CRITICAL POINTS OF MULTIDIMENSIONAL RANDOM FOURIER

SERIES: CENTRAL LIMITS
LIVIU I. NICOLAESCU

ABSTRACT. We investigate certain families X", 0 < h < 1, of Gaussian random smooth
functions on the m-dimensional torus T} := R™/(h"'Z)™. We show that for any cube
B C R™ of size < 1/2 and centered at the origin, the number of critical points of X" in
the region A~ B/(h™'Z)™ C T} has mean ~ c1h~ ™, variance ~ c2im™? ¢1,¢0 > 0, and
satisfies a central limit theorem as i\ 0.

CONTENTS

Notation

1.

The main results

1.1. The problem.
1.2.  The Wiener chaos setup
1.3. Statements of the main results
1.4. Outline of proofs
1.5. Related results
2. Proofs of the main results
2.1. Hermite decomposition of the number of critical points
2.2. A technical interlude
2.3. Proof of Theorem 1.1
2.4. Variance estimates
2.5. Proof of Theorem 1.2
2.6. Proof of Theorem 1.3
Appendix A. Proof of Proposition 2.1
References
NOTATION
o We set

N::{nEZ; n>0}7 NO::{nEZ; nZO}.
e 1, denotes the characteristic function of a subset A of a set S,
1, a€A,

14:8 — {0, 1}, 1A(a):{o ae S\ A
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e For a topological space X we denote by B(X) the o-algebra of Borel subsets of X.

o We will write N ~ N(m,v) to indicate that N is a normal random variable with
mean m and variance v.

e For x,y € R™ we set

m
|$|OO = max ‘x]|7 (may) = ijyja ‘m| =V (mam)
j=1

1<j<m
e We denote by A™ the affine lattice
1 m
e (a)"
e For any matrix A, we denote by A" its transpose, and by || A|| its norm

[A[l = sup [Az]|.
|e|=1

e We denote by 1,, the identity operator R” — R™.
e For any Borel subset B C R™ we denote by |B] its Lebesgue measure.
e We denote by ~ the canonical Gaussian measure on R

vy(dz) =

_a?
e zdx,

1

V2T
and by I' the canonical Gaussian measure on R™

O [
I'(dx) = (27)" 2e” 2 dx,

e If C' is a symmetric, nonnegative definite m x m matrix, we write N ~ N(0,C) to
indicate that IV is an R"-valued Gaussian random vector with mean 0 and covariance
form C.

o If f:R™ — R is a twice differentiable function, and * € R™, then we denote by
V2f(x) its Hessian, viewed as a symmetric operator R™ — R™.,

1. THE MAIN RESULTS

1.1. The problem. We begin by recalling the setup in [23]. For any h > 0 we denote by
T m-dimensional torus R /Z™ with angular coordinates 61, ...,6, € R/Z equipped with
the flat metric

gn =Y I *(dh))*.
j=1

For a measurable subset S C T™ we denote by vol;(.S) its volume with respect to the metric
gn, and we set vol := voly [s=1. Hence

volp(T™) = A~ ™ vol(T™) = A~ ™.
The eigenvalues of the corresponding Laplacian Ay, = —h? >y agk are
Ak, ) = B2A(K), A(k):=|27k[*, k= (ki,...,kn) € Z™
For 8 = (61,...,0,,) € R™ and k € Z™ we set

(k,0) := > kjb;.
J
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Denote by < the lexicographic order on R™. An orthonormal basis of L*(T7") is given by
the functions (1/),’2) kezm, Where

1, k=0
YR (0) = W2 i (0), Yr(0) =< v2sin2n(k,0), k>0,
V2cos2r(k,8), k <0.
Fix a nonnegative, even Schwartz function w € 8(R), set wy(t) = w(ht) so that
w( Ak, R) ) =wi(VAK) ).
Consider the random function given by the random Fourier series
1 m 1
X"0) = > wi( VAR, D) )Z Nep(8) =02 > wi(v/A(k) )? Niow(6)
kezm™ kczm

= K2 Z w(ZWh\k\)% ( Ay cos(2m(k,0)) + By sin(2n(k, 0)) ),
kezm

(1.1)

where the coefficients Ag, Bg, Nk, k € Z™, are independent standard normal random vari-
ables.

Note that if w = 1 in a neighborhood of 1, then the random function A~"™/2X" converges
to a Gaussian white-noise on T™ and, extrapolating, we can think of the & — 0 limits in this
paper as white-noise limits.

The random function X"(8) is. a.s. smooth and Morse. For any Borel set B C T™ we
denote by Z(X" B) the number of critical points of X" in B. In [23] we have shown that
there exist constants C' = Cy,(w) > 0, S = S, (w) > 0 such that, for any open set O C T™,

E[Z(X",0)] ~ Cin(w)h ™ vol(0) as i — 0.

var[Z(X",0)] ~ Spu(w)h ™ vol(0) as h — 0.

In [23] we described the constants Cp,(w) and Sy, (w) explicitly as certain rather complicated
Gaussian integrals, and we conjectured that S,,(w) is actually strictly positive.

In this paper we will show that indeed S,,(w) > 0, and we will prove a central limit
theorem stating that, as A — 0, the random variables

6(0) = (o) (206.0) B[ 206",

converge in law to a nondegenerate normal random variable ~ N(O, S (w) ) Our approach
relies on abstract central limit results of the type pioneered by Breuer and Major [7]. This
requires placing the the problem within a Gaussian Hilbert space context. To achieve this
we imitate the strategy employed by Azais and Leén [5] in a related 1-dimensional problem.

1.2. The Wiener chaos setup. Let « = (z1,...,%,,) denote the standard Euclidean coor-
dinates on R™. For py € R™ and R > 0 we set

~ R ~ ~ R Rym

Br(pg) = {5'3 €R™; [& —pgloeo < B }, Br = Bg(0) = [—5’ 5} :

For r € (0,1) and denote by B, the image of the cube B, in the quotient R™ /T™. Thus,
B, is a cube on the torus centered at 0. We identify the tangent space TpT}* with R™ and
we denote by exp,, the exponential map exp;, : R™ — T} defined by the metric gp. In the
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coordinates  on R” and @ on T, this map is decribed by 8 = hx mod Z™. Using this map
we obtain by pullback a (h_lZ)m—periodic random function on R™,

Y@) := (expj X")(x) = " Y w 27rhyk:y (Ag cos(2mh(k, x)) + By sin(2rh(k, x))).
kczm
We denote by Z(Y",B) the number of critical points of Y in the Borel set B C R™. Note
that R
Z(X" B,)=2Z(Y" Bj1,). (1.2)
To investigate Z ( Y?, th l ) it is convenient to give an alternate description to the random

function Y.
A simple computation shows that the covariance kernel of Y7 is

K'(x,y) = B Z wy(27h|k|) cos 2nh(k, y — x)
kezm

=hn" Z w(2rh|k|) exp( —2mhi(k, T) ).
kez™

(1.3)

Define )
¢:R™ = C, ¢(€) = e T u(lg)).
Using the Poisson formula [14, §7.2] we deduce that for any a > 0 we have

kgz:m i (2;’“) - (%)m gZ:m dlav),

where for any v = u(€) € S(R™) we denote by u(x) its Fourier transform
() = / e~ilE@)y ()| dg. (1.4)

If we let @ = A~ ', then we deduce

XK'z, y) B Z ¢ h 1/
vezm™
Define V : R™ — R by
V(@) = Grml@) = o | 6 (e dal. (15)
Then 1
¢(m)—V($+—T> :V(sc%—ﬁ(cp—é’) )

Hence, if we set z := y — @, we deduce

1
a:y V( —z+ u).
Zm

ve

= > V<z+iliu). (1.6)

vezm
The function V" is (h~'Z)™-periodic and we deduce that

K (a,y) = V" (;z) —y—um (1.7)

We set
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The region El /1 is a fundamental domain for the action of the lattice (h=1Z)™ on R™. From
the special form (1.6) of V" and the fact that V is a Schwartz function we deduce that for
any positive integers k, N we have

V"= Vlcn, ) = OR™) as h\,0. (1.8)

)

From (1.3) we deduce that Y" is a stationary Gaussian random function on R™ and its
spectral measure is

1
p(dg) = 0 > @rh) M w(v)dy,
vE(2mhZ)™

where §,, denotes the Dirac measure on R™ concentrated at u. (Recall that the Fourier
transform is normalized as in (1.4).)
Let us observe that, as h — 0, the measures u"(|d€|) converge to the measure

WO dé]) = @nw(\s\) g

in the following sense: for any Schwartz function » : R™ — R we have

/ u(€)"(|dg]) = / u(€)u(|de]).
m Rm

Denote by YO the stationary, Gaussian random function on R™ with spectral measure
1P (|d€|). Tts covariance kernel is

1
(2m)™

50 (@, y) = / e~HEv=)y(|€]) |de| = V(y - ).
Rm

From (1.8) we deduce that
ViS5V inC®ash—0

This suggests that the statistics of Y" ought to be “close” to the statistics of Y7©.

For the goal we have in mind it is convenient to give a white noise description of these
random functions. Recall (see [16, Chap.7]) that a Gaussian white-noise on R™ is a random
measure W (—) that associates to each Borel set A € B(R™) a centered Gaussian random
variable W (A) with the property that

E[W(A)W(B)] =|ANB|.
The fact that Z(—) is a random measure is equivalent in this case to the condition
W(AUB)=W(A)+W(B), VA,B e B(R™), ANnB=1.

Equivalently, a Gaussian white-noise on R™ is characterized by a probability space (2, F,P)
and an isometry

I =TIy : L*(R™ d¢) — L*(Q,F,P)
onto a Gaussian subspace of L?(Q,F,P). More precisely, for f € L*(R™, d¢) the Gaussian
random variable I'yy[f] is the Ito integral

Tw(f)= [ Hewide).

The isometry property of the Ito integral reads

B|w(f)Iw(o) | = | F(€)g(&) de.
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In particular
W(A) = Iwl[1a], VA € B(R™).
The existence of Gaussian white noises is a well settled fact, [12].
Fix two independent Gaussian white-noises W1, Wy on R™ defined on the the probability
space (2, F,P). Let I, and respectively Is their associated Ito integrals,

I, I,: L*(R™,d¢) — L*(Q, F,P).
The independence of the white noises W1 and W is equivalent to the condition
E[1i(f)Ia2(9)] =0, Vf.g € L*(R™, dE).
This shows that we have a well defined isometry
I:LX(R™, d€) x L*(R™,d§) — L*(Q,F,P), I(fi & f2) = Ii(f1) + L2(fa). (1.9)
8

whose image is a Gaussian Hilbert subspace 2~ C L?(92,F,P). The map I describes an
isonormal Gaussian process parametrized by $). We will use I to give alternate descriptions
to the functions Y, h > 0.

For each A\g € R™ and r > 0 we denote by C. ()\0) the cube! of size r centered at A i.e.,

r
_ m, _ < _
Cr()\O) {ﬁGR ) |€ >‘0|OO— 2}7
For k € Z™ we set C := C1(k). For each x € R™ and h > 0 we set

Yi@):= ) /R m\/w(27rh|k|)costh(k,m)thk(E)Wl(df)

kezm

+ > / Vw(2rh|k|) sin 2nh{k, @) 1xc, (£)Wa(d€) € 2.
kezm /R™
The isometry property of I shows that

E[Y"(@)Y"(y)] = X"(z,y).

Thus, the random function Y7 is stochastically equivalent to Y". Next define

V(z) = /m w2 |E]) cos 2 (€, m) W1 (d€) + /Rm SR [E]) sin 27 (€, @) Wa(dE) € 2.
Then
E[?O(w)?o(y)] = /m w( 2w |€|) cos2m (¢, y — x)dE

- / Y g (2re] ) |dE| = KO, ).

Thus, the random function Y© is stochastically equivalent to Y.

The above discussion shows that we can assume that the Gaussian random variables Y"(z),
x € R, h > 0, live inside the same Gaussian Hilbert space 2 .

We denote by F the o-subalgebra of F generated by the random variables I(f; @ f2),

f1 D fo € H and we denote by 2 the Wiener chaos, [16, 19],
2 = L*(Q,F,P). (1.10)
IThe astute reader may have observed that Cr(Ao) = ET(AO) and may wonder why the new notation. The

reason for this redundancy is that the cubes B and C live in different vector spaces, dual to each other. The
cube B lives in the space with coordinates @ and C' lives in the dual frequency space with coordinates &.
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1.3. Statements of the main results. In the sequel we will use the notation Qn = O(h*™)
to indicate that, for any N € N, there exists a constant C'y > 0 such that
|Qnl < ONBY as b\, 0.
Theorem 1.1. Fiz a function N : (0,00) — N, h+— N} such that
2hN;, <1, V> 0. ()

Then, for any box B C R™ we have
1

E[Z(Y°,B)] = Zy|B|, Zy= N e EEQ) E[|det VZY°(0)|], (1.11a)
E[Z(Y" Ban,)] =E[Z(Y?, By,) ] + O(h™) (1.11b)
a

For simplicity, for any Borel subset B C R™, and any £ € [0, hy] we set
Z"(B) = Z"(Y",B), ¢"(B)=|BI"'*(2"(B)~E[2"(B)] ).
For R > 0 we set
Z"R) := Z(Bg), ¢"(R)=("(Br). (1.12)
Theorem 1.2. There exists a number S© > 0 such that, for any function
N :(0,00) = N, h— Np,
satisfying
1
and
i ¥ = o “
the following hold.
(i) Ash—=0
var[Zh(2Nh)} ~ So(2Nyp)™, wvar [ZO(QNH)]

(ii) The families of random variables
{en and { *(2Ny) }

converge in distribution as h — 0 to normal random variables ~ N(0, S°).

he (O,EO} ﬁe(o,ﬁo]

Fix r € (0,1/2). Recall that B, C T™ denotes the image of B, under the natural projection

R™ — T™.
Theorem 1.3. Let Zy be as in (1.11a) and Sy be as in Theorem 1.2. Then the following
hold.

(i) As h—0,

E[Z(X", B,)] = h=™( Zovol(B,) + o(i™)).
(ii) As h — 0 we have
var|[ Z(X",B,)] ~ Solim ™ vol(B,).
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(iii) As h — 0 the random variables

B\ 2
() (Z(XE,BT) —E[Z(XH,BT)]) (1.13)
r
converge in distribution to a random variable ~ N(0, SY).
Corollary 1.4. Let r € (0,1/2). Set
Z"( X" B,) := K" ZN X", B,).

Let (hy,) be a sequence of postive numbers such that, for some p € (0,m) we have

Zh’é<oo.

n>1

Then
Z" (X" B,) = Zyvol(B,) a.s..

Proof. Set a:= "% so that p = m — 2a. Note that
E[Z" (X", B,)] = Zyvol(B,) + O(h™)
[Z" (X", B,)] ~ Sovol(B,)h™.

From Chebyshev’s inequality we deduce

P[|Z" (X", B.) — Zyvol(B,)| > h2] = O(HL).

Then
ST P[|Z"M (X", B,) — Zgvol(B,)| > hg] < oo,
n>1
and the first Borel-Cantelli lemma implies the desired conclusion. O

Remark 1.5. The constant Zy in (1.11a) depends only on m and w, Zg = Zo(w, m) an
represents the expected density of critical points per unit volume of the random function Y.
We set

I (w) := /000 w(r)rkdr. (1.14)
We have (see [22])
g L 2ME L oy 2T
(2m)™ sy F(%)Im—l( ), (2m)™ " dp, mF(%)ImH( ), )
mi2, 1 3 2’2
(2™ 2h,, = & /m rtullelde = o e (1)

Denote by 8,, the Gaussian Orthogonal Ensemble of real symmetric m x m matrices A with
independent, normally distributed entries (a;;)1<i j<m With variances

E[a?ﬂ =2, E[afj] =1, ViI<i#j<m

As explained in [24], we have

m
2

Zo(w,m):< fom >TgEgm“detAy] — <2W( T (w) > Es,, [|det A]].  (1.16)

27dy, m + 2)Iy3(w)
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In [22, Cor.1.7] we have shown that, as m — oo, we have

m
2

wtwm) ~ 22 ("57) () (17

The asymptotic behavior of Zg(w, m) as m — oo depends rather dramatically on the size of
the tail of the Schwartz function w: the heavier the tail, the faster the growth. For example,
in [22, Sec.3] we have shown the following.

o If w(t) ~ exp(—logt)log(logt)) as t — oo, then

log Zo(w, m) ~ %€m+2(62 —1) as m — oo.
o Ifw(t) ~ exp(—(log t)ﬁ ) ast — 00, p > 1, then, for some explicit constant Cp, > 0,
we have
log Zo(w, m) ~ CpmP, as m — oo

o If w(t) ~ et as t — oo, then

log Zo(w, m) ~~ % logm, as m — oc.

(b) The constant Sp in Theorem 1.2 seems very difficult to estimate. As the proof of Theorem
1.2 will show, the constant Sy is a sum of a series with nonnegative terms
So=2_ 5,
g1

where the terms 5’8 are defined explicitly in (2.22). In [24] we have proved that Sy > 0 by
showing that

8= [ 1P mulleD [

where P(&,...,&y,) is a certain nonzero polynomial. The constant S depends on w and m.
In [24, Appendix A] we described methods of producing asymptotic estimates for S9(w, m)
as m — 00, but the results are not too pretty. O

1.4. Outline of proofs. The strategy of proof is inspired from [5, 11]. As explained earlier,
the Gaussian random variables Yh(:c), x € R™ h > 0, are defined on the same probability
space (2, F, P) and inside the same Gaussian Hilbert space 2.

Using the Kac-Rice formula and the asymptotic estimates in [23] we show in Subsection 2.1
that, for any & > 0 sufficiently small, and any box B, the random variables Z"(B) belongs to

the Wiener chaos 2~ and we describe its Wiener chaos decomposition. The key result behind
this fact is Proposition 2.1 whose rather involved technical proof is deferred to Appendix A.
The Wiener chaos decomposition of Z"(B) leads immediately to (1.11a) and (1.11b).

To prove that the random variables ¢"(2Ny) and ¢(°(2N}) converge in law to normal random
variable (?(00) and respectively ¢°(co) we imitate the strategy in [11, 24] based on the very
general Breuer-Major type central limit theorem [26, Thm. 6.3.1], [25, 27, 28, 29].

The case of the variables (°(N}) is covered in [24] where we have shown that there exists
SY > 0 and a normal random bariable (%(c0) ~ N(0, S°) such that, as N — oo, the random
variable (°(N) converges in law to ¢°(c0).

The case ("(2Ny) is conceptually similar, but the extra dependence on % adds an extra
layer of difficulty. Here are the details.
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Denote by ¢/ the ¢-th chaos component of (!'(2N},) € Z . According to [26, Thm.6.3.1], to
prove that ¢"(2Ny,) converges in law to a normal random variable (°(c0) it suffices to prove
the following.

(i) For every q € N there exists S) > 0 such that
li M =S80
lim var[cq] Sy
(ii) Exists hp > 0 such that

lim sup ZUGT[CH:O-

Q—r00 0<h<
0<h<hg >Q

(iii) For each ¢ € N, the random variables Cg(QNh) converge in law to a normal random
variable, necessarily of variance 58.

We prove (i) and (ii) in Subsection 2.4; see (2.23) and respectively Lemma 2.6.

To prove (iii) we rely on the fourth-moment theorem [26, Thm. 5.2.7], [28]. The details
are identical to the ones employed in the proof of [11, Prop. 2.4]. The variance of the limiting
normal random variable (°(00) is

var|(o(o)] = ZS‘(J) < 0.

q>1

The explicit description of the components 5’8 will then show that S° = S°.
The proof of Theorem 1.3 is, up to a suitable rescaling, identical to the proof of Theorem
1.2. We explain this in more detail in Subsection 2.6

1.5. Related results. Central limit theorems concerning crossing counts of random func-
tions go back a while, e.g. T. Malevich [20] (1969) and J. Cuzik [9] (1976).

The usage of Wiener chaos decompositions and of Breuer-Major type results in proving
such central limit theorems is more recent, late 80s early 90s. We want to mention here the
pioneering contributions of Chambers and Slud [8], Slud [30, 31], Kratz and Leén [17], Sodin
and Tsirelson [32].

This topic was further elaborated by Kratz and Leén in [18] where they also proved a
central limit theorem concerning the length of the zero set of a random function of two
variables. We refer to [6] for particularly nice discussion of these developments.

Azais and Ledn [5] used the technique of Wiener chaos decomposition to give a shorter
and more conceptual proof to a central limit theorem due to Granville and Wigman [13]
concerning the number of zeros of random trigonometric polynomials of large degree. This
technique was then succesfully used by Azais, Dalmao and Leén [4] to prove a CLT concerning
the number of zeros of Gaussian even trigonometric polynomials and by Dalmao in [10] to
prove a CLT concerning the number of zeros of one-variable polynomials in the Kostlan-Shub-
Smale probabilistic ensemble. Recently, Adler and Naitzat [1] used Hermite decompositions
to prove a CLT concerning Euler integrals of random functions.

2. PROOFS OF THE MAIN RESULTS

2.1. Hermite decomposition of the number of critical points. Forevery i > 0, v € R™
and B € B(R™) we denote by Z"(v, B) the number of solutions & of the equation

VY x)=v, = e B.
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For € > 0 we define

de :R™ = R, d:(v) = 5_m1§E/2(0)('v).
Note that J. is supported on the cube of size € centered at the origin and its total integral is
1. As e N\, 0, the function J. converges in the sense of distributions to the Dirac dy. We set

ZQ(U,B):/\detVQYh(m)\ 5. (VY"(x) —v)dz, Z"(B):=Z"(v,B)|
B

v=0"
We define a boz in R™ to be a set B C R™ of the form
B =a1,b1] X -+ X [am, bp], a1 <bi,...,am < bpy,.

If BC R™ is a box [2, Thm.11.3.1], we deduce that X is a.s. a Morse function on 7" and in
particular, for any v € R™, the equation VX" (2) = v almost surely has no solutions x € dB.
The proof of the Kac-Rice formula [2, Thm. 11.2.3] shows that Z"(v, B) € L'(Q) and

Z"(v,B) —» Z"(v,B) as. ase — 0.

Proposition 2.1. There exists g > 0, sufficiently small, and Co > 0 such that, for any
h € [0, ko) and any box B C B(0) the following hold.
(i) For any v € R™, Z"(v,B) € LZ(Q,@', P).
(ii) The function
R™ 5 v — E[Z"(v,B)?] €R
18 continuous.
(iii) For any v € R™
lim Z"(v, B) = Z"(v, B) in L*(Q).
e—0

(iv) The function
[0,ho] > A Z"(B) € L*(Q,F,P)
1S continuous.

We defer the proof of Proposition 2.1 to the Appendix A. The case A = 0 of this proposition
is discussed in [11, Prop.1.1]. That proof uses in an essential fashion the isotropy of the
random function Y. The random functions Y" % # 0, are not isotropic, but they are
“nearly” so for A small.

Since for any Borel set B C R™, and any ¢ > 0 the random variables Z"(v, B) belong
to the Wiener chaos 2 defined in (1.10), we deduce from Proposition 2.1(iii) that, for any
h < hg, and any box B C El/h, the number of critical points ZE(B) belongs to the Wiener

chaos 2.
Fix hg as in Proposition 2.1. Consider the random field
Y'(@) = VY'(2) & V2Y" (@), = € R™, he |h k).

of dimension
D =m+v(m), v(im)= m(m2+2)
Note that

E[Y{(2)Yi(@)]= —Vi54(0) =0,

~
since Vh(w) is an even function. Hence, the two components of Y " are independent. We
can find invertible matrices A? and A} of dimensions m x m and respectively v(m) x v(m),
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that depend continuously on & € [0, ig] such that the probability distributions of the random
vectors
Ul(z) = (AD)T'VY"(z) e R™, Al(z) := (A§) VY () € RV

are the canonical Gaussian measures on the Euclidean spaces R™ and R*("™) respectively.
More precisely, we can choose as A?, 1 = 1,1, the square roots of the covariance matrices of
VY (zx).

Consider the functions

RV SR, f(A) = [det ABA,

GhR™ X RY™ 5 R, G.(U, A) = 6.(AU) fr(A).
Fiz a box B, independent of h. Proposition 2.1 shows that, for & sufficiently small, we have

Z"B) =lim | GI(U(x), A(x)).
B

Recall that an orthogonal basis of L2(R,’y(dx)) is given by the Hermite polynomials, [16,
Ex. 3.18], [21, V.1.3],

13

. n 22 d" _a? ] (_1)T n—2r
r=0
In particular
0 n =1 mod 2
H,(0)=<" ’ 2.2
TL( ) {(_1)7’ (227:/2!!7 n = 27_. ( )

For every multi-index o = (a1, g, ...) € NON such that all but finitely many «y-s are nonzero,
and any
z = (r1,22,...) e RN

la = Zak, al = Hak!, H,(z) = HHak(CEk)
k k k

Following [11, Eq.(5)] we define for every o € N{j* the quantity

we set

dy = i(%)_%Ha(O). (2.3)

The function f: R¥(™ — R has a L?(R*(™), I')-orthogonal decomposition

1A = fi(A),

n>0
where )
M= Y A, f=g [ P@H@NE).  (2a)
v(m) a1 IRV
BENG ", |B]=n
Note that
£ =E[|det V2Y"(0)|]. (2.5)

The function d.(U) has a L?(R™,T')-orthogonal decomposition
0-(U) = ) do Ha(U),

aeNgF
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where
dhe =y [ S HO)P(@).
al Jr
Note that .
il_I)n S (APU)H L (U)T(dU) = mHa(O),
so that

1
limd' = —d
e50 % T et AR

uniformly for A € [0, hp]. We set
1

WhH = ————.
" det AT

Remark 2.2. The matrix A} is the square root of the covariance matrix of the random
vector VY"(0), i.e.,

A} = \/=V2Vh(0).
The function V = V=0 is radially symmetric and thus

VAV (0) = =M1,

for some A\ > 0. Hence

1
AO =Al,,, wg= hm wp=A""= . (2.7)
—0 det(— V2V (0))
O
If we set
I = NI x Nj™
Then
25) =" [ dh-(@)ia. (28)
¢=0"8
where
Phel@)= > di (U(z))Hp(A(z)).
(a,8)ETm,
|lal+|8l=q
If we let € — 0 in (2.8) and use Proposition 2.1(iii) and (2.6) we deduce
=> Z!B), Z / pl(x)dbz, (2.9a)
g>0 B
A@) = Y wndafiHa(U () Hs(Al)). (2.9)
(Oé,ﬁ)ej'rru
laf+18]=¢

To proceed further we need to use some basic Gaussian estimates.
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2.2. A technical interlude. Let V' be a real Euclidean space of dimension N. We denote
by A(V') the space of symmetric positive semidefinite operators A: V — V. For A € A(V)
we denote by v 4 the centered Gaussian measure on V' with covariance form A. Thus

1 (dv) = e 21" dy,

(2m)

N4

and 4 is the push forward of v, via the linear map VA,

V4= (VA (2.10)
For any measurable f : V — R with at most polynomial growth we set

Ba(f) = [ foralav).

Proposition 2.3. Let f: V — R be a locally Lipschitz function which is positively homoge-
neous of degree o > 1. Denote by Ly the Lipschitz constant of the restriction of f to the unit
ball of V. There exists a constant C > 0 which depends only on N and a such that, for any
A >0 and any A, B € A(V) such that ||Al|, ||B]| < A we have

|Ea(f) — Ep(f)| < CLyA"T ||A - B2, (2.11)

Proof. We present the very elegant argument we learned from George Lowther on MathOver-
flow. In the sequel we will use the same letter C' to denote various constant that depend only
on « and N.

First of all let us observe that (2.10) implies that

EA(f) = /V F(VAv)yy (dv).

We deduce that for any ¢ > 0 we have

Ea(f) = /V J(Vidv)y, (dv) = 15 /V F(VAv)yy (dv) = 13 EA(f),

and thus it suffices to prove (2.11) in the special case A =1, i.e. ||A], || B|| < 1. We have

|EA(f) - Ep(f)| < /V | F(/Av) — F(VB) |1 (dv)
:/Vv]a‘f(\/zh’ﬂv) —f(\/Ehlj|v) 1 (dv)
<1 /V ol | VA= VB ()

1
< Ly|VA - VB /V 0]y, (dv) < CLy|A - BJJ%.


http://mathoverflow.net/questions/130496/continuous-dependence-of-the-expectation-of-a-r-v-on-the-probability-measure
http://mathoverflow.net/questions/130496/continuous-dependence-of-the-expectation-of-a-r-v-on-the-probability-measure
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2.3. Proof of Theorem 1.1. Note that
E[Z"(B)] =E[ Z)(B)] = |Blwnfgd(0)
(use (2.3) and (2.5) )
= (2m) ™2 BlwpE] | det VY (0)]].
Using (1.7) and Remark 2.2 we deduce that that
wp — wo = O(h™).
From (1.7) we also deduce that
IV2V(0) — V2V (0)] = O(h™.

Invoking Proposition 2.3 we deduce that

E[|det V2Y"(0)|] = E[|det VZY?(0)|] + O(h™).
Hence

E[Z"B)] =E[Z°(B)] + O(h™),
E[Z°(B)] = (2r) "™/ ?wo | B| E[ | det VZY(0)] ].

Using (2.7) in the above equality we obtain (1.11a).
Let Ny, satisfy (f). Recall that A™ denotes the affine lattice

1 m
A= (z+2) .
(277

By, = U B(a), B(a):= Bi(a).

a€A™, |aloo<Np

We have

15

(2.12)

(2.13)

(2.14)

The cubes in the above union have disjoint interiors. According to [2, Thm.11.3.1], for i < Ry
the function Y is a.s. Morse. Give a box B C R™, the function Y will a.s. have no critical

points on the boundary of B Thus

Z"(Bay,)= Y. Z"(B(a)).

a€A™NByy,
From (f) we deduce that E(a) C El/h(O) so (1.8) holds on E(a). We deduce
Z'(Boy,) "= Y (2°(Bla)) +00) )
a€AmNBay,
From (f) we deduce that 2N, < + so that
#(a € A™ N Bay, ) = O(h™™).

Hence

Z"(Ban, ) = > Z°(B(a)) | +O(h™®) = Z"(Baw, ) + O(F™).

acA™ ﬂégNh



16 LIVIU I. NICOLAESCU

2.4. Variance estimates. For /i € [0, hg| we define

maX|a|§4‘ oeVh(x) |a 2[00 < Qih,

P R™ SR, @t(x) = (2.15)

Lemma 2.4. For any p € [0, 00] we have
H = yf HLP(Rm) = O(n™). (2.16)

Proof. We distinguish two cases.
1. p = co. Note that that (1.8) implies
sup [y (2) — ()| = O(r).
2[00 <1/(21)
Since V is a Schwartz function we deduce that
sup  |'(@) —¢0(x)| = sup  [90(2)| = O(h™).
|00 >1/(21) |00 >1/(2h)
2. p € [1,00). We have
[ @ -s@prie= [ e - @rie [ ).
Rm |00 <1/(2P) |2[oc>1/(2R)

The integrand in the first integral in the right-hand side is O(h°°) and the volume of the
region is integration is O(h~"™) so the first integral is O(h*°). Since V' is a Schwartz function
we deduce that

[0 (2)| = O([z|™"), VN eN.
This shows that the second integral is also O(h>). O

Proposition 2.5. There exists S € (0,00) such that
li "2Np) ] = 8% =i O(2Ny) ]
Jim var [¢"(2Nn) ] hlg%var[( (2N3) ]

Proof. The [24] we proved that the limit
lim var[¢°(2N)] (2.17)

N—o0
exists, it is finite and nonzero. We denote by S° this limit. It remains to prove two facts.
(F1) The limit 5% := limp\ o var[¢"(2N}) | exists and it is finite.
(Fy) S =59
To prove these facts, we will employ a refinement of the strategy used in the proof of [24,
Prop.3.3].

Proof of F;. Using (2.9a) we deduce
¢"(2Ni) = (2N)) 22" Bo,) — E[ 2"(Baw,) ] ) = (2Nn) /2 23 (Baw,).
q>0
We set

S" = var[¢"(Ny) ] =E[¢"(2Np)?] =Y (2N;) E[ 2"(Baw,)? ]
q>0

—.Gh
=51
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To estimate S;” we write

Zi(Bav) = [ rhf@)ia,

Bany,

where pg(m) is described in (2.9b). Then

st =) [ E[ o (@)ph(y) |dady

Bany, X Bany,

(use the stationarity of Y (x))

—eN) [ B[Oy — o) dady
_ e 4  Jug| »
_/§4NhE[,oq(O)pq( )]kl:[l<1 2Nﬁ)d .

The last equality is obtained by’ integrating along the fibers of the map
EQN;, X EQNFL = (.’L‘,y) =Yy —Tc B\4Nh-
At this point we need to invoke (2.9b) to the effect that
ph@)= Y widafiHa(U(x))Hs(A()).

(a,8)€Tm,
|| +[8]=¢

We can rewrite this in a more compact form. Set
2'(z) = (U(z), Alz)).
For v = («, B) € I, we set
a"(v) = widaff, Hy(E"(@)) = Ha(U(x))Hs(A(w)).
Then
P =Y ad"(MH,(E'()), (2.18)
YE€Im, vl=q
E[py(0)ph(w)] = > a"(a"(V)E[H,\(EM0))Hy(E"(w))].
VY €Im
yI=1"1=q
We set w(m) := m + v(m), and we denote by =;(x), 1 <i < w(m), the components of Z(x)
labelled so that E;(x) = U;(x), V1 <i < m. Foru € R™, h € [0,h] and 1 < 1i,j < w(m) we
define the covariances
Il(uw) ==E[E}(0)E} (u)].

Observe that there exists a positive constant K, indejpendent of i € [0, hy] such that
T (w) | < Ky"(u), Vi,j=1,...,w(m), u€ By, (2.19)
where " is the function defined in (2.15). From (1) we deduce that,
Bin, C By (2.20)
Using the Diagram Formula (see e.g.[19, Cor. 5.5] or [16, Thm. 7.33]) we deduce that for
any v,7" € Jp, such that |y| = || = ¢, there exists a universal homogeneous polynomial of

degree ¢, P, s in the variables I';;(u) such that
E[ H,(E"0))Hy(EMw))] = Py (Thi(u)).
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Hence
M |u|
ho_ - n Byt h k
Sq = (2Nyp)™™ Z a"(y)a"(v") /B U ) H (1 — 2Nﬁ> du . (2.21)
VY €Tm Nn k=1
[vI=171=q

=RMyY')
From (2.19) we deduce that for any v,~" € J,, such that |y| = |7/| = ¢ there exists a constant
C,, > 0 such that
‘ P%V/(F?j(u)) ‘ < C%V/wh(u)q, Vu € By, .
We know from (x) that N — oo as i — 0. Arguing exactly as in the proof of Lemma 2.4 we
deduce that

}LgnRh(v v') = R(7,7) ;:/ Py (T3 (u) ) du, (2.22)
and thus
lim §¢ =59 =} a’(y)a’(v)R(7,7) Z/RME[pg(O)pg(u)]du- (2.23)
7Y €Im
=1 |=q

Since Sg > 0, Vq, h, we have
St>0, vq.

Lemma 2.6. For any positive integer () we set
) h
Slg=) 5"
>Q

Then
lim (supSsq) =0, (2.24)
h

Q—o0

the series

2%

q>1
is convergent and, if S° is its sum, then
SY = lim S" = li sh. 2.25
h0 h,lg(l); a (2.25)

Proof. For & € R™ we denote by 0, the shift operator associated with the stationary fields
Y’ ie.,
0:Y" (o) =Y (o + z).
This extends to a unitary map L?(2) — L?(Q) that commutes with the chaos decomposition
of L%(Q). Moreover, for any box B and any h € [0, ig] we have
Z"B +x) =0,2"(B).
If we denote by Ly the set
Ly =A"N §4Nh7 (226)
then we deduce
¢"(2Ny) = (2N)"™2 > 0,¢"(B), B = B. (2.27)
PELy
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We denote by P~ the projection

:P>Q = Z ‘:P(p

>Q
where P, denotes the projection on the g-th chaos component of 2. We have
PooC"(N) = 2Ni) ™2 Y 0pP-0¢" (B).
pELy,
Using the stationarity of Y” we deduce
2 _
o, = E|[Poc"@Nn)[* | = @N0) ™" 3 v, M) E[P-oC(B) - 0pP-0¢" (B)], (228)
pEL
where v(p, Nj) denotes the number of points @ € £, such that x — p € B\QNE. Clearly
v(p, Ni) < (2Ny)™. (2.29)
With K denoting the positive constant in (2.19) we deduce from Lemma 2.4 that we can
choose positive numbers a, p such that

1
Pi(x) < p< I3 V|x|oo > a, Vh € [0, hp].

We split SZQ into two parts,
h h
S>Q = S> ot S>Q 00?
where Sh 0,0 18 made up of the terms in (2.28) corresponding to points p € Ly such that

IPloo < a —|— 1, while Sﬁ ~ corresponds to points p € £y, such that |p|ec > a + 1.
We deduce from (2. 29) that for 2M > a + 1 we have

|800] < @MW) (20 + 2" @N)"E[ [Poct(B)] ]

Proposition 2.1(iv) implies that, as ) — oo, the right-hand side of the above inequality goes
to 0 uniformly with respect to h.
To estimate S observe that for p € £j such that |p|oc > a + 1 we have

>Q,00
B[2-00(B)-0,7-00"B)] = X [ [ Blol@lolw+p)]dady,  230)
>Q
where we recall from (2.18) that
@) = Y d'NH(E@)), =N x N, v(m) = m(m; .
YE€Im, |7|=q
Thus
Elp@py+p)] =E[( > @"0H(E'®))( Y @0 (Ew+p))]
YE€Im, |vl=¢ V€I m, [vl=¢

Arcones’ inequality [3, Lemma 1] implies that

Epg(@)pg(y+p) ] KW' (p+y—x)! > |y (2.31)
YE€Im, [7|=q
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We’re not out of the woods yet since the series ) a”(7)|?4! is divergent. On the other

hand, for v = (a, 8) € J,,, we have

YEIm ‘

a’h(’}/) = whdafg
where, according to (2.3) we have d, = 5(270_%}[@(0). Recalling that

Hor(0) = (=1)" 5550 H2r41(0) = 0.
we deduce that
1 2 1 /2r
2 !‘—H . ‘ <1,
o)) = ()
and )
ol <C=——.
a®t > (27r)m/2

Using (2.7) and (2.4) we conclude that
Yo ld" )P Swn@m)TmPgm Y ()8 < CqE[|det VIYH(0)].
VE€Tm, Ivl=q BeNy ™ 81<q

Using this in (2.30) and (2.31) we deduce
E[U’>QCE(B)'9 P-q¢"(B) ]

<CE[]detVYh quKq//w (s +u—t)!dudt

>Q

=:C"

|S Q00| <C,<quKq - 1) Z //whp—i-y—m)dydm)

PELR; Is‘oo>a+l

Hence

where we have used the fact that for |ple > a + 1, |y|,|z| < 1 we have ¥"(p +y — ) < p.

Since p < %, the sum

>Q
is the tail of a convergent power series. On the other hand,

> //whp+y—wdydm< Z/ p+y)<2/ Shy)dy =Y o).

peLly, pely "
Ip\oo>a+1

1,1]m

This proves that supy, |S>Q | goes to zero as Q — oo and completes the proof of (2.24). The
claim (2.25) follows immediately from (2.24). This concludes the proof of Lemma 2.6 and of
fact Fy. O

Proof of Fy. In [24] we have shown that the limit S® in (2.17)4 is the sum of a series
=>5) / E[ pg(0)0)(u) | du.
q>1

The equality (2.23) shows that S® = S° > 0. This concludes the proof of Proposition 2.5. O
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5. Proof of Theorem 1.2. In [24] we have shown that, as & — 0, the random variables
converge in law to a random variable ~ N(0, S?).

As explained in Subsection 1.4, to conclude the proof of Theorem 1.2 it suffices to establish
the asymptotic normality as i — 0 of the family

1
h
P — d Vg > 1.
% = Gy /gmh pal)ie, ¥a =

This follows from the fourth-moment theorem [26, Thm. 5.2.7], [28]. Here are the details.
Recall from [16, IV.1] that we have a surjective isometry O, : 2°®7 — 2%  where 2 1

is the ¢-th symmetric power and 2% is the g-th chaos component of 2. The multiple Ito
integral I, is then the map

I,=—0,.

1
V!
We can write Cg as a multiple Ito integral

G =Talgg]. 94€ 2"

According to [26, Thm.5.2.7(v)], to prove that C;L converge in law to a normal variable it
suffices to show that

7111—% ||g(;1i S gg”,%’@(%-”) = Oa Vr = 17 ceesq — 1. (232)
In our context, using the isometry I in (1.9) we can view gg as a function
gr e L*(R™ xR™)1), gl =gl(21,...,24), z; €R™ xR™,
and then
92 X QZ € L2( (R™ x Rm)2(q7r) )7 QZ O gg(zq—r-‘rla z;7r+17 -y g z;)

= h 5 / /
/(R R™) 9q(Z15 s Z2qy Zqmrt 1y 3 2q)0g (Z1s -+ s Zqs Zg_pi1, - -+, Zg)d21 - dzg.
m s RM\T

To show (2.32) we invoke the arguments following the inequality (18) in the second step of
the proof of [11, Prop. 2.4] which extend to the setup in this paper.

2.6. Proof of Theorem 1.3. We set
r

,
Ny, = [—-‘ , = .
PR 1 %P 9nN,

Then Nj € N,
%i_I)Ig)Nh =00, Ban,s, = Bu-1, C Byjan), }lil_{% sp=1.

Thus, §h71r is a cube, centered at 0 with vertices in the lattice (sZ)™ and s(h) ~ 1 for h
small.
To reach the conclusion (i) run the > arguments in the the proof of Theorem 1.1 with the

following modified notations: the box 32 N, should be replaced with the box Bg Npsn = sth Ni»
the lattice A™ in (2.13) replaced by s,A™, and B(a) redefined as s,B)(a) = Bsh(a)

To reach the conclusions (ii) and (iii) of Theorem 1.3 run the arguments in the subsections
2.4 and 2.5 with the following modified notations: the box EQ N, should be replaced with the
box EgNhsﬁ = shﬁgNﬁ, in (2.26) the set Ly, should be redefined to be

Ly = Sh(Am N §4Nh ),
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and the box B in (2.27) should be redefined to be Esh = s;By.

APPENDIX A. PROOF OF PROPOSITION 2.1

We will follow the strategy in the proof of [11, Prop. 1.1]. Some modifications are required
since the random functions Y are not isotropic for i > 0.

Denote by pl.(—) and pgy(—, —) the probability densities of the Gaussian vectors VY "(x)
and respectively (VY"(x), VY"(y)). For simplicity we denote by |S| the Lebesgue volume
of a Borel subset S C R™.

Due to the stationarity of Y it suffices to assume that the box B is centered at 0. The
Gaussian random function Y’ is stationary. Using the Kac-Rice formula [2, Ch.11] or [6,
Ch.6] we deduce that, Yv € R™ we have

E[2"(v, B)] = E[|det V2Y"(0) |]po(v) | B, (A1)

E[Z"(v,B)(Z"(v,B) —1)]

- /QB}Bm(B—y)\ By o[ det V2Y"(0) det V2V ()] | poy(v,0)dy, (A2)

g"(v,y)

where, for typographical reasons, we denoted by E, , the conditional expectation
Eyol-] =E[~|Cy(v)], Cylv) :={VY"(0) = VY"(y) = v}.

The two sides of the equality (A.2) are simultaneously finite or infinite. Let us point out
that the integrand on the right-hand side of this equality could blow-up at y = 0 because the
Gaussian vector (VY"(0), VY"(0)) is degenerate and therefore

lim po.y (0,0) = oo.

The most demanding part in the proof of Proposition 2.1 is showing that the right-hand
side of (A.2) is finite. This boils down to understanding the singularity at the origin of the
integrand in (A.2). In [23] we proved this fact in the case v = 0. To deal with the general
case we will use a blend of the ideas in [11] and [23].

Step 1. We will show that there exist 77 > 0, 1 > 0 and Cy > 0 such that for any h < hy
we have

pgy(O, 0) < oo, Yy #0, (A.3a)
0 <poy(v,v) <Cily|™™, YO< |y| <r, VvoeR™. (A.3b)
These two facts follow from [23, Lemma 3.5] and the obvious inequality
Po.y(v,v) < poy(0,0).
Step 2. We will show that there exist hy > 0, ro > 0 and Cy > 0 such that for any h < hy

we have
19" (v, y)| < Colly|?, Viy| <72 veR™ (A.4)
We set
iy, v) = Eyo [ | det V2Y"(0)2 }
From the Cauchy inequality and the stationarity of Y" we deduce

¢"(0,9) < By | |det VY O) | - By | | det V2V ()] |
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= fh(yv v)fh(_yv ’U) = fh(ya ’U)2-
We now invoke the Hadamard’s inequality [15, Thm. 7.8.1]: if A : R™ — R™ is an m X m
symmetric positive operator and {e1,...,en} is an orthonormal basis of R™, then

det A < H Aej, e;).

Applying this inequality to A = V2Y"(0))? and a fixed orthonormal basis {e,..., e, } such
that

=yl 'y,
we deduce
| det V2Y(0)2 < |y 2 V2YY(0)y|?| V2V (0) |21

Hence

6" (0, 9)] < 7' (0,9)Ey | det VY (O) ]

< Iy By | VYV Oy ]! | By IVYO) 1D [F (A5)

D=

Now observe that
IV2Y Y (0)yl|* = |y? ZYU ?

where, for any smooth function F': R"™ — R, we set

—F‘i,j“,,k = aeiaej e aekF

Thus
m
V2V Y (0)y|* < mly[* > ¥5(0)",
j=1
By [ [V2Y70)yl* | <mlyl' By [ V]50)!].
j=1
m 2 1
g"(0,9) < Vi [ DBy Y00 ] | By VY )0 ], (A.6)
j=1
For each j = 1,...,m define the random function
Fj:[0,1] = R, Fj(t) =Y]'(ty).
Then

Fi(t) = |y|Y1fZ‘j(ty)7 Fl(t) = ‘yyzylf?l,j(ty)
Using the Taylor formula with integral remainder we deduce

1
F(1) - F5(0) = FI(0) + /O FI(6)(1— t)dt,

1
Yh(y) - Y(0) = Y(0) + |yl / Vi (ty) (ty)dt.
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Hence .
Y140) = Y(w) = ¥)0) = lyl | Vi wewpi.
Setting v; := (v, e;) and observing that under the co?rldition Cy(v) we have
th(O) = Y}h(y) =vj, Vj=1,...,m,

we deduce

(i -0 -l [ ¥ t)dt)4 o)

(/ v ()1 - t>dt)4] <ol | [ 1|Y1’?1,j<ty>l4dt]

1
4
= \9\4/0 Ey,v“YflJ(t?J)‘ }dt'

Ey,v {Y{fj(o)ﬂ - Ey,v

= ’1’/|4Ey,v

We conclude that
1
2

1 m 1
Iy < Vil /0 > By V) |at | By 192D ]2 (AT)
j=1

Step 2 will be completed once we prove the following result.

Lemma A.1. There exist hg > 0, ro > 0 and Co > 0 such that for any h < hy and any
v € R™ we have

Eyo | VYO0 ] < Co(1+ o) 7D, Wh<hy, Jyl<re,  (AS2)
Ey.o [ \Yl’?l,j(ty)ﬂ < Oo(1+ ), Vi, h<ha, |yl <rs te[01]. (A.8b)

Proof. The random matrix V2Y" conditioned by Cy(v) is Gaussian. The same is true of
Yf;‘l’j(ty) so it suffices to show that there exist s > 0, ro > 0 and Cy > 0 such that for any
h < h; and any v € R™ we have

Eyoo | [Y/50)[*] < Co1+ [0)?, ¥ij, ¥ < o, Jy] < 72, (A.92)

Eyoo | [V 5(9)]* | < Co+ o), Vi, Vh < oy [yl <72, t€[0,1) (A.9D)
As in [23] we introduce the index sets
J={+1,+2,....m}, Jy={jeJ; £j>0}.

We consider the R™ & R™ valued Random Gaussian vector G'(t) = G" & G", t € [0,1],

where
m

m
G" =) GMiei=VY"0), G\ :=> Gle; =VY'(ty).
i=1 j=1
The covariance form of this vector is the 2m x 2m symmetric matrix

—— gt
Sp = Sﬁ(t) = Y . = B, A |’
Sy Sy

Ap = =V2V"0), By =Bylt,y) = -V>V'(ty).
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From (A.3b) we deduce that Sy is invertible if & < iy and |y| < r1. Its inverse has the block

form .
C(t)  —Du(t) } _ [ Glt)  —ATBUOCHD)
—Du(t)  Ca(t) —A; Br(t)Ch(t) C(t) ’
where,
_ —1
Ci(t) = Cu(t,y) :== (An — Bi(t,y) A, ' Bi(t, y))
In [23, Lemma 3.6] we have shown that there exists fis € (0, i1) such that the m x m matrix
K" = (K] )1<ijem, K=V ;(0)
is invertible for & € [0, fiz] and
PI% t2Cy(t,y) = (KM, wuniformly in h € [0, hy] and |y| < rp . (A.10)
%

Next, observe that
C(t,y) — Da(t,y) = Ay (An — Bilt, y) ) Ca(t, y)

_Ai; tQ(Aﬁ_Bh( ))tzcﬁ(tay)a
and

(A= Balt.y)) = 5 (VVI(y) - 2VH0) )

Since the function
x — V2V (x)
iseven and V" — V0 in C® as h —> 0 we deduce that the limit

lim (vQVf (ty) — V2V"(0) )

exists, it is finite and it is uniform in h € [0, h] and |y| < r1. Using (A.10) we conclude that
there exists a constant ¢; > 0 such that

HCh(t,y) — Dh(t,y)H <c, Vte [O, 1], he [0, hg], ]y| <r7r. (A.ll)
We can now prove (A.9a) and (A.9b).
Proof of (A.9a). Fix ig,jo € {1,...,m}. The random variable Y}’ ]0( ), conditioned by
Cy(v), is a normal random variable ng jo» and its mean and variance are determined by the

regression formula, [6, Prop. 1.2]. To apply this formula we need to compute the correlations
between Y;" . (0) and G". These are given by the expectations

7,0]0
El = El(y) =E[Y]", (0G;(1)], jeJ.

J 20,70

h .
=(y) = {Vi%ﬁjom(o), J cJ_
‘/:iOij,j(y)y jed,.

(y))jes as a linear map

We have

=h
=

Eiy) :R" OR™ 5 R, E'((2)jer) = Y Ei(y)z.
jeJ

We regard the collection (2

In particular, we think of E" as a row vector so its transpose (E")T is a column vector.

Observe that since the function V" is even, the third order derivative th are odd functions.
Thus
Vh o (0)=0

10,J0,J
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and there exists 7o € (0,71) and cg > 0 such that

V@) < calyl, Vi gk, VR € [0,h], |y| < ra.

Hence
I=" ()| < calyl, Vi € [0, hal. [y| < ra. (A.12)
Denote by v € R™ @& R™ the vector v & v. B
According to the regression formula, the mean of the conditioned random variable Yzz jo 18
E[Yy 5] =—E"®)(S;'9) =E"Y)((Cr— Dn)v & (Cr — Dn)v).
Using (A.11) and (A.12) we deduce that there exists c3 > 0 such that

By [Vl | < colyllol, Vhe [0ha), Iyl < 7o, v €R™ (A.13)
According to the regression formula, the variance of the conditioned random variable Yig,jo
is
var (Y, | = var[Yi 0] ='W E" W) = Vigjnioin(©) — E' @) (E' (W)

Using (1.8), (A.11) and (A.12) we deduce that there exists c4 > 0 such that
vary,v[Yingo] < cylv|, YheE[0,he], |yl <re veR™ (A.14)
The inequality (A.9a) now follows from (A.13) and (A.14).

Proof of (A.9b). Fix jp € {1,2,...,m} The random variable Ylf?l,jo (ty), conditioned by

Cy(v) is a normal random variable Ylh1 jo- To describe its mean and its variance we need to
compute the correlations

—Vhoo o (ty) jed_
Qit,y) =E[Y] ; (ty)G"] = { 1,150,131\ 9/ . .
! 0 ’ _‘/1}?1,]'073‘ ((1 - t)y)v Jjedq.
Again, we think of the collection (Q?(t, Y))jes as defining a linear map
Q" R™ R™ - R.
The row vector " splits as a direct sum of row vectors
h _ Oh h h __ h
Q"=Q" o0}, Q) = (Qj)jeJi‘
The mean of the random variable }71'?17 jo 18
E[Y] ;] =-9"((Ch— Dp)v & (Cy — Dp)v).
We conclude as befgore that
B[]y (ty)] | = 00l lyl), lyl <72y veR™, te(0,1], (A.15)

where the constant implied by the O-symbol is independent of h and t. This convention will
stay in place for the remainder of this proof.
Next, we have -
var[Yl"j’LjO} = 'var[Ylh"LjO (ty)] - Qthl(Qh)T
_ 1/h h I3 Ch —Dy, (Q
= Vil o1 (ty) — [Q2 QL] - [ D G } ' { (

Ch(QM)T — D)™
h h h h h
= V1,17171,j0,j0 (ty) - [Q— Q—i—] ’ [ _Dh(QE)T + Ch(ﬂ%k)—r
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= V{11 oo (1Y) — <Q§CB(Q§)T — Q" Dy — QD) T + QL ey ")
(Dy = Ci + O(1))
= Vi oo (1) — (RECHQM)T = QLCH(QL)T - QLR + QLCHRL)T) + 0(1)
= ‘/1;?1,1,1,3‘0,]‘0(@) - ((Q}z -t )Ch(ﬂfi)T - (Q}E -t )CE(QQ)T) +0(1)
= V' 110 (ty) — (L — QL) Cp(QF — 0Ff )T +0(1)

Now observe that ®" = Q" — Qi is the vector in R with components

Ot y) = Vi o, (L= 0)y) = V' 5 (),
that satisfy
| @} (t.y) | = O(lyl), V.
From (A.10) we deduce
ICk(t, )] = O(lyI*)
so that -
(@™ — QL )opl —Qt) | =0(1).
This completes the proof of (A.9b) and thus of Lemma A.1 and of statement (i) in Proposition
2.1. O

Step 3. The map

v~ E[Z"(v,B)(Z"(v,B) - 1)]
is continuous. This follows by using the argument in Point 2 in the proof of [11, Prop. 1.1].
Combined with (A.1) will prove the statement (ii) in Proposition 2.1.

Step 4. Prove the statement (iii) in Proposition 2.1. This follows by using the argument in
Point 3 in the proof of [11, Prop. 1.1].

Step 5. Using the results in Step 1 and Step 2 and the dominated convergence theorem
we obtain the statement (iv). 0
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