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Abstract— This paper studies the stabilizability of an n-
dimensional quantized feedforward nonlinear system. The state
of that system is first quantized into a finite number of
bits, then sent through a digital network to the controller.
In order to save network bandwidth, people pursue as less
quantization bits as possible to maintain stability of such a
system. In DePersis’ paper [1], n bits are used to stabilize the 7-
dimensional system by assigning one bit for each state variable
(dimension). This paper extends that result by stabilizing the
whole system with a single bit under the same assumption of
local Lipschitz property of the vector field defining the system.
Its key contribution is a dynamic quantization policy which
dynamically assigns the single bit to the most ‘“important” state
variable. Under this policy, the quantization error exponentially
converges to 0 and the asymptotic stability of the system can,
therefore, be guaranteed. Because 1 bit per sampling step is
the lowest constant bit rate, the proposed dynamic quantization
policy achieves the minimum stabilizable bit rate for that n-
dimensional feedforward nonlinear system.

I. INTRODUCTION

Consider an n-dimensional nonlinear system in the fol-
lowing feedforward form [1],

fl(X27u)
f2(X37u)
&= f(z,u) = : ey
fn—l(Xnyu)

where © € R", v € R™ and having denoted by X, the
set of state variables x;, Z;11,- -, Zn, particularly X;(t) =
[2;(t), 2i11(t),- -+, 2, (t)]T. When the above nonlinear sys-
tem is controlled over a digital network as a networked
control system [2], a typical configuration is shown in Fig.
1.

Now we explain the signal flow in Fig. 1. At sampling
instants {t,}7°,, the state x(t;) is measured, and quan-
tized (encoded) into a symbol with R bits, sy(€ S =
{0,1,---,2% —1}), and transmitted over a digital network.
The sampling instants are assumed to satisfy
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Fig. 1. Quantized nonlinear control systems

It is assumed that the transmitted symbol s; is correctly
received without delay. The received symbol s is used to
construct an estimate of the state x(tx), &(tx). Of course,
Z(t) may be different from () ) due to quantization error.
Z(ty) is used to generate a continuous-time state estimate
TZ(t). The controller will make use of Z(t), instead of the
true state x(t), to devise the control «(¢)[3].

This paper addresses the following questions. Does there
exist an appropriate quantization policy to maintain its
stability under finite R? What is the minimum quanitzation
bit number R required to maintain stability? These two
questions have generated much interest in the past few years.
Note that R represents the number of quantization bits per
sampling step. So R can be understood as an approximate
measure of the bit rate (When the sampling period 1 — %
is constant for any k, R is exactly proportional to the bit
rate).

In [3], nonlinear systems more general than the one in
eq. 1 are investigated. It is shown that any nonlinear control
system which can be globally asymptotically stabilized by
true state feedback can also be globally asymptotically sta-
bilized by quantized state feedback, under the condition that
the number of quantization bits, R, is big enough. In [4], it is
shown that a finite number of quantization bits can stabilize
a class of nonlinear systems which can be made input-
to-state stable (ISS) with respect to measurement errors.
More quantization bits, however, means that more network
bandwidth is occupied. So it makes much sense to determine
the smallest R that still asymptotically stabilize the control
system. The minimality of the quantization bit rate required
to stabilize a nonlinear system is addressed in [5], where a



notion of topological feedback entropy (TFE) is introduced
and it is proven that a system can be stabilized /ocally if and
only if the feedback bit rate exceeds the inherent TFE of
that system. When the concerned system is linear, there are
many ways to compute the TFE and the required minimum
bit rate (see [6] [7] and references therein). When a system
is nonlinear, there is no systematic approach to compute
its TFE and the minimum bit rate to stabilize a general
nonlinear system is usually unknown. Researchers, therefore,
pursue a less aggressive goal: stabilize a nonlinear system
with as few quantization bits as possible. In order to save the
quantization bits, the knowledge of the concerned system has
to be taken into account. The nonlinear system in eq. 1 takes
an upper triangular structure, which falls into the class of
the feedforward systems [8]. For this type of n-dimensional
systems, R = n (R = n + 1) can be enough to achieve
semiglobal asymptotic stabilization (global stabilization) [1]
under three assumptions.

Assumption 1: Functions  f;(X;41,u), with 3
1,2,---,n—1 and f,(u) are locally Lipschitz.

Assumption 2: There exists a constant U > 0 for which
u(t) < U for all ¢ > t.

Assumption 3: Each function f;(-) (i = 1,2,---,n) is
zero at the origin and is such that the linearization of eq.
1 at the origin exists and is stabilizable; there exist class-K
! function ¢;(-) for which 2

|fi(Xit1,u+0) = fi(Xig1, u)| < i ([(Xi1, w)[) o]
The results in [1] are quite significant in the sense that the
prescribed bit rate is independent of both the set of initial
conditions of the system and the time-varying sampling
period, and can be simply assessed from the dimension of
the system.

R = n bits are shown to be enough to guarantee
asymptotic stability[1]. Is that possible to use fewer bits to
accomplish that task? As R is the number of transmitted bits,
it has a hard lower bound

R>1 3)

The present paper proposes a dynamic quantization policy
that uses 1 bit to globally asymptotically stabilize the n-
dimensional nonlinear system in eq. 1 under the same
assumptions of [1], i.e., Assumptions 1-3. Due to the hard
lower bound in eq. 3, we know the minimum bit rate has
been achieved. Now we remark on that policy. In [1], the
system is n-dimensional and there are n bits. Each dimension
is assigned 1 bit. In this paper, there is only 1 bit, which is
assigned to the most needed dimension at every time step. Its
bit assignment is dynamic, compared with the static policy
in [1]. We will show that it is the dynamic bit assignment
policy that makes the best use of the provided single bit.
This policy for the nonlinear systems is motivated by the
dynamic bit assignment policy for linear systems [9].

IClass-KC4 functions are nonnegative, continuous and nondecreasing
functions.
%For i = n, function ¢, (-) depends on |u| only.

This paper is organized as follows. In Section II, we
present the dynamic quantization policy, which is the ma-
jor difference from [1]. It is shown that the quantization
error exponentially converges to 0 as [1]. Based on this
convergence property, we prove the asymptotic stability of
the feedforward nonlinear systems. In Section III, the paper
is concluded with some final remarks. In order to improve
readability, we move technical proofs into Appendix, Section
Iv.

II. MAIN RESULTS: DYNAMIC QUANTIZATION POLICY
A. Uncertainty region of the state

The quantizer/encoder is usually connected with sensors
and can know exactly the state at the sampling instants,
2(tr). On the other hand, the decoder is spatially separated
from sensors, so it cannot know the exact value of x(¢).
But the decoder keeps receiving state symbols {si}, and can
use these symbols to determine an uncertainty region P(ty)
which the state x(tx) lies in, i.e.,

z(t) € P(ty) = C(tg) + rect(L(ty)) 4)

where the uncertainty region P(tj) is characterzied by its
centroid C(t)) and side length vector L(tx) with

Clt) = [Cr(tr), Caltr), -+, Culte)]”
L(tr) = [La(te), La(tk), -+, Ln(ti)]"
rect(L(ty)) = [Tizy [=5Li(te), 5Li(t)]

where [] stands for the Cartesian product. Due to eq. 4, it
is reasonable * for the decoder to set

E(tk) = C(tr) )

So we will use Z(t)) to represent the centroid of P(¢x) in
the sequel. It can be seen that the estimation error Z(ty) =
x(ty) — Z(tx) is bounded by
1
|j1(tk)‘ < iLl(tk)) i = 1a25an (6)
With the received information symbol s, the decoder up-
dates its centroid and side length vector as

(j(t )75 ) d i’(t 1)
{ (L(t];),sl;) - L(tkkil) (7

Of course, discretion is required to guarantee no overflow
would occur, i.e.,

(tet1) € T(toyr) + rect(L(tr41)) (8)

The symbol si in eq. 7 is sent by the encoder. So the
encoder surely knows si. As long as the encoder and the
decoder agree upon the initial condition #(to) and L(¢o), they
will generate the same sequences {Z(ty)}r and {L(tx)}x
under the same updating rule in eq. 7. So they are always
synchronized.

3The estimation in eq. 5 minimizes the maximum estimation error, which
is measured by the infinity norm of the state estimation error.



In order to achieve asymptotic stability, i.e.,
lim;_, oo z(t) = 0, we have to guarantee the convergence of
the continuous-time estimation error

B(t) = x(t) —T(t) ©)

Due to Assumption 2 (the boundedness of the control u(t)),
Assumption 1 (the local Lipschitz property of f(-) =
[f1(-)s f2(-)s -+, fa()]") and eq. 2 (bounded sampling in-
tervals), we know

lim Z(t) =0

t—oo

(10)

is equivalent to (see the updating rules in eq. 22 and 25)

kli_)n;o |L(t)]|oo = O (11)
where || - ||oo denotes the infinity norm. This result is

presented as a proposition, whose proof is not difficult and
omited here.

Proposition 2.1: The convergence of Z(t) = x(t) — Z(¢)
in eq. 10 is equivalent to the convergence of L(t;) in eq. 11
Later we will design a quantization policy so that L(¢x)
exponentially converges to 0.

B. Dynamic quantization policy

Due to Assumptions 1 and 2, we know, for each ¢ (€
{2,3,---,n}) and VIW; > 0, there exists a finite positive
number F;_; such that

|fim1(Xi,u) = fic1(Yi,u)| < Fioa]| Xi = Yillso

for any || X;|lco < Wi, [|Yilloo < W; and u(t) < U. Here we
consider a particular structure of Y;,

Yi(tr) = Xi(tx) + Xi(tr)

where X;(t1,) = [Zi(tr), Zis1(tr), - - - ,in(tk)]T is the quan-
tization error vector. Correspondingly we define a vector

LO(ty) = [Li(te), Lisa (tr), - L (t)]” (14)

By the bounds on quantization errors in eq. 6, we get

(12)

(13)

~ 1 .
1K () lloo < SILD (E) oo (15)
Suppose both {X;(t)}x and {L(¥)(t4)};, are bounded, i.e.,
for any i (= 1,2,---,n), there exist Z; > 0 and S; > 0,
such that

{ maxg>o | XD ()|l < Zi (16)

InanZO HL(Z) (tk)”oo S 251
Define W; = Z; + S;. So || Xi(tr)]|eo < Z; < W; and

||Y;(tx)|loo < W;. For given Z; and S;, there must exist F;_1
so that eq. 12 holds. Then we design a quantization policy
with the knowledge of Z;, S; and F;_;. Under that policy,
the quantization error Z;(t)), more precisely L;(tx), expo-
nentially converges to 0 as k£ goes to oo. Such exponential
convergence guarantees that x(¢) (X;(t)) converges to 0 as
t — o0, i.e., the nonlinear system in eq. 1 is asymptotically
stable. The only potential hole of the above arguement is
whether do such Z; and S; exist for i = 1,---,n? Our

answer is definitely “Yes” and will give a constructive way
to compute them.

First we build our quantizer under the conditions in eq.
16. Choose a positive number = by

el
(/g <v <1 a7
Choose large enough positive numbers p; (¢ = 1,---,n—1)so
that
1 — (n=1)FiTn >0
Pi
o (18)
(M) <2
P
and p,, = 1. For notational convenience, define
L= LT 19)
Pfi = Hj:l Pj

where py 1 is specially defined as 1. Similar to the quan-
tization policy for a linear system in [10], we propose the
following algorithm.
Algorithm 1: Dynamic quantization policy:
Encoder/Decoder initialization:
Initialize % (¢o) and L(to) so that z(to) € Z(to)+rect(L(to)).
Set (f?e(to) = i‘(to), Li‘d(to) = Li’(to), Le(to) = L(to),
L4(to) = L(to), and k = 0. Note that the subscripts e and
d are used to emphasize the variables are updated at the
encoder and decoder sides respectively.
Encoder Algorithm:

1) Select the index [ by

Iy = argmax4'pg; Le i(1r,) (20)

2) Quantize the state x(¢j) by setting

o = L, wn(tk) > 21, ()
k 0, otherwise

3) Transmit the quantized symbol sy.
4) Update L(tj1) at time instant ¢, as *
Li(tkt1) = (21
{ Li(te)/2+ FiTa 355 p oy Li(thtr), 0= 1y
Li(te) + FiTn 375 g, 1 Li(tesr), i # I

Z(tg+1) is updated by running the differential equation

in Fig. 1
d__ _
giﬁe,z‘(t) = fi(Xeiv1(t), u(t)), (22)
Tei(te) + Li(tr) /4, 0= I, s, =1
Tei(th) = Zei(tr) — Li(te)/4, i= I, s, =0

Tei(t), i # Iy

Where Ye_’i(t) = [fe7i(t),fe7i+1(t), “ee ,Eem,(t)]T, t S
[tk,tk+1) and the control w(t) is generated by the
controller in Fig. 1 with the estimated state x.(t)(=

4To successfully do the computation in eq. 21, we start from i = n, and
proceed in the decreasing order of 4.



X.1(t) in the place of Z(t). At time t = tj41,
Z;(tg+1) is updated as
i‘i(tk-&-l) = fe,i(t];+1)7i =1,2,---,n
5) Update time index, k = k + 1 and return to step 1.
Decoder Algorithm:
1) Select the index I, by

I, = argmax4’ps ;L (tr) (23)

2)
3)

Wait for quantized data, sj, from encoder.
Update the state estimate at t; as

(24)
1=1Ik, s, =1

Zq,i(ty) =
i‘d’i(tk) + Li(tk)/47
i’d,i(tk) — Li(tk)/4, 1=1Ik,s5.=0
Ta,i(tr) i # Iy

Generate the continuous-time state estimate as

%Td,,»(t) = [i(Xai+1(1),u(t)),

Za,i(tr) = Zq,i(tr)

4)

(25)

where t € [tg, tki1)-
Control variable u(t) is constructed from the con-
troller in Fig. 1 by replacing () with Z4(t)(=
Xaa(t)).
Update L(ty1) at time instant t;4q as
Li(trt1) = (26)
{ Li(ty)/2+ FiTm ;?:Ik-i-l Li(tgsr), i=1Iy
Li(te) + Ty 3,1 Li(trra), i # I

At time ¢ = tjy1, Ta,i(tk+1) is updated as

5)

6)

idyi(tk+1) = Ed7i(t;+1),i = 17 27 N (27)

7) Update time index, k£ = k + 1, and return to step 1.
Remark: Because the transmitted symbol s is always
received correctly, L.(tg) = La(to) and L.(ty) and Lg(tx)
are updated by the same rule in eq. 21 and 26, we have

Le(ty) = La(ty), V& (28)

Therefore we may shorten L, (tx) and L4(t) into the same
variable L(t)) without confusion. Similarly we can show that

Te(tr) = Zq(tr), VEk
{ Te(t) = Ta(t), vt >ty

Ze(tr) and Z4(tx) are shortened into Z(ty), Z.(t) and Ty(t)
into Z(t) as well. The same Z(t) is used to compute control
variable by the same rule at both encoder and decoder sides.
Of course, the same control variable u(t) will be obtained
at both sides. Our quantization policy guarantees there is no
overflow, which is presented as the following proposition.
See Appendix for its proof.

Proposition 2.2: Under Assumptions 1-3, we choose v
and p by eq. 17 and 18. The dynamic quantization policy
in Algorithm 1 is implemented to the quantized nonlinear
system in eq. 1. For any k > 0,

x(tr) € Z(t) + rect(L(t))

(29)

(30)

Remark: In Algorithm 1, the side is measured by the
weighted length 4°pf ;L;(t) rather than the direct length
L;(ty). That policy assigns the highest priority to the n-th
dimension. The motivation lies in the feedforward struction
of eq. 1, i.e., the n-th dimension affects the other dimensions,
but NOT reversely. After L, (tx) is reduced enoughly, we
get almost precise state estimate T, (¢) and the order of the
state estimation problem could be reduced by 1, i.e., from
n to n — 1. That rationale keeps working for the remaining
dimensions. Of course, some subtle balance has to be made
during assigning the single bit among n dimensions, which
is carried out by the appropriate choice of p in eq. 18. It
will be shown in Proposition 2.3 that L(t)) exponentially
converges to 0. The proof can be found in the appendix.
Proposition 2.3: Under Assumptions 1-3, we choose ¥
and p; by eq. 17 and 18. The dynamic quantization policy
in Algorithm 1 is implemented on the quantized nonlinear
system in eq. 1. The side length vector L(tx) is bounded as

ILi(t) oo < 22" ppin* (| L(to) |ocyi = 1, -, (31)
Remark: By Proposition 2.3, we can simply choose S; in
eq. 16 as

Si = 22" pyl|L(to)[|ocri = 1,-- -, (32)

Suppose there exist Z; (: = 1,---,n) to satisfy eq. 16. We
first choose S,, by eq. 32. The updating rule of L, (tx) in
eq. 21 and 26 guarantees {L,(t;)} is non-increasing w.r.t.
k. So we have made a right choice of S,,. Z, and S, are
used together to determine Fj,_; in eq. 12. With F,,_1, we
can select p,_1 by t € [tg,tr4+1) and then determine S,,_1
by eq. 32. Repeat the above story with S; and Z; for j =
n—1n—2,---,2. We get p,_2, pp—3, - -+, p1. Therefore
we get all parameters of Algorithms 1. Under these p; (i =
1,---,n—1) and p,, = 1, Proposition 2.3 guarantee that all
choices of S; ¢ =n—1,n—2,---,1) in eq. 32 are valid.
So the existence of 5; is no longer a problem. We only need
to justify the existence of Z; (t =1,---,n).

Remark: Algorithm 1 and Proposition 2.3 assume both
the encoder and the decoder know the initial uncertainty
region P(to)(= Z(to) + rect(L(to))), which the initial state
2(to) lies within. That assumption might not hold, e.g., the
decoder does not know the true initial uncertainty region. A
“zooming-out” algorithm in [1] is introduced to tackle this
issue, which works as follows.

1) First, the encoder and the decoder agree upon an initial
compact set.

If the initial state x.,,(tg) lies outside of that compact
set, the encoder sends a packet with its n-th bit as
“1” to notify the decoder that overflow. Then both the
encoder and the decoder synchronously expand the n-
th side length of the initial compact set, L, (tg), into
L, (t1) = AL,(to) with a certain ratio \. When the
expanding ratio A is big enough, after a finite number
of steps, Ly, (k) is long enough so that x,,(t;) will not
overflow. L, (t;) will be chosen as the new “initial”
n-th side length and the encoder and the decoder have
been synchronized regarding the n-th dimension.

2)



3) After the n-th dimension synchronization is achieved,
the encoder and the decoder work for the (n — 1)-th
dimension by setting the (n — 1)-th bit of a packet into
1 to signal the overflow of the (n — 1)-th dimension of
the state. Similar expanding strategy is implemented to
achieve synchronization over the (n — 1)-th dimension
in finite steps.

4) The above procedure repeats until synchronization
between the encoder and the decoder has been achieved
for all dimensions of the state. Such synchronization
again takes only finite stepes.

In the above “zooming-out” algorithm, only 1 bit of a packet
with n bits is used to signal an overflow. Furthermore, the
above algorithm works consecutively from the n-th dimen-
sion to the 1-st dimension. We can, therefore, replace the n-
bit packet with a single bit and also pursue synchronization
consecutively from the n-th dimension to the 1-st dimension.
This synchronization is done before implementing Algorithm
1. So the synchronization assumption can be relaxed.

C. Asymptotic stabilization by quantized feedback

As shown in eq. 31, the quantization error exponentially
converges to 0, which satisfies the requirements in proving
asymptotic stability in [1] (Proposition 2 and Proposition 3).
Here we directly borrow these results to give the following
statement.

Proposition 2.4: Let Assumptions 3 and 3 hold. There

exist positive numbers Z; for ¢ = n,n — 1,---, 2, positive
numbers and vectors A; and, respectively, k;, for i =
1,2,---,n, which can be used to construct the following
controller
kny n n—
u = Mo (‘Hvl) (33)
An
_ (kn—iXd,n—i + Un—i—1 )
Un—i = )\n—iU
Anfi
k1 X g1
= A —_—
(% 10’< )\1

where, for i = 1,2,---,n, \; € (0,\!] and X 4,(t) (ZTa(t))
is generated by the decoder in eq. 25 ° and the function o ()
denotes a saturation function.

The quantization policy in Algorithm 1 and the controller
in eq. 33 guarantees the response of the closed-loop system
in eq. 1 to satisfy the following properties:

o For each ¢ > 0, there exists d(¢) > 0 such that
[z(to)lloo < [[L(t0)l[co/2 < 6(€) implies

()|l < €Vt > to (34)
« The state converges to 0, i.e.,
tlim |z (t)]|o =0 35)

SBecause Te(t) = Tq(t) for any ¢, T4(t) or X 4;(t) is known by the
encoder.

Remark: We do not pursue strict proof here. What we do
is to show the key ideas in proving Proposition 2.4. By eq.

33, we get
u(t) = )\n(r(knxn(t);—vn_l(t))
= Ao (k"x”(t) ; ¢"‘1(t)> (36)

where ¢n71(t) = kn(wn(t) - En(t)) + Unfl(t)' |xn(t) -
Ty (t)| is bounded by L, (ty41) with ¢, <t < t;1. Because
Sy, is an upper bound on {L,,(tx)}, it is also an upper bound
on |z, (t) — Tp(t)]. ve—1(t) is bounded by A,_1. So we
have a well-defined bound on ¢,,_1(t) for all ¢. Assumption
3 (stabilizability assumption) guarantees, under the control
u(t) in eq. 36, the following equation

in(t) = fn(u)

has a bounded solution z,(t). Of course we can get its
bound, which is chosen as Z,. X,,(t)(T,(t)) is, therefore,
bounded by (S, + Z,).

Now we work on boundedness of X,,_1(¢). u(t) is com-
posed of ky,—1X g n—1, kn X (t) and v, _o(t). The latter two
items, k, X, (t) and v,,_o(t), are bounded. And X,,_1(t) —
X,,_1(t) is also bounded. By the stabilizabiity assumption,
we get an upper bound on X,,_(¢), the solution of the
following equaiton

fr—1(Xn, u)

X ={ 11

We choose Z,,_1 as the upper bound on X,,_1(t), which is
determined only by Z,,. We can keep working on X,,_o(t)
and get Z,,_» that is a function of Z,, and Z,,_;. Following
the similar procedure, we get all Z; (1t =n —3,---,2).

(37)

(38)

III. CONCLUSION

In summary, the present paper proposes a dynamic quanti-
zation policy to stabilize with only 1 bit(per sample) a class
of n-dimensional quantized feedforward nonlinear systems.
Because 1 bit per sample is the lowest constant bit rate, the
proposed quantization policy achieves the minimum bit rate
for the given nonlinear systems, which is rarely reported in
the current literature. These results on minimum constant
bit rate are, however, achieved under the perfect newtwork
transmission assumption(without either dropout or delay).
For linear systems with dropouts and network transmission
delay, there are already some results on the minimum sta-
bilizing bit rate [9]. For certain nonlinear systems, it is
shown that bounded network transmission delay may not
increase the stabilizing (average) bit rate [11]. Built upon
these achievements, we will try to relax our assumptions in
future.

Besides stability, people are also interested in performance
of a control system. It is shown in [12] that a dynamic quanti-
zation policy similar to Algorithm 1 can achieve the optimal
performance for a linear second order control system. An
extenstion of [12] was given in [13] for n-dimensional linear
control systems. In future, we may follow the philosophy in



[12] [13] to study performance of the concerned feedword
nonlinear systems under the given dynamic quantization
policy and upgrade it if necessarily for better performance.

IV. APPENDIX: TECHNICAL PROOFS
A. Proofs of Proposition 2.2

We prove it by mathematical induction. Eq. 30 works for
k = 0. Suppose it holds for £ > 0. Now we prove it also
holds for k + 1.

As mentioned in the remark immediately afer Algorithm
1, T.(t) and T,4(t) are equal, and named Z(¢). Define e(t) =

x(t) — T(t). By the definitions of s; (eq. 20 and 23) and
Te,i(tk)/Taqi(tr) (eq. 22 and 24) , we get
' Ly, (te)/2, i=1

lea(te)] < { L;(ty), otherwise (39

For t € [tr,tr+1), Z(t) (by eq. 22 and 25) is updated as
zi(t) = fi(@ipa(t), -,

where f;(-) are the functions in eq. 1. By Assumption 1, we
get

Tp(t),u(t)), i=1,---,n (40)

n

l&5(t)| = |aa(t) —zi(t)] < Z File;(t)] (41)
j=it1
It is straightforward that
lei(tkr1)]
trt1
< et [ fetnldr
tk
< e 5.
< lelte)l + T rrgg& €:(2)]
< F;T ;
< esltn)] + A{]; e (0] @)

where the last inequality comes from eq. 41. We can place
the following lemma.
Lemma 4.1: For t € [ty tri1),

lei(t)| < Li(te+1) (43)
Proof: We again prove this Lemma by mathematical induc-
tion. We can see that Eq. 43 holds for ¢ = n. Now suppose
that eq. 43 holds for ¢ > igp + 1. We want to prove it also
works for i = 7.
Fort € [tk’thrl),
t

leio (1)) < es (ti)| 4+ [ €y (7)|dT
tr

< e ()| 4 (= 1) max [é3,(7)]

< |ei0(tk)\+TMt<ﬂ;lg1{< |éio (T)]

< oL j

< e+ BTy S o max e (®)]
j= lo-‘r

< Liy(tg) + Fiy T Z i (tet1)
Jj=t0+1

= L (tg+1)

where the fourth inequality comes from eq. 41, the fifth
inequality from the assumption that eq. 43 holds for ¢ >
10 + 1. We, therefore, complete the proof. <

Because Z(tr11) = Z(t;,1)s

|zi(thy1) — @i(ty + 1) |zi(th1) — Tilty 1)

= |ei(t1;+1)‘

< Li(tk41), 44)

fori=1,2,---,n. So

(tpt1) € T(thyr) + rect(L(trsr)). O
B. Proofs of Proposition 2.3

Define generalized side lengths as

{ La(tr) = max (Ln(tk), pny" | L(to) | )
Ll(tk) = max (Li(fk), piLi+1(tk))

where ¢ =1,2,---,n— 1.

Based on the above definition, we can easily get a lower
bound on L;(t).

Lemma 4.2:

Li(tk) > po.i7" || L(to) | (47)
L(tx) is updated by eq. 21 (26). Based on the definitions
of v and p; (in eq. 17 and 18) and the definition in eq. 46,
we get the following results.
Lemma 4.3: Let 3 = {/2v. For any k and any i =
1,---.n,

(45)

(46)

Li(t
Liltir) _ 4 48)
Li(tr)
For the “longest” side chosen by eq. 20(23), if Ly, (tx) >
4p6.1,7%|| L(t0)] 00> then
M < lﬂ

L Iy (tk) 2
Proof: We first prove eq. 48.

Obviously it holds for ¢ = n. Now we assume it works
for ¢ = 39 + 1 and prove it also holds for ¢ = 7. By eq.
21(26), we know

(49)

Lig(te+1) < Lig(tr) + Fiy T Z i (th+1)
Jj=tio+1
FiyTv <
M
= Liy(tr) + = > pigLy(tesn)
%o J=tio+1
_ F;, T LI
< Tig(te) + == > Tig(tesr)
Pio j=ig+1
F; Ty

< Li(ty)+(n—1) L, (tks1) (50)

i0
Note that the above second inequality comes from the
defintion of Li(tk) in €q. 46. If Lio (tk+1) = Li(tk+1), €q.
50 produces

Liy(tes1) < Lig(tr) + (n— 1) Lig (trt1)

Pio

Solving the above inequality w.r.t. L;, (t;+1), we get eq. 48.



When Ly (tey1)  #  Li(tke1),  Li(tkr) =
PioLig+1(tk+1) and we get
Lio(tre1)  _ PioLig+1(tet)
IZ'0 (tk) IZ'0 (tk)
Pio Lig 11 (tis1)
Pio Lig 41 (tr)

< B
By mathematical induction, we know eq. 48 works for any
i.
From now on, we prove eq. 49. By the definition of I}, in

eq. 20(23), we know, for any j = I +1,---,n

Al prr Lr (th) > 4 ps i Li(ty),j = I +1,---,n (51)

So

J
L (te) =4 [ pmLi(te) (52)

When Ly, (tx) > 4pp.1,7* || L(t0) | - the defintion in eq. 46,
together with eq. 52, yields

Ly, (tk) = Ly, (tr) > 4pv,0,.7" | L(t0)| o (53)

By the updating rule of Lj, (¢),

= L(t)/2+Fr, Ty Y Lj(tes)

Ly, (te1)
j=Ir+1
> Lp(tx)/2 (54)
Combining eq. 53 and 54 yields

Ly, (tesr) = 206,07 [ L(t0) oo (55)

Combining eq. 52 and 54 produces

J
Li(tes) = 2 J[ pmLits) (56)

m=Ir+1

Based on the defintion of fj (tx), the above equation, to-
gether with eq. 55, gives us

j
Li(tes) = 2 J[ pmLs(te)
m=Ir+1

(57)

Substituting eq. 48 into the above equation generates

J
Littes) = 2 ] omEstters)
5m:1k+1
J
> H pmLij(tks1)
m=1I,+1

Particularlly, Ly, (tx4+1) > p]kf]k+l(tk-+l). So

Ly (tke1) = Ly (tesr)
1 n
= §L1k(tk)+szTM‘Z Lj(trt1)
j=Ir+1
1 F;, T -
= Sln(t)+ N pn Ly(ten)
Py j=Ix+1
1— ;. T L
< §L1k(tk)+M > Ly (tk)
Phe inn
1— Fr. T
= ngk(tk)Jr()#le(tkH)
PIy
Solving the above last inequality w.r.t. Ly, (¢,41) yields eq.
49. &
Define
HE tr) (58)
Lemma 4.4: If
> T (469" 1L (ko) [1oc) » (59)
i=1
then
L, (te) = 4po,r, 7" | L(to) [l (60)

Proof: Under the condition of eq. 59, we first prove the
following claim by contradition.
Claim: There must exist ¢ such that

Li(tr) = 4poiv" | L(to) |
Suppose the above claim is false, i.e., forany ¢ = 1,2,--- | n,
Li(tr) < 4ppi7" [ L(to) oo (62)

Then we get p(ti) < [T, 4p6,:7* || L(t0)]| o0, Which contra-
dicts with eq. 59. So the claim in eq. 61 must be true.
There are 3 cases for I.
Case (1): I;; = i. Then eq. 60 obviously holds.
Case (2): I < i. By the selection rule of I, we get

(61)

Li(ty) > 2Lty (63)
pffk
= Hm (1) (64)
j=I
1—1
> | I] o | 4007*ILCt0) I (65)
J=Ik
= 4pp,, 7"l L(to) |0 (66)

So eq. 60 holds.

Case (3):1;, > ¢. Similar to Case (2).

By Lemmas 4.3 and 4.4 and the definitions of p(t), p
and v, we get

Corollary 4.5:

(67)



When eq. 59 holds,

tr
plks) o (68)
p(tk)
For p(ty), we can place the following upper bound.
Proposition 4.6:
p(tr) < 2] T (407" (ko))  VE (69)

Proof: For k = 6, Eq. 69 holds. Suppose it holds when
k = ko. Now we prove it also works for & = kg 4+ 1. There
are 2 cases.

(1)When eq. 59 holds, we know, by eq. 68,

p(tk0+1) < 'an(tko)
< V"QH(4pb,i’7k0”L(t0)Hw)
=1
= 2] (on.7" L ko) )
1=1

i.e., eq. 69 holds for k = ko + 1.
(2)When eq. 59 does NOT hold, we know, by eq. 67,

p(tk0+1) < 277Lp(tko)
< 29" [ (4pn.v™ I L(to)ll)
1=1
= 2 H (4p6,:7* I L(t0) ]| )
=1

i.e., eq. 69 holds for k = ko + 1.
In summary, eq. 69 holds for both cases. <»
Now we are ready to prove Proposition 2.3.
Proof: We want to get an upper bound of L;(¢x) for a given
i. First we try to get an upper bound for L;(t)) with j # i.
If j <1, then we know

Li(ty) > pjpj+1-- pis1Li(te) (70)
If j > 1, we get
Lj(tx) = po 7" I1L(t0) ]| oo (71)

Multiplying eq. 70 and 71 for all j, we get a lower bound
on p(ty) as

p(te) =
m=1
) i—1
> (Li(t)" [T (ompmsr ==~ pic1)
m=1
< IT (oo.m?*IL(t0) o)
m=i+1

Combining the above equation with the upper bound of p(¢)
in eq. 69 yields

(Li(tk))" < 2% 4™ (pp. 7" || L(to)]loo)’ (72)

Taking the i-th root on both sides of the above inequality
produces

Li(te) < V2 x47py7"||L(to)l s
< 2x 4% 7| L(to) [ oo
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