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On a notion of passivity for discrete systems

Shravan Sajja'*, Vijay Gupta® and Panos J. Antsaklis?

Abstract— Cyber Physical Systems (CPS) often have contin-
uous components interconnected with systems described by
discrete state space. Examples of such discrete components
may be supervisory controllers or components implemented in
software. To design large scale CPS in a compositional manner
it would be useful to define a notion of passivity for these
discrete components as well. As a first step towards this goal
we assign notions of passivity and passivity indices for a finite
state model that is abstracted from an infinite state continuous
system. We also characterize the degradation of passivity under
this abstraction and analyze the stability properties of such
passive discrete systems.

I. INTRODUCTION

There is a resurgence of interest in the classical concepts
of passivity and dissipativity for the design of large
scale cyber physical systems owing to the property of
compositionality that these concepts offer. The reader
is referred to texts such as [1], [2] and articles such as
[3], [4] for a survey of the research landscape in this
direction. Somewhat surprisingly, however, there is limited
understanding of passivity for discrete (state) systems,
such as those obtained when systems are implemented in
software or from higher order controllers such as supervisory
controllers or trajectory planners.

Interaction between continuous plants and discrete
controllers is an important feature of modern day embedded
systems and cyber physical systems. The problem is
not trivial since it is known that several conventional
discretization methods (where discretization is of the
time variable and the state is deemed continuous) and
quantization procedures (quantization of input and output)
degrade passivity, and more generally, dissipativity
properties of a continuous-time system [5]. Hence careful
design of sampling time, input and output signals, or
quantization methods is needed to ensure passivity [6],
[7], [8]. The problem is even more difficult when the
state is discretized (as in a finite state model) or when a
discrete supervisor is interconnected with a continuous plant.

A relevant line of research is passivity of hybrid systems
where both continuous and discrete dynamics are considered
in the same framework [9], [10]. Recently, new passivity
conditions have also been proposed for switched systems
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[11], linear complimentarity systems [12] and piecewise
affine systems [13]. Although the hybrid systems framework
is well established, systematic compositional methods to
analyze the interconnection between discrete controllers and
continuous plants are not yet available.

Instead, we follow an alternate approach based on
abstracting finite state models from infinite state models
(continuous-time systems) which may further interact with
other finite state systems. There is now significant work
available on abstracting finite state models from continuous
systems while maintaining equivalence in a certain sense
between the two [14], [15] , [16], [17]. The common
approach between most of these works is to design discrete
controllers for the finite state discrete abstractions of a
plant in order to satisfy given discrete specifications. The
abstractions are such that the same discrete controller works
for the continuous system. This requirement imposes certain
requirements on the abstraction methodology in order to
maintain a certain equivalence between the continuous
systems and the finite state systems. In works such as [17],
[18], notions of input output stability and Lyapunov stability
have been proposed for systems in the discrete domain;
however, they do not allow a natural description of system’s
passive behavior. Passivity property for continuous plants
is described using a notion of inner product over a real
space, thus motivating abstractions which allow a notion of
inner product to defined for the input-output vectors of the
finite state abstraction. To this end, we follow the approach
of abstracting a finite state model using the concepts of
simulations and bisimulations. In particular, we follow
the notions of approximate simulation and approximate
bisimulation [19], and in particular their extensions for
continuous nonlinear systems that are incrementally forward
complete [20].

Specifically, we note that [20] incorporates notions of a
metric and a vector space, as well as provides us conditions
on sampling time and quantization parameters that guarantee
approximately similar models. The notions of approximate
similarity are based on bounding the distance between the
output trajectories of the continuous-time system and its
abstraction. However, in order to preserve properties like
passivity, which are described using both inputs and outputs,
we need to extend the notions of approximate simulation
further. In Section II we introduce new notions of ap-
proximate input output simulation and approximate input
output alternating simulation. Similar notions of input output
simulations were also proposed by [23] and [24]. In Section



III, we show how to obtain such finite abstractions based
on certain modifications to the methods proposed by [20].
Then we use these approximate relations to quantify the
degradation of passivity (in terms of passivity indices) under
abstraction. In Section IV, we generalize notions of passivity
and dissipativity for a class of finite state transition systems.
Then we analyze such finite abstractions to find conditions
under which they attain stable behavior in a practical sense.
A companion paper [29] considers the interaction of these
finite state models with higher order supervisory controllers
to ensure that the entire interconnection is passive. We
would also like to mention the paper [30] that considers
the related but complementary problem of discretizing a
controller designed in the continuous space so that passivity
indices of the closed loop system are maintained despite
discretization. Note that while [30] requires a bisimulation
of the controller, we require a simulation of the plant for our

purpose.

II. PRELIMINARIES
A. Notation

The identity map on a set A is denoted by 14. If A is a
subset of B we denote by 14 : A < B or simply by : the
natural inclusion map taking any a € A to 1(a) =a € B. The
symbols N, R, R™ and Ra“ denote the set of natural, real,
positive, and nonnegative real numbers, respectively. The
transpose of a general matrix M is denoted by M”. A matrix
P is symmetric if PT = P. A symmetric matrix P is positive
(negative) definite if x” Px > 0 (x” Px < 0) for all non-zero x
and we denote this by P > 0 (P < 0). A symmetric matrix
P is positive (negative) semi-definite if x” Px >0 (x” Px < 0)
for all x and we denote this by P > 0 (P < 0). The inner
product of signals u(t), y(z) is denoted by (u,y) defined as
(u,y) = Jou (t)y(t)dz. Given a vector x € R", x; is the i-
th element of x and we denote infinity norm and euclidean
norms of x by ||x|| and ||x||>. Given a measurable function
f:RT:0 <« R" the (essential) supremum (sup norm) of f
is denoted by ||[|.. If A C R" and n € R™, [A]; denotes the
subset [A]; C A defined by:

[Alp={z€A|zi=kn for some k; € A and i=1,2,...,n}.

The set [A]; will be used as an approximation of the set A
with precision 1. If we define Be(x) = {y € R"| [|x —y|| <
€}. For set A CR" of the form A = Ulj‘-’[:IAj for some
M e N, where A; =TI [c!,d]] CR" with ¢/ < d] and
positive constant 7 <1, Whepe A =minj—(__u Na; and
Na; = min{|d{ —c{],---,|ds — ca|}. Note that [A], # & for
any N < ). Geometrically, for any 11 € RT and A > 7
the collection of sets {By(p)})epu), is a covering of A,
i.e. A C Upepa), Ba(p). A continuous function v : Ry = Ry
belongs to class ¢ if it is strictly increasing and y(0) = 0;
Y belongs to class e if Y€ 2 and y(r) — oo as r — oo,
A continuous function y: Rj x R — Rj belongs to class
A L if, for each fixed s, the map B(r,s) belongs to class
J with respect to r and, for each fixed r, the map B(r,s)
is decreasing with respect to s and B(r,s) — 0 as s — co. A

relation R C A x B is defined by a map of the form R : A — 28
where b € R(a) if and only if (a,b) € R. For a set S € A the
set R(S) is defined as R(S) ={b € B:3Jac€ S, (a,b) €R}.
We also denote by d: X x X — Rg a metric in the space X.

B. Incremental forwardness and stability

In this paper we restrict ourselves to control systems of the
form X = (R",U,%, f) where

« R" is the state space;

« UCR™ is the input space;

e % :R — U is a subset of the set of all locally essentially
bounded functions of time from intervals of the form
Ja,h[C R to U with a <0 and b > 0;

o f:R"xU—R"is a Lipschitz continuous map.

If & :]a,b[— R" is a trajectory of ¥ (or equivalently a
solution of the differential equation % = f(x,u)), then we
will use &(7,x,v) to denote a unique point reached at time
7 under the input v from an initial condition x. System X is
said to be forward-complete if such a solution is defined for
all £ €]0,o[. In this paper we use an incremental version of
this property, defined as:

Definition 1 (Incremental forward-completeness): A
control system X is 8-FC if there exist continuous functions
B:Rf xRy — R} and y: R) x R — R} such that for
every s € R™, the functions (-,s) and ¥(-,s) belong to class
e, and for any x,x € R", any T € R™, and any v,V € %,
where v,V : [0,7) — U, the following condition is satisfied
for all £ € [0,7]:

18 (t,x,v) = &(t. 2" V) < Bllx—=[[,0) + ¥([[v =V ]|, 1).
(1)
Definition 2 (Asymptotic Stability): The origin of ¥ with
x = f(x,0) is asymptotically stable if and only if there exists
a B(-,-) € #.Z such that when ||x(0)]] < & we have

1€(2,x(0),0)[| < B([[x(0)[,1) ¥z = 0. 2)
C. Dissipativity
Consider the system X and an output function y = h(x,u) €
R?. Further, assume that f(0,0) =0 and A(0,0) =0. X is
dissipative w.r.t. y = h(x,u) if there exists a &' storage
function V (x) : R” — R and a supply rate @ : UxR? — R
such that V(0) = 0 and the following inequality is satisfied:

tw(lhy)dt 3)

fo

V(x(1)) = V(x(t)) <

for any t >ty and u € % . A special case of dissipativity is
(p,V)-input output strict passivity (IOSP) when o(u,y) =
u'y—vulu—py’y with p, v > 0. In this definition, parame-
ters v and p are known as passivity indices. The next Lemma
presents an important implication of passivity on stability
properties of X.

Lemma 1: [25)(Zero-input asymptotic stability) The
origin of ¥ with x = f(x,0) is asymptotically stable if
Y is (p,v) - IOSP with p >0 and v >0 and py’y > 0.
Furthermore, if the storage function is radially unbounded,
the origin will be globally asymptotically stable.



One of our main goals in this paper is to understand
the implications of finite state abstraction on such stability
properties of a passive system.

D. Transition systems and system relations

Definition 3: [21] A system T 1is a quintuple 7 =
(X,U,—,Y,H) consisting of:

o A set of states X;

o A set of inputs U;

¢ A transition relation —C X x U X X;

« An output set Y;

¢ An output function H : X —7Y.
T is said to be metric, if the output set Y is equipped with
a metric; d: Y xY — Rg . To define notions of stability for
transition systems we assume that the finite sets X,U, and Y
are equipped with the metric given by d(x,y) = ||x—y|| where
x,y are elements of X,U, or Y. If for any state x € X and
u € U there exists at most one state x' € X such that x ——

x'. If the system is nondeterministic, then for a transition
x —— X’ the state x’ may not unique, x’ is also known as

the u-successor of x. In such a case x’' belongs to a set of
all possible u-successors given by Post,(x) and we will use
U (x) to denote the set of inputs u € U for which Post,(x)
is nonempty. We will further use Post,(Q) to denote the set

Uyeg Post, (x).

E. System relations

Now we present certain system relations, that are essential
in obtaining faithful finite abstractions for control systems.
Approximate simulation relations used in [19] and [22]
are primarily based on bounding the distance between the
outputs or states of the continuous-time and its abstraction.
However, in order to account for behaviors like passivity
(which are defined using both inputs and outputs), we in-
troduce new notions of approximate input output simulation
and approximate input output alternating simulation.
Definition 4 (Approximate input output simulation):
Let 77 := (X17U17f>7Y17H1)5 T, = (Xz,U27T>
,Yo,Hy) be metric transition systems with the same sets of
inputs U = U; = U, and outputs ¥ =Y =Y, and equipped
with the metric d. Let g,¢, € Rg be given precision
requirements then a relation R C X; X X, is said to be an
(&4, €) - approximate input output simulation (IOS) relation
between 77 and 7, if the following two conditions are
satisfied:
(i) for every (x1,x2) € R we have d(H,(x1),H2(x2)) < &3
(ii) for every (x1,x2) € R and for every u; € U, there exists
uy € Uy such that d(uy,up) < g, and x; %x’l in Ty
implies the existence of x; —>L;2 x5 in T, such that
(¥).%5) €R.
Definition 5: (Approximate input output alternating
simulation): Let T, = (Xl,Uhﬁ,YhHl), T =

(X2,Us, T>,Y2,H2) be metric transition systems with the
same sets of inputs U =U; =U; and outputs ¥ =Y, =1,

and equipped with the metric d. Let g,,&, € RSL be a given

precision requirements, a relation R C X; x X, is said to be

an (&,,€&,) - approximate input output alternating simulation

(IOAS) relation from 77 to T if condition (i) of Definition

4 and the following condition are satisfied:

(iii) for every (x1,x3) € R and for every u; € U;(x;) there
exists up € Uy (x2) such that d(u;,u;) < €, and for every
x5 € Post,, (x2) there exists x| € Post,, (x;) satisfying
(x5,x]) €R.

The two notions of alternating approximate simulation and

approximate simulation coincide in the special case of de-

terministic systems. If T; is (g,,€,)- approximately input
output simulated (or approximately input output alternatingly

simulated) by T», then we denote this fact by T} j%;ﬁ T

Eu,Ey

(Tl j;OAS> TZ)
FE. Finitely abstracted transition systems

In this paper, we make a modification to the procedure
described in [20], to obtain finite state transition systems.
Method described in [20] is based on selection of appropriate
sampling time and quantization parameters which guarantee
approximate simulation and alternating simulation relations
between the original system and its abstraction. Initially
we consider a discrete time sub-transition system Tr(X)
corresponding to £ = (R",U,%,f) with a sampling time
period T € RT. We further assume that control inputs are
piecewise-constant over the sampling time period 7, the class
of inputs considered are:

Uy ={uec U |u(t)=u0),tec]0,1]}.

For T;(X) we use identity map as the output function,
however, for stability and passivity analysis, we use an
alternate output corresponding to y = h(x,u).

Definition 6: [21] Let X be a control system and T'(X) its
associated transition system. For any 7 > 0, the sub transition
system T;(X) := (X¢,Ur, %,YT,HT) is defined by:

. X‘L’ = Rn,

o Ur=U;

o X1 % xl,, if there exists a trajectory & : [0,7] ——

é(rvxfauf) = x{c ;

. YT = Rn,

o Hy=lgn.

Now we restrict the input set and the state set to a hyper-
rectanlges U C R” and X C R” such that {0} € U and {0} €
X. Then we choose input and state quantization factors such
that 4 < fi and 1 <17 (see Section II.A on how to calculate
. ).

Definition 7: For any 6-FC control system X and parame-
ters 7> 0, 71 >0, it >0 and a design parameters 0;,0, € R*,
a countable transition system can be defined as:

llq
Trpun(X):= (Xq»Uq>T>7Yquq) 4)



o xg > X i [[E(Txg ug) — Xl < B(61,T) +
Y(62,7) +1;

o Yo=[X]y

o Hy=1:Xq =Yy
where B and 7y are functions from Definition 1.
Finite transition system 77 »(X) is different from the tran-
sition systems abstracted in [20], because of an extra design
parameter 6,. This extra design parameter is necessary to
obtain finite abstractions which are approximately input
output (alternatingly) similar to the original system. In the
next section we provide sufficient conditions to guarantee the
existence of such approximate abstractions. We also quantify
the degradation of passivity condition for a continuous-
time IOSP system under such abstractions. We illustrate this
degradation through a new dissipation inequality satisfied
by the finitely abstracted transition system. Based on this
new inequality, we define a new notion of practical passivity
for transition systems. Further, we show that this notion of
practical passivity guarantees a notion of zero-input practical
asymptotic stability transition system akin to continuous-time
passive systems.

III. DEGRADATION OF PASSIVITY

Initially we provide sufficient conditions for T¢ 5 ,(X) to be
(€4,€y) - approximately input output (alternatingly) similar
T (%).

Proposition 1: Consider a control system ¥ and any de-
sired precision parameters &, > 0, g, > 0. If X is 0-FC then
for any >0, 6; >0, 6, >0, n >0 and u > 0 satisfying
the following inequality:

B(61,7)+7(6:,7)+n < &, )

such that n <&, < 6 and u < g, < 65, we have:

Temu(E) <o) To(2) <\ Teg u(E).  (6)

PROOF: Initially we show that T¢(X) jgg’s’gy ) Trqpu(X). Con-
sider any x; € X; and u; € Uz, then there exists xq € Xq =
[X]n and ugq € Uq = [U], such that

[xe —xgll <M < ¢ (7

and
H”r_”q” <u<eg, ¥

This is possible because of the nature of quantization which
allows X € Uc(x), Ba(p) and Ur € U,cy), Ba(p). From
the definitions of output functions H; = Igs and Hq =1 :
Xq = Yo, we have [[H(xe) — Hq(xg)ll = e — gl < €.
hence condition (i) of Definition 4 is satisfied.

. . I u .
Now if we consider the transition x; —— x; in the
T

transition system 7;(X) , then the distance between x/, and
&(7,xq,uq) can estimated based on the § - FC property of
¥ and inequalities (7) and (8) i.e.,

I3 — & (7. xq,uq) || < By, T) + V(€ T) ©)

Since Xz € Upepx), Ba (p), there exists xy € Xq such that

[z —xqll <m (10)

From the triangular inequality we have

(7. 5q. 1tq) — Xy < (1€ (.3, ttq) — X | + [ — |

From inequalities (9) and (10) we have

||§(7axqv“q) _x:]H < [S(ey,r) +7(8u71') +1n

Finally we use 1 < ¢, < 6; and u <g, < 6, to show that

16 (7, xq, uq) —xg|l < B(61,7) +7(62,7) + 7

which, by the definition of Tt ,(X) implies the existence
of xq L TN Xq in Tryn(X). Therefore, from inequality

(10) and since n < &, we conclude that (x7,x,) € R and
condition (ii) in Definition 4 holds.

Now we show that Ty 5 4 (E) <\o42) T,(£). For R C X, x Xq
we consider an x; = xq € Xy. This is possible because
Xq € X; and it satisfies condition (i) of Definition 4 (i.e.,
lxz —xq|| =0 < &,). Now we choose an input u; = uq € Ug
(satisfying |lu; —uq|| =0 < &,) and consider the unique tran-
sition x; u%) X = &(T,x¢,uzr) € Post,, (x). The distance
between x and &(7,xq,uq) can be bounded using the & -
FC properties of ¥, i.e.,

5% — & (7,xq,uq) || < B(0,7)+7(0,7) (11)

Since X: € Upeix], Ba (p), we can always find x; € X4 such
that

g =Xzl < (12)

From the triangular inequality and inequalities (11) and (12)
we have

16 (7, xq,uq) = X2 + [l — xq |
B(0,7)+7(0,7)+n

Finally we use 0 < 0; and 0 < 6, to show that

1€ (7,2, 11q) — x|

INIA

Hé(r,xq,uq) _x:lH < ﬁ(@l,f) +Y(62’T) +Tl

which, by the definition of T, »(X) implies the existence
of xq L, Xq in Tryn(X). Therefore, from inequality

(12) and since n < &, we conclude that (x,x;) € R and
condition (iii) in Definition 5 holds.

Now we analyze degradation of passivity of X under ap-
proximate input output similarity. For this purpose, we use
an assumption from [27]. If the control system ¥ is passive
w.r.t. the passive output function y = h(x,u), this assumption
bounds the rate at which y can change w.r.t. time.



Assumption 1: [27] Assume that the operator from u(t) to
¥(7) has the finite L, gain, 7, that is

[ 1slar < 2 [t ar

for any 7> 0 and admissible u(t).

Theorem 1: Suppose that the original continuous-time
system X is § - FC and (v, p) - IOSP w.r.t. the passive output
function y = A(x,u) and a storage function V with a Lipschitz
constant K. We also assume that such that Assumption 1 is
satisfied. Let T;(X) be the transition system corresponding to
¥ with a sampling time 7. If the state and input quantization
parameters 1 and u are chosen such that Tr ;,  (X) is (&, &))
- approximately input output similar (or alternatingly similar)
to T¢(X), then T, »(X) satisfies

(V) —V(xg) <

(ugvq) — PF (e Yq)

1
T
Ke,
—vF(uguq)—i—T) (13)
for all transitions of the form x4 L TN xil with yq =

T

h(xq,uq) and

pYT P (14)

I+ (I+7)7
PROOF: Since X is (p,Vv) - IOSP w.r.t. the passive output

y(t) = h(x(t),u(t)) we have

V(x(to))

VF=V—YT— and pr =

<

T+t
V(x(t+1)) — / (uTy —vulu— pyTy)dt

(3o — Vits)e — plyy)e

for any 79,7 > 0 and u € %/. The passivity inequality can be
interpreted as

V{u,u) .

e +V(x(to)) = V(x(t+19)) > 0
Vx(tp) ER", ue % and 7>0

(u,y)z = —pW

Without loss of any generality we let 7y = 0. For the

sub transition system 7;(X), if we consider any transition

Xr —2 X, = &(T,x7,uz), Where uz is a piecewise constant
T

input and y(r) = h(x(¢),u;) is the passive output function

with x(0) = x¢, then we have

(e, h(x(t),uz))r — p(h(x(t),ue), h(x(t),ur))r — V{uc,uz)c
+V(x1) _V(é(’f»xrﬂfir)) >0
Vur €Ur,xc € X and 0<r < 7. (15)

The finite transition system 7, (X) := (Xq,Us, M+>
,Yq,Hq) is (€4,€,) - approximately input output similar to
T:(X). Hence we can always find a transition xq M x
in Trypn(X) such that |[x; —xq|| < &), [Jur —uql| < & and
[z —xg |l < €. Since inequality (15) is valid for all u; € Uz
and x; € X¢, it will be valid if we substitute u; = uq and
Xr = Xxq and it is always possible to find such u; and x,
because Ugq C U; and Xy C X;. Thus, we have

(g, h(x(t),uq))c — p(h(x(t), uq), h(x(t),uq))z — v{uq, uq)c
+V(xq) =V (&(T,xq,uq)) > 0

vV0<t<rt. (16)

For clarity of exposition we define y(¢) = h(x(t),uq) hence
¥(0) = h(xq,uq). Now inequality (16) can be written as

(uq,y(t))r —p(y(1),y(t))r — v{ug, uq)<
+V(xq) =V (E(T,xq,uq)) >0 VO<1< T

Form inequality (17) we will obtain the corresponding
inequality for the transition system 77, 5 (X) in terms of its
inputs, states and outputs. To do that we bound each term
from inequality (17).

A7)

Bounds for (uq,y(t)):: Here we compare (ugq,y(t))r and
‘L'(ug ,¥(0)) and their difference can be bounded as

(s ¥(0)— a3(0)] = I [ (v(0)-y(0)) e

= |u//y )dsdt|
lagll [ [ 1505)ladsa
0 JO

Further, we can bound the integral w.r.t. s as

[ 150aas < [T 15660 as < v [ 156 1Bas

hence

g ¥(0)) 2 = 70 3(0))] < 7/Flutgl | [ 505) B

Since Assumption 1 is valid for all admissible inputs, it is
also valid for inputs uq and the corresponding passive output
y(t), hence we have

IN

=7 y(uquq)
and
(uq,y(t))e < T°y(uduq) +(ul ,y(0)) (18)

Bounds for —p(y(t),y(t)): Here we compare (y(¢),y(#))¢

and y(0)7y(0) and their difference can be bounded as
(1), 3(0))< ~ ¥(0)T5(0) 19)
< |[ 60Ty - x(0)7¥(0)
< ([ svoie)a
< [ S UveBas 20)

we can further bound this integral in s as

o[ SUsoBa = P [Ty v

< 20 [yl 56)lads
< o [ Uy B+ 5) B)ds
< 2ly(0).y(0)e+ Pyl ug)



Hence inequality (19) results in
|(¥(1),¥(1))e = ¥(0) ¥ (0)] < T{y(1),y(1)) =+ T*¥(1g uq)
thus —7(y (1), ¥(t))z — *¥(uquq) +¥(0)"y(0) < (¥(1),y(1))=

and
2
PTY, ¢ P
G e

y(0)7y(0) > —p(y(t),y(t))<

T
q

2L

Bounds for —v(uq,uq):: Since (ugq,iq)r = T(ugiq) we have

—V(ug,Uuq)r = —vr(uguq) (22)

Bounds for —V (&(7,xq,uq)): Now we consider a transition
Xq u+> Xq in Tryn(X) and by Definition of Tty 5 (X)

we have ||£(7,xq,uq) — xq|l < B(61,7) +7(62,7) + 7. For
Lipschitz continuous storage functions

V(xq) < V(E(7,%q,uq)) + K (Jlxg — E(7,xq,uq) )

Since T (X) is (&y,€&,) - approximately input output (alternat-
ingly) similar to T¢ y 5 (X), we have [|§(7,xq,uq) —xq|l < &,.
Hence inequality (23) results in

(23)

~V(xg)+Key, > —V(E(T,xq,uq)) (24)

From (18), (21), (22) and (24) we obtain

(ug,¥(0)) — pr7y(0)"y(0) — Ve (uguq)
+V (xq) =V (xq) + K&y > 0.

Thus Tz, o (X) satisfies (13) with y(0) = h(xq,uq) and pr,
Vg given by (14).

In the next section, the terms pr and vg will be interpreted as
the passivity indices for Tty ,(X). Apart from degradation
of passivity indices from (p,Vv) to (pr,Vr), the presence
of % > 0 on the right hand side of (13) indicates further
deterioration of passivity under abstraction.

IV. PASSIVITY OF TRANSITION SYSTEMS

Finitely abstracted transition system (4) is a quantized ver-
sion of the sampled-data system T;(X). The finite state
transition system (4) can be thought of as a discrete time
system with a finite state run

Uq0 Uql Uq2 Uq(n-2) Ug(n—1)

X X X X X
Qo T q1 T q2 T qn—1 T an

where xq, € Xq is the initial state and xg; %xq(i 1) for
all 0 <i < n. The subscript i corresponds to the sampling
time instants t = 0,17,27,...,n7 and x4 corresponds to the
state of (4) at the time instant i7. In some cases, a finite state
run can be extended to an infinite state run with i € N. Based
on inequality (13) and discrete time nature of these transition
systems we define notions of dissipativity and passivity for
the transition system (4).

Definition 8 (Practical dissipativity): Let €' function V :
Xq — R} be a storage function with V(0) =0 and let  :

Uq x Xq — R be a supply rate, then the transition system (4)
is practically dissipative with respect to @ if
1
- (V(xqis1)) = V(xqi)) < 0(uqi,xqi) +6 VieNand § >0
, (25)
for all the transitions xq; — Xq(it1)-
T

In the above definition V(xg(y1)) — V(xq) represents the

. . . .. Uqi
increase in stored energy during the transition xq, ———
T

Xq(i+1) and @(uqi,Xxq;) is the energy supplied before the
transition. Presence of 6 > 0 on the right hand side of (25)
indicates indicates the energy generated due to the error
introduced by the abstraction process (see Theorem 1 and
[S]). A special case of dissipativity can be obtained when
the supply rate

o (uqi,xqi) = (”gih(xqi»“qi)) _PF(hT (Xqis Uqi )P (Xqis Uqi))
_VF(Ugiuqi) (26)

where pr > 0 and vg > 0 are passivity indices for the
finite transition system. For a supply rate given by (26) we
define (4) to be (pf, Vr,0)-practically input output strictly
passive w.r.t. an output function h(xg;,ug;). The function
Yi = h(xgi,uqi) is an output function for the finite transition
system at a time instant iT and it is analogous to y = h(x,u)
for the continuous-time system (see Subsection II-C). Note
that this output function is different from the output function
Hq =1:Xq — Yq. The output function y; = h(xq;i, uq;) will
be used only to study passivity and the stability behavior of
the transition system. In order to avoid confusion between
the output functions Hy and y; = h(xg;,ugqi), we will refer
to y; = h(xqi,uqi) as the passive output function, i.c., the
output with respect to which the system is passive. The
passive output function for a transition system can be
obtained using Hyq =1 : Xq < Yq, whenever Hq = ly,, i.e.,
Y = h(Hq(xq),uq) = h(xq; uq)-

Two important properties of continuous-time IOSP systems
are zero-input asymptotic stability (see Lemma 1) and
compositionalilty. Compositionalilty refers to the fact that
negative feedback interconnection of two passive systems
is also passive. In a companion paper [29], we discuss the
compositionality of practically IOSP transition systems. In
this paper we show that practically IOSP transition sys-
tems are also zero-input asymptotically stable, however, in
a practical sense. For this purpose we define notions of
practical asymptotic stability and we also derive Lyapunov
like sufficient conditions that guarantee practical asymptotic
stability. These Lyapunov like conditions allow us to recover
practical asymptotic stability from practically IOSP transition
systems.

Definition 9 (Practical asymptotic stability): The transi-
tion system (4) is practically asymptotically stable for zero
input uq =0, if for any strictly positive real numbers A > 6 >
0 there exists a class JZ.% function 8 such that for all initial

. . 0
states with [lxqo|| < A, all the transitions xg; " Xq(i+1)



(for all i € N) satisfy

Ixaill < Blllxqoll.i) +8. i €N. @7)
This notion of stability for a transition system can be
described in terms of Lyapunov-like functions which provide
sufficient conditions for a transition system to be practically
asymptotically stable.

Theorem 2 (Practical stability Lyapunov function): A
€' function V : Xq — Ra“ is called a practical stability
Lyapunov function for the finite state transition system (4)
for zero input ug; = 0, if there exists class J., functions @,
o, o such that for any strictly positive real numbers A,
and xq € Xq such that ||xq|| <A, the following holds

a(|[xql) < V(xq) < 0([|xgll) (28)
V(xq(ir1)) =V (xqi) < —a(|lxqil]) + 8 (29)
aod oa(A) > 8. (30)

for all the transitions xg; % Xq(it1) (for all i € N).

PROOF: From V(xq) < @(||xq||), Vxq € Xq, thus we have
@ '(V(xq)) < |lxq]l, and
—a(|lxgill) < —o @ (V(xqi) = —a5(V (xqi))
where a3 = aod ! € #,. Then (29) can be written as
V(xgivn)) —V(xg) < —o3(V(xg)) +6.

Define D= {{:V({) <b} where b= 0! (§). We show that
if there is some xqo € D then xq; € D for all i € N, i.e., D
is an invariant set. Consider xq0 € D (i.e. V(xq) < b) and
inequality (31) results in

V(xq0) — 03(V(xq0)) + 6

€29

V(xq) <

(32)

Without loss of generality, we can assume that Id — a3 € 77,
where Id is the identity function (see [26]). Hence we
can write (32) as V(xq1) < (Id — a3)(V(xq0)) + 0. Since
Id — a3 € #, we can write V(xq1) < (Id — o3)(b) + 6 =
b—(8)+ 8 = b. Using induction we can show that
V (xq(0+1) < b for all i €N thus |lxqi|| < a~lag ' (8).

Now consider |[xqol| € (2 ' '(8),A) and let jo = min{i €

N:xq; € D}. For i < jo, we have 03(V (xq;)) > 6, then we can

always find ¢ € (0,1) such that co3(V (xq;)) = 0 and hence

V(xg(ir1)) =V (xg) < —(1-c)az(V(xg)).  (33)

From comparison principle for discrete-time systems [28,
Lemma 4.3], we have

V(xqi) < B(V(xq0),i)

where B € #Z. Thus |xgll < o '(V(xg)) <

Vv
a ' (BV(xg), ) < e (B(@(lxgol).i) = Bllxqoll,i)
where f € L.

(34)

Hence we can write ||xg;|| < max{ﬁ(quoH,i),g’la;l (8)} <

B(llxqoll,i) +a oy '(8) Vi€ N.
]

Based on the definitions of practical asymptotic stability and
practical stability Lyapunov functions, we can now show that
practically IOSP are zero-input practically asymptotically
stable.

Corollary 1: The transition system (4) is practically
asymptotically stable for zero input (ug; = 0) if there exists
class % functions @, &, 6 such that for any strictly positive
real numbers A, d and for all xq € X such that ||xq|| <A, the
following holds

([[xqll) <V (xq) < A([lxql1), (35)
0(Ilxall) = preh’ (xq,0)h(xq,0), (36)
(@ 'oa(A) > 8 (37)

and (4) is (pr, Vr, 6)-practically IOSP with pr > 0 and vp >
0.
PROOF: The proof follows directly from Theorem 2.

V. NUMERICAL EXAMPLE

An LTI system X : %= —x+u is (0.25,0.5) - IOSP with
an output function y = x+u and a storage function V(x) =
1x7(0.5154)x = 0.2577x?. Now we construct a approxi-
mately input output similar symbolic model for X. It is
readily seen that ¥ is incrementally forward complete, thus
we can apply Corollary 1. We work on the subset D =
[—0.2,0.2] of state space and subset U = [—0.1,0.1] of the
input space. To construct the symbolic model of precision
g, = 1, we construct a symbolic model 7% ;,(X) by choosing
6=1,1n1=01, 6b=¢ =u=0.1 and 7=0.2 so that
assumptions of Corollary 1 are satisfied. Since g =0.1 and
7 =0.2, the control inputs are piecewise constant of duration
T such that

{—w,0,u} ={u_1,up,u1 } = {-0.1,0,0.1} € U.
And the states of the symbolic system are described by
{-2n,-1,0,1,2n} ={-0.2,—-0.1,0,0.1,0.2} € D.

The transitions between states upon the action of a
control input can be calculated using the differential
equation describing Y. The symbolic system in figure
1 represents Trp,(X) and it can be observed Tty (X)
is nondeterministic, i.e., Post,(x) may not be a single
element. For example, if we consider the state —2m, the
Post,,(—2n) = {—2n,—n}, ie., under the input ug, the
next possible state may be —2n or —n. In Fig. 1, multiple
inputs on the arrows represent all the possible inputs that
can cause that transition.

Now we discuss the effect of symbolic abstraction on the
passivity properties of X. It can be verified that the output
y =x+u satisfies Assumption 1 for Y= 1. Hence Theorem 4
Ke,
T

states that Tz 5 ;i (X) is (pp, VF, —)-practically IOSP where

—v_yp_ PYT_ __ P
VFE=V—YT T+t 0.2583, pr L

and K is the Lipschitz constant for V(x). For the state space
D as the Lipschitz constant K = 0.0773, hence Ty 4 (X) is

=1.0417.
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Fig. 1: Symbolic model for X.

(0.2, 0.24, 0.3865) - practically IOSP.

For the symbolic transition system, Theorem 4 can be
alternatively verified by checking if

V(q) +t(£%0) —prr(o’0) — vpT(£T L) + Ke _ V(p) >0

is satisfied for all transitions q LI p where p € Post,(q),
T
0=Cq+D¢ and V(q) = 1q"Pq, ie.,

Ke, 1
Q" Fq+£"Gq+q" G e+ £"HE + T) - 5pTPp >0

where
1 T
F = 5P—pprcTC, G:EC—pFrDTC,
H = %(D—FDT)—pFTDTD—vFTI.

For the symbolic system, we assume that there are M
quantized inputs denoted by {€;,£€;,...,€y} and there are
N quantized states denoted by {qi,qp,...,qn}. All the
transitions in the symbolic system can be represented by

q ———p] fori=1,...N and j=1,...,M, where p/
T
represents the next state after time 7 with an initial state

q;, under the action input £;. Hence, passivity verification
would entail verification of the inequality

T

Ke,
qiTFq,»JrKJT»Gq,-Jrq,- GTKjJrK?HKjJrT}

1

2

for i=1,...N and j=1,...,M. In order to verify the
above inequality for all transitions in a systematic fashion,
we consider each state q; € D and evaluate the next states
corresponding to all possible inputs £;, j=1,...,M. We

()" P(p]) >0 (38)

continue this procedure for all states q;, i = 1,...,N. If
we let q = [ql,--',qN]T and £ = [ﬂl,~~-,£M}T then the

_ T _ T
vectors p' = [p},--,py] ..., pM = [[;’]”, ,PN]" can be
calculated together as p= [p',---,p"]

_ {(IM®6AT)(IM®(1) + ((fOTeA(T_a)BdOC) ®IN> (Z®IN)L'

for a system described by X = Ax+ Bu. Verification of
(38) fori=1,...Nand j=1,...,M. would require us to
verify positivity of MN scalars. All these MN scalars will
be arranged along the diagonal of an MN x MN matrix,
and this diagonal matrix would be checked for its positive
definiteness. This approach allows us to represent all the

inequalities together in a compact fashion. This compact
representation will be achieved using the Kronecker product
as given by

PASSIVE = Iy®((Iv®q" )(Iy@F)(Iy®q))
+ (Inef")(IyeG)(Iyeq)) @ In
+ (ved")Ine G )(Iv® L) @Iy
+ ((Un @€ (Iy@H)(Iy ©£)) @Iy
b e e R0 (39

For the nondeterministic cases where P is not unique, we
verify (39) for all possible values of p . Performing this test
for our numerical example, we obtain the diagonal elements
of the PASSIVE matrix for two possible values of p and it
can verified that all the diagonal elements are positive,

diag(PASSIVE,) = [0.37327 0.3817,0.3833,0.3886,0.3896,
0.3782,0.3844,0.3865,0.3870,0.3859,
0.3819,0.3860,0.3859,0.3817, 0.3810]

diag(PASSIVE,) = [0.3279,0.3623,0,383570.3839,0.3635,
0.3526,0.3787,0.3865,0.3761,0.3448,
0,3712,0.3865,0.380970.3623,0,3202]

hence confirming practical passivity of the symbolic model.

VI. CONCLUSION

In this paper we introduce approximate input output (al-
ternating) simulation relations which allow us to describe
passivity and dissipativity for finite state abstractions of
continuous-time systems. These relations further allow us
to quantify degradation of passivity under abstraction in
terms of passivity indices. We also analyze the implication
of such relations on zero-input stability of a passive system.
Future work will focus other properties of passive systems
like input-output stability. In a companion paper [29] we
consider the interaction between a continuous-time passive
system with a finite state transition system.
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On passivity of a continuous plant interconnected with a discrete
supervisory controller

Shravan Sajja'*, Vijay Gupta® and Panos J. Antsaklis?

Abstract— Consider a continuous plant interconnected with
a discrete supervisory controller. In what sense can the in-
terconnection be termed passive and stable? This question is
useful for application of passivity based control techniques in
cyberphysical systems where controllers may be implemented
in software. Using a notion of passivity for a finite state model
abstracted from an infinite state continuous system that was
proposed in [13], hence we consider the interaction of such
finite state models of a plant with discrete controllers. The
chief result of this paper is to find conditions that ensure that
the entire interconnection is passive and hence stable.

I. INTRODUCTION

Close interaction between dynamic systems and the
computational elements in a cyberphysical system
makes it desirable that these computational elements
are designed while exploiting the properties (for e.g.
passivity, dissipativity, symmetry, invariance, etc.) of a
dynamic system. In this paper, we are primarily interested
in the interaction between computational elements and
passive dynamic systems. Passivity is an important property
used to design stable control systems that also offers
compositionality [1]. Hence, there is much interest in using
passivity as design tool for cyberphysical systems [2].
For a full theory of passivity in cyberphysical systems
we need a better understanding of the interaction between
passive dynamic systems with computational elements that
are discrete state systems. However, this needs a well
defined notion of passivity for discrete state systems. One
broad approach to solve this problem has been through
the hybrid systems framework. Hybrid system consider
both continuous and discrete dynamics are considered in
the same framework and several definitions of passivity
have proposed for certain special classes of hybrid systems
[31, [4], [5], [6], [7]. Although hybrid systems framework
is well established, systematic compositional methods to
analyze the interconnection between discrete controllers
and continuous plants are not yet available. We follow an
alternate approach based on abstracting finite state models
from infinite state models (continuous-time systems) which
further interact with computational elements modeled using
finite state controllers (see figure 1). This approach provides
us with a unified framework to analyze both discrete and
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2 Authors are with the Department of Electrical Engineering,
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continuous components of a cyberphysical system. In [13]
we showed that if the finite state transition systems are
abstracted using the concepts of approximate input output
simulation relationships then properties like passivity and
dissipativity can be defined for the finite state abstractions.
Further, we quantified the degradation of passivity under
such abstractions and showed that finite abstractions of a
certain class of continuous-time passive systems are zero
input asymptotically stable in a practical sense.

In this paper we present results on passivity for systems
obtained by composing of such practically passive finite state
abstractions. Specifically, we analyze feedback composition
of computational elements with finite abstractions of
continuous-time passive systems. We adopt a modified
notion of approximate feedback composition of transition
systems proposed by [10], which requires two transition
systems to satisfy certain approximate simulation relations
for feedback composition. We show that once two transition
systems are approximately feedback composable, then
practical passivity of one of those transition systems implies
practical passivity of entire composition, although the
passivity indices may be different. We also show that these
results can be used to develop practically passivating discrete
controllers for the interconnection of a continuous-time
systems and the discrete controller. However, actual design
of such controllers in out of the scope of this paper. A
major assumption in our work is that both continuous and
discrete components of the cyberphyiscal system receive the
same quantized inputs and is the subject of our future work.

This paper is organized as follows. In section II of this paper
we introduce our notation and some preliminary definitions.
In section III, we present some initial results for feedback
composition of finite transition systems. We further interpret
these results for the case when a discrete supervisor is
connected to a continuous-time passive system. We show that
if one of the components in the interconnection is passive
then their approximate feedback composition is also passive
in a practical sense. We would also like to mention the paper
[14] that considers the related but complementary problem
of discretizing a controller designed in the continuous space
so that passivity indices of the closed loop system are main-
tained despite discretization. Note that while [14] requires a
bisimulation of the controller, we require a simulation of the
plant for our purpose.
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Fig. 1: Finite state approximation of a continuous-time plant
interacting with a finite state controllers (software).

II. PRELIMINARIES

A. Notation

The identity map on a set A is denoted by 14. If A is
a subset of B we denote by 14 : A — B or simply by
¢ the natural inclusion map taking any a € A to i(a) =
a € B. The symbols N, Z, R, R™ and Rg denote the
set of natural, integer, real, positive, and nonnegative real
numbers, respectively. The inner product of signals u(z), y(7)
is denoted by (u,y) defined as (u,y) = [ u” (7)y(t)dt. Given
a vector x € R”, x; is the i-th element of x and we denote
infinity norm and euclidean norms of x by |x|| and ||x||2.
Given a measurable function f: R : 0« R”" the (essential)
supremum (sup norm) of f is denoted by ||||. If A CR" and
n € RT, [A]; denotes the subset [A];, C A defined by: [A]; =
{zGA | zi =kn for some k; € A and i = 1,2,...,n}. The
set [A], will be used as an approximation of the set A
with precision 7. If we define Bz(x) = {y € R"| |[x—y| <
€}. For set A CR" of the form A = Uﬁ-’I:lAj for some
M €N, where A; =TI"[c!,d]] C R" with ¢/ < d] and
positive constant 7 <1, Wher_e fl =minj—;__u Ma; and
Na; = min{|d{ —c{],---,|di — cz|}. Note that [A], # & for
any 1 < f]. Geometrically, for any n € R™ and A > 1 the
collection of sets {B; (p)},c(a), is a covering of A, ie. A C
Upeial, Ba(p). A continuous function y: Ry — Ry belongs
to class JZ if it is strictly increasing and (0) = 0; v belongs
to class e if y€ ¢ and y(r) — oo as r — co. A continuous
function y: R} x Rj — RJ belongs to class J¢.Z if, for
each fixed s, the map 3(r,s) belongs to class % with respect
to r and, for each fixed r, the map f(r,s) is decreasing with
respect to s and B(r,s) — 0 as s — co. A relation RCA X B
is defined by a map of the form R: A — 28 where b € R(a) if
and only if (a,b) € R. For a set S € A the set R(S) is defined
as R(S)={be€B:3 acS,(a,b) €R}. Also, R~ denotes the
inverse relation defined by R~! = {(b,a) € Bx A : (a,b) €R}.
We also denote by d: X x X — Ra” a metric in the space X
and by 7y : X x U — X the projection sending (x,u) € X x U
tox € X.

B. Incremental forwardness and stability

In this work we restrict ourselves to control systems of the
form

Z:(Rnaua%af) (1)

where

« R" is the state space;

« U CRR™ is the input space;

o % :R — U is a subset of the set of all locally essentially
bounded functions of time from intervals of the form
Ja,p[C R to U with @ <0 and b > 0;

e f:R"xU—R"is a Lipschitz continuous map.

If £ :]a,b[— R" is a trajectory of ¥ (or equivalently a
solution of the differential equation x = f(x,u)), then we
will use &(7,x,v) to denote a unique point reached at time
7 under the input v from an initial condition x. System X is
said to be forward-complete if such a solution is defined for
all £ €]0,o[. In this paper we use an incremental version of
this property, defined as:

Definition 1 (Incremental forward-completeness): A
control system X is 8-FC if there exist continuous functions
B:Ry xRf — R} and y: Rj x R — R} such that for
every s € R™, the functions B(-,s) and ¥(-,s) belong to class
e, and for any x,x’ € R", any 7 € R", and any v,V € %,
where v,V : [0,7) — U, the following condition is satisfied
for all 7 € [0, 7]:

18 (,2,v) = &1, x" V)T < Blllx = XI1,1) + ¥([[v =[] eo, 7).
2
C. Transition systems and system relations
Definition 2: [10] A system Ty is a quintuple T4 =
(Q,L7L>,O,H) consisting of:
T
« a finite set of states q € Q;
« a finite set of inputs £ € L;
« a transition relation —C QO X Lx {1} x Q;
« an output set O;
« an output function H : Q — O.
Ty can be thought of as a discrete time system with a sample
time 7 and a finite state run
£y £ £ £y Ly
qo qi q2 to qn—1 qn

T T T T

where qo € Q is the initial state and q; L> qi+1 for all
0 <i < n. The subscript i corresponds to ch: sampling time
instants t = 0,1,2,...,n7 and q; corresponds to the state
of Ty at the time instant i7. In some cases, a finite state
run can be extended to an infinite state run with i € N. To
define notions of stability for transition systems we assume
that the finite sets Q,L, and O are equipped with the metric
given by d(p,q) = ||p — q|| where p,q are elements of Q,L
or 0. Ty is deterministic, if for any state q € Q and £ € L

. )

there exists at most one state q' € Q such that ¢ —— q';

if the system is nondeterministic, then for a transition
) . .

q —— ¢ the state ¢’ may not unique, ¢’ is also known as



the £-successor of q. In such a case ¢ belongs to a set of
all possible £-successors given by Posty(q) and we will use
L(q) to denote the set of inputs £ € L for which Post,(q) is
nonempty. We will further use Posty(Q) to denote the set
UqeoPoste(q). Now we present certain system relations,
that are used in this paper.

Definition 3: [11](e-Approximate Simulation and Alter-
nating Simulation) Let T\ := (Q1,L;, ﬁ, O1,H), Tr:=

(Q2,Ls, T>, 0,,H,) be metric transition systems with the

same sets of inputs L =L; = L, and outputs O = 01 = O, and
equipped with the metric d. Let € € R(J)r be given precision
requirements then a relation R C Q| x Q5 is said to be an
(a) an e-approximate Simulation (€-S) relation between T}

and T, if the following two conditions are satisfied:

(i) forevery (qi,q2) € R we have d(H:(q1),H2(q2)) <

€
(ii) for every (q1,q2) € R we have that q % q

in 77 implies the existence of ZTZ> q; in b
satisfying (q},q5) € R.

(b) an g-approximate Alternating Simulation (£-AS) rela-
tion from 7; to 7 if conditions (i), (ii) and the following
condition are satisfied:

(iii) for every (qi;q2) € R and for every £; € Li(q;)
there exists £, € Ly(q) such that for every ¢} €
Posty, (q2) there exists q) € Posty, (q;) satisfying
(42, q1) €R.

If T is &- approximately simulated (or alternatingly simu-

lated) by 75, then we denote this fact by 71 <5 15 (Ty =54 o).

Approximate simulation relations used in [11], are primarily

based on bounding the distance between the outputs or states

of the continuous-time and its approximation. However, in
order to account for behaviors like passivity (which are
defined using both inputs and outputs) we introduced notions
of approximate input output simulation and approximate
input output alternating simulation. These notions allow us
to bound the distances between outputs as well as inputs. If
€, and g, are the given precision requirements for inputs and
outputs respectively and if 7; is (&, €,)- approximately input
output simulated (or approximately input output alternatingly

simulated) by T», then we denote this fact by T} 5580"5’8’) T

(Tl <o) TQ
Definition 4 (Approximate input output simulation):
Let T7 := (X],U],f),YhH]), T = (XQ,UQ,T)
,Yo,H,) be metric transition systems with the same sets of
inputs U = U; = U, and outputs ¥ =Y} =Y, and equipped
with the metric d. Let g,¢, € ]Rar be given precision
requirements then a relation R C X; X X, is said to be an
(€4,€y) - approximate input output simulation (IOS) relation
between 77 and 75> if the following two conditions are
satisfied:
(i) for every (x1,x2) € R we have d(H(x1),H>(x2)) < &;
(ii) for every (x1,x») € R and for every u; € U; there exists
up € Up such that d(uj,uy) < ¢, and x) u+> Xy in T;

implies the existence of x; MTZ> x’2 in 7> such that

(x},x5) €R.
Definition 5: (Approximate input output alternating
simulation): let T| = (X17U17f>,Y17H1), T =

(X2,Us, T>, Y»,H,) be metric transition systems with the

same sets of inputs U =U; =U; and outputs ¥ =Y, =1,

and equipped with the metric d. Let €,,¢, € Rg be a given

precision requirements, a relation R C X; x X is said to be
an (&,,€,) - approximate input output alternating simulation

(IOAS) relation from 7 to T if condition (i) of Definition

4 and the following condition are satisfied:

(iii) for every (x1,x3) € R and for every u; € U;(x;) there
exists up € Uy (x2) such that d(u;,u;) < g, and for every
x5 € Post,, (x2) there exists x| € Post,, (x;) satisfying
(x5,x]) €R.

The two notions of alternating approximate simulation and

approximate simulation coincide in the special case of de-

terministic systems. If 77 is (&,€,)- approximately input

output simulated (or approximately input output alternatingly
(guﬁsy)

simulated) by 7>, then we denote this fact by 11 =;,5¢”" T2
(Th jﬁgﬂ?) T>). In this paper, we use a special case of

approximate input-output simulation described in [13]. This
special case is obtained when we set €, =0 and such a case
arises when both transition systems 77 and 7, are connected
to the same input signal.

Definition 6: ((0,¢&,)-Approximate input output
simulation) Let n = (Ql,Ll,ﬁ,Ol,Hl),
D= (Qz,Lz,T%Oz,Hz) be metric transition systems
with the same sets of inputs L = L; = L, and outputs
O = 01 = 0, and equipped with the metric d. Let ¢, € ]R(J{
be given precision requirement for the outputs, then a
relation R C Q; x Q5 is said to be
(a) an (0,€,) - approximate input output simulation (IOS)

relation between 77 and 75 if the following two condi-

tions are satisfied:

(i) forevery (qi,q2) € R we have d(H;(q;),H2(q2)) <
&3

(i) for all £ € L and for every (qi,q2) € R we have
that q +> q) in 7; implies the existence of

Q© % q, in T» satisfying (q,q5) € R.

(b) an (0,€,) - approximate input output alternating simu-
lation (IOAS) relation between T and T3 if conditions
(i), (i1) and the following condition is satisfied:
(iii) for every (qi;q2) € R, Li(q1) = Ly(qz) = L and
for every £ € L and for every ¢, € Postg(q2) there
exists ¢} € Posty(q;) satisfying (q5.q}) € R.

Proposition 1: Consider two transitions systems 77 and
T, such that both transition systems receive the same input
signal. Then (0, €,) - approximate input output (alternating)
simulation and €-approximate (alternating) simulation (from
definition 3) are equivalent.

PROOF: The proof follows from Definition 3 by setting £; =
0.



D. Finite abstractions

In order to a obtain finite abstraction for ¥ = (R",U, %, f),
we begin by considering a discrete time sub-transition system
T;(X) with a sampling time period T € R*. We further
assume that control inputs are piecewise-constant over the
sampling time period 7, the class of inputs considered are:

U, ={ue % |u(t)=u(0), re0,1]}.

For T;(X) we use identity map as the output function,
however, for stability and passivity analysis, we use an
alternate output corresponding to y = h(x,u).

Definition 7: [10] Let X be a control system and 7' (X) its
associated transition system. For any 7 > 0, the sub transition
system T;(X) := (XT,UT,MTT%YT,HT) is defined by:

. X‘L’ = ]Rn;

o U =U;

o X; u%) X}, if there exists a trajectory & : [0, 7] ——

é(T7xTvuT) :x{c )

. Y‘,,- = Rn;

. H‘E = l]Rn.

Now we restrict the input set to a hyper-rectanlge U C R™
such that {0} € U. Then we choose the input quantization
factor such that u < fi (see A. Notation on how to calculate
[1). Now we consider the transition system 7r(X) with a
quantized input space to obtain 7, (X) defined as:

U
Teu () := (X¢,Uq, ——, Yz, Hy)

where
. X‘L’ = Rn;
o Ug=[Uly;

o X; M%) X, if there exists a trajectory & : [0,7] ——
é(TvxTa “q) = x;;

. Y‘,,- = Rn;

° HT = I]Rn.
In this final stage, we restrict the state set to a hyper-
rectanlge X C R” such that {0} € X. Then we choose the
state quantization factor such that 1 <7 (see A. Notation
on how to calculate 7). Then for any 8-FC control system X
and parameters T >0, 7 >0, ¢t >0 and a design parameters
01,6, € R, a countable transition system [9] can be defined
as:

lq
Trpun(X) = (Xq»Uq>T>7Yquq) 3)
where
o Xq=X]ns
L] Uq — [MU]‘u,

* Xq Tq> )C/ if ||§(Taxqa”q) —)CZIH < ,3(91,7) +

o Yy =[X]y

« Hy=1:Xq Y,
where B and 7y are functions from Definition 1. The
transition system T;, ,(X) is finite and countable [9]. A

slight modification of Theorem 4.1 from [9] can be used
to obtain finite countable abstractions Tty ,(X) which are
(0,€&,) - approximately input output alternatingly similar to
T:,(X) and hence we can state the following result.

Proposition 2: [13] Consider a control system X and any
desired precision &, =0, &, > 0. If X is 6-FC then for any 7 >
0,6 >0,n >0and u > 0 satisfying the following inequality:

B(61,T)+7(6:,7) +1n < &, “4)

such that n <&, < 6; and p < 6,, we have:

0.6, 0.6,
T u(X) 550/%) Tru(X) fgo;:') Tenu(X). (&)

PROOF: To show T; ,(X) jgo’? Trpu(X) we consider any

x7 € X; and any uq € Ug = [U], then there exists xq € Xq =
[X]n such that
X —xq]l <M <, ©)

hence condition (i) of Definition 6 is satisfied.

u
. . . q .
Now if we consider the transition x; — x, in the
T

transition system T (X) , then the distance between x/; and
&(7,xq,uq) can estimated based on the § - FC property of
¥ and inequality (6) i.e.,

I = & (7,2, uq) | < B(&y,7) +7(0,7) (@)
Since Xz € Upex), Ba(p). there exists xg € Xq such that

Iz —xgll <7 8)
From the triangular inequality we have

1& (2%, tq) — Xgl| < 118 (7,5, ) — X4l| + 1y — 25

From inequalities (7) and (8) we have

1€ (7, xq,1q) —xg| < B(ey,7) +7(0,7) +7
Finally we use 1 <&, < 6; and 0 < 6, to show that

1€ (T, xq, 1q) —xg|| < B(61,7) +¥(62,7) + 7
which, by the definition of T, »(X) implies the existence
of xq LN xﬁl in Tr 5 (X). Therefore, from inequality (8)

and since 1 < &, we conclude that (x7,xg) € R and condition
(i1) in Definition 6 holds.

Now we show that T 5 ,(X) 5%?3) Trpu(X). For R C X; x
Xy we consider an x; = xq € X4. This is possible because
Xq € X7 and it satisfies condition (i) of Definition 4 (i.e.,
|lx; —xql| = 0 < &). Now we choose an input uq € Uq and
consider the unique transition x; ———» Xy =&(T,x7,uq) €
Post, (x7). The distance between x and §(7,xq,uq) can be
bounded using the J - FC properties of X, i.e.,

1x7 = &(T,xq,uq) || < B(0,7) +¥(0,7) 9)

Since X; C UpE[X]T, B, (p), we can always find xﬁl € Xq such
that

g =Xzl <n (10)



From the triangular inequality and inequalities (9) and (10)
we have

1 (T, xq, 1q) — x| + [lx7 — x4 |
ﬁ(O,T) +Y(071) +n

Finally we use 0 < 0; and 0 < 6, to show that

‘|€(T7xq7uq) —X:l” < ﬁ(elvr) +’Y(627T) +1n

which, by the definition of T, ,(X) implies the existence

1€ (7, xq tq) — x|

IN A

of xq BELEN Xq in Tryn(X). Therefore, from inequality

(10) and since n < &, we conclude that (x7,x;) € R and
condition (iii) in Definition 6 holds.

Finitely abstracted transition system (3) is a quantized ver-
sion of the sampled-data system T;(X). The finite state
transition system (3) can be thought of as a discrete time
system with a finite state run

Uqo uql ) Uq(n—2) Hq(n—1)

X, X, X s X X,
qo0 T q T qQ2 T an—1 T qn

where xq, € Xq is the initial state and xq; % Xq(i+1) for
all 0 <i < n. The subscript i corresponds to the sampling
time instants t = 0,17,27,...,n7 and x4 corresponds to the
state of (3) at the time instant it.

E. Dissipativity and passivity

Consider the system X and an output function y = h(x,u) €

RP?. Further, assume that f(0,0) =0 and A(0,0) =0. X is

dissipative w.r.t. y = h(x,u) if there exists a &' storage

function V (x) : R” — R} and a supply rate @ : Ux R — R

such that V(0) = 0 and the following inequality is satisfied:
)

o(u,y,x)dt
|

V(x(r2)) =V (x(n1)) < (11)
for any #, > and u € % . A special case of dissipativity is
(p, V) - input output strict passivity (IOSP) when o (u,y,x) =
uly—vulu—py'y withp,v e Rg. In this definition, param-
eters v and p are known as passivity indices. Corresponding
to continuous-time notions of dissipativity and passivity, we
introduced the notions of practical dissipativity and practical
passivity for transition systems in [13].

Definition 8 (Practical dissipativity): Let €' function V :
Xq — R} be a storage function with V(0) =0 and let  :
Uq x Xq — R be a supply rate, then the transition system (3)
is practically dissipative with respect to @ if

1
= (V(xq(ir1)) = V(xqi)) < 0(ugi, xqi) +8 VieNand § >0

T
(12)
Uqi
for all the transitions xq; —— Xq(it1)-
T

The transition system (3) is (pp,Vr,0)-practically IOSP
when the supply rate is (ugi,Xq) = (ugih(xq,-,uqi)) —

pF(hT(thuqi)h(xqi,uq,-)) — VF(I/tgl-uq,’). The function y; =
h(xqi, uqi) is an output function for the finite transition system
at a time instant it and it is analogous to y = h(x,u) for
the continuous-time system. Note that this output function
is different from the output function Hq =1: X4 < Y4. The
output function y; = h(xqi,uq;) Will be used only to study
passivity and the stability behavior of the transition system.
In order to avoid confusion between the output functions
Hy and y; = h(xg;,uqi), we will refer to y; = h(xq;,uq;) as
the passive output function, i.e., the output with respect to
which the system is passive. The passive output function
for a transition system can be obtained using Hyq =1: Xy —
Yy, whenever Hyq = ly,, i.e., y = h(Hq(xq),uq) = h(xq,uq)-
An important consequence of practical IOSP is practical
asymptotic stability.

Corollary 1: The transition system (3) is practically
asymptotically stable for zero input (ug; = 0) if there exists
class % functions @, &, 0 such that for any strictly positive
real numbers A, 6 and for all xq € X such that [|xq|| <A, the
following holds

a(|lxgll) < V(xq) < a([xql])s (13)
0(|lxqll) = prth’ (xq,0)h(xq,0), (14)
6(@ 'oa(A) > 6 (15)

and (3) is (pF, Vr, 0)-practically IOSP with pr > 0 and vp >
0.

Now we present a result which quantifies the degradation of
passivity under finite state approximations which are approx-
imately input output similar to continuous-time systems. This
result was presented in [13] and it is based on an assumption
from [12].

Theorem 1: [13] Suppose that the original continuous-
time system X is 6 - FC and (v, p) - IOSP w.r.t. the passive
output function y = h(x,u) and a storage function V with a
Lipschitz constant K. We also assume that the operator from
u(t) to y(¢) has the finite L, gain, ¥, that is

[ 15lar < 2 [t ar

for any 7 > 0 and admissible u(z). Let T;(X) be the transition
system corresponding to X with a sampling time 7. If the
state and input quantization parameters 11 and y are chosen
such that T 5 (X) is (&.€,) - approximately input output
similar (or alternatingly similar) to T;(X), then ¢, »(X) is

Key
PF;sVF;, = |-

function yq = h(xq,uq) and
pYT P

VE=V—YT———— =—.
F v l+71 Pr (I+7)7

practically IOSP w.r.t. to the passive output

In the next section we consider the problem of feedback
composition of a discrete controller 7y and the finite state
abstraction of continuous-time IOSP system X given by
T: ;. (X). Discrete controllers Ty are designed for continuous
plants to satisfy certain discrete and/or continuous specifica-
tions, for example, discrete supervisory controllers are used
for mode selection, trajectory planning etc. In the section,



our main goal is analyze the extra conditions imposed on
Ty and on the nature of feedback composition such that the
interconnection of Tq and T; ;5 (X) is also practically IOSP
and hence practically asymptotically stable.

III. COMPOSITION OF TRANSITION SYSTEMS

We begin this section by presenting a modified notion
of approximate feedback composition of transition systems
from [10]. In Sub-section III-B we consider the approxi-
mate feedback composition of two transition systems where
one of them is practically IOSP. We show that once two
transition systems are approximately feedback composable,
then practical passivity of one of those transition systems
implies practical passivity of entire composition, although
with different passivity indices. Thus, guaranteeing practical
stability for the composed transition system. In Sub-section
ITI-C we show that these results have the potential to develop
passivating discrete controllers for continuous-time systems.

A. Feedback composition

It was shown in [10] that feedback composition of two
transition systems is possible for state feedback if there exists
an approximate alternating simulation relation between the
two systems.

Definition 9: [10] A system 75 is said to be €-approximate
feedback composable with a system 7; if there exists an &-
approximate alternating simulation relation R from 7, to Tj.
According to Proposition 1, existence of &-approximate al-
ternating simulation relation between two transition systems
Ty and T> is equivalent to the existence of (0, &,)-approximate
input output alternating simulation between 77 and 75 . This
equivalence is possible when both 77 and 7, receive the
same input signal. Thus we define approximate feedback
composition between 77 and 7> with the same input signal.

Definition 10 (Approximate feedback composition): Let
Ty :=(Q1,L1, f},Ol JHY), Tr := (02, Lo, f),OQ,Hz)
be two transition systems with a common time period T
and common input and output sets equipped with euclidean
norm as the metric. Let R be a (0,€,) - approximate input
output alternating simulation relation from 7, to T7j. The
feedback composition of 7, and 77 with interconnection
relation .#, denoted by T x“;‘y Ty, is the transition system
(Q12,Q120,L12,T>,012,H12) consisting of

e O =mp(F)=R=d(H (q1),H2(q2)) < &; or equiv-

alently

Q012 ={(q1,92) € (Q1 x Q2) [d(Hi(q1),H2(q2)) < &}

o Q120 = 012N (Q10 x O20);
e Lp=1L Zlgz;
(q1,92) %) (p1,p2) if the following three conditions
hold:

D @i ——pi in Ti;

2) @ ———prin Ii;

3) (qlaq27£7‘€) Eﬁ,
e 012=01=0z;

e Hi(q1,q2) = 5(Hi(q1) +Ha(q2)).

This symmetrical choice of output allows 7> x} T
to be commutative, however, we can also choose an
output for the composition as Hjz(qi,q2) = Hi(q;) or

Hix(q1,92) = Ha(q).

T2 La(q2) Post] (q2)
@ J
% Controller
!
< q A p2<Post(q2) (e—
T POSt](ql) Li(q)
/
qi
Plant

Fig. 2: A schematic of the state feedback interconnection
with an alternating simulation relation.

See figure 2 for a schematic of the state feedback in-
terconnection between a transition system representing the
continuous time plant and a finite state controller. Also the
feedback nature of this composition can be observed through
the alternating simulation relation between the plant and
controller. In the figure 2, the current plant state g; € Oy
will be communicated to the controller and the controller
makes a transition to a state go € Q> such that (g1;92) € R.
Now if we consider the common input £, then for every
¢ € Li(q1) = L2(q2) and the next state of the controller
D2 € Posty(q2) will be communicated to the plant. This leads
to a transition in the plant state to p; € Posty(g;) such that
(p2;p1) € R. These transitions happen simultaneously after
every time period 7.

B. Practical passivity of the feedback composition

Before analyzing passivity of the feedback composition, we
present some preliminary results. Initially we consider the
consequences of (0,&,) - approximate input output similarity
between two transition systems when one of them is a
practically IOSP transition system.

Tl = (QluthhOlaHl)’
T, :=(Q2,Ly,—,0,H,) be two transition systems with
T

Lemma 1: Let

a common time period T and common input and output sets
equipped with euclidean norm as the metric. Assume that
Hy=1p, and H, = 1g, and let T> be (0,¢&,) - approximately
input output similar to Ty. If 7y is (p1, vy, fBi1)-practically
IOSP w.r.t. h(qy,£;) where q; € Q; and £; € L,. Then T5 is
(p2, V2, Bo)-practically IOSP w.r.t. h(qy,€) where q» € Q»,



bi=4y=fecL=L; =L, and

P2 = pi(l-m)
a
vo= (v-3) (16)
1 02 1 2.2 2Ky
= —M —+1 | Mg
B2 20, 8y+p1<a2+> &+ P+ ps

where K and M are Lipschitz constants of the storage
function V and the passive output function h(q,¥£), i.e., for
any p,q € Q1 UQ; and an arbitrary £ € L we have |V (p) —
V(q)| < K|lp—q| and [|a(p,£) —h(q,£)|> < M|[p—ql| and
o and o € RT are such that

o
v177120and17a220.

PROOF: Consider (q;,q2) €R and aninput £€ L=L,(q;) =
Ly(q2), then for every p, € Posty(qz), we have p; €
Post;(q;) such that ||p; —p2|| <&,. Since T; is (Bi,p1,V1)-
IOSP w.rt. to the passive output function h(q,£), for any

.. v .
transition q; —— p; in 77 we have
T

(€"h(q1,0)T—pi(h" (q1.)h(q1,0)7
—vi(£T0)t+ Bit 17)

Vip1)—V(q1) <

Also from the Lipschitz continuity of the storage function
and the passive output function, we have

V(p2) —V(p1) <Kl|lp1 —p2f| = Kg, (18)

and
[7(q1,£) — h(qz,£)|]2 < M.

From inequalities (17) and (18) we have
V(p2) < V(p1)+Keg

< V(qi)+ (€ h(qr, )7 —pi(h" (q1,£)h(q1,€))T

—vi(£78) T+ BiT+Ke,
< V(q)+ (€ h(q1,£)t—pi(h" (q1,€)h(q1,£))T

—vi(€70)T+ BiT+2Ke, (19)

Let Ah = h(qi,€) — h(q2,€) then [|Ah|y < Mg,. Now we
obtain bounds for different terms in the inequality (19).

Bounds on t(€Th(q;,£)): Here we compare the terms
£7h(qy,£) and £7h(q2,£) using

|€Th(qy,£) — € h(qo, )] = |€TAh|.
For any a; € R", we have
(04] 1 (04] 1
TAR < =070+ —ARTAR < =0T+ — M€}
| S 2 +2051 -2 +2a1 &
hence

1
—M*¢]T.

(¢"h(ar,0)7 < (¢Th(az, 0)7+ 5 (€77 + 5
"o

Bounds on h'(qi,£)h(q;,£): Here we compare the terms
W (q1,€)h(q1,£) and A" (g2, £)h(qz,€) using

n" (a1, €)h(q1,£) = h" (a2, €)h(q2, £))|
|(h(q2,£) + AR) (h(q2,£) + Ah) — k' (q2,£)h(q2,£)|
|27 (qa,£)Ah + ART Ah)|
2|h" (qz,£)Ah| + ART AR

A

2

For any o, € RT, we have
1
2|hT (qa,£)AR| < arh” (qo,£)h(q2,£) + a—AhTAh (22)
2

From inequalities (21) and (22) we have
—p1(h" (q1,0)h(q1,£))T < —py (1 — ) (W (q2, £)h(q2, €))7
+p1 (i + 1) M*elr (23)
(%) -

Finally bounds from (19), (20) can be used for inequality
(23) to obtain

V(pa) < V() + € h(qe,€)t—p2(h! (q2,£)h(q2,£))T
—wn (7014 Bt

Based on the definition of approximate feedback composition
presented in this section, the following results were derived
in [10]. Even though the results in [10] were derived for
approximate (alternating) simulation relationships they also
hold true for approximate input output (alternating) simula-
tion relationships.

Proposition 3: Let Ty and T, be metric systems with O =
0, and Ly = L, normed vector spaces with the same norm-
induced metric, and let .# be an interconnection relation
between 77 and 7> with a common input and satisfying

(q1,q2) € mo(F) = d(Hi(q1),H2(q2)) < &.

If we define the output of the composition as Hi»(q;,q2) =
1(H(q1) + H2(qy)) then the following holds:

' 0,6,/2
) Tx31 <o n,

0,e,/2
2) X;ys T '<§0?/ ) T

if Hi2(q1,q2) = Hi(q1), then

&y 0,&y
T X(é T jgosﬂ b

and if H12(q1,q2) = H2(q2), then

& (0.8))
T2 XyTl jIOS Tl.

PROOF: The proof is direct consequence of Proposition 1 and
Proposition 11.8 of [10]. For completeness sake we provide

the following proof. We prove that T» X; T 5500’?/ : T for
the case when Hi2(q;,q2) = %(Hl (q1) + H2(q2)) and other
results follow directly. The desired (0,¢&,) - approximate

input output similarity relation from 7> x5 Ti to T> can be
written as

Re, = {((q1,92),92) € (012 X Q2) |d(H12(q1,92), H2(q2)) < &/2}



It can be observed that for any ((q;,q2),q2) € (Q12 X 02)
we have

altts(a ) Hala)) = | 300 + Hala) - ()

H%(HI(QI)—Hz(CD))H <g/2

Based on Proposition 3 and Lemma 1 we obtain the
following corollary. This result states that once two
transition systems are approximately feedback composable,
then practical passivity of one of those transition systems
implies practical passivity of the composed transition system.

Theorem 2: Let T, = (Q17L17T>701aH1)a L =
(Qz,Lz,f,Oz,Hz) be two transition systems with a
common time period T and common input and output sets
equipped with euclidean norm as the metric. Assume that
H; =1p, and H> = 1¢p, and let 7> be (0,¢,) - approximately
input output alternatingly similar to 7y. If 77 is (p1, Vi, B1)
- practically IOSP w.r.t. a function h(q;,€;) where q; € Q)
and £; € L;. Then T» x;,iTl is (p12, V12, Bi2)-practically IOSP
w.rt. 7 (3(q1+q2),€) where (q1,q2) € mp(.F), £ € Liy =
L1 = L2 and

p2 = pi(l—on)

Viz = (Vl - %) (24)

B2 = %OCIMz(%~/2)2+P1 (oterl) M?(&,/2)?
+Pi+ %

Also, T xié T1 is (p12,Vi2,P],)-practically IOSP w.r.t.
h(qz,£) where q2 € O, such that (q1,q2) € mp(F), £ € L2
and

B =

where K and M are Lipschitz constants of the storage
function V and the passive output function h(g,¥£) i.e., for
any p,q € Q1 UQ; and an arbitrary £ € L we have |V (p) —
V(q)| < K|lp—q| and [|a(p,£) —h(q,£)|l2 < M|[p—q]| and
o and o € R such that vi — St >0 and 1—a > 0.
PROOF: Output of T is Hj(q;) and we consider two
possible outputs of Tjp = T X; Ti. From the definition
of approximate feedback composition and Proposition 3,
possible relations between 71, and 77 are given by

Hio(@1.02) = ~ (Hy (@) + ()

Case 1:
ase >
1 0,8,/
=5 +a)=Tn <082 7,
0,8y
Case 2: Hip(a1,q2) = Ko@) = @ = Ti <1 Th.

Now we use Lemma 1 for both cases mentioned above.
(i) Case 1: T1; is (P12, Vi2, Bi12)-practically IOSP w.r.t.

hitis(a,02).0) = 3@+ ).t

(i) Case 2 : Tz is (P12, Vi2,B{,) - practically IOSP w.r.t.
h(HIZ(qth)aE) = h(‘l2>£) .

H2
‘.—E‘. Software
passive
output 1 Symbolf Symbol
I A A
Continuous Discrete to
to discrete continuous
HI1+H2
Weakly minimum phase +
W 2 + <l !
K Relative degree one <
passive
output 2
Plant
7
/’/
///
e
¥

Discrete abstraction

Fig. 3: A schematic of the state feedback interconnection
between a controller (software) and a passive continuous-
time system (or a feedback passive system with appropriate
passivating feedback).

Theorem 2 can be applied to design discrete supervisory
controllers for passive plants, while preserving passive nature
for the interconnection. Figure 3 shows a schematic for
implementing Theorem 2, where a common quantized input
is provided for the discrete controller (software) and the
continuous-time passive system (or a feedback passive sys-
tem with appropriate passivating feedback). The continuous-
time system should be preceded by a sample and hold
element to convert the common quantized input symbol
into a piecewise constant input. Under this framework, the
interconnected system is practically passive w.r.t. passive
outputs
(i) h(H2(q2),£) = h(q2,£), where q is a discrete state of
the controller and
Giy h (0SIERD g) —p (9792, ¢) where q is the dis-
crete plant state and q is the discrete controller state.

Once the interconnection is practically passive, we can guar-
antee practical asymptotic stability of the interconnection, if
the conditions of Theorem 1 are satisfied.

C. Practical passivation

Theorem 2 can be used to design a discrete controller for a
passive system which guaranteeing practical passivity of the
interconnected system. However, one might be interested
in designing a discrete controller to practically passivate



a continuous-time system. For this purpose we use the
general methodology proposed in [10] to design discrete
controllers to satisfy a discrete specification provided in
the form a transition system Tjpe.. In order to practically
passivate an interconnection of a continuous-time plant and
the discrete controller we choose the discrete specification
to be practically IOSP transition system 7Tpggive. For this
purpose we present another preliminary result from [10] for
approximate alternating simulations which is also valid for
approximate input and output alternating simulations.

Proposition 4: Let T1, T and T3 be be metric systems with
the same input and output sets. If we assume that all three
transition systems receive the same input, then the following
statements hold:

(1) forany ¢ <&, T1 = ;03 v T, implies 71 = T2,

(i) if Ty = ( le) T, and T» < 2%) T3 then T <; 0812%23

PROOF: The proof is direct consequence of Proposmon 1
and Proposition 11.10 of [10]. For completeness sake we
provide proofs.

(i) Let R¢, denote the relation T; j;%?” T», then we have
(q1,92) € R, if and only if d(Hi(q:1),H2(q2)) < &1.
Which further implies that d(H;(q;),H2(q2)) < & < &,
hence (qi,q2) € Re,.

(ii) Now consider (qi,q2) € Re, and (q2,q3) € Re,;,
then  d(Hi(qi),H3(q3)) < d(Hi(q),H2(q2)) +

d(H2(q2),H3(q3)) < €12 + &3, hence (qi,q3) €
R812+823'
|
|

Now we present a result that can be used to design a
discrete controller to practically passivate an interconnection
of a continuous-time plant and the discrete controller. For
this purpose we consider controller specifications for the
interconnection in the form of a (p,v,§)-practically IOSP
transition system 7j,qgsive-

Proposition 5: Let £ be a 0 - FC control system and let
Trpun(X) be (0,€,) - approximately input output similar to
T: i (X). If there exists a controller T, satisfying

0,0
Tcont X(,)j? Tr,u.n (2) 5503) Tpassive

then the controller 7, = Tuont X% Trp.q(E) satisfies

0,e
Tconl >< T‘L’[J(E) <§05‘) Tpanlve
PROOF: Let us cons1der the controller T/

cont
T: i (X). From Theorem 3 we have

0,0
<508 Tepn(2).

However, it is given that Tr, ,(X) = gg?’) Tt (X). Hence
from Lemma 4 we have

0
= lcont Xz

Teont >< T‘c M7 (Z)

0.0
Teom X% Tejun () 5§0s+£>

Now we consider the € - approximate feedback composition
of the controller 7/, and the plant with quantized inputs

Trp(X). (26)

given by T, (X). This feedback composition is possible
because of the (0,€) - approximate input output similarity
from T/, to Ty, (X) (from (26)). Then using Theorem 3
again we have

Tcont TT M (Z) j}805 Twnt

0,
Hence 7}, x5 Tr u(X) 550? Typec-

0 0,0
cont X,/F TT,/.L,T] (Z) j;os) Ts‘pec-

This results implies that we can design a controller to satisfy
a specification Tpuv. With an output error bounded by &.
Designing T, is beyond the scope of this paper. Interested
readers may refer to [10]. However, under the assumption
that T, is available, we can always practically passivate an
interconnection of Tz , (X) and a discrete controller using the
same framework as shown in figure 3. Practical passivation
of T, (X) instead of T;(X) implies that a common quantized
input is available for both the continuous-time plant and the
discrete controller.

IV. CONCLUSION

In this paper we consider approximate feedback compo-
sition of discrete controllers and finite state abstractions
of continuous-time systems. We show that if one of the
components in the interconnection is practically passive then
their approximate feedback composition is also practically
passive. We also provide preliminary guidelines to practically
passivate a continuous-time system with quantized inputs.
Future work will focus on the exact methodologies to design
discrete supervisory controllers to passivate continuous-time
systems.
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