A hybrid symbolic-numeric approach to exceptional sets
of generically zero-dimensional systems

*
Jonathan D. Hauenstein
Department of Applied and Computational
Mathematics and Statistics
University of Notre Dame
hauenstein@nd.edu

ABSTRACT

Exceptional sets are the sets where the dimension of the fiber
of a map is larger than the generic fiber dimension, which we
assume is zero. Such situations naturally arise in kinematics,
for example, when designing a mechanism that moves when
the generic case is rigid. In 2008, Sommese and Wampler
showed that one can use fiber products to promote such sets
to become irreducible components. We propose an alter-
native approach using rank constraints on Macaulay matri-
ces. Symbolic computations are used to construct the proper
Macaulay matrices, while numerical computations are used
to solve the rank-constraint problem. Various exceptional
sets are computed, including exceptional RR dyads, lines on
surfaces in C3, and exceptional planar pentads.
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1. INTRODUCTION

Consider the system of polynomials
Fi(x;p)
F(x;p) = : 1
Fo(x;p)
with variables z € CV and parameters p € CF. Denote
the solution set of F = 0 in CV*F as V(F). The fiber over
p* € CP, denoted Fp~ C CV, is the solution set in CV of
the system of polynomial equations F'(x;p*) = 0. That is, if
7o (2;p) = z and wp(x; p) = p, then
Fpe = ma(my, (p7) NV(F)). (2)
We present a symbolic-numeric approach for describing the
irreducible components of the exceptional set, which is the
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closure of the set of parameters p* where dim Fp= > 0 in the
case when the generic fiber consists of finitely many points.

The main motivation for computing exceptional sets is the
computation of exceptional mechanisms |22} |25} 29, |28], that
is, computing mechanisms which have unexpected motion.
For example, a general Stewart-Gough platform is rigid hav-
ing 40 assembly modes. The subfamily consisting of Griffis-
Duffy platforms exhibit motion |10} [17]. Another family of
exceptional Stewart-Gough platforms was discovered in [8].
A full classification of the exceptional Stewart-Gough plat-
forms remains an open problem [24].

If 7, (V(F)) € C¥, then the generic fiber is empty. Thus,
the exceptional set is simply

E(F) ={p* € C" | Fpr # 0} = mp(V(F)),

which is the set of parameters p* for which F(x;p*) = 0 has

at least one solution. Computing the set of polynomials that

vanish on E(F) is the prime goal of classical elimination the-

ory. Rather than computing defining equations, the prime

goal of numerical elimination theory is to compute pseudo-

witness sets |13] for the irreducible components of E(F').
Our focus is on the case when 7,(V(F)) = CF. Let

dy;(F) = min{dim F,~ | p* € C*, Fpr # 0}, (3)

which is the generic fiber dimension, i.e., there is a nonempty
Zariski open subset U C C¥ such that dim Fp« = d¢(F) for
all p* € U. Our symbolic-numeric approach applies when
dgr(F) = 0 and computes the irreducible components of

E(F) = {p* € CP | dim Fp- > 0}. (4)

Since we are solely focused on the dimension of the fibers
and one may investigate each irreducible component of V(F)
independently, we will additionally assume that V(F) is ir-
reducible and has multiplicity 1 with respect to F), i.e., the
ideal generated by F' is prime. In particular, dim V(F) = P.

One approach for computing exceptional sets is presented
in [25]. This method uses fiber products to “promote” the
exceptional sets to irreducible components. That is, they re-
duce the problem of computing exceptional sets to comput-
ing irreducible components of polynomial systems of the form

F(z";p)

F(z™®;p)

They provide bounds on k based on information about the
fiber dimension of the exceptional sets one aims to compute.



This fiber product approach is geometric which works by
adding new variables to increase the dimension of the cor-
responding solution set. Our approach, summarized in Sec-
tion [4] follows from an algebraic viewpoint and works by
imposing rank conditions on matrices. First, we need to
construct the matrices to impose the rank constraints. This
step, described in Section [2] uses symbolic computations to
compute a parameterized h-basis using linear algebra rou-
tines which could be performed in parallel. With this basis,
in hand, we then impose rank constraints on the Macaulay
matrices, described in Section We impose the rank con-
straints using the method of [3] via numerical algebraic ge-
ometry to compute in parallel the rank-deficiency sets of the
matrix of coefficients, i.e., the Macaulay matrix. The result
of computing a parameterized h-basis is that the Macaulay
matrix has entries which only depend on the parameters p.
Several examples are presented in Section [f]

We note that there is another approach for computing
exceptional sets for linkages is through the theory of bonds,
e.g., see [1},|15 /16]. The main difference is that this combina-
torial technique is applicable to linkages while the fiber prod-
uct [25] and our new approach are general purpose methods.

Macaulay matrices have been used in related situations.
For example, [19] uses rank conditions on Macaulay matri-
ces to locate embedded components along with other sin-
gular sets. In [6], the left null spaces of Macaulay matrices
are related to syzygies. Also, |20] uses Macaulay matrices
to deflate, i.e., “regularize,” singular isolated solutions (see
also [7}, |11, 30]). Macaulay matrices were also used to de-
velop a numerical local dimension test in [4].

2. CONSTRUCTING A PARAMETERIZED
BASIS
Let F: CN x CP — C™ be a polynomial system as in .
As stated in the Introduction, we assume the following:

1. V(F) ¢ CN** is irreducible of dimension P and has
multiplicity 1 with respect to F'; and
2. mp(V(F)) = CF where 7,(z;p) = p.

This implies that dg¢(F) = 0, i.e., for p* in a nonempty
Zariski open subset of C¥, the fiber Fp« of F over p* is
nonempty and contains finitely many points.

The following describes constructing a parameterized h-basis

for F(x;p). To do this, we first consider the nonparameter-
ized case and then return to the parameterized setting.

2.1 Hilbert function
Suppose that G : CV — C™ is a polynomial system such
that V(G) C CV is nonempty and has finitely many points.
Thus, the polynomial system G generates a zero-dimensional
ideal, namely
I = (G(z)) C Clz1,...,xN].

We define the Hilbert function of G to be the Hilbert function

of Clx1,...,xn]/I, i.e., Hg : Z>o — Z>o where
HG(k) = <N2_l€> —dim I<y,

with I<j being the vector space of polynomials in I of degree
at most k. The binomial coefficient (V;*) is simply the
dimension of the vector space of polynomials in N variables

of degree at most k. Since 0 < |V(G)| < oo, we know that
there exists k™ > 0, called the index of regularity, such that

IIHG(0)<HG(1) < ---<HG(k*)=Hg(k*+1):~-- .
We will often write the function Hg as the vector
[Ha(0), Ha(1), ..., Ha(k"), Ha (k™ +1)]

with the equality of the last two entries signifying the sta-
bilization of the Hilbert function.

ExaMpPLE 2.1. For the zero-dimensional system

G(x) = [x122 — T3, 2 — To, T1 + T2 + T3 — l]T7

the Hilbert function of G is [1, 3, 3].

The Hilbert function for G can be computed directly from
a Grobner basis for G using a graded ordering. Another
approach is via [9] given numerical approximations of the
points in V(G). This numerical approach uses the Macaulay
dual space at each point in V(G), which we summarize next.

2.2 Macaulay dual space

The Macaulay dual space, also called the local inverse sys-
tem, encodes the local multiplicity structure at a point with
respect to a system of equations. Techniques for computing
Macaulay dual spaces are described in (7} [11} [21} 23} [30].

Let G : CY — C"™ be a polynomial system and z* € CV.
For a € (Zz0)V, let 2* = [[, 2%, |a| = 3, ai, ol = [, al,
and Oq[z*] : C[z1,...,2n] — C be defined by

iala\h
al Ox«

Oa[z"](h) =

r=x*
When the point z* is clear from the context, we simply

write 0o to mean Jn[z*]. Additionally, dz will be used
interchangeably with d,. Consider the vector space

D+ = spang {Ba[x*} ‘ a€ (ZZO)N} .

The Macaulay dual space of G at z*, denoted Dy« (G), is the
vector subspace of Dy« consisting of all elements that vanish
on all polynomials in the ideal generated by G, namely

) (Zh,—(%) =0,Yh; € (C[:cl,...,xn]} )
i1=1

A Macaulay dual basis is a basis for the vector space Dy= (G).

Let mult(G, z*) be the multiplicity of G at *. The follow-
ing theorem of Macaulay provides the relationship between
mult(G, z*) for isolated z* € V(G) and D+ (G).

Dy (G) = {a € Dys

THEOREM 2.2. Let G : CV — C™ is a polynomial system
and z* € V(G).

1. z* is isolated in V(G) if and only if dim Dy»(G) < oo.
2. If x* € V(Q) is isolated, dim Dy« (G) = mult(G, z*).
ExamMpPLE 2.3. For the polynomial system
G = [x2 — a3, 23]"
one can easily verify that, for z* = (0,0), we have
D, (G) = spang {31, Oy Ouy + 0,2, Onyay + Bﬁ} .

Hence, mult(G, z*) = dim D+ (G) = 4.



The Macaulay dual space is dual to the localization of the
ideal of G at ™. We can turn this into a global view of the
ideal by performing computations at the origin for a homo-
geneous ideal. Computations using this observation, which
included the ideas leading to this current paper, were de-
scribed in an initial draft by the first author |12]. Before ex-
ploring this relationship in the following section, we quickly
consider Macaulay dual spaces for homogeneous systems.

Suppose that G is homogeneous, that is,

Gi(\z) = X\ Gi(x)

for each i = 1,...,n and any X\ # 0 where d; = deg G;. Let
z* =0 € V(G) C CV. For each k > 0, consider

D = span { 2a[0] ‘ o € (Z20)" o] = k}
and the corresponding subspace

0 (Siy iGi) = 0, b

k _ k
D5 (G) = {8 €Dy Vh; € Clz1,...,zn] homogeneous

In fact, Hg(k)—Hg(k—1) = dim D (G) where Hg(—1) = 0.
For a homogeneous system G, HZ(k) = Hg(k) — Ha(k — 1)
is called the projective Hilbert function.

The vector space D§ (G) can be identified with the (right)
null space of the order k Macaulay matriz for G at 0, denoted
ME(G), which is constructed as follows. The rows of ME&(Q)
are indexed by tuples (¢,3) where ¢ = 1,...,n and 8 €
(Z>0)™ with || = k — deg G;. In particular, the set of all
corresponding z°G;(x) forms a generating set of the vector
space of all homogeneous polynomials in (G(x)) of degree
k. The columns of M§(G) are indexed by a € (Z>0)" such
that |a| = k. The ((i, 8), @) entry of ME(G) is

(ME(G)6.0) = 0al0] (2" Cu(a))

ExXAMPLE 2.4. For the homogeneous polynomial system
G = [zox2 — xf, x%}T
one can easily verify that Hg(k) is
1,4,8,12,16,20,24, ...
so that HE(k) = Hg(k) — Hg(k — 1) = dim DG (G) is
1,3,4,4,4,....

Since deg G1 = deg G2 = 2, M{(G) and MG(G) are 0 x 1
and 0 x 3 matrices, respectively, which, by definition, have a
1- and 3-dimensional null space respectively. Now, MZ(Q) is

|6x% 81'0961 81'0%'2 695% azwz axg

0 1 -1 0 0
0 0 0 0 1

Gi

0
Ga| O

which, as expected, has a 4-dimensional null space.

2.3 H-basis

As above, let G : C¥ — C™ be a polynomial system and
I = (G(z)) C Clz1,...,zn] be the ideal generated by G.
One common approach in algebraic geometry is to study the
closure of affine algebraic sets, i.e., solution sets of polyno-
mial systems in CV, in projective space PV . Algebraically,
this corresponds studying the homogenization of an ideal.

For a polynomial f € C[z1,...,zn] of degree d, the ho-

mogenization of f, denoted f" € Clyo,y1,...,yn], is
Y1 YN
fh(y07"'7yN):ygf (77"'77)'
Yo Yo

The homogenization of I is an ideal that is defined by ho-
mogenizing each element of I, namely

I"={f"| fel} CClyo,y1,-..,yn].

Since [ is generated by G, it always the case that
(G"(y) c 1"

However, the following shows this containment may be strict.

EXAMPLE 2.5. Let G be as in Example[2.1] Then,
G"(y) = [y1y2 — Yous, YT — Yoy2, Y1 + Y2 +y3 — o]

Since V(G) C C? consists of 3 points and V(G") C P?® con-
sists of 4 points, we know (G"(y)) € I". This extra point lies
at “infinity” with coordinates [0,0,1,—1] € P3. In fact, the
polynomial y1y3 — y3 is contained in I" but not in (G"(y)).

The polynomials G1(x),...,Gnr(z) is called an h-basis for
the ideal I = (G(z)) if Gf(y), ..., G"(y) is a basis for I". A
Groébner basis with respect to any graded monomial ordering
is an h-basis.

EXAMPLE 2.6. The system G from Example[2-1]is not an
h-basis, but it is easy to verify that the following is:
H(z) = 1102 — w3, @1 — 2, T1m3 — 3, o1 + 22+ 23— 1]

In fact, Gi(z),...,Gn(x) form an h-basis for I = (G(z))
if and only if Hg(k) = H?,, (k) for all k > 0. Before turning

Gh
to make this test effective, we consider a simple example.

EXAMPLE 2.7. With G as in Example[2.1] Ha(2) = 3 but
HY,,(2) = 4 which again shows that G is not an h-basis.

Let I be a zero-dimensional ideal with index of regular-
ity k* and I" be the homogenization of I. The maximum
degree of a minimal generating set for I" consisting of homo-
geneous polynomials is well-defined, called the Noether num-
ber, denoted B(I h). In this zero-dimensional case, k* + 1 is
precisely the Castelnuovo-Mumford regularity of I" yielding
B(I") < k* + 1. Thus, one may use k* 4+ 1 in the following.

PROPOSITION 2.8. Suppose that G : CY — C" is a poly-
nomial system such that V(G) is nonempty and finite. Let
I = (G(z)) C Clz1,...,zn] and I" C Clyo,...,yn] be the
homogenization of 1. The polynomials in G(x) form an h-
basis for I if and only if

He(k) = HY, (k) for k=0,1,...,8(I").

ProoF. If G(z) forms an h-basis for I, we immediately

know that Hg(k) = H,, (k) for all k > 0.

Conversely, we know I" = <Igﬁ(1h)> and (G"(y)) c I".
By dimension counting, (G"(y))x, = I} for k =0,1,...,8(I")
where, for a homogeneous ideal J, Ji is the vector space of

polynomials in J of degree k. Hence, I" = (G"(y)) so that
G(z) forms an h-basis for I. [



COROLLARY 2.9. Let G : CV — C" be a polynomial sys-
tem such that V(G) nonempty and finite, I = (G(z)) C
Clz1,...,zN], and I" C Clyo, ..., yn] be the homogenization
of I. If £ > B(I") such that HY, (6) = Hg(¢), then

He(k) = Hp,, (k) for k > ¢.

PrOOF. The statement follows immediately from the fact

that, for k > B(I"), I}y = (I k+1. O

As demonstrated in Example the reason why (G"(y))
may be strictly contained in I™ is due to extraneous solu-
tions at “infinity,” i.e., solutions contained in the hyperplane
defined by yo = 0. In order to remove such solutions, one
simply saturates with respect to yo. This is described next.

2.4 Quotients and saturation

Suppose that J C Clyo,...,yn] is a homogeneous ideal,
i.e., it has a basis consisting of homogeneous polynomials,
and f € Clyo,...,yn] is a homogeneous polynomial. The
quotient of J with respect to f is the ideal

J:f={a€Clyo,...,yn] | a-feJ}
It is easy to verify that (J: f): f = J: f? and
J=J:f’cJ:ffct:fPc---
The ascending chain condition yields there exists £* > 0 with
=J: =

J=J:f°cafc...ca v

The ideal J : fe* is called the saturation of J with respect
to f, which will be denoted J : f°.

ExaMPLE 2.10. For G"(y) defined as in Example
(G"(y))-
Thus, 113 — y3 € (G"(y)) : yo. In fact,
(G"() S (G"()) 190 = (G"(v)) : y&° = (G(x))".
With the setup as above, let d = deg f. For any £ > O,

we can compute D§(J : f) from DET?(J) using the linear
operator ®; : Dy — Dy defined as follows:

Yo(y1ys — y3) €

©5(0)(9) =

When f = y;, then ®; reduces to the operator ®; defined
by [26,27]. For the nonhomogeneous case, see [1§].

Since @y is a linear operator, ®; is described by how it
performs on basis elements. If |«| = k+d, Leibniz rule yields

= Z 9y(f)Oa—r- (6)

Y<o
[v|=d

9(gf),Yg € Clzg,z1,...,zn]| homogeneous.  (5)

where v < o means that v; < «; for all ¢. This immediately
shows that ®;(DE+?) c DE.
The following relates D§ (J) and D§(J N (f)) under ®;.

LEMMA 2.11. Let J C Clzo,z1,...,2zN] be a homogeneous
ideal and f € Clzo,x1,...,zN] be a homogeneous polyno-
mial. Then, for every k > 0,

©4(D5 () = {0} and @;(D5(J)) = 24(D5(J N (f))).

PRrROOF. Let & € D)((f)). Forevery g € Clzo,z1,...,2N],
gf € (f) so that <I>f(8)(g) =9 gf) = 0 Hence, ®4(9) = 0.
Assuming that D§(J N (f)) = DE(J )+D0(<f))
)

®4(D§(J) + D5 ((f)))
®4(D5(J)) + 4 (D5((S)))
®4(Dy(J])).

Since J, (f) D JN{f), it is clear from the definition that
D5(J), D5 ((f)) € D5 (J N (f))
which immediately implies
D6(J) + D5 ((f)) € DG N ()
Conversely, the inclusion-exclusion principle provides
dimD5(JN(f)) = HY, (k)
HE(k) + Hfﬁ (k) —

(D5 (I N{f))

Hjy gy (k).
Since, from the definition, D§(J + (f)) = DE(J) N DE((f)),
HY (k) + HYp, (k) — HY ) (k)
= dim D§ (J) + dim D} (J) — dim (D?.“(J) n D’S(<f>))
= dim (DE () + DE(FY))
=D§(J)+D((f). O

We now aim to construct a one-sided inverse for ®; when
f#0. If f=1y;, aone-sided inverse of ®; was constructed
in [30] as the linear operator defined by ¥, (93) = Jp4e,. In
particular, ®,, o ¥, is the identity operator. The following
generalizes the construction of such an operator.

Therefore, DE(J N (f))

DEFINITION 2.12. Let f € Clxo,...,xn] be a nonzero ho-
mogeneous polynomial of degree d. Define the linear oper-
ator Uy : Dy — Dy as follows. Write f = Z\a|:d faz® and

let < be a graded lexicographic ordering on (Z>o)V ™" with
g = min{a | |o| = d and fo # 0}.

For any 3,7 € (Z>0)N ! with |y| — |8| = d, define
Jr—p iy =0,
M =
R {O otherwise.

For any n > 0 and 8 € (Z>)V " with |3| = n, define
i) = Y. ca(B)a
|a|=n+d

where co(8) is 0 when o 2 ao and is

1

E d(a — ao, B) —

> M(a - a0, v)ey (8)

[v]=]e]
Yo

when a > ap where 6((, €) is Kronecker’s delta.

LEMMA 2.13. If f € Clzo,x1,...,ZN] 1S a nonzero homo-
geneous polynomial, then &5 o Wy is the identity operator.

PrROOF. Fix k > 0 and B € (Z>o)V ' with |3| = k. Uti-
lizing the notation from Definition[2.12} for any v € (Zso)V
with |y| = k, we claim

> M(y,a)ca(B). (7

|a|=k+d



This is shown by splitting the summation as

o M(y,a)ea(B) = > M(y,a)ca(B)
|a|=k+d |la|=k+d
a<y+aq

+ M('Ya'Y + aD)C'\Hroco (B)
+ D> M(yv,a)ca(B).

|a|=k+d
ar=y+ag

Let a be such that |a| =k +d and a < v+ ao. If @ 2 o,
ca(B) = 0. Otherwise, we must have M(vy,a) = 0 by con-
struction of ap. In particular,

S M(y,a)ea(8) = 0.
N

Since M (7,7 + o) = faq, the definition of ¢4, (B) yields
M(y,7 + @0)eyrao (B) = 6(v,8) = Y M(y,a)ca(B)

|a|=k+d
ary+ag
which immediately yields ,
The following using @ and completes the proof:

Pp(Vr(95) = D calB)Py(da)

|| =k+d

D calB) D 9a—y(9)0y

la|=k+d V<o

> calB) > M(yv, )0,

lo|=k+d IvI=k
3 < > M(%a)cn(ﬁ)) Dy
IvI=k \la|=h+d

S 5(v,8)0, = 05

[vI=k

a

THEOREM 2.14. Let J C Clzo,...,znN] be a homogeneous
ideal and f € Clxzo,...,xN] be a nonzero homogeneous poly-
nomial of degree d. Then, for every k > 0,

DT+ f) = @7 (D5T(D) = @5 (DS N (N) . (8

PROOF. Let & € DET(J). For any g € J : f, we know
®4(9)(g) = B(gf) = 0. Hence, (0) € DE(J : f).

Conversely, let & € DE(J : f). Suppose that g € J N (f).
Then, h = % € J: f and

Vs(9)(g) = ¥s(0)(hf) = (¥ (0))(h) = O(h) = 0.
Thus, ¥;(d) € DEF(J N (f)) and
0= (Ws(9) € Dp(DyH(T N (f))).
O

In the zero-dimensional case of interest here, we can com-
pute an h-basis from the given system G as follows.

First, we compute the Hilbert function H¢ using [9], which
also yields k*. This requires computing numerical approx-
imations of the finitely many points in V(G) which can be
performed in parallel using homotopy continuation. Then,
for each point * € V(G), we independently compute Dy (G)
which provides the necessary data for [9]. The null space
computations required here can be performed in parallel.

Secondly, we compute D§ (G™) for increasingly larger k,
which can be performed using parallel null space computa-
tions, until we find ¢ such that

dim @6 (D"(G")) = Ho(r) for r=0,1,... k" +1.

We again use parallel null space computations to compute a
basis for the vector space of polynomials of degree r that are
annihilated by @, (Dt (G™)) for r =0,1,...,k* + 1. De-
homogenizing the generators, i.e., setting yo = 1 and y; = «x;
for i =1,..., N, yields an h-basis for (G(z)).

To help reduce the degrees under consideration, one can
perform this computation iteratively by adding in the new
generators as they are found.

ExaMPLE 2.15. In Example [2.10] we claimed

I" = (G(2))" = (G"(®)) : o.

Since Hg = [1,3,3] with k* = 1, the following table shows
computing the projective Hilbert functions using dual spaces:

| k [o]1[2]3]
(G"(y)) 1[3[4]4]
(GPy)):yo | 133

which verifies this claim. The annihilators of the correspond-
ing dual spaces yields that I" is generated by 1 linear and
7 quadratic polynomials, with the minimal generating set
consisting of 1 linear and 3 quadratic polynomials, say

2 2
Y1+ Y2 +Ys — Yo, Y1y2 — Yo¥s, Y1 — YoY2, Y1Y3 — Y2
which dehomogenizes to the h-basis H(z) in Example

2.5 The parameterized case

The aforementioned computations can be performed over
the field generated by the coefficients. Moreover, with the
setup described at the beginning of Section there is a
nonempty Zariski open subset U C C? such that the Hilbert
function of F(x;p*) is the same for all p* € U. In practice,
we select a random point p* € CF, say using a complex
Gaussian distribution, so that, with probability one, p* € U.

From the generic Hilbert function, we can compute a sys-
tem G(z;p), called a parameterized h-basis for F(z;p), such
that there is a Zariski open dense subset Z C CF where
G(z;p*) is an h-basis of (F'(z;p*)) for all p* € Z. To com-
pute a parameterized h-basis, we could first compute an h-
basis at a random p* € CF. Then, we could recreate the
computations symbolically to yield a parameterized h-basis.

2.6 Example using RR dyad

We demonstrate computing a parameterized h-basis using
the inverse kinematic problem of an RR dyad. As shown in
Figure [} the RR dyad consists of two legs of length ¢; and
0> together with two pin joints. The mechanism is anchored
at point O which, without loss of generality, we may assume
is the origin. Given a point P = (ps, py), the problem is to
find the angles 61 and 62 so that the end of the second leg
is located at P. By treating sin(;) and cos(6;) as indeter-
minants, namely, s; and cj, together with the Pythagorean
theorem, we start with the polynomial system

lict + laco — Py

L1s1 + L2582 — py
A+s7-1
B+s3-1

f(61762751782;417£27p27py) =



Lo
02

14
01

Figure 1: RR dyad

Since the physically meaningful parameters have ¢; > 0,
we can use the linear equations to eliminate cz, s2, namely

8%4’0%71

F(c1,s1541,02,pz,Dy) = (pe 75101)2 + (py 7[151)2 7@%

It is well-known that F' has two solutions for general pa-
rameters with generic Hilbert function [1,2,2] and index of
regularity k* = 1. In particular, there is a linear relation-
ship between c¢; and s;. With the homogenizing variable yo,
ME(F™) is the rank 2 matrix

| ayﬁ Oyoey Oyosy ac% ey asf
Fy —1 0 0 1 0 1
| p2+ pi — 03 —2hp, —2bip, 61 0 &G

whose null space corresponds with DZ(F"). Then,

2 hyy _ Pyaﬁ — Pz0sy,
uo (Do (£ ))—Spa“C{ s padyy + (63 — B3+ B + p2) e, }

which annihilates the linear polynomial
201pec1 + 201pys1 — (Z% — ¢ —l—pz —&—pz)yo.
In particular, a parameterized h-basis is

G(e1, 81581, 02,pa, py) =
st+ef—1
201prc1 4 201pys1 — (03 — 03 + p2 +p§)

3. RANK-DEFICIENCY SETS

For « € CV, suppose that A(z) € C™*™ whose entries are
polynomial in . For r =0,1,..., min{m,n}, consider

Rr(A) = {z € CV | rank A(z) < r}.

Each R.(A) is an algebraic set, in particular, it is closed un-
der both the Zariski and Euclidean topologies, since they are
defined by the vanishing of the determinants of all (r+1) x
(r + 1) submatrices of A(x), i.e., the (r 4+ 1)-minors.

Instead of using determinants, we follow the approach
of [3] which uses a null space approach. Without loss of
generality, we may assume that m < n. Then, A(z) has
rank 7 if and only if the left null space of A(x) has dimen-
sion m — r. In particular, there is a Zariski open subset
U c C™*™ such that, for every B € U,

Ro(A) = {x ecn ‘ JA € Crx(m—) st A(z)T - B - [ . } - o}.

where I is the (m —r) x (m — r) identity matrix.
The particular case of interest is R—1(A), which we com-
pute using the simplification

Rom_1(A) = {z €CN [IAEP" st X-A(z) = 0}.

The advantage of using such an approach with numerical
algebraic geometry is that the system of equations is natu-
rally bihomogeneous and one avoids the exponentially many
determinants of potentially high degree. Moreover, using
the observation in [2] further helps to reduce the computa-
tion by only using slices in z rather than slices in (z, ).
Such an approach can also be combined with intersection
via regeneration [14] to compute the rank-deficiency set.

4. ALGORITHM

We now describe our parallelizable hybrid symbolic-numeric
approach for computing exceptional sets. Since it requires
several random choices, say using a complex Gaussian dis-
tribution, this algorithm succeeds with probability one.

We assume, as input, F : CV x CF — C" is a polynomial
system as described in § 2] The output is a description of
the irreducible components of E(F') described in which
are presented via (pseudo)witness sets.

First, we compute a parameterized h-basis G using the
parallelizable symbolic-numeric technique described in §
Let k™ be the generic index of regularity and 8 be the maxi-
mum degree of the generators, which is the generic Noether
number. Let d := max{k™, 5}.

Construct a submatrix A" of M&(G) which generically has
full row rank, i.e., m := th (d) which is the degree of a gen-
eral fiber. Since we know that we have either < m points in
the fiber or infinitely many, F(F) is contained in Rp—1(N).
Thus, we compute the irreducible components of R,—1(N)
via the parallelizable approach described in §[3]

Each irreducible component of R.,—1(N) is either con-
tained in E(F) or arose due to the choice of rows when
constructing A/. In the latter case, we construct another
submatrix, which we also call N, possibly using a different
parameterized h-basis G, that, on this irreducible set, N has
generically rank m. We repeat the process with the newly
constructed N. Since the superfluous components decrease
in dimension each time, this process terminates after finitely
many loops yielding the irreducible components of E(F).

4.1 Example using RR dyad

Let F' with parameterized h-basis G be as defined in Sec-
tion In this case, N' = MZ(G) is the following 4 x 6
matrix that generically has full rank:

-1 0 0 1 0 1
Z 2hp. 206p, O 0 0
0 0 Z 0 20hp. 20ip,

where Z = 03 — 02 —p? fpi. Using Bertini [5], we find that
R3(N) consists of 3 components:

V(£17£2 _pi _pz) u v(p.'1)7py7£1 + £2) U V(pzapyyfl - ZQ)

It is easy to verify that each of these three are indeed con-
tained in E(F) with only the last component containing
physically meaningful parameters, i.e., £; > 0.

We note that the reduction from f to F in Section 2.6
was based on the fact that physically meaningful parame-
ters have ¢o > 0, which permitted us to easily demonstrate
the algorithm. Of course, one can repeat this process using
¢1 >0, i.e., eliminating ¢; and si1, or simply using f.



S. EXAMPLES

The following examples used Bertini [5] to compute nu-
merical irreducible decompositions running on a node having
four AMD Opteron 6378 2.4 GHz processors, a total of 64
cores, with 128 GB memory. Supplementary files for the
following examples are available at www.nd.edu/~ jhauenst/
exceptional.

5.1 Lines on surfaces

As a comparison with the fiber product approach of |25],
we use the formulation presented in [25| § 4] to demonstrate
the approaches to compute rulings of a quadric and lines
on a cubic in C3. In particular, even though such a for-
mulation is not the most efficient way for computing these,
they provide good test cases. To that end, suppose that
g : C® — C is a polynomial that defines the surface. They
represent a line £ C C* via (u,v) € (C*\ {0}) x C* where
L ={ut+v |t e C}. In fact, each line £ is actually repre-
sented by a 2-dimensional family since (u, v) and (Au, v+ pu)
generate the same line for any A\, u € C with A # 0. Due to
this, we simplify the setup by writing us as a general affine
linear combination of w1 and w2, and vs as a general affine
linear combination of u1, u2, v1, and wva.

With this setup, we aim to compute (u,v) such that the
corresponding line £ is contained in V(g). This can be ac-
complished by computing the exceptional set of

F(x;u,v):{ 9(x) }

u X (z—v)
Here, x denotes the cross product of vectors in C3.

Rulings of a quadric
We first consider the hyperboloid of one sheet defined by

g(x):xf—i—m%—mg—l.

It is well-known this hyperboloid and most quadric surfaces
in C? are doubly ruled. That is, we are looking for curves
of lines contained in V(g). For a general linear polynomial
L(u,v), we follow 25| and consider the third fiber product
along with the linear ¢, say

F(zM;u,v)

F(LE(Q);U, v)

F(z®;u,v)
L(u,v)

Ry, 2®,2®; 4, 0) =

Since the fiber product works by increasing the dimension,
we need to compute a numerical irreducible decomposition
of V(F3). Using Bertini, in 11 seconds, we found that V(F3)
consists of 12 irreducible components of dimension 3. Since
four have (¥ = (%) for some i # j, there are 8 components
of interest, each of which is a linear space supported over
one parameter point. The 8 parameter points decompose
into witness point sets for the two rulings, which, in this
formulation, correspond with curves in (u,v) of degree 4.

We now use the approach of Section[dl The generic Hilbert
function is [1, 2, 2] with g and any two of the polynomials in
u X (x — v) forming a parameterized h-basis, say

g(z)
uz (s — v3) — ug(x2 — v2)
uz(z1 —v1) — ui(x3 — v3)

G(z;u,v) =

Since the 9 x 10 matrix M3(G) generically has rank 8,
we take A to be the 8 x 10 submatrix where we remove
the row corresponding to x3Gs. As above, we restrict to
L(u,v) = 0. Using [2| with a natural 3-homogeneous setup
using Bertini, we compute in 4 seconds 148 points: 140
have some u; = 0 which arose from the construction and 8
points as above corresponding to the two rulings.

Lines on a cubic

We next consider the following variant of the Clebsch cubic
obtained from jwww.singsurf .org/parade/Cubics.php:

g(z) = 163:‘;’ + 16:3% — 31x§ + 24.1‘%.T3 — 4837%1'2
— 48z, 23 + 24xixs — 54325 — T2x3.

It is well-known that most cubic surfaces in C® contain 27
lines with V(g) having all 27 lines being real. That is, if we
use real coefficients for the linear combinations describing
uz and vz, each of the 27 lines corresponds to a real point
(u,v). In the cubic case, one needs the fourth fiber product,
which we denote by Fy. As above, since the fiber product
works by increasing the dimension, we need to compute a
numerical irreducible decomposition of V(Fy). Bertini, in
5.33 minutes, computes 41 irreducible components. Since 14
have z¥ = 29 for some i # j, there are 27 components of
interest, each of which is a linear space supported over one
real parameter point corresponding to a line on the cubic.
We now use the approach of Section@ The generic Hilbert
function is [1,2,3,3] and we take a similar parameterized
h-basis G as above. Since the 21 x 20 matrix M (G) gener-
ically has rank 17, we take N to be the 17 x 20 submatrix
where we remove the four rows corresponding to x;x3G3 for
i = 0,...,3. Since the column corresponding to the coef-
ficient of 123 has only one nonzero entry, namely us, we
either have us = 0 which one can easily verify cannot yield
a line on the Clebsch cubic or the 16 x 19 matrix removing
this column and corresponding row is rank deficient. In this
latter case, we use [2] with a natural 3-homogeneous setup
and Bertini to compute 3474 distinct points in 2.5 minutes:
3447 have some u; = 0 which arose from the construction
and 27 corresponding to the 27 lines on the Clebsch cubic.

5.2 Planar pentads

We conclude with a demonstration of our approach for
verifying the existence of the double parallelograms which
are moving planar pentads, e.g., see [29]. We start with the
following setup:

variables 0 = (01,01, 02,05, 03,05,04,0%),

! ! / ’
parameters p = (’(,1,37 Uz, U4, Uy, Vo, Vg, V4, U4),

0,0, —1 fori=1,...,4
w1601 + u2602 + uabs + 1

fO;p) = | wvo+ u1b1 + uzbs + v404
uh 01 4+ uzfs + uyfs + 1
vy + ui 0] + usfs + vi6)
where
Uy = —U3 — Vg — V4
uy = —uz—vp— U4
Uz = U3 —Us+vVo+vse—1
uy = uh—uy+vi+uy— 1.

Since the physically meaningful solutions have all parame-


www.nd.edu/~jhauenst/exceptional
www.nd.edu/~jhauenst/exceptional
www.singsurf.org/parade/Cubics.php

ters nonzero, we can eliminate s, 05, 03, 0% to obtain

0,0, — 1

0405 — 1
(u101 + uabs + 1) (u) 0] + vty + 1) — uguf
(vo + w161 + va04) (v + ut 07 + v40}) — uzus

F(0;p) =

The Hilbert function for F is generically [1, 5, 6, 6] with a pa-
rameterized h-basis, say G, consisting of 9 quadratics that
one readily computes using the parallelizable symbolic ap-
proach of Section

Since N := M3(G) is a 9 x 15 matrix that generically has
rank 9, we need to compute Rg(N). By simply factoring
the resulting polynomials in A - A/, we can remove factors
corresponding to the vanishing of parameters which are not
physically meaningful. We then solve the resulting system
using Bertini by cascading down the possible dimensions
of the set of exceptional parameters. The verification that
Rs(N) contains no sets of dimensions 7, 6, and 5 took 5,
14, and 80 seconds, respectively. In dimension 4, the only
component with all lengths nonzero is a linear space which
corresponds to the double parallelograms. We used an inter-
section based approach via [14] to compute this exceptional
set in a total of 225 seconds.
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