zero to
introduce a larger field for flux into the pore �8�. With the
appearance of the polarized layer, the electroneutral assump-
tion of the limiting-current theory breaks down and a finite
differential resistance develops at the anodic CPL.

The development of the polarized region can be captured
numerically using the above pseudo-one-dimensional formu-
lation �1�, �2�, �3a�, �3b�, �4�, and �5�. The distinct DC ion
distributions and I-V characteristics in the Ohmic and
overlimiting-current regimes are demonstrated for the axi-
symmetric geometry of a nanopore in Fig. 11. All computa-
tions are done with one specific CPL thickness L. Note that
the depletion side on the left, where the bulk concentration c
approaches zero, controls the I-V characteristics and contains
significant space charge in its EPL. The enrichment side on
the right with an ionic concentration higher than the bulk is
always electroneutral �outside the thin equilibrium EDL�
without a polarized layer. It is this polarized layer, amplified
by the field-focusing effect, on the depletion side that invali-
dates the classical limiting-current theory involving only
electroneutral bulk transport.

The varying field-focusing intensities in terms of the ionic
concentration and potential profiles on the anodic side of
the membrane/nanoslot/nanopore are depicted in Figs. 10�a�
and 10�b�, respectively. It is quite clear that when shifting
from a pseudo-one-dimensional to a three-dimensional field-
focusing geometry, the gradients near the nanochannel inter-
face becomes more severe, resulting in most of the ionic
concentration and potential drop to occur there. Hence, for
the pseudohomogenous membrane case, it is the vortex in-
stability that is responsible for selecting a much smaller CPL
length scale �which otherwise goes all the way to the elec-
trode�. However, in the nanopore case, it is the geometrical
three-dimensional field-focusing effect that effectively dic-
tates a significantly smaller CPL, which is weakly dependent
on the nanoslot-electrode distance. For nanopores, the role of
the corner vortices in sustaining this small CPL length scale
is probably not as significant as that of the vortex instability
array in the former case.
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V. OHMIC REGION OF THE I-V CURVE

From the insets of Figs. 11�a� and 11�b�, it is clear that the
resistance is negligible in the cathodic enrichment side and
the intraslot and CPL layer resistance on the anodic depletion
side control the ion current flux. The anodic CPL resistance
is further broken down into two parts: SCL and DL. As is
evident in Fig. 11�a� and inset of Fig. 11�c�, the SCL layer
does not exist in the Ohmic region of the I-V curve. With
field focusing, nanoslot/nanopore resistance dominates over
DL resistance in the Ohmic region as seen in the inset of Fig.
11�a�. As the conductance of the nanoslot in the low concen-
tration limit is specified by the total surface charge, the re-
sistance in this region has a very different dependence on the
ionic strength for a slot whose height is much larger than the
Debye layer �Fig. 1�b��.

We analyze the Ohmic region of the nanoslot data in Fig.
1�a� to obtain the surface charge density in the form of � in
the model of Eq. �2�. The DC conductance was determined
by fitting the slope of the ionic current as a function of
the applied voltage �Fig. 1�a��. At high c0, where �H�1

��=�−1�, the conductance Ĩ / Ṽ=2zF�c0wH /d is linear with
c0, as is consistent with bulk electrolyte conductance. At low
c0, where �H	1 and the surface charge density is
2����zFc0H, the conductance is independent of H and c0,

behaving as Ĩ / Ṽ�2����w /d �wherein �=zF�=zFD / �RT� is
the ion mobility, w is the nanoslot width, d is the nanochan-
nel length and the factor 2 stands for both the top and bottom
walls of the nanoslot while the side walls are neglected�. The
constant conductance reflects the fact that the nanoslot ions
are mostly counterions and, due to electroneutrality, their
number is equal to the total surface charge independent of
bulk ionic strength or slot height. As is consistent with our
model, conductance enhancement due to electro-osmosis has
been neglected. For the nanoslot parameters �Fig. 9�a��
H�200 nm, d=500 �m, w=2 mm, and KCl solution pa-
rameters z=1, �=7.6�10−8 m2 /V s �25�, a fitted value of
���=7 mC /m2 for the surface charge density �inside the
measured surface charge density range of 2–100 mC /m2

reported in �26� for similar substrates� was obtained from the
low c0 data of Fig. 1.

Following Manazanares et al. �14�, we substitute the sur-
face charge density, �, by a fixed volume charge density

zF�̃=−2� /H for the nanoslot case of about 74 KC /m3.
Based on the well-known Donnan equilibrium relations �14�,
the ionic concentrations within the nanoslot can be expressed
as

c̃� = � �̃/2 + ���̃/2�2 + c0
2 at 0 
 x̃ 
 d . �17�

This produces a universal ionic conductance �27� for the in-
traslot dominating Ohmic region,

Ĩ/Ṽ = �F2�zi
2�ic̃i�wH/d = 2F����̃/2�2 + c0

2wH/d , �18�

which reduces to Ĩ / Ṽ=2zF�c0wH /d in the limit of high con-

centrations, c0��̃, and to Ĩ / Ṽ�zF�c̃+wH /d=−2��w /d in

the limit of low concentrations, c0	�̃. As seen in Fig. 1�b�,
a good agreement is obtained between the model �18� �thin
black continuous line� and the experimentally measured
Ohmic data. Also depicted in Fig. 1�b� is the expected bulk
conductance �thin black dashed line� as obtained from model
�18� while neglecting the effect of the nanochannel surface

charge, i.e., �̃=0. A clear deviation from this bulk con-
ductance is clearly seen to occur at concentrations of about
1 mM, indicating that ion permselective effects become
dominant at ionic strengths below this value.

Applying the model �1�, �2�, �3a�, �3b�, �4�, and �5� of an
axisymmetric nanopore to the narrow nanoslot requires to
somewhat relate between the two different geometries, that
mainly differ by the large ratio of cross-section areas, as the
length, d, may be of the same order. Taking the nanopore

model to have the same parameters d, �, and �̃ as those of
the narrow nanoslot chip, dictates the nanopore radius h to be

according to the relation zF�̃=−2� /h. Hence, according to
Eq. �18�, the nanoslot and nanopore Ohmic conductance are
related by a factor of cross-section area ratio �wH /�h2�.

FIG. 11. Numerical computation results for
the concentration-polarization profiles across an
axisymmetric nanopore �0
x
1� for currents
below �a� and beyond �b� the limiting-current IL.
The insets of parts �a� and �b� of the figure de-
scribe the potential drop across the system. Part
�c� of the figure depicts the ion concentration pro-
files on the anodic side of the nanopore for the
overlimiting conditions of �b�, exhibiting an SCL,
in contrast to the profile of �a� in the inset. Also
depicted are the electroneutral DL and the EDL.
The I-V curve for the membrane, exhibiting an
inflection point at IL, is shown in �d� with the
conditions for �a� and �b� indicated. The normal-
ized values of �=2, d=1, h /L=10−2, and
=10−3 have been used.
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VI. NON-OHMIC REGIONS OF THE I-V CURVE

In contrast to the Ohmic region, wherein the field-
focusing effect is of no importance at all since it is only the
nanochannel part that controls the current, the non-Ohmic
region current strongly depends on the degree of field focus-
ing at the channel entrance. This understanding combined
with the mechanism of selecting the diffusion layer �CPL�
length scale was recently used by us �9� to provide the first
comprehensive quantitative explanation of the nonlinear I-V
curve consisting of the three distinct regions �Ohmic, limit-
ing resistance and overlimiting� for the wide nanoslot case.
The same approach, but this time using the three-
dimensional field-focusing model �1�, �2�, �3a�, �3b�, �4�, and
�5� in Sec. III, can be applied for the narrow nanoslot data
of Fig. 4.

In contrast to the wide nanoslot case with a very wide
voltage window for the limiting-resistance region �Fig. 4�
bounded between the linear Ohmic and overlimiting regions,
the narrow nanoslot does not exhibit a discernable limiting-
resistance region. It is quite obvious that with decrease of the
nanoslot width, the system nonuniformity increases, as
boundary effects associated with the nanoslot sidewalls be-
comes more pronounce. One obvious consequence of this
nonuniformity is the emergence of corner vortices �Figs.
8�e�–8�k�� that are quite distinct from Rubinstein’s vortex
array instability away from the corners �15�. This suggests
that the vanishing of the limiting-resistance region is inti-
mately connected to increase of the system nonuniformity.

For channels without permselectivity or an extended po-
larized layer, corner vortices are attributed to induced-charge
polarization of the corners �20,21� when charge build-up at
the corners produces a large converging flow. In the current
case of the nanopores, a localized space charge region exists
at the pore entrance and the focusing field toward the pore
�i.e., non-negligible tangential field component� can impart a
converging �toward the nanopore entrance� Maxwell body
force on the liquid at the space charge region �22�. Since
the similitude between the electric and velocity fields �28�
breaks, once the extended polarized layer kicks in, and

hence, also the fluid irrotational behavior, flux continuity ar-
guments dictates that the excess flux at the microchamber
side �over that through the nanopore� produce a vortex simi-
lar to the one seen in �20,21�.

The finite element based numerical simulation results
shown in Fig. 12 indeed predict such a vortex �actually, a
torus with an axis corresponding to the axial coordinate� to
appear at the depletion layer side of the axisymmetric nano-
pore wherein an extended polarized layer can be sustained.
In the case of a planar nanochannel, it is a vortex pair that
emerges from the corners. The full set of nonlinear coupled
equations: Poisson’s, continuity of ions �Nernst-Planck� and
Stokes equations,

�2�̃ = −
zF�c̃+ − c̃−�

�0� f
, �19a�

� · �− D � c̃� �
DzF

RT
c̃� � �̃	 = 0, �19b�

���2ũ − �p̃ − zF�c̃+ − c̃−� � �̃ = 0, � · ũ = 0,

�19c�

assuming a small Peclet number �hence, decoupling between
the electrostatic and hydrodynamic problems�, was solved
numerically for the axisymmetric geometry depicted in Fig.
12�a� consisting of a nanopore connecting two opposite mi-
croreservoirs. Herein, u is the velocity vector, �� is the dy-
namic fluid viscosity and p is the hydrodynamic pressure.
Far field conditions included an applied potential difference,
bulk ionic concentration and zero pressure difference. At the
walls, an equilibrium surface charge density was taken, to-
gether with the ion impermeability and the no-slip boundary
conditions.

The resulting toroidal vortex has a direction of rotation
that is in agreement to that observed experimentally �com-
pare Fig. 12 with Fig. 8�k��. We note that the focusing tan-
gential field in the direction of the flow can be screened by
neighboring pores and hence the onset of these ejecting vor-

FIG. 12. �Color online� �a� Finite-element
numerical simulation of the electrokinetic flow
for an axisymmetric nanopore system bounded
by two microreservoirs �continuous lines—
streamlines; surface plot—normalized co-ions
concentration�. Note the enrichment-depletion of
the co-ions at the cathodic/anodic entrances, re-
spectively. �b� Close up of the anodic side show-
ing that the direction of the vortex rotation is op-
posite from that predicted for Rubinstein’s
instability vortex pair �15�. �continuous lines—
streamlines; vectors—velocity field; surface
plot—normalized net ionic charge density�.
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tices should be a function of the pore separation. In contrast,
the wide slot has an extended space charge region in the
lateral direction and the same mechanism would have pro-
duced a single vortex cylinder with a vorticity direction or-
thogonal to the observed ones. The vortex array for the wide
slot due to Rubinstein’s instability, on the other hand, has a
vorticity vector that is antiparallel to the observed one and is
not due to boundary effect. This suggests that the ejecting
vortex torus is unique to the narrow pore and, unlike an
instability, it exists for all voltages beyond the threshold volt-
age of the Ohmic to limiting-resistance transition associated
with the occurrence of SCL. This is consistent with the early
�Fig. 8�f�� detectable occurrence of the vortex pair for narrow
slots and its absence of a limiting-resistance region, which
produces a direct transition from Ohmic to overlimiting re-
gions.

This observation of vanishing limiting-resistance region is
incorporated in the theoretical model of the nanopore �nar-
row nanoslot� wherein the critical voltage for the overlimit-
ing region is shifted to coincide that of the threshold voltage
due to the development of the SCL, as the controlling resis-
tance switches from the intraslot region �Ohmic� to the po-

larized layer region �limiting resistance�. This threshold volt-
age is estimated from the dimensional versions of the
limiting-current Eq. �10� and the nanopore conductance �18�
as

V0 = 2zDc0L� h/L
1 − h/L	�� + 1

� − 1
	�����̃/2�2 + c0

2h2/d�−1.

�20�

As most of the voltage drop shifts from the intraslot to the
external polarized layer, when an Ohmic to overlimiting-
current transition occurs, this suggests that the nanoslot en-
trance geometrical properties become much more important
than its length d. Hence, the appropriate translation between
the narrow nanoslot and the nanopore overlimiting conduc-
tance is the ratio of the cross-section areas, in contrast to the
Ohmic case in which it is the ratio of the cross-section area
divided by the channel length �A /d, see Eq. �18��.

VII. CONCLUDING REMARKS

Thus, using different geometrical models we have shown
experimentally and theoretically �Fig. 10� that, due to the

FIG. 13. �a� Normalized �by IL of Eq. �16��
current versus the normalized �by V0 of Eq. �20��
applied voltage for identical number of nanopores
in either isolated �with field focusing� or commu-
nicating �i.e., nanoporous membrane, w/o field
focusing� mode. The overlimiting resistance is
approximated as equal to that of the Ohmic re-
gion. An arbitrary voltage window of 2V0 is taken
for the limiting-resistance region of a nanoporous
membrane. This conceptual figure should be
compared to the experimental data of Fig. 4�b�;
�b� Normalized current versus the normalized �by
the selected CPL length L� pore-pore separation
distance s for the case of isolated and communi-
cating nanopores, as obtained from part �a� of the
figure, for the particular case of V /V0=3. A clear
local maximum of the current is seen around the
transition value of s /L=1.
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enhanced field-focusing effect of a pointlike nanopore, the
concentration-polarization �and potential� gradients become
more severe with decreasing nanoslot entrance width. One of
the consequences of the isolation is a single localized deple-
tion region in the narrow nanoslot case, instead of an array of
them in the wide nanoslot case due to an instability. This
isolated space charge region at the pore entrance produces an
ejecting vortex pair for isolated narrow nanochannels �Fig. 8�
or a vortex toroid for isolated nanopores �Fig. 12�. An
important consequence is the vanishing of the limiting-
resistance window in the narrow nanoslot �Fig. 4� in contrast
to a very clear region in the wide nanoslot case, thus produc-
ing very high current density for all voltages that are not
limited by Levich’s diffusion-limited current �2�. By using
varying nanoslot widths, we were actually able to capture the
gradual vanishing of the limiting-resistance window with de-
creasing width �Fig. 4�.

An intriguing question is when the nanopores of a nano-
porous membrane are effectively isolated and exhibit point-
like field-focusing effect studied here. From our analysis, the
depletion layer at the limiting-current of an isolated nano-
pore extends to �0.1L �contains 99% of the concentration
drop. See Figs. 10, 3D� and hence a good estimate would be
that this is the minimum pore separation to eliminate pore-
pore interaction �29,30�. Since the current scales linearly

with the total pores area, for a fixed pore radius, the current
is inverse proportional to the quadrate of the pore-pore sepa-
ration length. Thus, taking the 1D membrane limiting current
as a measure of the current for pore separations smaller than
the depletion layer length, and the Ohmic-like behavior of
isolated nanopore as a measure of the overlimiting current
�approximating the overlimiting differential resistance as that
in the true Ohmic region �18�—see Fig. 4� for pore separa-
tions larger than the depletion layer �see Fig. 13�a��, we ob-
tain Fig. 13�b�. As seen, a maximum of the current occurs at
an optimal pore separation �s� when it is roughly the deple-
tion layer length �L�. Although this is a sharp maximum, it is
a local one as the current is higher for s /L less than 0.6.
However, while small pore separations would obviously pro-
duce a larger current due to area considerations, they may
correspond to mechanically unstable membranes that are dif-
ficult to fabricate.
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