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Abstract—This paper aims at finding the real-valued dy-
namics that is equivalent to the Schrodinger equation and
then implementing quantum control by making use of the well
developed classical control theory. Firstly, pure state identification
approaches are presented for two-level, three-level and n-level
systems, respectively. Secondly, based on the discussions on the
pure state identification, real-valued dynamics that are equivalent
to the Schrodinger equations are deduced for both two-level and
three-level systems. Finally, a control strategy based on Lyapunov
approach is proposed by making use of the obtained real-valued
dynamics. Different from the existing Lyapunov control based
on the Schrodinger equation, the proposed control strategy can
achieve state convergence to its goal state without any constraints
on the internal Hamiltonian. Simulation results are included to
demonstrate the effectiveness of the approach.

Index Terms— Pure state identification, quantum control, Lya-
punov control

I. INTRODUCTION

The last three decades have seen the growth of quantum
control theory from the initial controllability topic to a broad
variety of control problems. For closed quantum systems, the
developed control strategies include Lyapunov control [1], [2],
optimal control [3], [4], variable structure control [5], control
based on Lie group decompositions [6] and measurement based
control [7], [8], etc. Existing control schemes for open quantum
systems include error correcting codes [11], [12], feedback
control [17], decoherence suppression by optimal control [15],
[16], the use of decoherence-free subspaces [9], quantum Zeno
effects [10] and quantum dynamical decoupling [13], [14],
etc (see [18] and the references therein). Here, it is difficult
to enumerate all of the control approaches. We can refer
to [19]- [21] for a more completed understanding about the
quantum control approaches. A general principle for these
control approaches is that most of them were implemented
by combining the well developed classical control theory with
the unique characteristics of quantum systems.

Different from classical systems, a quantum system is
described by the Schrodinger equation that is a complex-valued
dynamics due to the physical properties of quantum states.
To exploit the well developed results from classical control
theory into quantum control, one of the inspiring strategies is
to derive a real-valued dynamics to replace the complex-valued
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Schrodinger equation. This paper aims at finding the real-
valued dynamics so as to facilitate quantum control. As it is
known, quantum state tomography is a method to determine the
state of a quantum system via a series of measurements, since
the measurement of an observable gives a certain result with
a probability depending on the state [26]. In [23], the authors
studied the minimal informationally complete measurements
for pure states. They discussed the pure state reconstruction
based on measurement outcomes.

In this paper, to obtain the real-valued dynamics that is
equivalent to the Schrodinger equation, we will reexplain and
present the pure state identification strategy from a different
point of view. We will show that a pure state is characterized
by a set of real value parameters and thus can be uniquely de-
termined by a series of measurements. Based on the discussion
on the pure state identification, we will propose a strategy to
obtain the real-valued dynamics. Specially, we will deduce the
dynamics for two-level and three-level systems.

With the obtained real-valued dynamics, many well devel-
oped classical control approaches can be applied to achieve
control specifications. In this paper, the state transfer problem
for a two-level system will be considered. A control strategy
based on Lyapunov approach will be proposed. Compared
with the existing Lyapunov control approaches based on the
Schrodinger equation as introduced in [1] and [2], the proposed
control strategy has the following advantages: 1) the goal state
in this paper can be an arbitrary state, while the existing
Lyapunov control mainly focuses on the state transfer to an
eigenstate of the internal Hamiltonian; and 2) the exponential
convergence of the state to the goal state can be achieved in this
paper, while most of the existing Lyapunov control approaches
can guarantee that the final state converges to a neighborhood
of the goal state or to the goal state with some constrained
conditions on the quantum systems.

The rest of this paper is organized as follows: In Section II,
the pure state identification method is presented. In Section III,
the real-valued dynamics of two-level and three-level systems
are deduced. In Section IV, the control strategy is proposed
based on the obtained real-valued dynamics for two-level
systems. Section V concludes the paper.
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II. PURE STATE IDENTIFICATION BASED ON SYSTEM
OUTPUTS

The pure state identification approach presented in this sec-
tion is essentially equivalent to the one discussed in [23]. For
the sake of completeness and clearness, we will reexplain and
present the identification procedure in detail from a different
point of view.

A. Identification of Pure States for Two-Level Systems

Without loss of generality, we consider the identification of
two-level states described in the following form

) = aol0) + a1]1)

ao{é]—kal[ﬂ. (D

For the two-level system, we define the outputs as the
average values of observables C},

(1>

where
Ck11 Ck12R + 1Ck121
Cr = . . 3
¥ [ Ck12R — iCk12] 0 ] )

with cg11, cx12r and ci127 being real numbers. We can obtain
i = cr11laol® + 2cr12rRe {agar} — 2ce12rIm {agar} . (4)

Denote
01 = |ao|?, 02 = Re{ajar}, 03 = Im{aja,}. 3)

(4) can be written as

Yk = ck116h + 2cr12r02 — 2112103, (6)
ie.,
A 01
Y2 =A| 0, @)
Ys 03
where
ci11 2c112r —2c1121
A= ca1 2c22r —2c2121 |- ®
c311  2c312R  —2c3121

It is obvious that, if A is nonsingular, i.e.,

Ck11
rank 2ck12R = 3, (9)
—2ck121
[0 0 03 ]T can be uniquely determined. Therefore, |a|

and a{a; can be obtained. Furthermore, we can deduce |a;|
and the relative phase between a; and ag, Z{aja1}. Hence,
the pure state can be reconstructed in the sense that global
phase has no physical meaning.

Remark 1: The above discussion assumes ay # 0. In
practical experiments, if all of the three outputs y; = 0, then
we can draw the conclusion ap = 0 and thus |¢)) = |1).

Remark 2: The reason why we choose such kind of Cj: In
the outputs yy, ck11 is related to |ao|, and cx12 = cr12r+icCk121
is related to the coherence between the eigenstates |0) and |1).
In this way, the quantum states can be uniquely determined.

Remark 3: The reason why we choose three outputs: The

Ck11
2¢r12R

—2¢p121
compose a persistent excitation (PE) signal. The PE condition

plays a significant role in identification problems, since it is
related to the convergence of estimate parameters. The PE
condition requires that the signal rotates sufficiently in the
space [25]. Therefore, given three estimate parameters, we
choose three outputs to guarantee the convergence of the
estimate parameters.

rank condition (9) is equivalent to the set

B. Identification of Pure States for Three-Level Systems

Consider the identification of the following three-level state

) = aol0) + ai]l) + az|2)
1 0 0
2 ay| 0| +ar| 1] +az|0 (10)
0 0 1
Define the outputs
yk=(1/1|C’k\1/1>, k=1,2,....5 (1
where
Ck11 Cr12RT1iCk12T  CR13RT1CK13T
Cr=|cr12r —iCk121 0 0 (12)
Ck13R —1Ck13] 0 0

with cx11, Ck12R, Ck121, Ck13r and cgi3r being real numbers.
We can obtain

Ye = critlaol*+2cki2rRe{agar} —2cparIm{agar }

+26k13RRe{a8a2}—2ck1311m{a8a2} . (13)
Denote
01 = |ao|?, 02 = Re{ajar}, 03 = Im{aja},
04 = Re{ajas}, 05 = Im{ajaz}. (14)
(13) can be written as
Yk = Cr1101+2¢k12 02 — 2121034 2¢K13R04—2¢113105,  (15)
ie.,
Y1 01
Y2 02
ys | =B | 03 (16)
(7 04
Us 05
where
ci11 2ci12r —2ci12r 2c113r - —2c1131
c211 2c212R  —2c2127  2¢213R  —2C2131
B = | 311 2c312r —2c3121 2c313r —2c3131 | . (17)
c411 2ca12r —2ca121  2c413R —2C4131
cs11 2c512R —2cs121  2C513R —2Cs5131
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Similar to the case of two-level systems, if

Ck11
2ck12R
—2¢k121 =5, (18)
2ck13R
—2¢k131

rank

[0 02 O3 04 05 ]T can be uniquely determined, i.e.,
laol, aga1 and afas can be obtained. Furthermore, we can
deduce |a1], |az| and the relative phases between a; and ag
and between as and ag, Z{afa1} and Z{ajas}. Therefore, the
state |¢) can be reconstructed in the sense that global phase
has no physical meaning.

Remark 4: The above discussion assumes ag # 0. In
practical experiments, we can firstly measure the observable

cii1 00
Ci=| 0 0 O (19)
0 0 O

If we obtain y; = 0, we have ag = 0. In the subsequent
procedure, the three-level state identification can be resolved
by treating it as a two-level state identification problem.
Specifically, we can reconstruct the state by measuring the
following three observables

0 0 0
Ci=10 C22 cre3pticke3r |, K=2,3,4 (20)
0 cro3r—tck23r 0

where cpo90, Crozr and cposy are real numbers.

C. Identification of Pure States for N-Level Systems

Based on the discussions in section II-A and section II-B,
we can deduce the following identification procedure for the
n-level pure state

[¥) = aol0) +ai|l) +-- +an_1|n—1)
1 0 0
. 0 1
= ao| .| +aq1 + -+ an—1]| .. 2D
0 0 1

Step 1: Measure the following observable 'y

i1 0 - 0
0 0 --- 0

Ci= . . - (22)
0 0 --- 0

If y; = (Y|C1|Y) # 0, then | = 1, go to step 2; Otherwise,
we can obtain ap = 0 and continue measuring the following
observable (s

0 0 .0
0 C2922 ce 0

Co=| . . - (23)
0 O 0

If yo = (|Caltp) # 0, then | = 2, go to step 2; Otherwise,
we can obtain a; = 0 and continue measuring the observable
with only one diagonal element until y; # 0.

Step 2: Obtain the remaining 2(n—1) outputs by measuring
the following observables

0 0
Cril Cll1 RHCKIAT ** * ChlnRHCRInT
Crp = Chl R—ICKIHAT 0 e 0 ,
0 :
CkinR—CkinI 0 e 0
k=1+1,...2n—1 (24)
with
rank{D} =2(n—1)+1 (25)
where
(& 0 0 ce 0 0

Ci+1 2C41041R — 201410411 0 204 1unR —2C1410nT

Conil 2C2n11i+1R —2Con1+1T *** 2C2n4inR —2C2ninI

Step 3: Denote

9[2 |al_1\2, 9[+1 IRG {al*flal} , 91+2:Im {a}“flal} s

Oon—1-1=Re {a771a7l,1} 021 =1Im {aikflanfl} . (26)
We have

] 0;
Yi41 0141
Yivz | =D | G2 || 7
Yon—1 O2n—1

Therefore, we can determine 6;, 6,11, . .
we can obtain

., 05, ;. Furthermore,

|a171|7 |al|a R} |G/n,1‘,
Haj_yai}, Zaj_ a1}, .., Zaj_jan-1}. (28)

We can reconstruct the n-level pure state based on the obtained
result (28).

III. REAL-VALUED DYNAMICS FORMULATION
A. Dynamics of Two-Level Systems

Consider a two-level system described by

d
L% = [Ho + 05 (t) + oyuy (H)][¢) (29)
where 17 A 0
- 1
H0—§[ ; AZ] (30)

is the internal Hamiltonian with \; and A; representing the
possible values for the energy. The interaction Hamiltonians
o, and o, are the pauli matrices and they play the role of
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transferring the state populations between the two eigenstates.
The Pauli matrices are

1[0 1 170 —i 171 0
G R R B PR
(€29)
For a two-level particle, the density matrix p can be
decomposed as

1
p==I+myo, +myoy, +m,o,. (32)

2
Considering the system (29), the density matrix p should
satisfy the Liouville’s equation
dp
i = [Ho + o3uy(t) + oyuy(t), pl.
From (32) and (33), we can obtain the following Bloch
equation (see [26] and [27] for the interpretations of Bloch
sphere and Bloch equation)

(33)

dmy 1
at = *a[my()\l —A2) — szuy(t)]
dm,, 1
- = i[mm()\l — A2) — 2muy ()]
dm.
Zz = Mmyus(t) — mauy(t). (34)

Furthermore, according to the discussion on the pure state
identification, a two-level state can be uniquely determined by
the three parameters 61, 6» and 63 defined as (5). Hence, the
density matrix for the two-level system (29) can be expressed
as

_ 01 0y — i3
P=1 oytify 1-06, | 33)
From (32) and (35), we can obtain
my = 261 — 1, my, = 292, my = 293 (36)

It can be checked that m,, m, and m, satisfy the following
normalization property
(37

2 2 2
my +my +m; =L

This normalization property implies that the state m =
T .
[ My My M, ] evolves on the unit sphere.

B. Dynamics of Three-Level Systems

Consider the system

d
Z% = [Ho + Hlul(t) + HQUQ(t) + H3U3(t)+
Houa(t) + Hyul0) + Houg(t)] [0) G
where
1 A O 0
Hy = 3 0 X O 39)
0 0 A3

represents the internal Hamiltonian. The interactive Hamilto-
nians are in the forms of

1’010‘ 1’0—z‘0'
H1:§ 1 00,H2:§ i 0 01,
|0 0 0] |0 0 0]
1’001‘ 1’00—@'
ngiooo,m:iooo,
|1 0 0] | i 0 0
1'000‘ 1'00 0]
H5:§ 0 0 1 ,H6:§ 0 0 —i| (40
[0 10 |0 i 0]

where H1& Ho, Hs& H, and Hs& Hg play the role of transfer-
ring the populations between the eigenstates |0)&|1), |0)&|2)
and |1)&|2), respectively. Hence the system is pure sate
controllable.

Without loss of generality, consider the case where the state
can be uniquely determined by the coherent terms with the
ground state |0), i.e., the case where ag of the goal state
satisfies ag # 0.

The density matrix for the pure sate |¢) is

lao|> apai apai
p=| agar la1|* aja} 1)
atay alay |asl?

Based on the discussion on the state identification, the state
can be uniquely determined by 0y, 62, 03, 6, and 05 defined
as (14). Therefore, the density matrix can be expressed as

91 02 —ieg 94 —i95
2 2 .
p=| 02+i63 Mt e e
04405 (040240305)—i(0304—0502) (04)*H05)*
6, 01
(42)
The density matrix p should satisfy the Liouville’s equation
d
id—i = [Ho+ Hyuy (£)+ Hyug (£) + Hyus (EH
Huyug(t)+ Hsus (t)+ Heug (), p]- 43)
From (42) and (43), we can obtain
df
ditlz ngl(t) —02U2 (t)+05’LL3(t)—04U4 (t)
dfy 1 02+ 62 0304—050
7525 |:()\2—A1)93+ (91 - 291 3)u2(t)_349152u3(t)
0462 +030
- %M(t) + 05“5(t)_94u6(t):|
1
db- 1 02402 0462 +0505
7; = 5 |:()\1—>\2)92+( 291 3 —91>u1(t)+42015u3(t)
0304 — 050
- 1) s (1) a0
1
do 1 030, —050 0462 +650
d74 - 2[()\3—)\1)95—3 491 S22y (1) — =22 291 2 ug(t)

62402
+ ((91 — 4;—0> U4(t) + 93%5(t)+02u6 (t)]
1
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dfs 1 9492+8395n 936‘479592"
g 2[@\1 Ay + 0, ui(t)+ o us(t)
02462
+( 4;_ 5 —91) U3(t)—02U5(t)+03u6(t) . (44)
1
Define

mq :291—1, m2:292, m3:293, m4:294, m5:295. (45)

Similar to the Bloch equation for the two-level system, we have
the following real-valued dynamics for the three-level system

dm
Wl:mgul(t)—m2u2(t)—|—m5U3(t)—m4u4(t)
dmg 1 m3+m3
—Z="1A Aomg— —2——3uy (t)+(1 t)y—
i 2[ 1M3+Aamg L+ my uz(t)+(1+m)uz(t)
mamg —Mmsma mama+msms
—_—u3(t) —————— t
- us(t) - ug (tH
msus (t) —MyUe (t)]
dmg 1 m3+m3
=" \my—A 2 B (t)-(1 t
7 2[ 1M2—Aama+ Ltm, up () = (1 +ma)us (EH
mame+mzms mamg4 —msmsa
1+my Ug() 14+my U4()
m4U5(t)—m5u6(t)]
dm4 1 msmqg—1msmmso
—2=C1A A3t — —————— =y (t
a 2[ 1M5+A3Mms 1+ my u (t)-
myma+msms m3+m32
_— t)—— t
1 +m1 UZ( ) 1+m1 U4( )+
(1+m1)U4(t)+m3U5(t)+m2u(3(t)]
dm5 1 mamo+msms
—2 =" A\mg—A S ot
a2 { 1My —Az3my+ T uy (EH
2 2
mamy —msms my+mg
_ t)+——ug(t)—
1+my u2()+1+m1u3()
(1 + ml)u;g(f)*mQU5(t)+m3U6(t)] . (46)

It can be checked that the following normalization property is
satisfied
m%+m§+m§+mi+m§:1. 47

This normalization implies that the state

evolves on the

property
m = [ mp; Mo M3 Mg M; ]
5—dimensional unit sphere.

IV. CONTROL OF TWO-LEVEL SYSTEMS
A. Control Design

Consider the two-level system (29) with the Bloch equation
(34). Our objective is to develop a controller such that the state
starting from arbitrary initial state can be driven to the expected
state denoted as [ may myr My ]T =z y = }T
The following theorem indicates how the control objective can
be achieved.

Theorem 1: Consider the two-level system (29) with the
Bloch equation (34). The state m = [ Mg My My }T
starting from any initial state mg = [ ma0 Mmyo Mo |
converges exponentially to the goal state my = [ T Yy z }
with the control signals wu,(¢) and wu,(¢) designed according

to the following principle:
D) If [ym,—zmy| > |zmy—am,

, choose

_geimy(MiAa)—geamy (Mi—Ao) K (ef+ed+es)
U (t) = ym, —zm ’
z Y

uy(t) = 0; (48)

2) If |zmgy—am;| > |ym,—zm,|, choose

ux(t)zoa
uy (ty= €17y (M—Aa)—geama (M—Ao)—K, (efedtes)

where K, K, > 0 are the control gains.
Proof: Define the state errors as

(49)

ZMy— XM,

€1 =My —T, =My — Y, €3 ="M, — 2. (50)
Choose
1 1 1
J:§e§+§e§+§e§. (51)
The derivative of J is
dJ dmy, dm, dm,
- — . 52
- T Ty (52)
By plugging (34) into (52), we have
dJ 1 1
E = f§elmy()\17)\2)+§(32mm()\17)\2)+

(yma—zmy )ug (DH(zme—zm; )uy (). (53)

It is obvious that the coefficients of wu,(t) and u,(t) in (53)
are simultaneously zero if and only if

Mg =T, My =Y, My = Z, 54)

or
My = —X, My = =Y, My = —%, (55)

since the normalization property (37) should be satisfied.
Graphically, with the condition (55), the state is on the opposite
point of the expected state on the sphere and thus J =
max {J(mg, my, m,)} . Therefore, if the initial state satisfies
(55), we can add arbitrary control effort to disturb the initial
state such that J < maxz {J(mg, my, m,)}. The subsequent
task is to design control laws to decrease .JJ such that the state
can be driven to the goal state.

With the control signals u, and u, in the forms of (48) and
(49), we can obtain

dJ
i — K. y(€i + €5+ €3)
= 9K, (56)

Hence, the errors e;, e2 and e converge exponentially to zero.
|
Remark 5: We choose the control signals in the forms of
(48) and (49) in order to obtain small control signals and avoid
the singular problem in the case that the coefficient of u,(t) or
u,(t) is zero. However, due to switch between the two control
signals, this control design may put forward high requirements
to control lasers or electromagnetic control fields, or other
control equipments.
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Fig. 2. Control efforts for the state convergence

Remark 6: Unlike the results obtained based on the
Schrodinger equation in [2], the goal state here can be an arbi-
trary state instead of an eigenstate of the internal Hamiltonian.
Moreover, the exponential convergence of the state to the goal
state can be achieved without the requirement that the internal
Hamiltonian should be nondegenerated.

B. Simulation Study

In this simulation, the parameters of the internal Hamil-
tonian are given as A\; = 1 and A2 = 2. The initial state
is [ mgo myo mao ]T =[1 00 ]T. We choose the

T T
expected state as [ Mgp Myp Mef ] = [ 0 01 } .
The control gains are K, = 0.3 and K, = 0.3.

From Fig. 1, we can see that the quantum state is driven to
the goal state. Fig. 2 shows the control effort to achieve this
objective.

V. CONCLUSIONS

In this paper, we have reexplained and presented a pure state
identification strategy. Based on the discussions on the pure
state identification, the real-valued dynamics for two-level and
three-level systems have been discussed in detail. A control
scheme based on Lyapunov approach has been proposed for
the obtained real-valued dynamics. The control scheme has

great advantages over the Lyapunov control based on the
Schrodinger equation in the sense that the state convergence to
an arbitrary state can be achieved without any requirements on
the internal Hamiltonian. As to higher level quantum systems,
the derivation of real-valued dynamics and the control method
are quite similar to the ones presented in this paper. In this
case, the results obtained in this paper provide a systematic
strategy for the control of quantum systems.
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