A list of statements/theorems that you should be able to prove.
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Let A, Ai be elementary subsets of [0,1] x [0, 1], such that
Ac A
k=1
Then -
m(A) <) m(Ag).

. For every A C [0,1] x [0,1] we have p.(A4) < p*(A).
. Suppose that A, Ay C [0,1] x [0,1], and A C Uz—; Ak. Then
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w(A) <3 (Ay).
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. If AC0,1] x [0,1] is an elementary set, then A is measurable and p(A) = m(A).

. The union, intersection, difference and symmetric difference of two measurable subsets of

[0,1] x [0, 1] is measurable.

. Suppose that A;, Ay are disjoint measurable subsets of [0,1] x [0,1]. Then pu(A; U Ag) =

(( A1) + p(Ag).

The union of a countable collection of measurable sets is measurable.

. If A=J, Ay is a disjoint union of a countable collection of measurable sets, then

p(A) = u(Ag).

k=1

. Let f,, : X — R be measurable, such that the limit f(x) = lim,_~ fn(x) exists for all z.

Then f is measurable.
If f: X — R is measurable, and ¢ : R — R is continuous, then g o f is measurable.
A function f: X — R is measurable if and only if f is a uniform limit of simple functions.

Suppose f,g: X — R are measurable and ¢ € R. Then f + g, c¢f, fg, f/g are measurable if
g is nowhere vanishing in the case of f/g.

Let f,g:]0,1] — R be continuous such that f(z) = g(x) for almost every = (with respect to
Lebesgue measure). Then f(z) = g(z) for all .

(Egorov’s theorem) Let f,, : X — R be a sequence of measurable functions, converging almost
everywhere to f : X — R. For any § > 0 there exists a set Y C X such that u(X\Y) <o
and f, — f uniformly on Y.
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Suppose that ¢ : A — R is integrable and f : A — R satisfies |f(z)| < ¢(x) for all z € A.

Then f is integrable and
[ f@] < [ otan
A A

(Chebyshev’s inequality) If f: A — R is integrable and f(x) > 0 for all z € A, then
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for all ¢ > 0.

Let f: A — R be integrable. For any ¢ > 0 there is a § > 0 such that

Lﬂmwka

whenever E C A satisfies u(E) < 4.

(Bounded convergence theorem) Let f,, — f almost everywhere on A, and let ¢ : A — R be
an integrable function such that |f,,(z)| < ¢(x) for almost every = € A. Then f is integrable,
and

[ t@au= i [ a0 dn.
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(Monotone convergence theorem) Suppose that fi(x) < fa(z) < ... for all x € A, each f, is
integrable, and
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for some constant M. Then f(z) = lim, e fn(x) is defined almost everywhere on A, f is

integrable, and
fdp= lim / fndu.
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(Fatou’s theorem) Let f,, > 0 be integrableon A, such that for some M > 0 we have
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and lim,,_, fn(z) = f(x) for almost every = € A. Then f is integrable, and
/ fdu< M.
A

The space L'(X, 1) is complete.
The space L?(X, p1) is complete.

(Lusin’s Theorem) Let f : [a,b] — R be measurable, with respect to the Lebesgue measure.
For every € > 0 there is a set E C [a,b] with u([a,b] \ E) < € such that the restriction of f to
E is continuous.
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(Riesz representation theorem) For every bounded linear functional f : H — C on a Hilbert
space H, there is an element y € H such that

f(z) = (z,y), for all z € H.

If A: F — F is a bounded linear operator between Banach spaces, then the adjoint A* is
bounded, and ||A*|| = ||4]|.

The set of invertible elements in a Banach algebra with unit is open.
Any maximal ideal in a Banach algebra with unit is closed.

If a € A is an element in a Banach algebra with unit, then the spectral radius v(a) satisfies
v(a) < |al-

If A is a Banach algebra where every non-zero element is invertible, then A = C.
If a € A is normal in a C*-algebra A, then v(a) = ||a|.

If A is a commutative Banach algebra with unit, then there is a bijection between maximal
ideals of A and non-zero homomorphisms A — C.

For a commutative Banach algebra A with unit, the spectrum o(a) of any element is the
range of its Gelfand transform a.



