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Affine vertex algebras

Let V*(g) be universal affine vertex algebra of level k associated to
the affine Lie algebra §.

V*(g) is generated generated by the fields x(z) = 3, ., x(n)z="1,
X€Eg.

As a g—module, V¥(g) can be realized as a generalized Verma
module.

For every k € C, the irreducible g—module Li(g) carries the
structure of a simple vertex algebra.
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. 1
Affine Lie algebra A(1 )

Let now g = sh(C)

with generators e, f, h

and relations [h, €] = 2e, [h, f] = =2f, [e,f] = h.
The corresponding affine Lie algebra § is of type Agl).
The level k = —2 is called critical level.

For x € sk identify x with x(—1)1. Let © be the automorphism of
Vk(sh) such that
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Affine Lie algebra A(ll) in principal graduation

Let g/;[@] be the affine Lie algebra sh in principal graduation
[Lepowsky-Wilson]. @[@] has basis:
{K, h(m), x*(n), x (p) Im,p€ 2 +Z, neZ}
with commutation relations:
[A(m), h(n)] = 2mMdm1noK
[A(m),x"(r)] = 2x~ (m + 1)
[A(m),x™ (n)] = 2x"(m + n)
[xT(r),xT(s)] = 2rb,1s0K
[x"(r),x™ (m)] = —2h(m +r)
[x~(m), x (n)] = —2mémynoK

K in the center

Proposition. (FLM)

The category of ©—twisted V/*(sh)—modules coincides with the category
of restricted modules for sh[©] of level k.
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N = 2 superconformal algebra

N = 2 superconformal algebra (SCA) is the infinite-dimensional Lie
superalgebra with basis £(n),H(n),G*(r),C, n€ Z, r € 3 +Z and
(anti)commutation relations given by
[£(m), £()] = (m — n)£(m + 1) + §(m* = m)dmino,
[H(m), H(n)] = §mémino,  [£(m),GF(N)] = (3m = r)GF(m + 1),
[£(m), H(m] = —nH(n+m),  [H(m),G=(r)] = £G"(m + 1),
{G(r).G7 ()} = 2L(r +5) + (r = s)H(r + ) + §(r* = })brs50,
[£(m), €] = [H(n), €] = [G7(r), C] =0,
{G7(nN,G"(s)} ={g (.G (s)} =0
forallmneZ, risei+Z
Let V=2 be the universal N = 2 superconformal vertex algebra.
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N = 2 superconformal algebra

N = 2 superconformal algebra (SCA) admits the mirror map
automorphism (terminology of K. Barron):

K1 GE(r) = GT(r), H(m) — —H(m), L(m) — L(m), C— C

which can be lifted to an automorphism of VN=2.

Proposition. (K. Barron, ..)

The category of k—twisted VN=2—modules coincides with the category of
restricted modules for the mirror twisted N = 2 superconformal algebra
of central charge c.
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Correspondence

When k # —2, the representation theory of the affine Lie algebra
Agl) is related with the representation theory of the N = 2
superconformal algebra.

The correspondence is given by Kazama-Suzuki mappings.

We shall extend this correspondence to representations at the critical
level by introducing a new infinite-dimensional Lie superalgebra A.
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Vertex superalgebras F and F_;

The Clifford vertex superalgebra F is generated by fields

VE(z) = 3, VE(n+ 3)27"

whose components satisfy the (anti)commutation relations for the
infinite dimensional Clifford algebra CL:

{UH(N), VT (s)} = 64500 {WH(r),WF(s)} =0 (r,s€}+17)

Let F_; = M(1) ® C[L] be the lattice vertex superalgebra associated
to the lattice
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Vertex superalgebras F and F_;

Let ©f be automorphism of order two of F lifted from the
automorphism W*(r) — W¥(r) of the Clifford algebra.

F has two inequivalent irreducible © f—twisted modules F /.

Let ©f_, be the automorphism of F_;—lifted from the automorphism
B — —f of the lattice L.

F_1 has two inequivalent irreducible ©f_,—twisted modules Ffi
realized on

M, 1(1) = C[B(=3).8(-3).--].

Z+2
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N = 2 superconformal vertex algebra

Let g = sh. Consider the vertex superalgebra V(g) ® F. Define

h=e(-1)@VT(-31), 77 =f(-1)@V (-3).
Then the vertex subalgebra of V*(g) ® F

generated by 77 and 77 carries the structure of a highest weight
module for of the N = 2 SCA:

gi( ) k+2 Y( ) = EnGZ gi(” + %)Z_n_z
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Kazama-Suzuki and "anti” Kazama-Suzuki mappings

Introduced by Fegin, Semikhatov and Tipunin (1997)

Assume that M is a (weak ) V*(g)-module. Then M ® F is a
(weak) V/N=2—module with ¢ = 3k/(k + 2).

Assume that N is a weak V/N=2-module. Then N® F_; is a (weak )
V¥(sh)-module.

This enables a classification of irreducible modules for simple vertex
superalgebras associated to N=2 SCA (D.Adamovi¢, IMRN (1998) )
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Kazama-Suzuki and "anti” Kazama-Suzuki mappings:

twisted version

Let c = 3k/(k + 2).
o Assume that M™ is a ©—twisted V*(g)-module. Then M™ @ FTi is
a r—twisted VN=2-module.

o Assume that N is a sk—twisted VN=2-module. Then N* ® F_Ti is
a O©-twisted V¥(g)-module.
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Lie superalgebra A

A is infinite-dimensional Lie superalgebra with generators

S(n), T(n), G=(r),C, n € Z, r € + + Z, which satisfy the following
relations

S(n), T(n),C are in the center of A,
{GT(r),G (s)} =25(r+s)+(r—s)T(r+s)+ %(r2 = Horiso,
{GT(r), G (s)} ={G(r), G (s)} =0

for all n € Z, r,s€%+Z.
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The (universal) vertex algebra V

V is strongly generated by the fields

G = V(r2) = 30 65 e

nezZ
S(z)=Y(v,2) ZS z "2
neZ
T(z) = => T(mz "
nezZ

The components of these fields satisfy the (anti)commutation
relations for the Lie superalgebra A.

Let ©y be the automorphism of V lifted from the automorphism of
order two of A such that

GE(r) — GF(r), T(r) = =T(r), S(r)— S(r),C— C.

DraZen Adamovi¢
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Lie superalgebra A™

A™ has the basis
S(n), T(n+1/2), G(r), C,  n€Z, reiZ
and anti-commutation relations:

{G(n),G(s)} = (=1)* (267, ;S(r+s)~ 5r2+s (r=8)Trast50745(r* =) dr+50),

S(n),T(n+1/2),C in the center,
with 05, = 1if m € S, 63, = 0 otherwise.

Proposition.

The category of ©y,—twisted V—modules coincides with the category of
restricted modules for the Lie superalgebra A™ .
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Theorem (A, CMP 2007)

Assume that U is an irreducible YV—-module such that U admits the
following Z—gradation

u=guv, vivcut.
JEZ
Let F_1 be the vertex superalgebra associated to lattice Z~/—1. Then
U® Fo=@DL(U), where L(U):=PU & F3"
s€Z i€z
(1)

and for every s € Z Ls(U) is an irreducible A7’ —module at the critical
level.
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Weyl vertex algebra

The Weyl vertex algebra W is generated by the fields
a(z) = Z a(n)z7"1, a*(z) = Z a*(n)z™",
nez nez

whose components satisfy the commutation relations for
infinite-dimensional Weyl algebra

[a(n), a(m)] = [a*(n), a*(m)] = 0,  [a(n), a"(m)] = dnsm.o-
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Wakimoto modules

Assume that x(z) € C((2)).
(1)

On the vertex algebra W exists the structure of the A;"—module at
the critical level defined by

e(z) = a(2),

h(z) = =-2:a%(2)a(z): —x(2)
f(z) = —:a"(2)%a(z): —20,a"(z) — a*(2)x(2).
This module is called the Wakimoto module and it is denoted by
W. :
—x(2)
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Theorem (D.A., CMP 2007, Contemp. Math. 2014)

The Wakimoto module W_,, is irreducible if and only if x(z) satisfies one
of the following conditions:

(i) Thereis p € Z~o, p > 1 such that

o

x(z) = Z X-nz"t € C((2)) and x,#0.

n=—p

(i) x(2) = XZox-nz"1 € C((2)) and xo € {1}U(C\Z).
(iii) There is £ € Z>q such that

“1+Zx 2" € C((2))

and Sy(—x) # 0, where S;(—x) = Se(—Xx—-1, —Xx—2,.-.) is a Schur
polynomial.
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The structure of Wakimto modules

Assume that x € C((z)) such that W, is reducible. Then

(1) Wy is indecomposable.

(2) The maximal sh—integrable submodule W;;"t is irreducible.
(3) Wy /Wt is irreducible.
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Theorem (D. Adamovic, N. Jing, K. Misra, 2014-2015)

Assume that U™ s an irreducible, restricted A™-module, and F_T’1
twisted F_i—module. Then U™ ® FI’l has the structure of irreducible
EE[G]—module at the critical level.
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Construction of A™-modules

Let F77 irreducible © p—twisted F—module.

FTi is an irreducible module the the twisted Clifford algebra CL™
with generators ®(r), r € 1Z, and relations

{(O(r), (s)} = —(~1)* 6,450 (r,s€ %Z)

Let x € C((z'/?)). The A™-module FTi(x) is uniquely determined
by
6(2) = 2.0(2) + \(2)(2) = 3 Gln)r L

1
nE§Z
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Theorem (D. Adamovic, N. Jing, K. Misra, 2014-2015)

Assume that p € %Z>o and that

Then FTi(x) is irreducible A™-module if and only if one of the following

conditions hold:

p>0 andx,#0,
1
p=0 andyo€ ((C\%Z)U{E}, (2)

1
p=0 andxo— 5= (€ 3Z.o and det(A(x))#0 (3)
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25(—1) 25(—2) e 25(—20)
02 (e —1)? 25(—1) 25(—2) e 25(—2¢ — 1)
o 2 (0 —22 25-1) S 25(—2¢ — 2)
Alx) =
0 . 0 @ (020112 25(~1)
and

(@) +0:xD(2)) =Y S(n)z"2

nez

(here (1) is the integral part of y).
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N=4 superconformal vertex algebra VN=4

VN=%is generated by the Virasoro field L, three primary fields of

c
conformal weight 1, J°, J* and J~ (even part) and four primary fields of

conformal weight 2, G* and G (odd part).
The remaining (non-vanishing) A—brackets are
[J9,J%] = £2J%  [S0US] = %/

[INJ]=L+ X [SSGF] = £G*

(NG =+G [JiGT]=6G"

[UyGH1=G- [JiG1=-G'

UG 1=-G  [GEG )= (T +2\)J*

— 1
[GEGT] = Li§TJ°i/\J°+%)\2

Let LN=% be its simple quotient.
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N=4 superconformal vertex algebra L¥N=* with ¢ = —9

We shall present some results from D.Adamovi¢, arXiv:1407.1527. (to
appear in Transformation Groups)

Theorem

(i) The simple affine vertex algebra Ly (sh) with k = —3/2 is conformally
embedded into LN=* with ¢ = —9.

(ii) .

LICV:4 o~ (M ® F)mt
where M ® F is a maximal sh—integrable submodule of the Weyl-Clifford
vertex algebra M ® F.
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LN=% with ¢ = —9 as an sh-module

LN=% with ¢ = —9 is completely reducible g/;—module and the

following decomposition holds:
LN:4%é m+1 LA (3+n)/\o+n/\1).
c ~ 1 2

L’CV:4 is a completely reducible sl x sh—modules. sl action is
obtained using screening operators for Wakimoto realization of

sh—modules at level —3/2.
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The affine vertex algebra Li(sh) with k = —3/2.

Theorem

(i) The simple affine vertex algebra Li(sk) with k = —3/2 is realized as a
subalgebra of LN=* @ F_; with c = —9. In particular L (sl) can be
realized as subalgebra of

M®F® F_q.

(i) LN=* @ F_1 is a completely reducible Agl)—module at level k = —3/2.
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On representation theory of L¥N=% with ¢ = —9

o LN=% has only one irreducible module in the category of strong
modules. Every Z.o—graded LN=*-module with finite-dimensional
weight spaces (with respect to L(0)) is semisimple (" Rationality in
the category of strong modules”)

o LN=* has two irreducible module in the category O. There are
non-semisimple L¥N=%-modules from the category O.

o LN=% has infinitely many irreducible modules in the category of
weight modules.

o LN=% admits logarithmic modules on which L(0) does not act
semi-simply.
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Theorem (D.A, 2014)

Assume that U is an irreducible LN=%-module with ¢ = —9 such that
U= ez V' is Z—graded (in a suitable sense).
Let F_1 be the vertex superalgebra associated to lattice Z~/—1. Then

UQF_ | = @ﬁs(U), where L¢(U) := @ U'eFt
=/ i€EZ

and for every s € Z Ls(U) is an irreducible ASY-module at level —3/2.

<
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Connection with Cy—cofinite vertex algebras appearing in

LCFT

Drinfeld-Sokolov reduction maps:

LN=% to doublet vertex algebra A(p) and even part (LN=4)even to
triplet vertex algebra W(p) with p =2

(symplectic-fermion case)

Vacuum space of Li(sh) with k = —3/2 contains the vertex algebra
Wa,(p) with p = 2 (which is conjecturally Co—cofinite).
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Connection with Cy—cofinite vertex algebras appearing in

LCFT:

Vacuum space of Li(sh) with k = —3/2 contains the vertex algebra
Wa,(p) with p =2 (which is conjecturally Co—cofinite).

Affine vertex algebra Ly (sh) for k +2 = %, p > 2 can be
conformally embedded into the vertex algebra V(P) generated by
Lk(sh) and 4 primary vectors T(ip),?(j;).

YP) = [N=4 for p = 2.

Drinfeld-Sokolov reduction maps V(P) to the doublet vertex algebra
A(p) and even part (V(P))eve" to the triplet vertex algebra W(p).
(Gy—cofiniteness and RT of these vertex algebras were obtain in a
work of D.A and A. Milas)
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The Vertex algebra Wa,(p): Definition

We consider the lattice

\/EAZ - Z’Yl + Z727 <’Yla'71> = <’Y2a’72> = 2p7 <71a72> = —p.

Let M., .,(1) be the s Heisenberg vertex subalgebra of V54, generated
by the Heisenberg fields v1(z) and v,(z).

Wa,(p) = Kery . eo_"“/pm Kerv .., ey /P
We also have its subalgebra:
Wi, (p) = Kerun, ,coeg ™" (\Keru, ., coe ™'”

Wa,(p) and Wf\z(p) have vertex subalgebra isomorphic to the simple
W(2, 3)-algebra with central charge ¢, =2 — 24@.
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The Vertex algebra Wa,(p): Conjecture

(i) Wa,(p) is a Co—cofinite vertex algebra for p > 2 and that it is a
completely reducible W(2,3) x sh—module.

(i) Wa,(p) is strongly generated by W(2,3) generators and by
shk.e™"M~7 5o by 8 primary fields for the WW(2, 3)-algebra.

Note that Wa,(p) is a generalization of the triplet vertex algebra
W(p) and W3 (p) is a generalization of the singlet vertex
subalgebra of W(p).
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Relation with parafermionic vertex algebras for p = 2

(i) Let K(sh, k) be the parafermion vertex subalgebra of Ly (sh) (C.
Dong talk).

(iii) For k = —3/2 we have

K(sh, k) = W4, (p).
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General conjectures

Assume that Li(g) is a simple affine vertex algebra of affine type and
k € (Q\ Z>o) is admissible. Then

@ The vacuum space
Q(Li(g)) ={v e Lk(g) | h(n).v =0 heh, n>1}

is extension of certain Cy—cofinite, irrational vertex algebra.

o Ly(g) admits logarithmic representations.

(1) Q(Lk(sk) = W(2) for k = —1/2.

(2) Q(Lk(skh) = A(3) for k = —4/3, where A(3) is SCE extension of
triplet vertex algebra W(3).

(3) Q(Lk(sp2n)) for k = —1/2 is Zy—orbifold of symplectic fermions.
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Realization of simple W-algebras

Let F_, /> denotes the generalized lattice vertex algebra associated
to the lattice Z(5¢) such that

2
<(P7SD> = _;‘

Let R(P) by the subalgebra of V(P) @ F_,/2 generated by
x=x(-1)1®1, x € {e,f, h}, 1 ® p(—1)1 and

€orp = \% b © e3¢ (4)
foar,p = \% 7( )® e 2 (5)
Curp = \% T e 5 (6)
- \% o @ es? %
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Realization of simple W-algebras

’R,(Z) >~ LAZ(*%/\O)-
RO = W, (sly, fy) with k = —8/3.

(Conjecture) R(P) and V(P) have finitely many irreducible modules in
the category O.

RP) and V(P) have infinitely many irreducible modules outside of
the category O and admit logarithmic modules.
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Thank you
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