CRITICAL POINTS OF MULTIDIMENSIONAL RANDOM FOURIER
SERIES: VARIANCE ESTIMATES

LIVIU I. NICOLAESCU

ABSTRACT. We investigate the number of critical points of a Gaussian random smooth func-
tion u® on the m-torus T™ := R™ /Z™. The randomness is specified by a fixed nonnegative
Schwartz function w on the real axis and a small parameter ¢ so that, as € — 0, the random
function u® becomes highly oscillatory and converges in a special fashion to the Gaussian
white noise. Let N¢ denote the number of critical points of u®. We describe explicitly in
terms of w two constants C, C’ such that as € goes to the zero, the expectation of the random
variable e "™ N°¢ converges to C, while its variance is extremely small and behaves like C'e™.
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1. INTRODUCTION

1.1. The setup. Consider the m-dimensional torus T" := R™/Z™ with angular coordinates
01,...,0m € R/Z equipped with the flat metric

m
g:= (db;)?, voly(T™) =1.
j=1
The eigenvalues of the corresponding Laplacian A = —> /" | 8gk are

@2k, F = (ki,... km) € Z™.

For 6 = (01,...,0m) € R™ and k € Z™ we set

—

(k,0) = " k;0;.
J

Denote by < the lexicographic order on R™. An orthonormal basis of L?(T™) is given by the

functions (Vj)z_,m, where
1, k=0
Ve (0) = V2sin2r(k,0), k>0,
V2cos2n(k,0), k<0

Fix a nonnegative, even Schwartz function w € 8(R), set w.(t) = w(et). In particular, there
exists a unique Schwartz function ¢ € §(R) such that

w(t) = (t?), VteR. (1.1)
Consider the random function

w(l)= Y XEE), (12)
kezm
where the coefficients X ]% are independent Gaussian random variables with mean 0 and vari-
ances

var(X;) = w.(2n|k]) = w(2re|k]).

For € > 0 sufficiently small the random function u® is almost surely (a.s.) smooth and Morse.
By energy landscape of u® we understand the catalogue containing the basic information about
the critical points of u®: their location, their indices, and their corresponding critical values.
A first information about the energy landscape concerns the number of the critical points.
Let N(u®) denote the number of critical points of u®. We denote by N, the expectation the
random variable N (u®),

N. = E( N(w) )
and by var. its variance
var® = E( (N(w) = N.)*) = B(N(w)?) - N2

We are interested in the the small € behavior of the random variable N..

To understand the analytic significance of the ¢ — 0 limit it is best to think of the
special case when w “approximates” the characteristic function of the interval [—1,1], i.e.,
it is supported in [—1,1] and it is identically 1 in a neighborhood of 0. For fixed ¢, u® is a
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trigonometric polynomial: the terms corresponding to !E\ > ¢ do not contribute to u®. If we
formally let € \, 0 in (1.2) , then we deduce that u® converges to the random Fourier series

kezm
where the coefficients Xg are independent, standard normal random variables with mean 0
and variance 1.

The above series is not convergent to any function in any meaningful way but, as explained
in [5], it converges almost surely in the sense of distributions to a random distribution on the
torus, the Gaussian white noise. For ¢ > 0 very small, the trigonometric polynomial u® is
highly oscillatory and we expect it to have many critical points, i.e., N. = oo ase \,0. In
[11] proved a more precise statement, namely

Ne ~ Cp(w)e™™ (14 0(e) ) as e\, 0, (1.3)

where C),(w) is a certain explicit constant positive constant that depends only on m and w.
In this paper we describe the small € asymptotics for the variance of the normalized random
variable N%N (u®). In particular, we prove that this random variable is highly concentrated
around its mean.

1.2. The main result. The goal of this paper is an asymptotic formula (as € N\ 0) for the
variance of the random variable N(u®).

Theorem 1.1. There exists a constant Cl,(w) > 0 such that
var® ~ Cp (w)e"™(1+0EY)), YN >0, ase\,0. (1.4)

Consider the normalized random variables
~ 1 1
N{u®) .= —N{u®) = ———N(u°).
Corollary 1.2. If (¢}) is a sequence of positive numbers such that ), €' < 0o, then sequence

~

of random variables N, converges almost surely to 1.

Proof. The equalities (1.3) and (1.4) imply that the variance var® of N(uf) is extremely
small,

_ C]
var® ~ C:(g))éem as € N\ 0. (1.5)
Now conclude using Chebysev’s inequality and the Borel-Cantelli’s lemma. O

The constant C],(w) has an explicit, albeit very complicated description. Here is the gist
of it.

Denote by Sym,, the space of real symmetric m x m matrices. The group O(m) acts on
Sym,, by conjugation and we denote by G,, the space of O(m)-invariant Gaussian measures
on Sym,,. This is a 2-dimensional convex cone described explicitly in Appendix C. Then

1
Cm = det A|T dA) |,
(®) (27d,y,) 2 </Symm| A T ))

where hyy,, d,, are certain momenta of w defined in (2.6) and the Gaussian measure I'y, 5, €
G is described in (C.4).
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For any n € R™ \ 0 we denote by O,(m) the subgroup of O(m) consisting of orthogonal
maps which fix 7. We denote by G, the space of O,(m)-invariant Gaussian measures on
Sym,,. This is a 5-dimensional convex cone described explicitly in Appendix C. We set
Sym? = Sym,,, © Sym,, so that the elements in B = SymX? have the foom B = B~ ® BT,
B* € Sym,,.

The constant C/,(w) is expressed in terms of a family of Gaussian random matrices

B, = B, & B} € Sym}?, neR™\O0.
We denote by Eo(n) the distribution of B,,. The Gaussian measure Eo(n) has an explicit but
quite complicated description detailed in Appendix B.

The correspondence n =° (n) is equivariant with respect to the action of O(m) on R™
and its diagonal action on the space of Gaussian measures on Sym,ff. The components Bff
are identically distributed, and their distributions are certain explicit Gaussian measures in
Gm,n- These components are not independent, but become less and less correlated as |n| — oo.
In fact, as |n| — oo the Gaussian measure Eo(n) converges to the product of the Gaussian
measures I'og = Ty, 4, X Ty, 5. We denote by Eéo(n)(|det B|) the expectation of the
random variable |det B,)|.

To each n € RM \ 0 we associate the symmetric 2m x 2m matrix

—Hess(V,0) —Hess(V,n)

HVom) = [ —Hess(V,n) —Hess(V,0) (1.6)

where Hess(V,n) denotes the Hessian at n of the function V : R" — R,

Vi) = [ e o] jdal.

We set
1
K(n) = :
det 2nH(V, n)
Then

K(n) ~ const.|n|”™ asn — 0,
and as 1 — oo the quantity K (n) approaches rapidly the constant

1

K(o0) = det (27 Hess(V,0) )

Then

Chu(w) = Cnlw) + [ (K(0)Bgoq, (| det B) — K (o) Br. (|det BY) )il

m

Let us point out that
Cm(w)? = K(c0)Er,_(|det B).

The one-dimensional investigations in [4, 9] suggest that C/ (w) > 0, but all our attempts to
proving this were fruitless so far.
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1.3. Outline of the proof of Theorem 1.1. To help the reader better navigate the many
technicalities involved in proving (1.4) we describe in this section the bare-bones strategy
used in the proof of Theorem 1.1.

Denote by D the diagonal of T™ x T™

D={0=(0,§)cT"=xT" §=¢}.

We denote by Np the normal bundle of the embedding D — T™ x T™. For each r > 0
sufficiently small we denote by T, (D) the tube of radius r around D,

T.(D) = {© T x T dist(6,D) <r },

where dist denotes the geodesic distance on T™ x T™ equipped with the product metric g x g.
Denote by B.(D) C Np the radius r-disk bundle. For h > 0 sufficiently small, the
exponential map induces a diffeomorphism

exp : By(D) — Ti(D).

Fix such a A. For t > 0 we denote by R; : Np — Np the rescaling by a factor of ¢t along the
fibers of the normal bundle Np. Thus, R; acts as multiplication by ¢ on each fiber of Np.
We can now explain the strategy.

Step 1. Using the Kac-Rice formula we produce a density p§(§)|d§| on T™ such that

Ne= [ pi@ai. (1.7)
Set
P1(©) = pi(0)pi(P).
Step 2. Using the Kac-Rice formula we produce a density p5(0)|dO| on T™ x T™ \ D such
that

B(N(u) ~ Nw)) = [ - I (18)

=iz

As an aside, let us point out that the ratio

P5(0) _ om P3(O)
7i(0) ° Cm(wp
is the so called two-point correlation function of the set of critical points of the random

function u®.
The second combinatorial moment ,qu) of N(u®) is related to the variance var® via the

equality

var® = i) — N? + N.. (1.9)
In view of (1.3) the asymptotic estimate (1.4) is equivalent to the existence of a real constant
¢ such that

ii\rl%em(,u&) - N?) =c (1.10)

Set
6°(0) == p3(0) — pi(O).
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Using (1.7) and (1.8) we can rewrite

,qu) — Nf = / 0°(9)|de| —I—/ 0%(0)|de| . (1.11)
Th(D)\D Tm xTm\ Ty (D)
=:Ip(e) =:I1(e)
Step 3. Off-diagonal estimates. We show that
limeNI(e) =0, VN > 0. (1.12)
e\

Step 4. Near-diagonal estimates. Denote by §. the composition

exp

Be : Byo(D) 25 By(D) 2B 7,(D).
Then
e™Iy(e) = / 6 (B=(n) ) ldn],
Byye(D\D

and we will show that the limit
lim 0%(B:(n) )|dn 1.13
00 (DN ( < ( ))| | ( )

exists and it is finite. It boils down to showing that the function

0°(B=(n)), n€ Bue(D)\ D
0, otherwise,

SE:ND\D—HR, 85(77):{

converges as € \, 0 to an integrable function 89 : Np — R and

lim 5 d:/ 5%(n)|dn).
b [ (n)|dn| . (n)|dn|

This last step is the most challenging part of the proof. A big part of the challenge is the
fact that 0°(n) has a singularity along the zero section of Np.

At this point we think it is useful to provide a few more details to give the reader a better
sense of the complexity of the problem. Define a new random function

— —

U T" x T = R, U.(0,8) =u®(d) +u*(g).
We denote by N(U,) the number of critical points of U, situated outside the diagonal. Note
that
N(U®) = N(u®)? — N(u°)
and thus
E(N(U?)) = ufg).
The Kac-Rice formula, detailed in Section 2.1, shows that

E(N(U?)) :/ ;EUdetHessUE(@){‘dU%@)zO) 1dO)|, (1.14)
D et 208, (0)

where gs(G)) is a symmetric, positive semidefinite 2m x 2m matrix describing the covariance
form of the random vector dU¢(0), and E(X|Y = 0) denotes the conditional expectation of
the random variable X given that ¥ = 0.
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The matrix S, (©) becomes singular along the diagonal because the two components duc (6)
du®(g) become dependent random vectors for § = @. What is worse, one can show that

det S.(©) behaves like dist(0, D)?™ near D. Hence the term
1

det 27S.(©)

O —

is not integrable near the diagonal. For our strategy to work we need that the second term
0 E( | det Hess U*(0)| ‘ dU(©) = o)

vanish along the diagonal D. Let us give a heuristic argument why this is to be expected.
The mean value theorem shows that

1 a 1 |56 .
—— (du®(@) — du(9) ) = _‘_,/ Hessu®(0 + tn)n dt,
|7 — 0] 7= 0] Jo
where .
n=n(6) = ——(F—8).
|7 — 0
If we take into account the condition dU%(6,3) = 0, i.e., du®(@) = du®(f) = 0, then we
deduce )
1 |7—0] .
— / Hessu®(0 + tn)ndt = 0.
7= 6] Jo

If we let g — 5, so that 77(5, J) stays fixed, i.e., © approaches the diagonal along a fixed
direction given by the unit vector 7, we deduce that the linear operator Hess us(g + tn)
admits in the limit ¢ N\, 0 a one-dimensional kernel. In particular, the Hessian Hess U%(O)
conditioned by requirement dU®(©®) = 0, ought to approach a linear operator with a two
dimensional kernel because

—

Hess U®(O) = Hessu®(0) @ Hess u®({).

We do not know how to transform this heuristic argument into a rigorous one, but we can
prove by analytic means that near the diagonal we have (see (4.17) and (4.18) )

E( | det Hess U (0)] ‘ dU*(0) = o) ~ const. dist(0, D)2.
This guarantees that the integrand p5(©) in (1.14) is integrable near the diagonal because
05(0) ~ const. dist(©, D)*™™. (1.15)

With a bit of work one can show that the integrand does not explode anywhere away from
the diagonal so the integral in (1.14) is finite. There is an added complication because we
are actually interested in the singular limit € \, 0 so that we need to produces estimates that
are uniform in € small. Alas, this is not the only obstacle.

The arguments described above lead to the conclusion that

Mfz) ~ Cm(w)QE_Qma
where C),(w) is the constant in (1.3). On the other hand N, ~ Cy,(w)e™™ so that

[ia) — NZ = o(e™™).
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To prove Theorem 1.1 we need to substantially improve this estimate to an estimate of the
form

1) — NZ~Ze™™

for some real constant Z. This is where the usage of the singular rescaling maps . saves the
day.

1.4. Related results. There has been considerable work on the statistics of zero sets of
random functions or sections. The simplest invariant of such a set is its volume. In particular,
if the zero set is zero dimensional, its volume coincides with its cardinality. The Kac-Rice
formula leads rapidly to information about the expectation of the volume of such a random
set. Higher order information, such as the variance it is typically harder to obtain.

In the complex case B. Shiffman and S. Zeldich [13, 14] have obtained rather precise
information on the variance of the number of simultaneous zeros of m independent random
sections of a positive holomorphic line bundle over an m-dimensional Kahler manifold.

The statistics of the zero set of a random eigenfunction of the Laplacian on a flat torus
were investigated by Z. Rudnick and I. Wigman in [12]. In particular, in this paper the
authors produce upper estimates on the variance of the volume of the zero set of such a
random eigenfunction leading to concentration results very similar to the one we obtain in
the present paper. In the case of two-dimensional tori, M. Krishnapur, P. Kurlberg and I.
Wigman [7] have refined the above upper estimate to a precise asymptotic estimate.

The statistics of the volume of the zero set of a random eigenfunction on the round m-
dimensional sphere were investigated by I. Wigman in [16]. In particular, he proves upper
estimates for the variance leading to concentration results. In the paper [17] he consider the
special case of the 2-sphere and describes exact asymptotic estimates for the variance of the
volume of the zero set of a random eigenfunction corresponding to a large eigenvalue.

Recently, Bleher, Homma and Roeder [3] proved a counterpart of (1.15) for the two-point
correlations functions determined by the solutions of random real polynomial systems of
several real variables.

A different different type of concentration result is discussed by E. Subag in [15], where
the author investigates the behavior of the energy landscapes of certain random functions on
the round sphere S™ as n — oo.

1.5. Organization of the paper. In the short Subsection 2.1 we present the version of the
Kac-Rice formula we use to compute expectations of the number of critical points of various
random functions. The rest of Section 2 contains a more detailed analysis of the correlation
kernel of u® together with an explicit decryption of the density pj that computes N.

Section 3 is devoted to the computation of the density p§ on T™ x T \ D. This density
is expressed in terms of two quantities.

e The covariance kernel of the random field defined by the differential of the random
function

— —

U T" xT™ - R, U(0,F) =u®(0) + u°(P).
e The conditional Hessian of U® given that dU® = 0.

—

The Gaussian random vector dU¢(6, §) degenerates along the diagonal and in Subsections
3.3, 3.4 we investigate in great detail this degeneration. The statistics of the above conditional
Hessians are described in Subsection 3.5. Suitably rescaled, these conditional Hessians have
a limit as € — 0. This limit is described in Appendix B. In Subsection 3.6 we give an explicit
description of the density p5. The behavior of this density away from the diagonal is described
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in Subsection 4.1. The behavior of p5 near the diagonal is investigated in Subsection 4.2, 4.3.
We complete the proof of Theorem 1.1 in Subsection 4.4.

Throughout the paper we use frequently the following special case of Proposition A.1 in
Appendix A: if V is a finite dimensional Euclidean space, Sym(V') is the space of symmetric
operators on V and § is the set of centered Gaussian measures on Sym(V'), then the map

G5T +— Er(|detA]) e R

is locally Holder continuous with Holder exponent % The various Gaussian ensembles of
symmetric matrices that appear in the proof are described in great detail in Appendix C.

2. THE DENSITY pj

2.1. The Kac-Rice formula. For the reader’s convenience we give a brief description of
the Kac-Rice formula used in the proof of Theorem 1.1. For proofs and many more details
we refer to [1, 2].

Suppose that (X, g) is a smooth, connected Riemann manifold of dimension n and v : X —
R is a Gaussian random function with covariance kernel

E:XxX =R, &p,q) =E(ulp)- u(qg)).

Under certain explicit conditions on & (satisfied in the the situations we are interested in)
the random function w is almost surely (a.s.) smooth and Morse. Assume therefore that u
is a.s. smooth and Morse. For any precompact open set O C X we denote by N(u,O) the
number of critical points of w in O. This is a random variable whose expectation N(0O) is
given by the Kac-Rice formula.

To state this formula we need to introduce a bit of terminology. Fix a point p € X and
normal coordinates (z!,...,2") at p so that x%(p) = 0, ¥i. Thus in the neighborhood of
(p,p) € X x X we can view € as a function of two (sets of) variables & = E(z,y).

The differential of u at p is a Gaussian random vector du(p) € T, X described by its
covariance form

Sp(du) : TpX x T, X — R.
This is a symmetric nonnegative definite form described in the chosen coordinates by the
n x n matrix (S(du(p))i;), where

2

0

We will assume that S,(du) is actually positive definite.
The Hessian of u at p is the linear operator Hessu(p) : T,M — T,M which in the above
coordinates is described by the symmetric matrix (Hessy;(p))=(0% ;u(p) )1<ij<n- It is a
Gaussian random symmetric matrix described by the covariances
84
Oz 027 Oyk Oy’

B (Hessi;(p) - Hessie(p) ) =

The Kac-Rice formula states that

N(O) = /O pu(0)|dVy (D)),

8 (Hf, y)IZyZO'

where
1

pu(p) = \/ME

( | det Hess u(p) | ’ du(p) = 0).
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The regression formula reduces the computation of the above conditional expectation to the
computation of an absolute expectation E(|det A,|) where A, is another Gaussian random
symmetric matrix. The Gaussian distribution governing this new random matrix can be
expressed explicitly in terms of the covariance form of Hess u(p) and the correlations between
du(p) and Hessu(p).

2.2. The covariance kernel of u®. A simple computation shows that the covariance kernel
of the random function u® is

e5(0,5) = E(u(0) -u(p)) = Y w(2nelk])e k50, (21)
kezm
SetF:z@’—ganddeﬁne¢:Rm—>be
() = e 4@ (7).

We deduce that

kezm

where for any u € §(R™) we denote by u(§) its Fourier transform
a(e) = / e~ HEF) o (7)|d.

If we let @ = €1, then we deduce

£°(6.5) = Wl)m IC)

vezm™

Define V : R™ — R by
V() = [ e hua) fda). (2:2)

Then )
o) =v(e+=r)=v(e+-(¢-0))
Hence . ) .
85(0’ ()3) = (27T€)m P %4 <€7_"+ 817>
We set

ﬁ o1
VE(9) = VIo+-v). 2.3
@= 3 v(7+17) (2.3
We deduce that

(0, 3) = —ve <1T> . (2.4)

(2me)m
From the special form (2.3) of V¢ and the fact that V is a Schwartz function we deduce that
for any positive integers k, N and any R > 0 we have

IVE = VliorBroy = OEY) as e\, 0, (2.5)
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where Br(0) denotes the open ball of radius R in RM centered at the origin.

Remark 2.1. We define

Sim ;:/ w(|z])dz, dp ::/ wiw(|z|)dz
m R™

(2.6)
R := / 223w (|x|)dx
RrRm
For any multi-index o we have
/ w(|z|)xdx = (/ madA(a:)> (/ w(r)rm+|a1dr) .
m |z|=1 0
::Im,\od(w)
On the other hand, according to [8, Lemma 9.3.10] we have
215, D(*5™)
o 057 e (2250)™,
/ PAA®) = Zmg = d v 0 @ € (2220) (2.7)
|z|=1 0, otherwise.
Note that
; B, 3\ 2[1is T'(5)
[ wtapstagian =r (3) 2l )
. 2T L(3) . -
[ wtanstian =v (5) 2w =3 [ w(astsd o
m 2+%) R
We deduce from the above computations that
B2 V(0) = — /R () |d7] = (2.82)
0.¢,606,V (0) = /m 222w (|Z]) |dZ] = han(0ij0ke + dikdje + dieljk:)- (2.8b)
g
For € > 0, an orthornormal basis (eq,...,ey) of R™, a multi-index a € ZZ, and n € R™,
we set ;
Va(n) == (0} -~ 0eV)(n), Va(n) = (g, - 9emV)(n). (2.9)

Note that V() is radially symmetric and can be written as f(|¢|?/2) , for some Schwartz
function f € 8§(R),

FUEP12) =V(©) = [ Pz jaa). (210)
We have )
vitn) =it (10, (211a)
2 2
e )_%f(lnl )+ ”f,,<|77| ) (2.11b)

| 2

- _ N . o\ en |77|2 " |
‘/17],/?(77)—(52]77k+5zk77j+5jk772 )f( B >+7717737]f ( 5 ), (2.110)
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2
Vijde(n) = (0i50ke + 600 + 651050 )f”( |772|
2
+( Oijmne + Sakngne + Sjxmine + Siengw + Sjemink + Orenin )f”’( |772| ) (2.11d)
YA Ll
+ningmene ™ (=5-)-
In particular,
sm = f(0), dm=—f(0), hm=f"(0). (2.12)
2.3. The Kac-Rice formula for N.. Fix an orthonormal basis ey, ..., e, of R™ and set
0; = Oe, and
uzg'l,...,ik = 8i1 e aiklls.

—

We denote by S.(f) the covariance form of the vector du®(6), i.e. the symmetric matrix
o L " (a2 o
S:(0) = (B(ui@®)-w@) ) _ = (9,609
Using (2.4) we deduce

>1<z,]<m

2
89i<Pj

& (0, D)l s = —(2m)"" 2V (0).
Note that
0 N

ViE;(0) = V;5(0) + O(e™), VN.
For any nn € R™ and any smooth function F : R™ — R we denote by H(F,n) the Hessian of
F at n, so that

(2m)me™ 28, (0) = H(-VE,0).
We denote by of; the entries of H(—V* ,0)~! and by 8;; the entries of S 2(0)71 so that

55 = (mpenio,

Then the Kac-Rice formula [1] (together with the explanations in [11]) show that

V= i [ (e S@) (et H 6] ') = 0)
) 2 m
9 m72 m(m+2) (213)
2 2 —
_mTe (det H(~V=,0)) "2 B( | det H(u?, )| | du() = 0 ) dd].
(2m) 2 m

—

The Hessian H (u®,#) is a Gaussian random matrix with entries (x;;) satisfying the correla-
tion equalities

Q?,j\k,f = E(xijxkg) = 8gi9j@k@285(9, (ﬁ)‘g:q = (27r)—m€—m 4V7J ké( ), 1 S i,j,k,g S m.

The random matrix H.(#) obtained from Hessz(u®) by conditioning that du® () = 0 is also
Gaussian and its entries ;; satisfy correlation equalities determined by the regression formula

Ef,ﬂk,é = Qiﬂk,e - Z E(uf,j(g)uZ(ﬁ) )gabE(ui(é’)ui,z(q) )
a,b=1
= (2m) e | Vi (0) — Z Vi a(0)Vi 05(0) gy
a,b
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— (2m) e AV 0(0) = (zﬂ)*ma*m%( Vi jre(0) + O(eN) ) YN > 1.
Denote by I've the Gaussian measure on Sym,,, defined by the covariance equalities
2 il = B(TijTee) = (27r)m€m+45ij|k,é = Vi ke (0). (2.14)
Then
E<|det H(w, )| | duf () = o) = (27)"

m72 _ m(m+4)
2

e / |det A|Tye(dA).  (2.15)
Sym,,,

Using (2.13) we deduce

g—m

N. = W/m(detH(_Vaj()))z </Symm\detA\ FTs(dA)) ) (2.16)

This shows that pf(#) is independent of § and

o e~ m _

pi(0) = —— (det H(-V",0)) (/S \detA\FTs(dA)).

2m)

N

We denote by Sym 2 the space of symmetric 2m x 2m matrices B that have a diagonal block
decomposition

B_ 0
B—[ 0 B+}’Biesymm‘

The probability measure I'ye on Sym,,, induces a probability measure
Tyexye :=Tye ® I'ye

on Sym2. Using the notation in Section 1.3 we deduce

—2m
55(0,3) = —— (det H(—V*,0)) " / | det B| Tyexre(|dB]) | . (2.17)
(27T) Sym 2
For any smooth function F': R™ — R we introduce the symmetric 2m x 2m matrix
Hoo(F) := [ 0 H(—F,0). } . (2.18)
We observe that det Hoo(F) = (det H(—F,0) )2. In view of this we deduce
E—Zm =
~E@: / det B|T'ye sdB,ng,ﬂ. 2.19
(O) = G T oy | BT (4B, © =) (219
Remark 2.2. Observe that
det H(—V?,0) = det H(-V,0) + O(¢Y), YN >0,
and
det H(-V,0) =d.
We set
0 ke = Vigk(0) = £"(0)(0ij6ke + Sixje + 0iedjn.) (2.20)

= hm (650K + Oirdje + el ).

: 0 _ (0
The collection T = (Ti,j|k,€)1§i,j,k,lgm
measure I'vo on Sym,,. Using the terminology in Appendix C we have

describes the covariance form of an O(m)-invariant

FTO = Fhm7hm-
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Observe that
N .o
|05 ke = Yo e | = O(EY) VN >0, ;1 <i,j,k, ¢ < m.
Proposition A.1 implies that

/ |detA|FTo(dA):/ |det A| Ty, 1, (dA) + O(EN), YN > 0.
Sym,, Sym,,,

Using this in (2.16) we deduce

No=—°"_ / |det A| Ty, p,,(dA) | - (1+0(N)) YN > 0. (2.21)
(27Tdm) 2 Symm
O
The constant Cy,(w) in (1.3) is given by
1
Conlw) = —— / |det A| Ty, 1, (dA)
(2mdm) 2 Sym,,
(2.22)

B \ 2
- det B|T;1(dB) | .
<27rdm> </symm| et BI L1 )>

3. THE DENSITY p§

3.1. The covariance kernel of U.. The covariance kernel of U, is the function
E°(01, B1: 0o, Fa) = E<U€(517951)U6(527<52)>
= &5(01,02) + E°(01, G2) + E°(B1, 0) + E°(1, o)

= (27r€)7m (Vg (671(52—51)) +Ve (871(@‘2—51) ) +Ve (871(52—(,5‘1) > +Ve (871(@‘2—@1) )) .
Let us introduce the notation
©:=(0,8) €T xT", 7(0) :==F—0, 7°=7°(0) :=e '7(O).
We need to understand the quantities
98,05,6°(01,02)0,-0,-6 = E(98U.(0) - 95U(0) ).

Using the fact that V¢ is an even function we deduce that for any multi-indices «, 5 we have

aglag(?f(@, ) = (2me)Melel=IBl(—1)lelyE (0), (3.1a)
08,02, 6°(0,0) = (2me) el (—1)llVE, 5(0), (3.1b)
o3 0%,6%(0,0) = (2me) el (—1)llvE s(75(0)), (3.1¢)

aglagﬁf(@,@) = (2me)me o= Bl(—1)BlvE L(74(0)). (3.1d)
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3.2. The covariance form of d -(©). Denote by S.(©) the covariance form of the Gauss-
ian vector dU.(6, ¢) = du®(0) + du®(y),

(8 (O)0ut(0)) B0 (0)opec(9))
E(90¢(0)0;u°(@)) E(9iu(@)d;uc(P))
Let us observe that this form is degenerate along the diagona D C T" x T™. Denote by
N (U®) the number of critical points of U® situated outside the diagonal. Then

N(U®) = N(u)? — N(u®)

SE(G) =

so that
1oz = E(N(U7))
and the Kac-Rice formula implies that

1
ME):/ —NE(|detHessU€(®)]‘dUE(@):O)|d@|. (3.2)
TmxT™\D 4 [det 27S.(O)
Set 1 1
L 2 2
Te 1= S| = 27€2|7'| .

For any n € R™ and any smooth function F' : R™ — R we denote by H(F,n) the quadratic
form on R™ @ R™ = Teme eT (;»"]I‘m whose value on X_ @ X, € R™ @ R™ is given by

HE,)(X_ @ Xy) = — ( 0% F(0)+ 0%, F(0) +20% x, F(n) )
If we fix an orthonormal basis e, ..., e, of R™ we obtain an orthonormal basis of R™ @ R™
f= {fl =e1®0,....f,=en®0, 11 :06981,...,f2m:0@em}.
In the basis f the quadratic form J(F, n) can be identified with the symmetric matrix H(F,n)
defined in (1.6),
R E |

Using (3.1a-3.1d) we deduce that

(2m)™e™+2S,(0) = H(VE, 79). (3.3)
There is one first issue we need to address, namely the nondegeneracy of H(—V<¢,n).

3.3. Some quantitative nondegeneracy results. We begin with a technical result whose
proof can be found in Appendix A.

Lemma 3.1. Let

a(r) = min(sin2(x/2), cos?(z/2) ), Vz eR. (3.4)
Then for any t > 0 we have
O | £+ 2702 22 [ alto)oto)dal, (3.50)
Rm
[F/(0)] = 1/ (%/2)] > 2/ a(ter)riw(z)|dz]. (3.5b)
o d

Lemma 3.2. The quadratic form H(V,n) is nondegenerate for any n € R™ \ 0.



16 LIVIU I. NICOLAESCU

Proof. Choose an orthonormal frame (eq, ..., e;) of R™ such that n = |n|e;. Using (2.11b)
we deduce that

(V) = /(11 /2L + Ding In " (>/2).0......0)

(3.6)
= Diag( S (In2/2) + P (Inf/2), 1/ (If2/2), - (nf2/2) ).
Moreover, according to (3.5a, 3.5b) we have
£ (nlP/2) 15 | £ (nl?/2) + Il £ (nl?/2) | < 1f/(0)], ¥n # 0.
We deduce
H(V,n)* < H(V,0)*, ¥n#0.
In particular H(V,n)? — H(V,0)? is invertible for any n # 0. We set
r=r(n) = n|*/2.
Observe that if we let 1 go to zero along the line spanned by e;, then
. 1 _ i .
tim = (H(V,0) = H(V,n) ) = —f"(0) Diag(3,1,....,1,), (3.7)
=H
whereas
lim ( H(V,0) + H(V,n) ) = 2£(0) L.
r—0
Hence

tim *(H(V.0? - H(V.n)* ) = ~2f (0)f"(0) .

r—=0r

Let us point out that the notation H is a bit misleading. The symmetric operator H depends
on the unit vector ﬁn, so it is really a degree zero homogeneous map

H:R™\0— Sym,,, n— H(n)
described explicitly by the equality
() = = (1 +2P,),

where P, denote the orthogonal projection onto the line spanned by the vector 7.
- —H(V,0) H(V,n)
T(n) =
H(V,n) —H(V,0)
Observe that
H(V,0)2 — H(V,n)? 0

T(n)H(V,n) = 0 H(V,0)% — H(V,n)?

The inverse of H(V, 0)2 —H(V, 77)27 denoted by R(n), is

. 1 1 1
R(n) = Diag (f’(0)2 _ (f’(?“) n 27“f”(7“))2’ FOZ— P2 FO2 = fr)? ) ;o (3.8)
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then we deduce

—R(n)H(V,0) R(n)H(V,n)
H(V,n)~" = R(n)T(n) = : (3.9)
R(mH(V,n) —R(n)H(V,0)

Remark 3.3. The above proof shows that there exists a constant C' > 0 such that

_ 1 1
HH(V’ 77) 1H § C <f/(0)2 _ (f’(?”) + ”'7’2f"(7”))2 + f/(0>2 _ f’(?‘)2

=:p(n)

), VneR™\ 0. (3.10)

Observe that Using formula (3.6) where r = £|n|? we deduce after an elementary computation

_ £(0) OO Fo) e 7\
dew{(v’n)_det[f’(r)+|77|2f”(7’) 1(0) } (det[f’(r) f’(O)D

= ( f’(O)Q—(Ian”(r) - f’(r))2> (/02— f'(r)? )"

~3(=f'(0)f"(0) )" [n*™ as n — 0.
(3.11)

We set

GH(0) = VE@ - V)= 3 v <5+ 15) .
FEZM\0 c

Observe that G¢(6) is an even function so that, for any multi-index a such that || is even,
the function 8?6’5 is also even. Hence, under these circumstances,

OEGE(0) — 92GE(0) = O(|0]?) as 6 — 0.
We can say a bit more.

Lemma 3.4. Let k,N € Z~q. Then there exists a constant C = Cpn > 0 and g9 =

eo(k, N) > 0 such that for any multi-index o, © = 0,1,|a] = 2k + i, any |§] <1, and any
€ < gg we have

QLG (0) — O 6(0)(505Ny§|2—i.

Proof. We consider only the case ¢ = 0. The case i = 1 is dealt with in an analogous fashion.
Set V,, := 850‘1/. Note that V,, is an even function and

RGO - 0G0 = Y <va (§+ 717) - Va(fﬁ> )
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Now observe that the mean value theorem implies that for 7 € Z™ \ 0 we have

g( sup |D2Va<n>|> 6]

[n—e—10|<2

V(7 20) 1 (04 1) - oma(29)

(use the fact that V € §(R™))

N
< ANk~
>~ ANk ’ﬁ’N
for € > 0 sufficiently small. Hence
ANykEN 1
opcro) - ero)| < = Y
7EZ™\0
The above series is convergent as soon as N > m. O

Lemma 3.5. There exists g > 0 such that the following hold.
(a) For any € < g and any n € R™ \ 0 the operator H(VE,n) is invertible.
(b) There exists a constant C > 1 such that for e < o and |n| < 1 we have

1
o™ < det H(VE,m) < Clyf*™. (3.12)
Proof. Let us observe that if X = X (A, B) is a symmetric 2m X 2m symmetric matrix
A B
=15 4]

where A, B are symmetric m x m matrices, and if the matrices A and A — BA™'B are
invertible, then X is invertible and

(A—BA-'B)™ ~A"'B(A-BA'B)!
X 1= . (3.13)
~A"'B(A-BA'B)™! (A-BA'B)™!
The matrix H(V¢,n) has this form X (A, B) where
A=A.=H(-V*®0), B=B.=B.(n)=H(-V®,n).

Again, we assume that we have chosen an orthonormal basis ey, ..., e, such that

n = |nlex.
Since V' € §(R™) we deduce that

A, = —H(V,0)+ O(M)

so that there exists €1 > 0 such that A, is invertible for € < £1. Moreover

36 1 N
- f/(o)(]lm+0(€ ))

AZt=-H(V,00 (1, +O(£V))

Note that
B.—A.=H(V®,0)—-H(VS,n)=H(V,0)— H(V,n) + H(G.,0) — H(G.,n). (3.14)
Using (3.7) we deduce

H(V,0) ~ H(V,n) = —rf"(0)H +0(*), r= ol
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while Lemma 3.4 implies that
H(G.,0) — H(G.,n) = O(e™r),

where above, and in what follows, the constants implied by the above O-symbols are inde-
pendent of n and €. Hence

B.— A. = H(V®,0)— H(VE,n) = —f"(0)rH + O(re™ + r?).
Thus

£

=1 — () HAZ' + O(re™ + 1)

BAZ! = (A= rf"(0)H + O(re™ +77) ) A7

_ f7(0) ¢ 1 N | .2
_]lm—rf/(O)HAa + O(re™ + 1),

B.AZ'B. = B.AZ! (AE — PO)rE + O(reN + T2)>

= A. = 2f"(0)rH + O(e"r + 7).
Hence
A, — A.B7YA. = 2f"(0)rH + O(re™ +12),
We deduce that there exists pg,e2 > 0 such that if |n| < pp and € < g9, then A, — BeAg1 is
invertible and 1
(A.— B.AZV) ™ = WH_1<11m+O(6N+r) ).

We deduce that if 0 < |n| < po, and € < min(eq,€2), then the matrix H(V¢,n) is invertible.

Set

1 (po) = sup p(n)
Inl=po

where p is defined in (3.10). Since p*(po) < oo and H(V®,n) converges uniformly to H(V,n)
on |n| > po as € — 0 we deduce from (3.10) that there exists g < min(ey,ez) such that
H(VE,n) is invertible for |n| > pp.

To prove (3.12) observe that

HVE, ) = [ o B:(n) A ] _[AE 0 ]

() A1 1 0 A
Set
C:(n) == Bo(m At -1
Then
1 1+C:(n) | 1 C:(n) B 21+ Cen 0
dt\ 1 1cm 1 =4 g Lo ) | T 1+ o) o)

= (—1)"det( 21 — C=(n) ) det C=(n).
On the other hand
Ce(n) = O(r) = O(Inl*)
so that
det H(VE,n) = O(|n|*™). (3.15)
Thus, all the partial derivatives at 0 of order < 2m of the function n — det H(V¢, n) are zero.

Now observe that the family of functions R™ 3> n +— det H(V¢,n) converges as € — 0 in the
the topology of C*°(R™) to the function

R™ 59— det H(V,n).
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The estimate (3.12) now follows from (3.11) coupled with (3.15). O

The above arguments, coupled with (2.5) prove a bit more, namely
1 1

ﬁ?lllg 2™ At (Ve ) detH (V) =0(N) ase \ 0, VN > 0. (3.16)
3.4. The behavior near the diagonal of the covariance form of dU®. Let
Jm={-m,...,-L1,....om}, Jh={ieJpn £i>0}. (3.17)
For any orthonormal basis ey, ..., e, of R™ set

e, =eP0, ¢,=0d¢;, 1 <i<m.

The collection (&;)icg,, is an orthonormal basis of R™ @ R™. For  # 0 we denote by

6;; = 0;;(n), i,h € Jp the entries of the matrix H(Ve,m)~! with respect to the basis
(&;)icJ,,- These entries satisfy the symmetry conditions

Similarly, we denote by 510,3' = 583'(77)7 i,j € Jn the entries of the matrix H(V,n)~! with
respect to the basis (&;)ic,, -
The equality (3.13) implies that for 7,5 > 0 and € > 0 we have the equalities of matrices

-1
(5i—j)1§i,j§m = _As_lBs(n) <A€ - Bs(n)As_lBe(n) ) . (3'19b)
Lemma 3.6. Fiz an orthonormal basis e1, ..., ey of R™. Then for e > 0 sufficiently small

the matrix

( ij,l,l(o) )1§i,j§m = ( Vf,l,i,j(o) >1§i,j§m

1s invertible. Moreover

~1
i 2 7 = €.
fm (Ui,j(tel) )1§i,j§m = ( Vi1.1(0) )ngm, (3.20a)
-1
i 2 5° = — £,
o ¢ ( oZ;;(ter) )1§i,j§m = ( Vija,1(0) )1§i,j§m’ (3.20b)

uniformly for sufficiently small positive €.
Proof. Observe that for any N > 0 we have
ViEi11(0) = Vij1,1(0) + o),

and
2.11d)
( Vij1,1(0) ) L4 Diag(3,1,...,1)

1<i,j<m

€
(vaLon>)ng§m

is invertible for £ > 0 sufficiently small. Observe that
~c _ _ -1 -
(52300 )., = (A= Baz'Be) )

B(n) = H(=V(n)) = ( =Vi5(n) ) Ac = B:(0),

1<ij<m’

This proves that the matrix
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2 . 4 .. -
B.(te1) = B:(0) + 535 +O(t%), B: = ( —Vi1,1(0) >1§¢,j<m'

Above and in what follows, the constants implied by the O-symbol are independent of e
sufficiently small. Hence

B.(te1)B.(0)"'B.(te;) = B.(0) + t*B. + O(t%),

B:(0) — B:(te1)B:(0) "' Be(te1) = —t*B- + O(t"),

(AE — B.(te))AZ'B.(te;) ) = —t72B. + O(tY),
2 -1 2
=—-B . 21
! ( i(ter) >1<i,j<m e TO) (3:21)
This proves (3.20a), including the uniform convergence. The equality (3.20b) is proved in a
similar fashion. 0

Denote by R.(t) the error in the approximation (3.21), i.e

°)

R.(t) = t2< i(ter) ) + B

1<i,j<m

A quick look at the proof of the above lemma shows that R.(t) converges to Ro(t) as € \, 0 in
the topology of C*°( —tg, to ), where ty is some small positive number. Moreover (2.5) implies
that

HR5 - ROHCO(—to,to) = O(gN)7 as e \( 07 VN > 0.

This observation has the following important consequence.
Corollary 3.7. For any € > 0 sufficiently small the function
92~
R\ 0>t 1767 ;(ter)

admits a smooth extension to R. Moreover, there exists tg > 0 such that for all i,j € I,
the smooth functions

(—to,to) 3 t > t767 ;(teq)
converge as € — 0 in the topology of C*°(—to,to) to the smooth function

(—to,to) 3 t = t767 ;(ter),

and

4250

S.up‘t2 e = 0(N), YN >0. O

i | =
It|<to

We will denote by Kfj the entries of the inverse of the matrix

€
( Viig(0) )1gi,j§m’

so that

Z Vit jaBab = jp, Y1 < 5,0 <m. (3.22)
a>0
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3.5. Conditional hessians. Fix 6 := (6, 3) € T"xT™ set 7 = G—

basis (eq, ..., en) of R™ such that
T =|7|ey.
We obtain a basis (&;)ic,, of TgT™ x T™.

Using these conventions we can regard gg(@) as a matrix with entries s%

entries of the the matrix
(271') m —m— QS (@)71

are 0% ,(7%), a,b € Jp,. For iy,... i, € Jp, we set
. 9k 3 -
Uzgl, Bl T 8éi1...éik U5<@)7 ‘/’Li,,’tk (Tl) T ‘Zi‘,...,

We have the random matrix

2
H = (U5, )1<||U|<m€Sym;

and the conditional random matrix
H = (ﬁa | dU. = 0) € Sym)?.
Both random matrices H and H admit block decompositions
H-H ¢oH, H-H oH,

corresponding to the partition J,, = J,, UJ,\. We denote by IAJZE
set

Q::J“ﬁé(@) = E(U’Le,j i,f)? Z.,j,k',f S Jm,
Ef,ﬂkf(@) = E(Uf,] i,ﬁ)’ iaja k)g € Jm

Using the regression formula [2, Prop. 1.2] we deduce

6 and fix an orthonormal

5.0, € Jm. The

lik| (1)-

j the entries of ﬁ€ and we

25 ke(©) = O, ,(0) — (2m)me™? N B(UE,US )65, E(U5US, ).

a,bEJm
Observe that

U5, =0, ifi-j <0, (3.23a)
O e(©) =0, ifi-j<0ork-£<0, (3.23b)
O 5 e(©) =%, 1 ((O), Vi,j, kL€ Ty, (3.23c)
Using (3.1c¢) we deduce that if a,i,j > 0, then
E(Uj-UZ) = (UE_Z _; - UL o) = (@2m) e ™" 3Vf]a( ) (3.24a)
E(U%, ;- U3)=-E(U5; - U, ) = (2m) e ™3V . (7°). (3.24b)

Using (3.1b) and the fact that V¢ is an even function we deduce that if a,7,j > 0, then

E(U%; ;,U°,)=E(U;,U;) =0.

Invoking (3.1a, 3.1b) we deduce that if 7, j, k,¢ > 0, then

(3.25)

Q@) =Q, 1y o= (2m)" e Y ke(0),

while (3.1c, 3.1d) imply that

Q5 _jk(©) = 05 iy = (2m) 7TV (7).
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Hence if i, j,k,¢ > 0 then
(2m)™"e m+4ﬁf]\k,z(@) =V k(0 Z Vi TV 0p(75) 0 b5 (3.26a)
a,b>0
(2m)™e m+4ﬁ8' il e(©) = Vi k(T Z ViiaT Vi en(T5)00 b (3.26Db)
a,b>0
=i gl (0) = 5 jih o (©)- (3.26¢)
For n € R™\ 0 and 14,5, k, ¢ > 0 we set
B i) =B _jip—e(n) = V54400 Z oMV ep(m)Gap(n)s (3.27a)
a,b>0
=7 jlk o) = ,g ké Z z]a Vkéb( )o E, b(1)- (3.27b)
a,b>0
Ee(n) - <;|E,]\k 5)',j,k,@€Jm7 ne R™ \ 0 (328)
&° () ON the space Sym,ff. By con-
(3.29)

The collection
describes the covariance forms of a gaussian measure Pz
struction )
fO)=— = (75(0)).
( ) (27-r)m€m+4 ( ( ))
For any n # 0 the Gaussian measure I'ge (n) On SymX*? describes a random matrix
B=DB"®B", B*cSym,,
e The two components B* are identically distributed Gaussian random symmetric
_E
(1) ,Jlk 6) i3,k e T

characterized as follows
—ilk, o(n ))i,j,k,zeJ;'

matrices.
e The covariance form of the distribution of BT is given by (=
e The correlations between the two components B are described by ( 2
The Gaussian measure on Sym,, defined by (E°(n); jjk 0)ij ke is invariant under the

we give a more detailed description of the O, (m)-invariant Gaussian measures on Sym

. n .
3.6. Putting all the parts together. From the Kac-Rice formula we deduce that
(IdBJ).

1
2(0) =
" (27)m/det S.(74(O)) /Syméf

m
subgroup O,(m) consisting of orthogonal transformations of R™ that fix . In Appendix C

|detB|F§€(®)

From (3.3) we deduce
1 B (27T)m2€m(m+2)
If B € SymX? is a random matrix distributed accoding to Iz o) then the equality (3.29)
shows that the random matrix C' = (2%)%5%“B is distributed according to I'ze(;-(g))
det B| = ! det C
| det B = (27T)m2 mm+4)’ et C.

Observing that
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Putting all the above together we obtain the following important formula

5—2m

pg(@) = (27r)m\/det g‘f(vsﬂ_e(@))

L . ‘detB|FE€(78(@))(’dBD (330)
ymy,

4. THE PROOF OF THEOREM 1.1

4.1. The off-diagonal behavior of p5. For © € R™ x R™ we define 7(0) to be the unique
vector in [0,1)™ C R™ such that

eZ™.

=

T(0) - (¢ -
We set
|I7(©®)| := dist( (P — H,Zm).

The function

R™ xR™ 30— ||7(0)| € ]0,00)
descends to a continuous function

T x T™ 5 0 — ||7(0)]| € [0, 00).
For A > 0 sufficietly small consider the region

Cp = {@ e T xT™; ||7(0)| > ﬁ}.

For h small the above set Cj is the complement of a small tubular neighborhood of the
diagonal D. For i,7j,k,{ € J we set

Ef,?\k,z = Eioi,—ﬂ—k,—é = Vi jke(0),

_17_‘7|k’é - HZ7_J|k)_€ T

[

The collection (Ez?|k,£)i,j,k,ee g+ describes the covariance form of an O(m)-invariant Gauss-
ian measure on Sym,,. As explained in Appendix C, there exists a two-parameter family

Ty, of such measures on Sym,,. The equalities (2.8b) show that the measure defined by
(Egj'\k,f)i,m,zeJ; corresponds to

u=v=f"(0) 212 hm = / 22w (|z|)dz.

The collection (Efjl ot)i jkpeg+ describes the product Gaussian measure
2 k) 2wy m
Lz =Ty b X Thin -

Statistically, ['gee describes a pair an independent random symmetric m x m matrices each
distributed according to I'y,,, 4,,. We set

Cp = {7 € R™; dist(r,Z™) > h }.

Since V is a Schwartz function, we deduce from (2.3) that the functions 7 — V¢(17) and

their derivatives converge uniformly on Cp to 0. More precisely for any K > 0 and any N > 0
there exists C' = C(K, N, h) such that

0°VE(r/e)| < CeN, Vr €€, |a| < K.
This implies that for any N > 0 we have the following estimate, uniform on Cj

HJ{(V‘E,é‘_lT(@)) ~Ho(V) || = O(N) as e\, 0, (4.1)
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where H, was defined in (2.18). This implies that
|det }C(VS,E_lT(@)) —det Hoo (V) | = O(N) as e\, 0, (4.2)
uniformly in © € C;. The equalities (3.27a) and (3.27b) that Vi, j, k, ¢ € J,, show that

’Ef,jlk,z(s‘%(@)) - E”L‘O,C;Ikﬁ‘ = 0(e™) as e \,0, (43)

uniformly in © € €. Recalling that 7¢(0) = ¢~ 17(0) and H.(V) is invertible, we deduce
from Proposition A.1, (4.2) and (4.3) that as € \, 0

672m

m/det H(V<, 75(0) )

6—2m

T (2n)m/det oo (V) Jsymi2

uniformly in © € C;. Arguing as above, using (2.14) instead of (3.27a) and (3.27b), we
deduce in similar fashion that as € N\, 0 we have

| et BT e (1dB)
Sym {2

(4.4)
|det B| Tz (|dBI) + O(=N "),

| det B| Tyexre (|dB])

6_ m
(27T)m\/ det }COO(VE) /Syrn,f;t2

—2m . (4.5)
= IR oy 40V BI 2= (4B + O,
uniformly in © € Cj.
Using (2.19) and (3.30) we deduce that for any N > 0
p5(0) = 5i(0) = O(V ™), as e \(0, (4.6)

uniformly in © € Cj.

4.2. The behavior of the conditional hessians near the diagonal. Observe that both
functions Eiﬂ k0(1) and Eii,,ﬂ k¢(1) are even and smooth on R™ \ 0. Moreover, they restrict
to smooth functions on each one-dimensional subspace of R". Indeed, if as usual we pick an

orthonormal basis ey, ..., e, of R™ such n = tey, then for ¢t # 0 we have,
Z t zya tel Vli[,b(tel)t26z,b(tel)7
a,b>0

and each of the functions

t s VE (te1), t s 2o, (ter)

%,J,a

extends to smooth functions on R satlsfying

lim — V (te1) =V,

t50 t bie E

?al (0)7 %E}% t202,b(t61) = Kzaj

Moreover, V¢ — V in the natural topology of C*°(R™) we deduce from Corollary 3.7 the
following important result.

Lemma 4.1. Let tg > 0 be as in Corollary 3.7. For any ¢, j, k,¢ > 0 the smooth functions

(0,t0) >t = E; ;i e(ter), (0,t0) 3t EL; _y ,(ter),
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converge in the topology of C*°(0,tg) as € \ 0 to the smooth functions
=0 ~
(0.10) 5 ¢ = Byjpe(ter) = Vigue(0) = 3 Vijalten)Viep(ter)ag(ter),
a,b>0

and

=0 ~
(0,t0) 3t =B,y (ter) = Vijrulter) + > Vijalte))Vigp(ter)sy y(ter). D
a,b>0

A more explicit description of the covariances (Z; j 1)k ¢eJ,, can be found in Section
4.3. The above result has an immediate consequence.

Corollary 4.2. Ase N\, 0 we have

Eiﬂk‘,@(n) = 0(1)7 Vi7j7k7£ € va
uniformly in || < 1. O

The above estimate can be substantially improved in some instances.

Lemma 4.3. Assumen =tey, t > 0. For any i,j,k, 0 € J, and any 0 < ¢ < 1 we have

B3 1ke(0) = 0. (4.7)
Moroever, as € \, 0 the smooth functions
(0,t0) 3 t > t 2B jjre(ter) (4.8)

converge uniformly on (0,tg) to the smooth functions

—2=0
(O,to) Sttt 2'=':‘:1,j|1€,€(t61)'

Proof. Tt suffices to show that

Bl je(0) =0, Vi kL€ Jn, 0<e<1, (4.9)
because the similar equalities

B jke(0) =0, Vi kled,, 0<e<1
follow from (4.9) via the symmetry conditions (3.23b, 3.23c) and the defining equations (3.26a,

3.26Db).
Note that (4.9) holds if j < 0 or k- £ < 0. We assume j > 0 and we distinguish two cases.

A. k,0 > 0. Using the equality
_ 1 1 )
Bl jre(ter) = Vi p0(0) — Z ;ij,a(tel);Vlf,e,b(tel)t%z,b(tel)-
a,b>0
Letting t — 0 and invoking (3.20a) and (3.22) we deduce

Ei,j\k,é(o) = Vi re(0) = Z (Z Vla,l,j,a(O)KZb> Vipke(0) =0.

b>0 a>0

=81

B. k,¢ < 0. Use the equalities (3.27b), (3.20b) , (3.22) and argue as in A.
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The second part of the lemma follows by observing that the smooth functions
r—E —E ..
t B je(ter), t> 82 g (ter), 1<d,jk¢<m,
are even and, as ¢ — 0, they converge in the topology of C*°(R) to the even functions

=0 =0 .o
t= B jpelter), t—= B2 g ter), 1<4d,j,k¢<m.

O
From the above lemma, Corollary 3.7 and (2.5) we deduce
Corollary 4.4.
s 72| B jpalter) — By jpglter) | = O(EN), ¥i>1, £2k>1, (4.10a)
sup |25, jke(ter) — B jpelter) | = O(EN), VI<i<j, 1<k<L. (4.10b)
. O

4.3. The behavior of p5 in a neighborhood of the diagonal. Fix a point ©¢p on the
diagonal D. Without loss of generality we can assume that ©g = (0,0) € (R™/Z™) x
(R™/Z™). Fix an open neighborhood O of (0,0) € R™ x R™ defined by

O = {(6,@) € R™ xR™; |6+ < V2h}.
We regard Qg as a neighborhood of ©¢ in T x T™. Introduce a new system of orthogonal
coordinates on Og
&= 3(0) = \}5(9# 3), 7=(0)= \2(@- 7).
In these coordinates, the diagonal D N Qg is described by the equation
v =0.
We have a natural projection

w: 00— DN, (@,ﬁ)H(G,)GDﬂOO.

The projection 7 associates to a point © € Op the (unique) point w(0) € D N Oy clossest
to ©. The vector 7(0) can be viewed as a vector in the fiber at 7(©) of the normal bundle

Np. We set
Eyere (| det BJ) ::/ | det Bl dlrecr-(|aB))

Sym);

Ez (- (0))(ldet B|) := /

Sym);

| det BITgs(-<(g)) (|dB]),

where we recall that the Gaussian measure I'ye is defined by (2.14) and the Gaussian measure

[z is defined by (3.28). In the coordinates (@,0) we have 7(©) = v/27. Using (2.19) and
(3.30) we deduce that on Oy we have

p5(0) - pi(0)
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g=2m 1 1
= E.. s (ldetB|) — ————Eyeyxy(|det B|)
CO™ | Jderse(ve, 2oy =7 det Hoo (V)
~~ =:E5
=:F5(£27)

The quantity EY is independed of O, while the quantity E5 (ﬁﬁ) depends only on the normal

coordinate ¥/.

Lemma 4.5. There ezists a constant C > 0 such that for any € > 0 and any |7 sufficiently
small we ahve

| E5(n) | < Clnl*™ (4.11)

Proof. Using (3.12) we deduce that there exists a constant C' > 0 such that for any ¢ > 0
and |n| sufficiently small

1
Shl™ < VAR TEVE ) < Cll™, (412)

Next, we need to estimate the behavior of Ege(, (| det B|) for n small.

As explained at the end of Subsection 3.3, E°(n) is the covariance form of a of a Gaussian
measure on Sym,ff. It describes a random symmetric matrix B of the form

B=BT®B~, BfcSym,,
where the two components B¥ are identically distributed. Their distribution is the Gaussian

measure on Sym,,, defined by the covariance form (Ej,j\k,f)i,j,k,feJ+ detailed in (3.28).
We now define a rescaling B" of the random matrix B

B" =B g BT,
where for 1 <i < j < m we have

+ .
Bij7 1> 1,

+, _1 ..

Bijn: | 2Bi|:j7 1=1<y, (4.13)
nI~'B, i=j=1

Observe that

det B = |n|* det B". (4.14)

. . . . . =E, =E, .
The rescaled matrix B" is Gaussian, with covariance form =" = (.:w"‘ 1.0)ij.ke described by

the equalities.
Eiﬁk,z(n) = Eiz_ﬂ_k,_z(??) = E?,ﬂk,e(n), Vi<i<yj, 1<k</{,

=E,7

_ _1 - .
B e = B0 o) = 1072 jeln), Vi> 1, €2k > 1,
B e =821y () = [n|7'E 1 e(n), Vi,L> 1, (4.15)

—_&,

_ _3 =
E o) =821 g ) = InlT2E 1 (), V> 1,

Eihl(n) = Ei?,—1\_1,_1(77) = |77|_2Ei,1|1,1(77)7
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'55777

B ke = E;ﬁ—k,—e(’n) =B, jpem), V1<i<j, 1<k<Y,

B ) =B () = | 2B ), Vi > 1, 0>k >,
B 1) = B2 o) = 0785 (), Vi E> 1, (4.16)
Ei?,—m,e(n) = Eiﬁ\q,_e(n) = |n|”
Eiiq\m(”) = Ei’,’ﬂ,l,,l(n) = |77|72§i1,71|1,1(77)-

The above equalities coupled with Lemma 4.3 imply that the limits

N|w

E6—1,—1|1,z(77)7 Ve > 1,

=e,0 . =E,n
=70, = lim B/
7’7]“7‘6 ‘,,7'4)0 Z?J‘kvz(n)

exist and are finite for any i, 7, k,¢ € J,,. Thus the Gaussian measure D'gen,y converges as

n)
In| = 0 to a Gaussian measure' T'z.0. Using (4.14) we deduce

E5(n) = Eze(y) (| det B|) = |n]* Egen (n)(] det B"]) (4.17)
so that
|1}m0 In| 72 Bz, (| det B|]) = Egco0(] det C) < oc. (4.18)
nl— -
The lemma now follows from the above equality coupled with the estimate (4.12). O

The estimate (4.11) shows that the function Eg(?ﬁ) is integrable on the tube T5(D).

4.4. Proof of Theorem 1.1. Using the notations in Section 1.3 we deduce

vart =N+ [ (55(0) - 7i(©))lde]
Tm xT™

N+ / (75(©) — 7(©))|de] + / (75(0) — 7(©))1d6).
(TM xT™)\Tr(D) Trh(D)

The estimate (4.6) implies

/ (55(0) - 55(©))[d6] = O(™), YN > 0.
(TM xTm)\T5(D)
Hence
var® = N. +/ (p5(0) — 55(0))]dO] + O(eYN), ¥N > 0. (4.19)
Tr(D)

For n € R™ we set

S

E5(n) — E5, |nl <™
5-(n) =1 *
j 0, In| > &

€

Then

c ~& _ g—2m NI
/Ih(D)(p2(®) - P1(@))|d@\ = (27T)mvol (D) /m J. (?]/>|dy|‘

If we make the change in variables n = gﬁ, and we observe that

vol (D) = 2% vol (T™) = 27,

IThe limiting Gaussian measure is degenerate, can be described explicitly, but we will not need this level
of detail.
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we deduce
Efm

Aum(@“”—ﬁﬂ@UW®h=@mm/>§AMMM- (4.20)

Lemma 4.6. For any n € R™\ 0 the limit
do(n) = 21{(% d(n)

exists, the resulting function n— 6o(n) is integrable on R™ and for any N > 0

lim | (3:(n) = do(n) )ldn| = O("), as e\ 0. (4.21)
e Rm™

Proof. As in Remark 2.2 we deduce that as € N\, 0 the Gaussian measure ['ye converges to
the Gaussian measure I'vo given by the covariance equalities (2.20) and

1 1
Eveyv:(|det B]) = ————=FEo,yo(|det B|).

lim ———
N0 (/det Hoo (VE) det Hoo (V)
From Lemma 4.1 we deduce that
1 1

lim ———E=-, (| det B|]) =
N0 /det 3C(VE, 1) =)l D

Ego, (| det B]).

det H(V,n)
Hence
1 1
1) =— F_ detB|]) - —————F det B). 4.22
0(0) = e B (464 B) = s B (det B (422)

Observe that
lim H(V,n) = Hoo(V), lim E(n) =71° x 1°.

[n|—o0 |n|—o0

Since V' is a Schwartz function we deduce that the functions
=0
e H(Von) = Hoo(V), 7= E () =10 x 1O

have fast decay at oo, i.e., faster than any power n + |n|=, N > 0. Invoking Proposition
A.1 we deduce that the function do(n) also has fast decay at oo and thus it is integrable at
00.

We now argue as in the proof of Lemma 4.5. Using the rescaling (4.13) and the equality
(4.14) we deduce that

EEO(T])(‘ det B|) = |77|2EE0’"(77)(’ det Bn‘), (4.23)

where 50777(77) is defined by the equalities (4.15) and (4.16) in which ¢ is globally replaced

by the superscript 0. From the computations in Appendix B we deduce that the Gaussian

measures Eo’n(n) have a limit as n — 0. Using (3.11) we conclude

do(n) = O(In[>~™)
for |n| small. This establishes the integrability of dy at the origin.
To prove (4.21) we will show that for any N > 0

/|n|>1(5€(n) — o(n) ) ldn| = O(EN), as £\, 0. (4.242)

/|(@mwwwmmm:0@%,%s\o (4.24D)
n|<1
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Proof of (4.24a). Observe that

oc(n) — 6 =
/|n|>1( (1) = o) ) /1<In<h

Since §p has fast decay at oo we deduce that

B. = 0(Y), ase\,0 VN > 0.

(0:=(n) = do(m) ) ldn| — /| g J0(m)|dn
n|=>=

€

S

€

::Ag :ZBE

Observe that

1 1
A :/ —E'E‘f det B - F_ det B dnl.
) 1S|nlshf< dergeey =l de Bl = s P |)>| "

We have det H(V,n) > 0 for any |n| # 0 and
lim H(V,n) = Hoo(V), det Hoo(V) # 0.

In|—oc0
Hence there exists ¢ > 0 such that
det H(V,n) > ¢, ¥Yn| > 1.
Observe that for any N,k > 0 we have

sup |9*VE(n) — 0V (n)| = O(EN), V]a| <k, ase\,0. (4.25)
<22
Hence
sup |det H(V,n) — det Hoo(V) | = O(eN), ase\,0. (4.26)
<22

The estimate (4.25) implies that for any N > 0

sup |E(n) —E'(m) | = O("), as=\0.
<22

Using Proposition A.1 we deduce that for any N > 0

sup
2
|77‘SL?

Exe(,)(|det BJ) — Ega, (| det B|) ‘ = 0(eV), as e\, 0. (4.27)

The estimates (4.26) and (4.27) imply that A. = O(e"), VN > 0.
Proof of (4.24b). We have

/<1(5€(77) — 80(n) )|dn|

1 1
— [ e B (146t B) - — B, (| det B) |l
<1\ \/det H(V=, ) det H(V,n) = (M

In|? [n]?
- —————Fg- det B|) — ————=F =0, det B dnl.
/n§1< det H(Ven) — n(”)(| ) o 7 =° ’(n)(’ ) | ldn]

Lemma 4.3 implies that the functions

n—E"(n), e>0



32 LIVIU I. NICOLAESCU

are continuous on |n| < 1 and Corollary 4.4 implies that

sup|és’n —'“077 ‘ = ; VN > 0.
[nl<1
Invoking Proposition A.1 we deduce

| Egen(yy(|det B]) = Egon, (| det BJ) [ = oY) YN > 0.
Using (3.16) we deduce that

1 1
Vet H(VE,n)  \/det H(V,n)

~0 </ 5N|ny2mydn|> YN >0,
In|<1

Using (4.20) and Lemma 4.6 in (4.19) we deduce

var® = N, + </ do(n |dn|) (1+0(N)), VN >0, (4.28)
where J is described by (4.22).

sup |n|™ =0(Y), YN >o.

[nl<1

We conclude that

/ (8(n) — bo(n) ) |dn]
In|<1

This completes the proof of Lemma 4.6.

APPENDIX A. SOME TECHNICAL INEQUALITIES
Proof of Lemma 3.1. Set

el :=(1,0,0,...,0), el:=(0,1,0,...,0) € R™
For t € R we have

f(£2/2) = V(te}).
Using (2.11b) we deduce that for any t € R we have

d d? . .
F2) +17(8)2) = o Vitel) = & Ame%tx1w<|xr>|dx\=— Ame’fflx%w<rx\>rdx|.
Then
F(0)] = —f(0) = / #2w(|])|dx]
Rm
and

O+ 76 #4762 = [ (1= )atua)|dal
_ z/Rm (sin(tz1/2) ) 223w () de]
PO (FE) 42 2) = [ 1+ tue)ds

:2/ (cos(ter/2) ) 2atw(|a)|dal.
Rm
This proved (3.5a). To prove (3.5b) observe that

F(t2)2 4 s%/2) = V(tel + sel)
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and we deduce that
F1(12)2) = B2 (£2/2 + 52/2)|s—0 = 82V (te] + seb)|s—o =

83 (/ ei(ml“z?)w(x)\dﬂ) = —/ x%efimlw(a:)]dﬂ.
m s:O m

We now conclude as before. O

Let V' be a real Euclidean space of dimension N. We denote by A(V') the space of
symmetric positive semidefinite operators A : V. — V. For A € A(V') we denote by ~4 the
centered Gaussian measure on V' with covariance form A. Thus
! ~ e 21’ gy,

) 2

Y1 (dv) =

and 4 4 is the push forward of 4, via the linear map v/A,
Y4 = (VA1 (A.1)

For any measurable f: V — R with at most polynomial growth we set
Eaf) = | f@rvatao).

Proposition A.1. Let f: V — R be a locally Lipschitz function which is positively homo-
geneous of degree o > 1. Denote by Ly the Lipschitz constant of the restriction of f to the
unit ball of V. There exists a constant C > 0 which depends only on N and o such that, for
any A >0 and any A, B € A(V') such that | A||,||B|| < A we have

|Ea(f) — Ep(f)| < CLA"T | A - BJ2. (A.2)

Proof. We present the very elegant argument we learned from George Lowther on MathOver-
flow. In the sequel we will use the same letter C' to denote various constant that depend only
on o and N.

First of all let us observe that (A.1) implies that

Ea(f) = /V (VA4 (dv).

We deduce that for any ¢ > 0 we have

Ea(f) = /V (Vidv)y, (dv) = 1 /V F(VAv)yy (dv) = 13 EA(f),

and thus it suffices to prove (A.2) in the special case A =1, i.e. ||A|],||B]|| < 1. We have

|EA(f) - Es(f) | < /V | F(VAv) — F(VB) |y (dv)
_ /V o] f(\/zhl)v) - f(\/§|vl|v> 1 (dv)

1 1
< Lf/ |v|a‘ VA—v - VB—wv )’71(d'v)
v |v] v

1
< L;|VA - VB| /V |y, (dv) < CLy|A - BIJ%.


http://mathoverflow.net/questions/130496/continuous-dependence-of-the-expectation-of-a-r-v-on-the-probability-measure
http://mathoverflow.net/questions/130496/continuous-dependence-of-the-expectation-of-a-r-v-on-the-probability-measure
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APPENDIX B. LIMITING CONDITIONAL HESSIANS

We include here a more explicit description of the covariances E?J-‘ ke(n). Again we fix an
orthonormal basis (€;)1<i<m, such that n = |n|e;. Then

=0
B jike (1) = Vigre(0) = Y Vija(m)Vies(m&0,(n),
b
» a,b>0 . (Bl)
B iteem) = Vigae ) + Y Viga()Vies(mae,_y(n),
a,b>0

where, according to (3.9), we have

( 52,b(77) )lga,bgm = _R(n)H(Vv O)a ( 50—a,b(n) )1§a,b§m = R(ﬁ)H(V "7)3

and R(n) is defined in (3.8). The equalities (3.6) and (3.9) show that

50 4(n) =6%,,(n) =0, V1, <a,b<m, a#b.

Set as usual
L2
= 5\77| :
The symmetric random matrix A° defined by the covariances Eii,iﬂ ke(n) is a direct sum of

two m x m random symmetric matrices A° = A2 @ A9r. We divide a symmetric m x m array
of numbers into four regions a, b, ¢, d as depicted in the left hand side of Figure 1. The array
defined by A° has a corresponding partition depicted in the right-hands side of Figure 1.

a b

FiGUrE 1. Dividing a symmetric array into four parts.

If u,v are two regions u,v € {as,by,cq,ds+}, then by a u — v correlation we mean a
correlation between an entry of A° located in the region u and an entry of A° located in the
region v.

Using (3.8) and (3.9) we deduce that we have

_ —f'(0) _ (12
e e R oY e o
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2
The denominator of the above fraction admits a Taylor expansion (r = %)

F(O0) = F(r)? =2l () £ ) = |l £ (r)?
" 2 " 4 2
_ o2 - ( oy + /OB Ok )

4 2 " 2
~2fof? () + O (i) ZEOIEY gt oy 4 (1)

—!n\2<3f’(0)f”(0)+\n|2( "(0)* + f()f’”())JrO(!n\“))

Hence
N 1 30 5 £70)
710 = gy L+ enlal + 00" ). evr =~ 550 = 35 770y
Next, (0)
RS i (U
Ui,i(n) = f’(0)2 — f’(?”)2
1'(0)

1 " 2 '
71(0)2 — (f’(O) L (02)|77\2 LS (%)Inl“) +O(|n6)

We conclude that
-0 1 1

ag,.\n)= " "
) = 7o PP q 41 (f @ 1 (0))\n|2+0(|77!4)

770
(f”’( ) f”(O))’

1
Fraye (L ol 0l ), eo =

0 , AN f7(0) 7 F(0)
3an) =~ )

- f,,(1)| 3 (1l + 0l (1+ £8P + 0l
= gy (Ll + OGal") ). dl,lzcl,ﬁg;,((%)),
%) =— ;;E ;a
== (1 o+ 00, o =+ S
PAGAGAS

Vi () = 37" () + ol ) = ol (37(0) + 2 (0) + O(lnl*) ).

Vi) = Viuitn) = L (r) = ol (£(0) + S 1nf? £ (0) + O(lnl*) ).
Vllz(n) =0, i>1,
Vija(m) =0, j>i>1,
”k()—o, 1,7,k > 1.
YAQXAS
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36
Vijke(0) = (8550ke + 6irdje + e ) £ (0),
15
Vi (n) = 3f7(r) +6[nl>f" (r) + [l f 4 (r) = 3£"(0) + 5 1" O)nl* + O(Inl"),
Vl,l,l,l( ) = O) 1> ]-7
Viaii(m) = Vias(m) = £7(r) + £ (r) = £0) + 5" ©O)nl* + O(nl"), i > 1,
Vipai(m) = Vani(n) =0, 1<i<yj,
Vlz’J’ ( ) =0, 4,5,k>1.
*ok
Viigi(n) = Vijij(n) = f(r), 1<i<j,
‘/;,Z,l,’t( ) 3f ( ), 1> 1,
‘/i,i,j,k( )ZO, Z'>17 k>j>1,
Viigen) =0, 1<i<j, 1<k<{l, (i,7)# (k¥L).
PARK QNS
If1 <i<j, then
=0 =0
B ke = Vijke(0), B ko) = Vijke(n).
e d. — d4 correlations
7]|H()—0 1<k<dt (i,7)# (k,0) (B.3a)
.—0
7_]|Z7j( ) 7.]77'7.] Z th a 7] a ) 5o (n) = V7]7Z7J(0) = f”(o)' (B'3b)
a>0
e c; — ¢y correlations. If 1 < i < j, then
=0 - 2
=00 (1) = Viiss(0) — Vias?atan) = S0 (14+0(nP),  (Bda)
=0 8
=204 = Viaaa(0) = Viaa ()58, (n) = S£"(0)(1+ O(nP?)). (B.4b)
e The ay — a4, ay — b4, ay —cq and ay — dy correlations. If 1 < ¢ < 7, then
=0 ~ _
B i) = Vi1,1,100) = Viaa(n)?69 1 (n) = éalnl*(1+ O(n)?), (B.5a)
c11 = —9f"(0) — 3c11f"(0), (B.5b)
() =0, i>1, (B.5¢)
=0 ~
E1 115 (1) = Vi1,i(0) = Vi (m)Vaii(m)a1 1 (n) ~ const.n|?, (B.5d)
=0
E1.15,;(n) = 0. (B.5e)
e b, — by correlations. If 1 <4 < 7, then
=0 _
E1 0,400 = Vii14(0) = Vi, ()60 () = colnf* (1 + O(InP)), (B.6a)
co = —f"(0) = f"(0)co, (B.6b)
=0. (B.6¢)

=1,i\1,j(77)
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e The by — c4 and by — dy correllations. If 1 <4 < j, then
=0 ~
‘=‘1,i|i,i(n) = Vl,i,i\i,z'(o) - Z W,i,a(n)gg,a(n)va,i,i(”) =0, (B.7a)
=0
By () = Vi,,5,5(0) — Z WViia(n (MVa,j,i(m) =0, (B.7b)
z?,zﬂcf( )= ]kf Z‘/lzao' akf( )=0, VI <k <L (B.7¢)
e Thea_ —a4, a_ —by, a_ —cy and a_ — d4 correlations. If 1 < ¢ < 7, then
=0 ~ 7
B ipam = Vi) +Viaa(m)?e?,, = dl,l\U\Q(l + O(!"?\Q)), (B.8a)
- 3
di,1 = —3f"(0)di1 Ef”/(o)a (B-8b)
=0 .
B —i(m) =0, i>1, (B.8c)
=0
5—1,—1|n( ) = Vl,l,m( )+ Vl,l,l(n)vl,i,i( )o11(n) = O(|’7|2), (B.8d)
=0 . .
=_1 71‘1’]( ) V1117j( ) = 0, 1<i< J- (BSe)
e The b_ — by, b_ —cy and b_ — d correlations
=0 7
21 i) = Viaai(m) + Va2, = doln* (1 4+ O(nf) ), (B.9)
do = 2f"(0) — do f"(0), i> 1, (B.9b)
=0 . .
= 171\14( ):Oa I <<y, (B9C)
=0 ..
‘=‘—1,—i|j,j(77) =0, 4,5 >1, (B.9d)
B () = Vigga(n) =0, 1<j <k, 1<i (B.9c)
e The c_ — ¢4 and c_ — dy correlations
=0 - 2
0 i) = Viagd () + Viaa 6% 5 = Z£O) (1+0(mP)), 1<i<j  (B10a)
=0 ~ 8 .
20, gad () = Viasa () + Viga (3%, ) = S ") (14 0(P)), > 1, (B.10b)
B k=0, i>1k>j>1 (B.10¢)
(B.11a)
(B.11b)

e The d_ — d correlations
(i,4) # (K, £)

0

—i—ling (M) = Vi (n) = f"(r) = f"(0) (1 + O(WQ)), 1<i<j,

[

0 .
—ijlke(m) =0, 1<i<j, 1<k<{
APPENDIX C. INVARIANT RANDOM SYMMETRIC MATRICES
ices. m) acts
m)-invariant

the space of real symmetric m x m matrices. The group O(

[

by conjugation on Sym,,. Would would like to describe the collection G, of O(
(C.1)

We denote by Sym
. -
is an Euclidean space with respect to the inner product

Gaussian measures on &
Observe that Sym,,, i i
(A, B) :=tr(AB).
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This inner product is invariant with respect to the action of SO(m) on Sym,,. We set
= Eij, 1=
Eij = 1 E. . L.
% iy 1< J-

The collection (E;j)i<; is a basis of Sym,, orthonormal with respect to the above inner
product. We defined the normalized entries

. aij, 1=
Qi; = C.2
Y {ﬂaij, 1< 7. ( )

The collection (@;;)i<; the orthonormal basis of Sym,, dual to (Ew) The volume density

induced by this metric is
|dA| == ‘H diig; | = 22 (| ] das;

(] i<j

This volume density is O(m)-invariant. Thus, the collection of O(m)-invariant Gaussian
measures on Sym,, can be identified with the collection of positive definite O(m)-invariant
quadratic forms on Sym,,,.

The space of O(m)-invariant quadratic forms on Sym,, is two dimensional and spanned
by the forms tr A2 and (tr A)2. For any real numbers u, v such that

v > 0,mu+2v >0, (C.3)

we denote by dI', ,(A) the centered Gaussian measure dI';, ,(A) uniquely determined by the
covariance equalities

E(aijakg) = udijékg + U(éikdjg + 5i£6jk)a V1 S ’i,j, .]ﬁ,g S m.
In particular we have

E(a%) = u+2v, E(aja;j) = u, E(agj) =v, V1<i##j<m,

(23

while all other covariances are trivial. We denote by Sym,.” the space Sym,, equipped with
the probability measure dI';,, The ensemble Sym%? is a rescaled version of of the Gaussian
Orthogonal Ensemble (GOE) and we will refer to it as GOEY,.

The Gaussian measure dI', , coincides with the Gaussian measure dI',42,,4,, defined in
[10, App. B]. We recall a few facts from [10, App. B].

The probability density dI'y, has the explicit description

Ty (A) = ! o AT (A g 4 (C.4)

’ 2m) ™5 /D(u,0)

where
D(u,v) = (27})(7”_1)"'( ) (mu+2v),

and

, 1 1 1 u
i <mu+21} 21))  2u(mu + 2v)
This shows that the Gaussian measure dI', , is O(m)-invariant. Moreover the family dI',, ,,
where u, v satisfy (C.3) exhausts Gy,.
For u > 0 the ensemble Sym" can be given an alternate description. More precisely a
random A € Sym:" can be described as a sum

m
A=B+ X1, BeGOE), X € N(0,u), B and X independent.

m)
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We write this
Sym? = GOEY, +IN (0, u)1,,, (C.5)
where 4 indicates a sum of independent variables.
In the special case GOE?, we have u = v/ = 0 and
1
m(m+1) e_ﬁtrA2|dA|' (C6)
(2mv) ™ 4
Fix a unit vector € R™ and denote by O,(m) the subgroup of orthogonal map 7" : R™ —
R™ such that T'n = 7. Group O,(m) continues to act by conjugation on Sym,, and we would
like to describe the collection G, ;) D Gy, of Oy (m)-invariant Gaussian measures on Sym,,

The space of O,(m)-invariant quadratic forms on Sym,, is five dimensional and it is
2

dl'o,(A) =

spanned by the quadratic forms
tr A%, (tr A)%, (A%n,n), (An,m)%, (tr A)(An,n).

If we choose an orthonormal basis ey, ..., e, of R™ such that n = ey, then
(Ana 77) = a1, A n,n Z Q-

If we block decompose a symmetric m X m matrix

A= { “zl g ] (C.7)

where B € 8,,_1, bis a (m — 1) x 1 matrix, then we see that a basis of the space of O,(m)-
invariant is given by

q1 (A) = (A77ﬂ7)2 = &%15

0(A) =2|L) = Z a3y, = 2| An|® - 2(An, n)?,

Q3(A) = 2&11 tr B = 2@11(@22 + -+ dmm) = 2(A77, )tI‘A — 2(A17, ) ,
q(A) = (tr B)* = (s + - + dm)? = (tr A = (An,7), )’
gs(A) = tr B2 = tr A = 2|L|? — a3, = Za%k + Z dfj.
k=2 2<i<y

This suggests dividing a symmetric m x m array into four regions a, b, ¢, d as in Figure 2
More precisely, the parts of these regions on or above the diagonal are

={@D} o"={1); =2}, e={Gd); i>2}, d"={(i,j); i>j>2}.
Suppose that A is a Gaussian random symmetric m X m matrix, where the Gaussian measure
is Op(m)-invariant. Then the entries withing the same region are identically distributed
Gaussian variables with variance v,, . .., vq. Moreover, if we fix regions 71,72 € {a,b™, c,d"},
not necessarily distinct, and x1, x2 are above or on the diagonal distinct normalized entries,
x1 in the region r1 and 2 in the region rg, then the covariance E(x1,x9) is independent of
the location of x1 and xo in their respective regions, as long as z1 # zo. We denote this
covariance K. Thus a O,(m)-invariant Gaussian measure on Sym,, is determined by a
variance vector

v = (Vg, Up, Ve, Vq),

2] Jearned this fact from Robert Bryant, on MathOverflow.


http://mathoverflow.net/questions/104751/invariants-of-symmetric-matrices
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FiGURE 2. Dividing a symmetric array into four parts.

and a symmetric covariance 4 X 4 matrix

K = (HT‘1T2)T1,T2€{a,b7C7d}'

When representing K as a 4 x 4 matrix we tacitly assume the order relation a < b < ¢ < d.

The quantities v and K can be associated to any O,(m)-invariant quadratic form g,
whether it is positive semidefinite or not. We denote these quantities v(q) and K (g). Observe
that

v(zq +2'q") = 2v(q) + 2'v(q), K(vq+2'q) =2K(q) +2'K(d),
for any real numbers z, 2’ and any O,(m)-invariant forms ¢, ¢’. Observe that

v(Ql) = (1707070)7 K(Ql) = 07

U(QQ) = (Oa 1a0’0)7 K(QZ) =

o O OO
o O OO
o O OO
OO OO

v(g3) = (0,0,0,0), K(g3)=

O = OO
OO OO
OO O
O O OO

’U(q4) = (0,0, 170)7 K(Q4) =

O O OO
OO OO
O = OO

o O OO

v(gs) = (0,0,1,1), K(gs) =0.
Thus
v(c1q1 + c2q2 + ¢3q3 + caqa + ¢5q5) = (c1,¢2,¢5 + ca, ¢5),
0 0 c3 O
0 0
c3 0 ¢4
0 O

K(ciq1 + caq2 + c3q3 + caqa + ¢5q5) =

O O O
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We denote by Sym,,(c,...,cs) the space Sym,,, equipped with the O, (m)-invariant Gauss-
ian measure with covariance

Qz = c1q1 + c2q2 + €33 + c4qs + 545,

whenever this quadratic form is positive semidefinite.

For every region r € {a,b,c,d} we denote by Sym,,(r) the vector subspace of Sym,,
consting of matrices whose entries in regions other than r are trivial. We get an orthogonal
direct sum decomposition

Sym,, = Sym,,(a) & Sym,,(b) ® Sym,,(c) & Sym,,(d).
This leads to a corresponding decomposition
A=A(a)+ A(b) + A(c) + A(d),A € Sym,,, .
If A belongs to the ensemble Sym,,(c1,...,cs5), then
e the components A(a), A(b), A(c), A(d) are Gaussian vectors,
e the component A(d) is independent of the rest of the other components,
e the (m—1) x (m —1)-random matrix A(c)+ A(d) belongs to the ensemble Sym;**“.

To decide when QQz > 0 we need to compute the eigenvalues of the the matrix Qz describing
()z in the orthonormal coordinates a;;, 1 <7 < j < m.

For any r € {a,b,c,d} denote by Q(r) the matrix representing the restriction of Qg to
Sym,, (). Moreover, for any positive integer n, we denote by C,, the symmetric n x n matrix
all whose entries are equal to 1.We have
. m—1)(m—2
Q@) =1, Q) =csly. N = dimSym,, (d) = D=2

Q(b) = c2lpm—1, Q(c) =cslim—1+ caCp
Finally, denote by L,, the 1 X n matrix whose entries are all equal to 1. With this notation
we deduce that Qz has the block decomposition

Q(a) coLpm—1 c3Lm—1 0 Cc1 0 c3Lpm—1 0
0. oLl | Q) 0 o | 0  calp 0 0
N C3Lin—1 0 Q(C) 0 C3Lin_1 0 cslp1+ caCimq 0
0 0 0 Q(d) 0 0 0 Cy HN
To compute the spectrum of Qz it suffices to compute the spectrum of the matrix
c1 0 c3Liym—1
0 (&) ]lm—l 0

C3Lin—1 0 cslm—1 + c4Cr1

viewed as a symmetric operator acting on the space R @ R™~! @ R™~!. We see that the
subspace 0 @ R™ ! @ 0 is an invariant subspace of this operator and its restriction to this
subspace is ¢o1,,_1. Thus it suffices to find the spectrum of the operator

Q. — [ c1 c3Llm—1
¢ C3Lin_1 cslm—1 + caCro1

acting on V. =R @ R™ 1. A vector v € V has a decomposition

0[] -

z1

Tm—1



42 LIVIU I. NICOLAESCU

We set

olx)=x1 4+ + Tm-1, u=1L" e R™ L

We have
QE[ t } _ [ cit + czo(x) } . (C.8)

x cstu + csx + cqo(x)u.
This shows that the codimension 2 subspace V¢ C V given by
t=0, o(x)=0,

is Qzinvariant, and the restriction of Qz to this subspace is ¢s ly,.
An orthogonal basis of the orthogonal complement W := Vé is given by the vectors

|1 10
Vo = 0 , U1 = u .
Using (C.8) we deduce

Qx(tovo + tv1) = (crto + (m — 1)esty o
+(62t0 + C5t1)v1 + (Cgto + (e5 + (m — 1)cq)ts )vg.

Thus in the basis vg, v1, v of VOJ- the restriction of Qz to this subspace is given by the 2 x 2
matrix®
S (m—1)cs
¢ c3 c5+ (m—1)cy
Putting together all the above facts we obtain the following result.
Proposition C.1. The quadratic form Qg is positive definite if and only if c1,ca,c5 > 0 and
det Xz > 0. Moreover

(m—1)(m—2) _9
det Qz = A(@) = el T amVodet v = 7 ley 2 72 det B (C.9)

O

Remark C.2. (a) The matrix ¥z is similar to the symmetric matrix

1
& c1 (m—1)2cs
Y= 1
(m—1)2¢c3 c5+ (m—1)eq

Thus Qg is positive definite iff ¢9, c5 > 0 and the symmetric matrix f]g is positive definite.
(b) The above proof produced an orthogonal decomposition of Sym,,

Symm = Symm(d) S Symm(b) oV, V= Symm(a) S Symm(c)'

In the proof we used the natural metric (C.1) on Sym,, to identify Qz with a symmetric
operator Sym,, — Sym,,,. The three factors above are invariant subspaces of this operator.
The restriction of Qz to Sym,, (d) is ¢51, while the restriction of Qz to Sym,, () is c21. The
subspace V' decomposes further into two invariant subspaces: the two-dimensional subspace

Wy =Sym,,(a) ®spanl,,_1 =R@spanl,,_i, 1,1 € Sym,,(c),

3The matrix 3.z is not symmetric since the basis v, v1,v2 is not orthonormal.
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and its orthogonal complement V. The restriction of Qzto Vg is c51y,, while the restriction
to Wy is described in the canonical orthonormal basis

1
140, 06 —=1,,—
Vm—1 """
by the matrix f]g.
(c) We denote by T;, the space of O, (m)-equivariant symmetric operators

T:Sym,, — Sym,,
The above discussion shows that any 7' € T;, enjoys the following properties.

e Each of the subspaces Sym,,(d), Sym,,(b), Vo and W are T-invariant, where V
and W are defined as in (b).

e There exist two real constants «, 8 such that the restriction of 7' to Sym,, (b) is a1,
while the restriction of 7' to Sym,,(d) ® Vg is 1. (o = ¢a, B = c5.)

We denote by S the restriction of T to Wg. We see that an operator T' € T, is determined
by a triplet (a, 3,S) where a, 8 € R and S : Wy — Wy is a symmetric operator. We will
denote by T, g s the operator associated to this triplet. Note also that T}, g g is invertible iff
afdet S # 0 and

TO:175 = Ta—1”3—1’5—1.
A matrix A € Sym,, has the block form (C.7)

ail LJr
=l 5]
we further decompose B as a sum
Bi=—_ 1, 1+ By, trBy=0,
m—1

so that cy/m — 1 = tr B. We we will refer to this matrix using the notation A = A(aq1, L, ¢, By).
Then
Ta,bng(aH, L, C, Bo) = A(a’ll, L/, C/, Bé),

where
/ ’ al ail
By =3By, L' =al, Cl,l =5 . . O
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