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Electrokinetic mixing vortices due to electrolyte depletion
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Abstract

Due to electric field leakage across sharp corners, the irrotational character of Ohmic electroosmotic flow is violated. Instead, w
strate experimentally and theoretically evidence of electrolyte depletion and vortex separation in electroosmotic flow around a
between wide and narrow channels. When the penetration length of the electric field exceeds the width of the narrow channel
electric field is directed from the narrow to the wide channel, the electromigration of ions diminishes significantly at the junction en
narrow channel due to this leakage. Concentration depletion then develops at that location to maintain current balance but it als
the corner zeta potential and the local electroosmotic slip velocity. A back pressure gradient hence appears to maintain flow bala
a sufficient magnitude, generates a pair of vortices.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Microfluidics, the study of fluid transport in micromete
scale devices, is a rapidly emerging field with a broad ra
of applications [1]. Areas of utility include the developme
of biochips for high-throughput drug screening, biosens
for medical and environmental diagnostics, quality con
for industrial processes such as food preparation, and
tection of chemical warfare agents for the military. Physi
characterization of micrometer-scale transport phenome
in its formative stages and is consequently of great inte
to biochemists, physicists, and engineers. Current rese
goals for advanced microfluidic systems include multi
processes per test, multiple tests per use, and multiple
per chip. A crucial direction focuses on efficient transfer
colloidal suspensions [2] through microchannels of vary
size and geometry. Such colloids can carry a large varie
antigens or drug compounds in microscopic quantities.

Due to its high maneuverability, electrokinetic flow h
become the microfluidic transport mechanism of choice o
pressure-driven and centrifugally driven flows. Electro
can be placed at arbitrary locations within a network
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s

microchannels on a multitasking chip. By activating t
proper electrodes via underlying microcircuitry, the samp
can be transported by the resulting electric fields to dif
ent stations in the network. The electrodes that are u
to drive electroosmotic flow of the electrolyte solution a
the samples can also be used as sensors/detectors [3]
loidal transport, an active microfluidic research area, ca
achieved by driving the colloids electrophoretically with t
electric fields. Even nonelectrolyte liquid samples can
transported electrokinetically with proper designs [4].

A major hydrodynamic advantage over pressure-dri
flow is the flat velocity profile of electroosmotic flow [5
for fully developed flow in a channel whose width is mu
larger than the Debye layer thickness (<100 nm). This flat
velocity results because the electrostatic body force e
only within the thin Debye layer with charge separat
and hence is effectively a tangential surface force capt
by the Smoluchowski slip velocity. This produces a mu
smaller hydrodynamic resistance for the flat electroosm
flow than the nonuniform velocity profiles of body-forc
(pressure or centrifugal forces)-driven flow. Specifically,
average velocity of electroosmotic flow is independen
the thinnest transverse dimensiond of the microchannel
whereas that for pressure-driven flow scales asd2 at the
same driving force [6]. This scaling imposes a lower lim
eserved.

http://www.elsevier.com/locate/jcis
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on the dimension of microdevices that can utilize press
driven flow.

However, there are numerous design issues that mu
overcome before electrokinetic flow can become a c
mon means of transport in future generations of bioch
Proteins tend to denature in high electric fields. Prote
precipitate and colloids aggregate at corners, particular
junctions, as we shall demonstrate. Although the flat e
troosmotic velocity profile reduces Taylor dispersion, hyd
dynamic dispersion remains a problem around turns an
junctions [7]. This is particularly acute when pressure-dri
back flow produces a nonuniform velocity profile [8] or ev
vortices [9] in electroosmotic flow when the zeta potentia
not uniform. There is even concern that fingering can oc
at the back of an electrolyte sample due to the lower ele
field and the lower zeta potential in the presence of the s
ple. This, however, has proved to be insignificant for m
biochips [10].

Due to the small diffusivity of long proteins and colloid
diffusive contacts of these entities are often excessi
long in diagnostic kits and high-throughput drug scre
ing. Miniature mixing chambers are thus required in
microchannel networks. Because hydrodynamic disper
is weak for flat electroosmotic flows, reactant mixing b
comes problematic. Severely curved channels that ut
Taylor dispersion for reagent mixing would consume
cessive channel lengths. What would be more desirab
microvortices that can be generated within the microch
nels. Such vortices can also be used to break up pro
precipitates or colloid aggregates. Mechanical stirrers,
cillating bubble mixers, and piezoelectric devices have b
suggested as possible mixing elements. However, mec
cal mixers are quite unreliable for nondisposable micro
idic chips. Moreover, it has been known for a long time th
without a pressure gradient and with uniform zeta poten
the viscous electrokinetic streamlines within dielectric ch
nels are identical to the electric field lines [5,11]. Since
latter are the gradient of the electric potential, the velo
field is irrotational and cannot sustain vortices. It is he
extremely difficult to generate vortices in electrokinetic fl
unless one introduces nonuniform zeta potential and/or p
sure body force.

In this paper, we report and analyze two new phenom
in electroosmotic flow of electrolytes and electrophore
flow of colloids in microchannels. Both occur at the juncti
of a narrow channel with a wide channel. A large aspect r
and an acute corner angle are shown to produce signifi
ion depletion at the inner junction corner. The accompan
local zeta potential change is then shown to produce vor
in the electroosmotic flow within the narrow channel a
corner aggregation of colloids. The large aspect ratio
duces a large change in the tangential electric field and
corner allows significant field leakage through the die
tric channel material. Both conspire to produce these
new phenomena. We and numerically determine the cri
e

t

-

-

t

applied fields for both phenomena to occur for a partic
junction geometry.

2. Electrostatic–hydrodynamic fundamentals and
similitude for insulating walls

Microdevices fabricated from photo- or chemical etch
technologies are typically planar chips. Their microchan
hence have a normal dimensiond (gap separation acros
the chip) that is usually small compared to the other tra
verse length scales and is definitely smaller than the u
channel length. Thus, one can depth-average the hydr
namics and electrostatics to produce planar governing e
tions. This depth-averaging is particularly simple for el
troosmotic flow due to its flat velocity profiles in this th
direction. This flat velocity profile can be distorted in t
other transverse direction across the channel due to
pressure. However, the profile across the thin direction
mains flat. For ionic strengths of realistic electrolytes lar
than 10−10 M, the Debye thickness does not exceed sev
hundred nano-meters. Hence, provided the gap separatd

is more than 10 µm, which is true for all microchannels,
velocity profile in the normal direction is flat and any var
tion in the same direction can be neglected. Depth avera
is hence valid and simple for fluid flow in electrokine
microdevices. Assuming insulating conditions on the t
planes of the chip, which is usually valid if the surround
fluid is air, the electric potentialϕ is also independent of th
thin direction. The same can be said about the steady
centration fields, as there is obviously no solute flux ac
the planes. As a result, all the governing equations are
ple two-dimensional analogs of their original versions,

(1)∇ · (ε∇ϕ) = −ρ,

(2)∇4ψ = 0,

(3)j± = −D±∇C± − Fz±D±C±
RT

∇ϕ + C±u,

where∇ is the gradient operator,ε is the dielectric permit
tivity, which is different for the solid and the electrolyt
ρ = F

∑2
i=1 ziCi is the electric charge density for our ide

ized binary electrolyte with molar concentrationsC±,

u =
(

∂ψ/∂y

−∂ψ/∂x

)

is the planar velocity field expressed in terms of the stre
functionψ , F is the Faraday constant,D± are the ion dif-
fusivities, andz± are the ionic valences. The contributio
of diffusion, electromigration, and convection are eviden
the steady molar fluxj± in (3) for each ion. Note that w
have retained the full viscous flow biharmonic equation,
stead of the usual potential flow equation, to allow for
possibility of pressure-gradient back flow and vortices. T
usual potential flow formulation is irrotational and rules o
both a priori.
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Due to the strong electrostatic attraction between the
positely charged ions, electroneutrality (ρ = 0) is obeyed
everywhere except near the dielectric wall boundary with
fluid. Within the thin (<100 nm) Debye layer there, charg
separation can occur to screen the natural surface char
the dielectric wall. The potential drop across this char
layer is the zeta potentialζ and the electroosmotic slip velo
ity in the bulk is determined byζ and the tangential field [5]
as we shall specify later. In the electrostatic problem, h
ever, we shall neglect the potential drop across the do
layer and assume that the potential drops across both
Helmholtz and diffusive parts of the double layer do n
affect the electric field and the leakage. In essence, we
sume that the electrolyte ions screen and cancel the su
charges in the thin Debye layer and both charges are u
fected by the current—the Debye capacitor is not charge
the current. Thus, the potential away from the Debye la
which is specified by the current, is unaffected by the De
layer.

Hence, equating the ion concentrations for this e
troneutral condition,

(4)C+ = C− = C,

the electrostatic Poisson problem (1) becomes the Lap
equation with nonconstant coefficients,

(5)∇ · (ε∇ϕ) = 0.

Multiplying each of the two ion-flux equations byFzi
and subtracting to obtain the current densityJ , we find
that the convection contributions cancel for symmetric i
(|z+| = |z−| = z) under electroneutral conditions,

J = zF (j+ − j−)

(6)= −Fz(D+ − D−)∇C − F 2z2

RT
C(D+ + D−)∇ϕ.

Solute flux balance then stipulates

(7)∇ · J = 0

within the fluid phase or, invoking the Gauss Divergen
Theorem,

(8)
∮
Γ

J · nds = 0,

whereΓ is a closed contour in the fluid phase. The to
currentI carried by the ions must be constant across
curveΛ that connects the two walls of a channel. To sh
this, we defineΓ by two wall boundariesΣ and two curves
Λ across the microchannel. Since there cannot be any s
flux into the wall,

(9)J · n|Σ = 0

and (8) stipulates that the total current,

(10)I =
∫

J · nds,
Λ

n

-
e
-

is constant for every curveΛ that connects the two oppo
ing walls of a microchannel. There must be a net cur
balance within the channel and this current is supplied
only electromigration if the concentration field is unifor
The usual Ohmic relationship between current and volt
applies in this limit of uniform concentration and hence c
stant electric field in a straight channel. We shall show t
if the concentration is not uniform in a straight channel,
contribution of diffusive flux to the current will stipulate
nonconstant electric field along the channel.

The dielectric solids (acrylic, glass, PDMS, etc.) used
construct microchips typically have low relative dielect
permittivitiesεr = ε/ε0 between 3 and 4, while the relativ
permittivity of distilled water is 81. Hence, to a leading o
der, the solid can be assumed to be an insulator with no
leakage. Thus, if the jump in the potential gradient acr
the double layer is omitted, the normal derivative ofϕ at Σ
vanishes and (9) stipulates thatϕ andC obey the same Neu
mann conditions at the liquid–solid interfaceΣ ,

(11)
∂ϕ

∂n

∣∣∣∣
Σ

= ∂C

∂n

∣∣∣∣
Σ

= 0,

and the Laplace equation (5) needs only be solved in the
phase,

(12)∇2ϕ = 0,

which also stipulates

(13)
∮
Γ

∇ϕ · nds = 0

over any closed curveΓ in the fluid phase.
Comparing (7) to (12) and (8) to (13) and noting (11)

is evident that, in the case of an insulating wall, a parti
lar solution to the electrostatic and mass transport prob
contains a uniform concentration fieldC = C∞ that is inde-
pendent of position. For this solution, the solute flux bala
(7) collapses into the Laplace equation (10) and the cur
flux density is due entirely to electromigration,

(14)JOhm= −σ∇ϕ,

whereσ = F 2z2/(RT )C∞(D+ + D−) is the conductivity.
Moreover, by using two equipotential lines asΛ in (10), the
total current

(15)IOhm= −σ

∫
Λ

∂ϕ

∂n
ds

is constant over any curveΛ. This expression is identica
to the usual Ohm’s law for a constant electric field,E0 =
−∂ϕ/∂n = #V/l, wherel is the length of the channel ove
which the voltage drop#V occurs.

For this Ohmic solution with an insulating wall, the co
centration field is known and uniform and only the Lapla
equation (12) needs to be solved for the electric potentiϕ
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with Neumann conditions (11). One can then solve the bi
monic equation (2) for the stream function with the Smo
chowski slip condition for the tangential velocityut ,

(16)ut = ∂ψ

∂n

∣∣∣∣
Σ

= εζ(C)

µ

(
∂ϕ

∂t

)
Σ

= −εζEt

µ

∣∣∣∣
Σ

,

whereEt = −∂ϕ/∂t is the tangential electric field, and th
zero normal flux condition (for the fluid)

(17)
∂ψ

∂t

∣∣∣∣
Σ

= 0.

For the acrylic chips used in our experiments, theζ po-
tential is negative and its absolute value is typically a
creasing function [4,5] of the electrolyte concentrationC. In
the uniform concentration limitC = C∞, it is a constant in-
dependent of position.

For insulating walls, (11) stipulates that the boundar
a field line, whereas the boundary is always a stream
as seen in (17). Moreover, since the solution of the Lap
equation is always a solution of the biharmonic equation
the fact that the electrostatic boundary condition is ide
cal to that of the flow equation means that the field lines
streamlines are identical everywhere. Moreover, the ele
potential is also the velocity potential for this purely ele
troosmotic flow in an insulated channel. The pressure fi
is also uniform, so that there is no pressure-driven flow.

This is the similitude between electrostatic field lines a
electroosmotic streamlines that was first suggested by O
beek [11] for insulating walls. Cummings et al. [14] ha
recently shown that the similitude still holds for a perfec
conducting wall with constant potential, viz., without t
shielding effects of double layers. However, even with
the double layers, finite wall permittivity that is neither ze
(insulating) nor infinite (conducting) would render differe
the boundary conditions for flow and field and hence des
the similitude. The electric field can penetrate the wall
not the fluid. In fact, as we shall show subsequently, e
the familiar Ohm’s law (15) is strictly valid only for insu
lating walls. In this limit, the concentration field is unifor
in the fluid. Most importantly, sinceE = −∇ϕ is irrota-
tional,∇ × E = 0, the resulting planar velocity field is als
irrotational and cannot contain any closed vortices. To
tain vortices, one must revoke the Ohmic conditions a
theoretically, the biharmonic Stokes equation (2) mus
used instead of the Laplace equation for potential flow.
do so here by introducing finite solid dielectric permittiv
and, with it, a nonuniform concentration field, a nonunifo
zeta potential, and a pressure field to drive the vortices
also use the current flux balance (15) and an additional
balance to estimate the existence condition, location,
strength of the vortices.

3. Vortex formation due to field leakage across corners

Due to the large difference in the solid and liquid p
mittivities, the insulating wall approximation (11) is a go
-

one except near sharp channel junctions or corners. He
large potential gradient exists across the solid and non
ligible field leakage exists even with low solid permittivi
This field leakage breaks the similarity between streaml
and electric field lines, as the latter now penetrate the
and the boundary conditions for electric and velocity fie
are different. This immediately implies that the stream fu
tion ψ is not a conjugate harmonic pair ofϕ and it is not
a harmonic function that satisfies the Laplace equation
a result, the streamlines are not the electric field lines
their boundary conditions now differ, and are no longer ir
tational.

In fact, for an ideally sharp corner (a wedge), the tang
tial field is singular at the corner for a perfectly insula
wall. With finite but small wall permittivity, the fields are n
longer singular, but now a large normal field is presen
the wedge due to field leakage across the corner. This
mal field charges the double layer on the upstream sid
the wedge and discharges the one on the downstream
The leakage also causes a reduction in the tangential ele
field on the upstream side of the electric field. The va
tion in the overpotential and the tangential field around
wedge then produces a converging Smoluchowski slip ve
ity (16), which also drives a vortex that straddles the ins
corner. Its circulation direction is identical to that of the or
inal Ohmic flow around the corner. We examined this
crovortex generation mechanism near a semi-infinite we
in a separate paper [12]. It can only occur for very sh
wedges and very large normal fields.

Here, we scrutinize a different situation with the spec
junction geometry shown in Fig. 1, where a narrow ch
nel meets a wide one. The anode is placed at the end o
narrow channel and the cathode at the end of the wide
As a result, the electric field and current flow from the n
row channel into the wide one. With the negativeζ potential
of the acrylic surface, the electroosmotic flow is also in
same direction, toward the cathode. Due to the finite widt

Fig. 1. The actual perpendicular junction of our acrylic chip (ζ = −20 to
−50 mV and relative permittivityε = 4). The wide channel is 400 µm wid
and 5 cm long, whereas the narrow channel is 80 µm wide and 2.5 cm
They are both about 200 µm deep. The anode is placed at the end of th
row channel and the cathode at the end of the wide channel. Electroos
flow and current are toward the cathode in the wide channel, wherea
electrophoretic motion of the latex colloids (negativeζ potential) is toward
the anode in the narrow channel.
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the narrow channel, its ion flux that carries the currents
be significantly affected by a slight field leakage when
field penetration depth is comparable to the channel wi
This current imbalance will be shown to produce vortic
different from that near a wedge [12]—they span the en
narrow channel. Hence, with narrow channels, the cor
need not be as sharp as the wedges in the mechanism o
or the field leakage as severe to produce vortices.

When the leakage is sufficiently severe such that a p
erly defined penetration length exceeds the width of the
row channel, the reduction in the electric field spans the
tire junction end of the channel. As such, the Ohmic curr
out of the narrow channel due to electromigration is seve
reduced. Unlike the electric field, the current carrying
flux cannot penetrate the wall and is hence diminished w
a weaker electric field. However, far upstream away from
junction, the electric field is unaffected by the leakage. A
result, the Ohmic flux (15) is no longer equal across twoΛ

curves, one at the junction end and one at the far upstr
end of the narrow channel. The same is true for the m
wider channel but the current flux imbalance is much l
severe.

To increase the total current at the junction end of the
row channel, the Ohmic condition where current is driv
only by electromigration must be violated. Instead, a c
centration gradient must be introduced to allow diffus
flux to augment electromigration, as at the original flux d
sity (6).

Since the proton diffusivity is usually higher than th
of the anion,D+ > D− for most electrolytes whose dom
nant cations areH+ ions. Consequently, (6) indicates th
to increase the current out of the narrow channel, the con
trationC must have a negative gradient in the electric fi
direction; viz., the concentration in the narrow channel
creases toward the junction. Around the corner in the w
channel, the effect of field leakage is much less severe
the concentration must return to the original value. Henc
depletion of electrolyte exists in a length of the narrow ch
nel near the junction, which is equal to the field penetra
length and is larger than the channel width.

Note that if the electrodes are reversed, the narrow
of the junction still suffers a weaker field due to leaka
However, an increase inH+ concentration must occur at i
junction end to drive the current into the narrow chann
Whether an electrolyte depletion or buildup occurs hence
pends on the electrode configuration!

This electrolyte depletion or buildup can only occur if t
field penetration length exceeds the channel width—if
tangential electric field is reduced across the entire na
channel at the junction. The concentration change inC, in
turn, would now cause an opposite change in the wall
potentialζ in (16). As a result, an elevatedζ potential ex-
ists at the junction end of the narrow channel if deplet
occurs in the electrode configuration of Fig. 1. With polar
reversal, a lowerζ potential exists at the same region w
electrolyte build up. To obey total flow balance, a posit
]

-

Fig. 2. The flat purely electroosmotic velocity profile at lowζ poten-
tial evolves into a mixed pressure-driven/electroosmotic profile in
high-ζ -potential region 2. The slip velocityU2 is larger thanU1 but the
flow rates are identical due to pressure-driven back flow in region 2. A
tex pair symmetric about the center axis appears when the center ve
in region 2 becomes negative.

streamwise pressure gradient must be established to re
the flow in the highζ potential region, as shown in Fig.
Unlike the flat velocity profile of a pure electroosmotic flo
this mixed pressure-driven and electroosmotic velocity p
file has two symmetric maxima across the center line an
minimum at the center line. The velocity at the center l
can even be opposite in direction to the average velo
(flow), resulting in two symmetric vortices across the c
ter line in the high-ζ region [9].

Using the unidirectional flow approximation of Fig.
the velocity in region 2 with elevatedζ potential can be
readily solved for the biharmonic equation (2) with slip co
dition (16),

(18)u2(y) = 1

µ

∂p

∂x

(
y2

2
− d2

2

)
+ U2,

whered is half of the channel width andU2 the slip velocity.
Integrating to get the flow rate

Q2 = −2d3

3µ

∂p

∂x
+ 2dU2

and equating the flow rate of the purely electroosmotic
gion 1 with a flat velocity profile toQ1 = 2dU1, one obtains
the back-pressure gradient in region 2,

(19)

(
∂p

∂x

)
= 3µ

d2 (U2 − U1).

Substituting this into the mixed velocity profile (18) a
evaluating the velocity at the center line, we conclude
u2(0) becomes negative when

(20)
U2

U1
= 3.

If the electric fields in regions 1 and 2 are roughly t
same, theζ potential ratio would need to exceed

(21)
ζ2

ζ1
= 3

for vortices to form in region 2.
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Fig. 3. Vortices in the narrow channel for different electrode configurat
and different channelζ potentials.

With the electrode configuration in Fig. 1, these vorti
appear at the junction end. With polarity reversal, the v
tices would lie in the remaining part of the channel. Th
latter vortices would be extremely long and weak. Hen
the electrode configuration in Fig. 1 is most suitable to c
ate relatively short and intense vortex pairs. The circula
direction of these shorter vortices depends on the sign o
ζ potential. With a negativeζ and an electroosmotic flow
out of the narrow channel, the tangential velocities of
vortices at the wall are in the original electroosmotic fl
direction. These possible scenarios are depicted in Fig.

We will further expound the vortex formation mechani
for the original electrode configuration in Figs. 1 and
The ion concentration is uniform and the potential grad
is constant along the flow direction away from the juncti
However, near the junction, there is field leakage out of
inner wall of the narrow channel and field leakage into
inner wall of the wide channel. As a result, the electromig
tion of ions is smaller in the narrow channel and larger in
wide channel. To maintain constant current flux, these
equal electromigrations must be compensated for by o
site diffusive flux. Hence, concentration gradients are es
lished near the junction but in opposite directions across
junction. The ion concentration increases at the inner
of the wide channel to reduce the enhanced electromigra
flux and decreases on the narrow channel side to enhanc
net flux. However, due to its considerable width, concen
tion accumulation near the inner wall does not affect the
erage tangential field in the wide channel. Concentration
pletion near the inner wall, however, significantly increa
e

Fig. 4. A symmetric colloidal aggregate at the inside corner forE0 =
80 V/cm.

the average tangential field of the narrow channel due to
reduced conductivity. It produces in the narrow chann
higher electroosmotic flow near the junction than away fr
the junction. Note that this electroosmotic flow is toward
wide channel. To ensure flow balance, a back pressure
build up near the junction in the narrow channel. The mi
pressure-driven and electroosmotic flow leads to corner
tices, as argued in Fig. 2 and shown in Fig. 3a. These co
vortices tend to trap the latex colloids entering from the w
channel at the inner corner and a large aggregate is exp
to form at the corner, as we observe in Fig. 4. This scen
is shown in Fig. 3a. Since electroosmotic flow is in a s
cific direction determined by the field direction and sin
the two channels are of different widths and different s
sitivities to field leakage, reversal of the electrodes pola
leads to a qualitatively different scenario (see Fig. 3b).
ion concentration changes in both channels now reverse
vortices do not develop in the wide channel, as the ave
field across the channel is not altered significantly due to
large width. A long and weak recirculation now develo
away from the junction in the narrow channel. We obse
that large aggregates do not form at the corner for this
figuration. Instead, the narrow channel mouth is filled w
continuously growing aggregates that eventually block
channel. They are blocked by the long recirculation as sh
in Fig. 3b. The scenarios presented above depend not on
the microchannel geometry and electrolyte solution pro
ties, but also on the flow direction determined by the s
on the zeta potential (i.e., material properties) of the ch
nel. Change of sign of the zeta potential would produce
electroosmotic flow toward the narrow channel. The vorti
would still exist at the same locations for a specific electr
configuration but would simply change their direction of c
culation.

If the penetration length is much smaller than the wi
of the narrow channel, microvortices the size of the pene
tion length will still appear [12]. However, because the
flux through the channel is not affected by these micro
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tices, the concentration remains uniform across the co
A macroscopic gradient in theζ potential and the bulk elec
troosmotic flow hence cannot appear to produce large
tices that bridge the entire channel. The size of the vort
(whether they span the narrow channel) hence distingui
these two kinds of vortices. Their locations and symmet
are also different. The larger vortices can only exist wit
the small channel whereas the microvortices should stra
the cusp of the corner. The circulation directions can als
opposite to each other, as their Smoluchowski velocity g
dients can be different at the wall. The larger vortices
more effective for reagent mixing purposes.

These concepts can produce an estimate of the cr
electric field for vortex formation if a unidirectional electr
field and other simplifications are assumed within the n
row channel. We first set the current densityJ in (6), which
includes both electro-migration and diffusion, to the Ohm
version with a uniform concentration field (14), which
equal toσ(dϕOhm/dx) in the x-direction along the narrow
channel. Dividing the resulting equation byC and approxi-
mating

− σ

C

dϕOhm

dx
by − σ

C∞
dϕOhm

dx

(small deviation from Ohmic conditions), the equation b
comes an exact differential and can be integrated to yield
relationship between ion concentration depletion and the
cal field,

(22)
σ

C∞
d(ϕ − ϕOhm) = −Fz(D+ − D−) d lnC,

where the conductivityσ in (14) for the Ohmic condition
has been used. Integrating (22) from a location far from
junction, whereϕ = ϕOhm andC = C∞, to the corner where
the potential deviates most from the Ohmic value, we ob
a Boltzmann-like expression with a potential weighted
the difference in the ion diffusivities,

(23)
C∗

C∞
= exp

[
−Fz2

RT

(
D+ + D−
D+ − D−

)
(ϕ∗ − ϕOhm)

]
,

where the superscript∗ denotes corner values. This estima
the concentration depletion at the corner ifϕ∗ − ϕOhm is
known. The valencyz2 can be set to unity in most cas
when the cations are mostly protons and a symmetric e
trolyte is assumed. It is also clear that the required pote
deviation from the Ohmic value decreases with decrea
diffusivity difference.

For the lowζ potential dielectrics considered here, the
calζ potential scales asC−1/2 (see Israelachvili [13], for ex
ample). As a result, one could combine criteria (21) and (
to yield a critical corner potential for vortex formation f
the configuration of Fig. 1,

(24)ϕ∗ − ϕOhm= RT

2

(
D+ − D−

)
ln9.
Fz D+ + D−
.

Fig. 5. Computational domain with a normalized coordinate scaled by
width of the narrow channel.

For univalent symmetric electrolytes,z = 1, and the cor-
ner potential would need to exceed its Ohmic counterpar

RT

F
ln9

(
D+ − D−
D+ + D−

)
.

For the distilled water used in our experiments,DH+/DOH−
1.8 (H+ is about 9.3 × 10−5 cm2/s and OH− 5.2 ×
10−5 cm2/s), and the critical excess potential at the cor
is 0.6(RT /F) or roughly 16 mV. Due to all the assumptio
made, this is a rough estimate of the required potentia
crease due to field leakage. Nevertheless, we expect it
around 10 mV, which is sufficiently small to be realizable
microfluidic chips.

It remains to determine the corner potentialϕ∗ from the
electrostatic problem (1) for a specific microchannel ju
tion geometry. In Fig. 5, we depict our computational d
main for our specific geometry in Fig. 1 for a numeric
resolution with constant electric fields at the indicated
cations. As long as the penetration length is much sma
than the computational domain, the actual electrodes do
need to appear in the domain—the electric fields at the e
of narrow and wide channels are at the Ohmic values in
computational domain. The length scales in the comp
tional domain of Fig. 5 have been normalized by the wi
of the narrow channel. The boundaries of the computati
domain are, however, a distance of 1.5 cm from the anod
the narrow channel and a distance of 1 cm from the cath
in the wide channel. The imposed boundary electric fie
in the computation are derived from these lengths. The
ported applied electric fieldE0 is the total voltage across th
electrode divided by the actual lengths of the long and s
channel. It has a value in between the two Ohmic field
the ends of the two channels, which are themselves inve
proportional to the channel widths. The reported poten
from the computation are the actual potential values.

For the electric field calculations, we have solved
Laplace boundary problem using a MATLAB finite-eleme
code. The code produces a sequence of adaptive trian
meshes. The first mesh is an arbitrary triangle array. Su
quent triangular meshes are obtained adaptively during
solution of the problem. New triangular meshes are ge



140 P. Takhistov et al. / Journal of Colloid and Interface Science 263 (2003) 133–143

nel
nnel.

l the
does
m-

n of
to
for
e
ence
ap-
o-
ong
the

uity
zed
as-
to
the
ide
in a

hmic

tion
eak-
ere
and

orner
ing

t by
s a
9,
lid

po-

-

ear
rify
nnel
Fig. 6. Computed potential fields for a relative solid permittivityεr = 3.5
and an applied field ofE0 = 50 V/cm.

Fig. 7. Potential distribution along the inside wall from the wide chan
to the narrow one in a distance scaled by the width of the narrow cha
The distributions correspond toE0 = 80 V/cm andεr = 0, 10−1, 1, 4, 10,
and 20.

ated from an error estimate. The iteration continues unti
required accuracy is reached, when the relative error
not exceed 10−5. The double layer is neglected in the co
putation.

A typical computed potential fieldϕ is shown in Fig. 6 in
the normalized coordinates of the computational domai
Fig. 5. The potential distribution from the wide channel
the narrow one along the inside wall is shown in Fig. 7
an applied fieldE0 = 80 V/cm in the normalized distanc
scaled by the width of the narrow channel. The depend
on the relative solid permittivity is shown at a constant
plied field E0. It is clear that an insulated wall would pr
duce an Ohmic field everywhere. This field is constant al
each channel but the constant is inversely proportional to
width and is hence different. There is hence a discontin
in the tangential field at the corner at 50 units of normali
distance from the end of the wide channel. With incre
ing solid permittivity, however, the discontinuity relaxes in
a smooth potential distribution. The electric field near
junction is now higher than the Ohmic value in the w
channel and lower in the narrow channel. This results
Fig. 8. Excess corner potential (the value by which it exceeds the O
potential for insulated walls) as a function of applied fieldE0 for different
solid permittivities. The critical applied field of 50 V/cm yields a corner
ϕ − ϕOhm of 0.6(RT /F) = 16 mV for a solid permittivity of 4.

Fig. 9. The normalized inside wall electric field at differentE0 for a solid
permittivity of 4.

corner potential higher than the Ohmic value and deple
according to (23). These phenomena are all due to field l
age across the corner. If the polarity of the electrodes w
reversed, the field would increase in the narrow channel
decrease in the side channel due to field leakage. The c
potential would then be lower than the Ohmic value, giv
rise to an electrolyte buildup according to (23).

In Fig. 8, we depict the excess potential (the amoun
which it exceeds the Ohmic value for insulated walls) a
function of the solid permittivity and applied field. In Fig.
the electric field along the inside wall for our relative so
permittivity of 4 but with different applied electric fieldsE0
is shown. As expected, the amount by which the corner
tential exceeds the Ohmic value increases withE0, reflecting
increasing leakage. AtE0 = 130 V/cm, this difference ex
ceeds the critical value of 0.6(RT/F) ∼ 16 mV in (24). This
is a rough estimate of the critical field for vortices to app
at the junction end of the narrow channel. To further ve
that the penetration length exceeds the unit narrow cha
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Fig. 10. The normalized corner zeta potential and the corner penetr
lengthω (defined by the radius of curvature of the potential field) as a fu
tion of applied fieldE0.

width, we define the penetration lengthω as the width of the
electric field distribution in Fig. 9, where the derivative e
ceeds 0.05. This penetration length is shown as a functio
E0 in Fig. 10. It is clear that byE0 = 30 V/cm, the penetra
tion length has exceeded the width of the narrow channe

In the same Fig. 10, we depict the cornerζ potential,
estimated from the corner potential from (23) and aC−1/2

scaling, for a solid relative permittivity of 4 and a liquid pe
mittivity of 81. It is clear that the relative acrylicζ potential,
normalized by the original value, reaches the critical va
of 3 in (21) at 130 V/cm. Our estimate of the critical field i
expected to be an overestimate. When electrolyte deple
occurs the reduction in conductivity is expected to incre
the electric field in the narrow channel by several factors
the concentration decreases by the same factors. As se
Fig. 7, a higher field in the narrow channel would incre
the potential difference from the Ohmic value. We hence
pect the actual critical field to be below 100 V/cm.

4. Experimental verification

We fabricated the junction in Fig. 1 on a modified acry
sheet. Standard measurements indicate its negativeζ poten-
tial is in the range−20 to−25 mV with our distilled water
electrolyte. To visualize the streamlines, we inject a collo
suspension of latex particles into the distilled water. The
ticles have an average diameter of 500 nm and also ha
negativeζ potential. Hence, while the electroosmotic liqu
flow is toward the cathode in the wide channel, the e
trophoretic motion of the particles is toward the anode
the narrow channel.

After the microchannels are etched into the acrylic sh
the entire network is filled with distilled water and the s
face is then sealed with an adhesive film. Holes are dri
into the film above two reservoirs at the electrode locati
and drops of latex colloidal solutions are introduced at th
locations. Upon application of additional solution over t
n

film, the system is left to sit for 24 h to allow the electric
double layers to equilibrate.

Platinum wire electrodes are inserted into the holes a
reservoir. The electric field reported is taken to be the
plied potential difference divided by the total channel len
between the two electrodes—it is hence between the fi
in the narrow and wide channels. The fieldE0 is increased
incrementally, within the range 0–130 V/cm, and then de
creased incrementally to 0. Ascending and descending
are compared to ensure measurement precision and mu
measurements are carried out to ensure reproducibility.

The flowing liquid is invisible but the colloidal particl
trajectories are tracked with our microscope. The latter
a superposition of the electroosmotic fluid velocity and
electrophoretic particle velocity, which are opposite in dir
tion. Nevertheless, the particle trajectories can only exh
vortices if the streamlines also exhibit vortices. Hence,
onset of vortex breakdown should be captured by the p
cle trajectories.

We observe the colloidal particles to migrate from
wide channel into the narrow channel at low electric fiel
as is consistent with a negative latex particle zeta poten
Its absolute value must exceed that of the acrylic wall for
particles to move against the electroosmotic velocity. H
ever, particle trajectories in the osmotic velocity direct
are observed at the inside corner at high fields when vor
develop. This is only possible if the local electroosmotic
locity in the opposite direction (from the narrow chann
into the wide one) exceeds that of the colloid electrophor
velocity. The relative magnitudes of the two zeta potent
with opposite signs seem to change with the applied fiel

Particle aggregation is observed at the inside corner
yond 50 V/cm. An image of the unique aggregation patte
is shown in Fig. 4. The aggregate size grows with elec
field as shown in the schematics of Fig. 11. By 90 V/cm, it
has grown to such a size that the vortices of Figs. 2 an
are suppressed by the aggregates. Beyond 110 V/cm, the
junction is completely blocked and the colloidal partic
are observed to migrate in the opposite direction (away f
the narrow channel) even in the wide channel far from
junction. These aggregates are small in dimension and
initially symmetric about the inside corner. They are he
not a result of the large vortices in the narrow channe
Fig. 3 due to electrolyte depletion. They are more likely
result of microvortices at the cusp [12].

Figure 12 depicts actual images of the particle trajecto
at E0 = 20 V/cm (a) and 80 V/cm (b). In Fig. 13, the par
ticle trajectories for a range of electric fields are sketc
in schematics. At lower fields, the particle trajectories
the junction end of the narrow channel resemble the Oh
electric field lines and hence the electroosmotic streamli
However, closed particle trajectories forming large vorti
begin to appear beyond 30 V/cm in the narrow channe
They appear in pairs but the vortex at the inside corne
larger and more intense in circulation. The particle veloc
around the closed trajectory is not constant. It is much fa
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Fig. 11. Schematic depicting the growth of the colloidal aggregate tow
the outside corner with increasingE0.

(a)

(b)

Fig. 12. Colloidal particle images at (a)E0 = 20 V/cm and (b)E0 =
80 V/cm showing symmetric vortices at the higher field.

toward the narrow channel and much slower toward the w
channel near the wall. This suggests that the fluid ve
ity and the electrophoretic motion are in the same direc
away from the wall—evidence of pressure-driven back fl
Fig. 13. Schematic for the particle trajectories in the junction end of
narrow channel.

in the middle of the channel, as shown in Fig. 2. Beyo
90 V/cm, the circulations vanish as the corner colloidal
gregates grow to significant dimensions.

If we reverse the polarity of the electrodes, the vorti
are never observed. This is again consistent with our a
ments summarized in Fig. 3. The long slender vortices a
from the junction are theoretically possible but are extrem
weak and hence suppressed by the electrophoretic velo

The experimental critical field for the large vortices
hence aboutE0 = 30 V/cm. The corner aggregates are, ho
ever, observed beyondE0 = 50 V/cm. We had expecte
these small corner vortices to appear much earlier when
penetration lengthω is less than the width of the narro
channel. However, the microvortices are too small to be
served and their onset does not necessary correspond
beginning of colloid aggregation. The corner colloidal a
gregates are also affected not only by the microvortices
also by the large vortices. Moreover, the electrophoretic
tion of the colloids and even their polarization may aff
their aggregation. One hence cannot attach too much
nificance to the critical field ofE0 = 50 V/cm for colloid
aggregation.

5. Summary and discussion

There is also a possibility that the observed vorti
are due to natural thermal convection. Joule heat
eration occurs in our system as it does in all elec
chemical/electrotransport systems, but the heat gener
is uniformly distributed all over the microfluidic system
Moreover, natural thermal convection has certain spe
features—it is associated with density variation and it
a large component of motion along the direction of gr
ity (normal to the chip). Microscopy observations have
detected any local changes in the optical density of the
lution at the intersection. All tracer particles trajectories
also observed to follow the electric field streamlines tang
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to the plane of the chip, without any normal component
dicative of convection motion.

The breakdown of the coincidence between electric fi
lines and Ohmic electroosmotic streamlines in electric
insulated channels also means the irrotational charact
the flow is violated. We exploit this observation by produ
ing vortices near corners. Leakage across the solid is m
severe at corners and the departure from Ohmic stream
is most drastic. We observe colloidal aggregation at the
side corner of a junction that is speculated to be due
microvortex formation mechanism with uniform concent
tion. Larger vortices at the junction end of the narrow
channel connected to the corner are also observed. T
are shown to be due to electrolyte depletion andζ poten-
tial elevation effects of current leakage when the penetra
length is longer than the channel width. We note from Fig
that this leakage is most pronounced when the two chan
have widely different widths, so that the two far-field ele
tric fields have very different values. An onset criterion
the large vortices is established and favorably compare
experimental data. These vortices and even the through
will eventually be disrupted by the corner colloid aggrega
Mixing elements that utilize these vortices must hence
erate within this field window. The intensity of the vortic
should increase when the turn angle becomes more a
We leave this optimization problem for a later publication
f

t

e

.
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