A STOCHASTIC GAUSS-BONNET-CHERN FORMULA

LIVIU I. NICOLAESCU

ABSTRACT. We prove that a Gaussian ensemble of smooth random sections of a real vector bundle £
over compact manifold M canonically defines a metric on E' together with a connection compatible
with it. Additionally, we prove a refined Gauss-Bonnet theorem stating that if the bundle £ and the
manifold M are oriented, then the Euler form of the above connection can be identified, as a current,
with the expectation of the random current defined by the zero-locus of a random section in the above
Gaussian ensemble.
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1. INTRODUCTION

1.1. Notations and terminology. Suppose that X is a smooth manifold. We denote by |Ax| — X
the line bundle of 1-densities on X, [7, 11], so that we have a well defined integration map

/ C®(|Ax]) — R, C°°(|AX])9p»—>/ pldz).
X X

Suppose that I is a smooth vector bundle over X. We have two natural projections
Ty Tyt X X X = X, mp(z,y) =2, my(z,y) =y, Vo,y € X.

We set F'I F':= m, F' ® m, F', so that F' I F' is vector bundle over X x X.

Following [7, Chap.VL,§1], we define generalized section of F' to be a continuous linear functional
on the space C§°(F* ® |Ax|) equipped with the natural locally convex topology. We denote by
C~°°(F) the space of generalized sections of F'. We have a natural injection, [7, Chap.VI, §1]

i: C(F) = C~(F).
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Recall that a Borel probability measure 1 on R is called (centered) Gaussian if has the form

IR -
u(dw) = v, (da) = { va=© 00
do, v=0.

where dg denotes the Dirac measure concentrated at the origin.

1.2. Gaussian ensembles of sections and correlators. The concept of smooth random section of
a vector bundle is very similar to the better known concept of random function. Since we were not
able to locate a precise references, we present below a coordinate free description of the concept of
Gaussian random section of a bundle. This description is implicitly contained in the fundamental
work of R.A. Minlos [9], X. Fernique [5] and L. Schwartz [15].

Throughout this paper we fix a smooth compact connected manifold M of dimension m and a
smooth real vector bundle £ — M of rank r. The space C*°(E* ® |Aj/|) is a nuclear countable
Hilbert space in the of [6] and, a such, its dual C'~*°(E) satisfies several useful measure theoretic
properties. Their proofs can be found in Appendix A.

Proposition 1.1. (i) The o-algebra of weakly Borel subsets of C~°°(E) is equal with the o-
algebra of strongly Borel subsets. We will refer to this o-algebra as the Borel o-algebra of
C~°(E).

(ii) Every Borel probability measure on C~°°(FE) is Radon.
(iii) Any Borel subset of C*°(E) (with its natural topology) belongs to the Borel o-algebra of
C™°°(E) when viewed as a subset of C~*°(E).
O

By definition, any section p € C°°(E* ® |Aj;|) defines a continuous linear map
L,:C~®(E) >R,

Following [3, 6] we define a Gaussian measure on C'~*°(E) to be a Borel measure I such that, for
any section ¢ € C*°(E™ @ [Ay|) the pushforward (Lg)4(T) is a centered Gaussian ,, measure on
R.

The measure I' is completely determined by its covariance form which is the symmetric, nonneg-
ative definite bilinear map

Kr:C(E*@|Apm|) x C¥(E* @ |Aym|) = R
given by
Kr(p, ) = Er(Ly - Ly ), Vo, € CP°(E* @ |Aum|),
and Er denotes the expectation with respect to the probability measure IT'.
Results of Fernique [5, Thm.I1.2.3 + Thm.II.3.2] imply that X is separately continuous. Accord-

ing to Schwartz’ kernel theorem [6, Chap.I, §3.5] the covariance form can be identified with a linear
functional on the topological vector space

Cr e C*((E* @ [Am) R (E*® |Am])) = C®((E* R E*) @ [Avxm] ),
ie.,Cr € C~°(E X E). We will refer to Cr as the covariance kernel of T.

Theorem 1.2 (Minlos, [9]). Given a generalized section € C~°°(E X E) such that the associated
bilinear form

K:COE"@|Apm|) x C°(E* @ |Am]) = R
is symmetric and nonnegative definite, there exists a unique Gaussian measure on C~°°(E) with
covariance kernel C. O
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Definition 1.3. A Gaussian measure I' on C~>°(FE) is called smooth if Cr is given by a smooth
section of £ X E. We will refer to it as the covariance density. We will refer to the smooth Gaussian
measures on C'~*°(E) as Gaussian ensemble of smooth sections of E. 0

A smooth section C of E X E can be viewed as a smooth family of bilinear maps

Coy: Ej x By 5 R, x,y € M,
given by
C~’w7y(u*,’u*) =(u" ®@v*,Cry), Yu* € E}, v*e€ By,
where (—, —) denotes the natural pairing between a vector space and its dual. In the sequel we will
identify Cy, o, with the associated bilinear map C’wyy.
The next result, proved in Appendix A, explains the role of the smoothness condition.

Proposition 1.4. If the Gaussian measure T' on C~°°(E) is smooth, then T'( C*°(E) ) = 1. In other
words, a random generalized section in the Gaussian ensemble determined by I is a.s. smooth. O

Using Propositions 1.1 and 1.4 we deduce that a smooth Gaussian measure on C'~°°(E) induces
a Borel probability measure on C*°(E). Since C*°(E) is a standard space' in the sense of [5] this
measure is also a Radon measure. Observe also that for any x € M the induced map

C®(E) = Eg, C®(E)> ¢~ p(x) € Ey

is Borel measurable. The next result, proved in Appendix A, shows that the collection of random
variables ( (@) )z is Gaussian.

Proposition 1.5. Suppose that U is a smooth Gaussian measure on E with covariance density C. Let
n be a positive integer. Then for any points x1,...,x, € M and any w; € Eg,i=1,...,n the
random vector

C®(E) 2 o (Xi1(9),.... Xn(p)) €R™, X;(p) == (u],p(xz;)), i=1,...,n,
is Gaussian, Moreover

E(X;X;) = Cgya; (ul, ub), Vi, j. (1.1)

A section C € C*(E K E) is called symmetric if
Cry(u™,v*) = Cyz(v*,u*), Vo,y € M, Vu* € B, v* € Ey,.

If C is the covariance density of a smooth Gaussian measure I' on C~°°(E), then Proposition 1.5
shows that C' is symmetric.

A symmetric section section C' € C®°(E X E) is called nonnegative/positive definite if all the
symmetric bilinear forms C, ,, are such. Clearly the covariance density of a smooth Gaussian measure
I' on C~%°(E) is symmetric and nonnegative definite.

Definition 1.6. (a) A correlator on E is a section C' € C*°(FE X E) which is symmetric and positive
definite.

(b) A Gaussian ensemble of smooth sections of F is called nondegenerate if its covariance density is
a correlator. O

Lemma 1.7. There exist nondegenerate Gaussian ensembles of smooth sections of E.

1Fernique’s standard spaces are also known as Lusin spaces.
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Proof. We follow the ideas in [14]. Fix a finite dimensional subspace U € C°°(E) which is ample,
i.e., for any x € M the evaluation map
evy:U — Ez, u— u(x)
is onto. By duality we obtain injections
ev, : E, —>U"
Fix an Euclidean inner product (—, —)g7 on U and denote by -y the Gaussian measure on U canoni-

cally determined by this product. Its covariance pairing U* x U* — R coincides with (—, —)y~, the
inner product on U™ induced by (—, —)gy. More precisely, this means that for any £, € U* we have

€ o = /U (€, 5) (1, s)y(ds). (1.2)

The measure ~y defines a smooth Gaussian measure 4 on C~°°(E) such that 4(U) = 1. Concretely,
4 is the pushforward of -+ via the natyural inclusion U — C°°(FE). This is a smooth measure. Its
covariance density C' is computed as follows: if x,y € M, u* € E}, v* € E;;, then

Coy (0, 0%) = / (", 5(w)) (0", 5(y))1(ds) = / (evh ) (v’ v*, s)(ds)

U U
(1.2)
= (evyu’,ev, v").
In particular, when © = y we observe that Cy, , coincides with the restriction to £, of the inner
product (—, —)g+. In particular, the form Cj, 4 is positive definite. O

Definition 1.8. A Gaussian ensemble of smooth sections of £ with associated Gaussian measure I"
on C'~°°(E) is said to have finite type if there exists a finite dimensional subspace U C C*°(E) such
that T'(U ) = 1. 0

The Gaussian ensemble constructed in Lemma 1.7 has finite type. Moreover, all the nondegenerate
finite type Gaussian ensembles of smooth sections can be obtained in this fashion. However, there
exist nondegenerate gaussian ensembles which are not of finite type.

Definition 1.9. A correlator C € C*°(E X E) is called stochastic if it is the covariance density of a
nondegenerate Gaussian ensemble smooth sections of F. O

Minlos’ Theorem1.2 shows that not all correlators are stochastic.

1.3. Statements of the main results. The main goal of this paper is to investigate some of the
rich geometry of a nondegenerate Gaussian ensemble of smooth sections of £. By definition, the
correlator C' of such an ensemble defines a metric on the dual bundle E*, and thus on E as well.
Less obvious is that the correlator C' also induces a connection V¢ on E compatible with the above
metric. We will refer to this metric/connection as the correlator metric/connection. We prove this fact
in Proposition 2.4.

This connection depends only on the first order jet of C' along the diagonal of M. Using the
corellator metric we can identify the bilinear form Cy , with a linear map T, : £y — E5. The
definition of the connection shows that its infinitesimal parallel transport is given by the first order jet
of T 4 along the diagonal & = y. The construction of V¢ feels very classical, but we were not able
to trace any reference.

The inspiration for this construction came from our earlier work [14] where we associated a metric
and a compatible connection to an arbitrary finite type, nondegenerate Gaussian ensemble of sections
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of E. As we have explained in [14], the results of Narasimhan and Ramanan [10] show that any
metric together with a connection compatible with it are the metric and connection of a correlator
associated to a finite type Gaussian ensemble of sections.

In Example 2.1 we show that any embedding of the manifold M in an Euclidean space canonically
defines a correlator on T'M. The correlator metric is then the metric induced by the embedding
and the correlator connection coincides with the Levi-Civita connection. In fact this correlator is a
stochastic correlator.

If the correlator C' is stochastic, then the connection V¢ and its curvature can be given a proba-
bilistic interpretations. The equality (2.5) gives a purely probabilistic description of the connection
V. Proposition 2.6 gives a purely probabilistic description of its curvature. This result contains as a
special case Gauss’ Theorema Egregium.

The connection determined by a Gaussian ensemble through its correlator C has other useful prob-
abilistic properties. In Corollary 2.8 we show that if  is a random section of the ensemble, and V¢
is the correlator connection, then for any 2 € M the random vectors VCu(x) € T:M ® E, and
u(x) € E, are independent. This independence is an immediate consequence of the probabilistic
equality (2.5).

In [1, §12.2] Adler and Taylor associate to a Gaussian random function w on a smooth mani-
fold M a Riemann metric and they gave a probabilistic description to the corresponding Levi-Civita
connection and its curvature, the Riemann tensor. Their construction is a special case of correlator
connection. More precisely, the random function w defines a Gaussian random section dw of T M.
The induced metrics on T'M and T™* M are the metrics associated to the correlator of this random sec-
tion. Moreover, the correlator connection coincides with the Levi-Civita connection of the correlator
metric.

Section 3 contains the main result of this paper. Here we assume that both M and E are oriented,
and the rank of F is even and not greater than the dimension of M. Given a nondegenerate Gaussian
ensemble of smooth sections of 2 we obtain as we know a metric and a connection V on E. The
Chern-Weil construction associates to this connection an Euler form e(E,V) € Q"(M). This form is
closed and, as the name suggests, its cohomology class is the Euler class of E (with real coefficients),
We refer to[11, Chap.8] for more details.

If w is a smooth section of E transversal to the zero section, then its zero set Z,, is a compact,
codimension r-submanifold of M equipped with a canonical orientation. As such it defines a closed
integration current [Z,,] of dimension (m — r) whose cohomology class is independent of of the
choice of transversal section «. This means that if u, v are two sections of F transversal to the zero
section, then for any closed form n € Q™" (M) we have

L=l

The classical Gauss-Bonnet-Chern theorem gives a geometric description of the cohomology class of
the zero-set current [Z,,]; see cite[Sec. 8.3.2]N1. More precisely, it states that

/ 17:/ nANe(E, V), Yne Q™ " (M), dn=0. (1.3)
” M

Suppose now that the Gaussian ensemble of sections is transversal, i.e., a random section u of this
ensemble is a.s. transversal to the zero section. (In Remark 3.3 we describe several conditions on the
ensemble guaranteeing transversality.) In Theorem 3.4 we prove a stochastic Gauss-Bonnet formula
stating that the expectation of the random current [Z,,] is equal to the current defined by the Euler
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form e(E, V), ie.,
E </ 77> = / nAe(E,V), Vne Q" "(M). (1.4)
Zu M

Let us point out that the cohomological formula (1.3) is a consequence of the above equality. How-
ever, the stochastic formula is stronger than the cohomological one because the Euler class of E could
be zero yet there exist metric connections on 2 whose associated Euler forms are nonzero.

We prove the stochastic formula (1.4) result by reducing it to the the Kac-Rice formula [2, Thm.
6.1] using a bit of differential geometry and certain Gaussian computations we borrowed from [1].
For the reader’s convenience we have included in Appendix B a brief survey of these facts.

In our earlier work [14] we proved a special case of this stochastic Gauss-Bonnet formula for
nondegenerate Gausian ensembles of finite type. These are automatically the proof. The proof in [14]
is differential geometric in nature and does not extend to the general situation discussed in the present
paper.

In [13] we used related probabilistic techniques to prove a cohomological Gauss-Bonnet-Chern
formula of the type (1.3) in the special case when &2 = T'M, and the connection V is the Levi-Civita
connection of a metric on T'M. Still in the case £ = T'M, one can used rather different probablistic
ideas (Malliavin calculus) to prove the cohomological Gauss-Bonnet; the case when V is the Levi-
Civita connection of a metric on M was investigated by E. Hsu [8], while the case of a general metric
connection on T'M was recently investigated by H. Zhao [16].

2. THE DIFFERENTIAL GEOMETRY OF CORRELATORS

A correlator on a real vector bundle £ — M naturally induces additional geometric structures on
E. More precisely, we will show that it induces a metric on E together with a connection compatible
with it.

Before we proceed to describing the geometric structures naturally associated to a correlator we
want to present a few circumstances that lead to correlators.

Example 2.1. (a) Suppose that M is a properly embedded submanifold of the Euclidean space U.
Then the inner product (—, —)y on U induces a correlator C' € C*°(T*M X T* M) defined by the
equalities
Coy(X,)Y)= (X, Yy, Ve,ye M, XecT MCU, YeT,MCU.
(b) For any real vector space U and any smooth manifold M we denote by U ,, the trivial vector
bundle over M with fiber U
U M = UxM— M.

Suppose that U is a real, finite dimensional Euclidean space with inner product (—, —). We denote
by (—, —* the induced inner product on U*. Suppose that 2 — M is a smooth real vector bundle

over M and
P:U—FE

is a fiberwise surjective bundle morphism. In other words, F is a quotient bundle of a trivial real
metric vector bundle. This induces an injective bundle morphism

P*: E* = Uy,
Hence E* is a subbundle of a trivial metric real vector bundle.

For any € M and any u* € E, we obtain a vector Pju* € U, = the fiber of U, atx € M.
This allows us to define a correlator C' € C*°(E X E) given by

Coy o (U], u3) = (P;lfuf{, Pmu;), Ve, € M, u; € B, i=1,2.
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(c) Suppose that (2, F, P) is a probability space and
f:QxM =R, (w,x)— fo(x),
is a Gaussian random function on M such that the sample functions f,, : M — R are almost surely
(a.s.) smooth. Assume for simplicity that
Ep(fs(x))=0, Va € M.
We define C' € C°(T*M K T*M) as follows: if ,y € M and X,Y are smooth vector fields on
M, then
Cw,y(Xwa Yy) = EIP’(Xf(m) Y f(u) )
This is clearly a symmetric section. Note also that Cy, 5 : Tz M x T, M — R can be identified with
the covariance form of the gaussian vector

Qowe—df,(x) € THM.

We see that C'is a correlator on 7% M if and only if the Gaussian random vector df (x) is nondegen-
erate for any © € M. a

Remark 2.2. We want to point out the construction in Example 2.1 (a) is a special case of both (b) and
(c). The correlator in (c) is obviously stochastic. The proof of Lemma 1.7 shows that the correlators
defined in (a) and (b) are also stochastic. O

Observe that, by definition, a correlator C' € C°°(FE X F) induces a metric on E* and thus, by
duality, a metric on E. We will denote both these metric by (—, —) g« ¢ and respectively (—, —) g c.
When no confusion is possible will will drop the subscript £ or E* from the notation. To simplify
the presentation we adhere to the following conventions.

(i) We will use the Latin letters ¢, j, k to denote indices in the range 1,...,m = dim M.
(ii)) We will use Greek letters «, 3, v to denote indices in the range 1, ...,r = rank (E).

Using the metric duality we obtain an induced correlator CT on E* defined by bilinear forms
Cl,:Exx By >R

If (eq) is a local frame of E defined over an open coordinated neighborhood O with coordinates
(x*), and (e®) is the dual frame of E* defined over the same neighborhood, then the correlator C'is
described by the matrices

Coy = (C*P(2,y))
We denote by C'(z) the matrix
C(z) =Chp = (C’O"B(x,x))

| <a,B<r C*P(z,y) = Cry(e®(x),’(y)), ,y€0.

1<a,B<r"
The isomorphism D, : E, — E’ induced by the metric (—, —)g ¢,
<D$u,v> = (u,v)gc, Yu,v € By,

is described in the bases (e, ()) and (e”(z)) by the inverse matrix

Coa = (Cap(®)) 2o per D Cap(x)C7(2,7) = 6.
B

More precisely,
D:Jcea(x) = Z Cﬁa(x)eﬁ(x)'
B
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Note that
Cly(€a(®),e5(y)) = Cuy(Daeal®), Dyes(y))
= Cora@)C” (2,y)Cars(y).
a/,ﬁl
Taking into account that C, , is a symmetric matrix we can rewrite the above equality in a more
compact form

Cl, = CpaCayCyl.
In particular
Cl,=Cua
Using the metric (—, —)¢ we can identify Cy, , € E, ® E, with an element of
Tyy € Ex @ Ej, = Hom(Ey, Ey).

We will refer to T}, ,, as the tunneling map associated to the correlator C. If (e, (x) )1<a<r is a local,
(=, —)c-orthonormal frame, then we have

Cop(z,2) = dop = Caﬂ(x,:c),

Cm,y = Z Ca”@(wv y)ea(x) ® eﬁ(y)7
a,B
and

Ty = Z/; C*P(2,y)ea(z) @ Dyesly) = %: C*P(2,9)Cy5(y)ealr) ® € (y)
o, o, P,y

=Y C*(a,y)Cs(y)ealr) @ € (y) = > C*F(x,y)ea(x) ® es(y).
a,Byy a,B,y
We can write this

ch,y - Cx,y-

Note that Ty o, = 1, . If we denote by T;; ,, € Hom(Ey, E) the adjoint of T, ,, with respect to the
metric (—, —) g, then the symmetry of C' implies that

. k
Tyxw =Ty,

We recall that for any vector space V' and any smooth manifold X we denote by V y the trivial bundle
VxX—X.

Lemma 2.3. Fix a point p, € M and local coordinates (x%)1<;<, in a neighborhood O of py in M.
Suppose that

e(z) = (ea(z))1<a<r

is a local (—, —)c-orthononomal frame of E|9 which we regard as an isomorphism of metric bundles
Rb — Elo.
We obtain a smooth map
T(e): 0 x 0 — Hom(R"), (z,y) = T(€)sy = e(z) ' Trye(y).
Then for any i = 1, ..., m the operator
OpiT(€)ayle=y : Ry = Ry,

is skew-symmetric.
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Proof. We identify O x O with an open neighborhood of (0,0) € R x R with coordinates (z%,y7).
Introduce new coordinates
2 :a:i—yi, s/ :acj—l-yj,
so that
Opi = 0, + Ogi.
We view the map 7T'(e) as depending on the variables z, s. Note that

T(Q)O,s = :H-a T(Q)—z,s = T(Q)* \V/Z, S.

We deduce that
9T (€e)lo,s = 0T (e)o,s = 0,
9, T(e)|o,s = 0.:T(€)lo,s + Iz T(e)lo,s = 0. T(€)]o,s
(0,:T(e)l0.s)" = 0uT(e)*los = =0T (€)0.s + 0T (e)]o.s = —0piT(€)los

O

Given a coordinate neighborhood with coordinates (z%) and a local isomorphism of metric vector
bundles (local orthonormal frame)
e: R@ — E’o
as above, we define skew-symmetric endomorphisms
Fi(e) : Ry = Ry, i=1,..., m=dimM, Ti(e)y = —0,Tsylo=y- (2.1)
We obtain a 1-form with mattix coefficients

P(e) = > Ti(e)dy"

The operator
Vé=d+T(e) (2.2)

is then a connection on Ry compatible with the metric natural metric on this trivial bundle. The
isomorphism e induces a metric connection e, V€ on E|¢.

Suppose that f : Ry — E|o is another orthonormal frame of Ej related to e via a transition map

g:0—=0(r), f=e-yg.
Then
T(.f)oc,y = g_l(qj)T(Q)x,yg(y)‘

We denote by d, the differential with respect to the = variable. We deduce
F(f)y = _dzT(f)z,yLr:y

: T(Q)y,y -9(y) — g_l(y) ( da:T(Q):B,y) |m:y9(y)
=1

= —(duog ' (2)),,

dlg)=—-g"'-dg-g7"
=9 ' (Wdg(W)g~ ) - 9(w) + 97 W)T(e)yg(y) = 9(y)'dg(y) + 97 (W)T(e)yg(v)-
Thus
I'(e-g) =g 'dg+g 'T(e)yg.
This shows that for any local orthonormal frames e, i of E|¢ we have
e Ve=f Vi

We have thus proved the following result.
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Proposition 2.4. If E — M is a smooth real vector bundle, then any correlator C' on M induces a
canonical metric (—, —)c on E and a connection VY compatible with this metric. More explicitly,
if O C M is an coordinate neighborhood on M and e : Ry — E|q is an orthogonal trivialization ,
then YV is described by

Ve =d+) Ti(e)ds',
i
where the skew-symmetric v x r-matrix I';(e) is given by (2.1). a

Remark 2.5. (a) In [14] we have shown that any pair metric on E + connection on E' compatible
with the metric is determined by the correlator of a finite type Gaussian ensemble of smooth sections
of E.

(b) In the special case described in Example 2.1, the connection associated to the corresponding
correlator coincides with the Levi-Civita connection of the metric induced by the correlator.

The metric and the connection associated to the correlator described in Example 2.1(c) where
discussed in great detail by Adler and Taylor, [1, §12.2]. In this case the connection determined by
the correlator coincides with the Levi-Civita connection of the metric determined by the correlator.

(c) Suppose that we fix local coordinates (x?) near a point p, such that z*(p,) = 0. We denote by
P, o the parallel transport of V¢ from 0 to X along the line segment from 0 to 2. Then

Poo = 1g, = To,0, 04iProle=0 = —T'i(0) = 0y ¢Ti,0lz=0-

We see that the tunneling map T, o is a first order approximation at O of the parallel transport map
P, o of the connection ve. O

For later use, we want to give a more explicit description of the curvature of the connection V< in
the special case when the correlator C' stochastic and thus it is the covariance density of a nondegen-
erate Gaussian ensemble of smooth sections of F.

Proposition 2.6. Suppose that C'is a stochastic correlator on E defined by the nondegenerate Gauss-

ian ensemble smooth random sections of E. Denote by u a random section in this ensemble. Fix a

point py, local coordinates (x*) on M near py such that z*(py) = 0 Vi, and a local (—,—)c-

orthonormal frame ( eq(x) )1 <o<r Of B in a neighborhood of py which is is synchronous at py,
Vcea\po =0, Va.

Denote by F the curvature of V°,

F =) Fyj(x)da' Ada?, Fy(z) € End(Ep,).
tj

Then F;;(0) is the endomorphism of Ep, which in the frame e (p) is described by the v x r matrix
with entries

Fopi;(0) := E(amiua(az)aﬂu5(:c))|x:0 — E((’“)mjua(a:)axiuB(m))h:o, 1<a,86<r, (2.3)
where uy(x) is the random function

ua(z) = (u(z), eq(w) )C.

Proof. The random section u has the local description

U= ua(r)eq(z).
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Then T'(x,y) is a linear map £, — E, given by the r x r matrix
T(z,y) = (Tap(,9) ) cp g Tap(®:y) = E(ua(@)us(y) ).

The coefficients of the connection 1-formI' = ) I';dx' are endomorphisms of £, given by r x
matrices

Fl(x) - (Faﬁh(m) )lga,ﬁgr'
More precisely, we have
Logii(®) = —E(Opiua(x)ug(z)). (2.4)
Because the frame (e (z) ) is synchronous at z = 0 we deduce that, ar py, we have I';(0) = 0 and
= Fij(w)da’ Ada? € Bnd(Ep,) ® ATy M, Fij = 0,:T5(pg) — 0,Ti(po)-
1<j

The coefficients Fj;(x) are r x 7 matrices with entries Fi,5);;(), 1 < a, 8 < r. Moreover
Fa6|ij(0) = amj Faﬂ\j (O) - 8wﬂra5|z(0)

D 0 B(0yitta(2)up () Y |amo — Dyi B ( Oy tta()us(x) ) oo

= E(9,ua(2)ug(x) ) lo=o + E(9yitua(2)dyius(z) ) la=0
~E(8}:,ua()us(@) ) |lo=0 — B(Opua(2)0yius(2) ) lomo

= E(0,iua(2)0,5us(x) )|a=0 — E( 0pita(2)04ius(x) ) |s=0.
g

Remark 2.7. When C' is the stochastic correlator defined in Example 2.1, Proposition 2.6 specializes
to Gauss’ Theorema Egregium. O

Corollary 2.8. Suppose that u is a nondegenerate, Gaussian smooth random section of E with co-
variance density C € C*°(E K E). Denote by (—, —)c and respectively VC the metric and respec-
tively the connection on E defined by C. Then for any p, € M the random variables u(p,) and
VCu(p,) are independent.

Proof. We continue to use the same notations as in the proof of Proposition 2.6. Observe first that
(u(po), Vu(py) ) € Ep, ® Ep, @ Ty M,

is a Gaussian random vector. The section w has the local description
= ua(w)es(x)
B

Then

g iU, (0

and

0=Togi(x) & ~E(0,1ua(0)us(0)).

Since (ug(0), 0,iuq(0) ) is a Gaussian vector, we deduce that the random variables ug(0), 0,.iuq (0)
are independent. O
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Remark 2.9. The local definition of the connection coefficients I'; shows that the above independence
result is a special case of a well known fact in the theory of Gaussian random vectors: if X, Y are
finite dimensional Gaussian vectors such that the dirrect sum X @ Y is also Gaussian, then for a
certain deterministic linear operator A the random vector X — AY is independent of Y'; see e.g. [2,
Prop. 1.2]. More precisely this happens when

A=cov(X,Y) cov(Y) L.

Corollary 2.8 follows from this fact applied in the special case X = du(0) and Y = u(0).
If we use local coordinates (') and a local orthonormal frame (e, ) in a neighborhood O, then we
can view O as an open subset R and w as a map

u:O0—=R".

as such, it has a differential du(z) at any x € O. The formula (2.4) defining the coefficients of the
correlator connection V¢ and the classical regression formula [2, Prop.1.2] yield the following a.s.
equality: for any point x € O we have

VOu(z) = du(z) — E(du(z) | u(z)). (2.5)

Above, the notation E( var | cond ) stands for the conditional expectation of the variable var given
the conditions cond. The above equality implies immediately that the random vectors du(x) and
u(x) are independent. O

3. KAC-RICE IMPLIES GAUSS-BONNET-CHERN

In this section we will prove a refined Gauss-Bonnet equality involving a nondegenerate Gauss-
ian ensembles of smooth sections of E satisfying certain ampleness condition. We will make the
following additional assumption.

o The manifold M is oriented.

e The bundle E are oriented and its rank is even, r = 2h.
o r <m=dimM.

3.1. The setup. We denote by (M) the space of k-dimensional currents, i.e., the space of linear
maps Q¥ (M) — R which are continuous with respect to the natural locally convect topology on the
space of smooth k-forms on M. If C' is a k-current and k is a smooth k-form, we denote by (n, C)
the value of C at 7.

Suppose that we are given a metric on £ and a connection V compatible with the metric. Observe
that if w : M — FE is a smooth section of E transversal to the zero section, then its zero set Z,, is a
smooth codimension 7 submanifold of M and there is a canonical adjunction isomorphism

(s P TZuM — E‘Zu,

where Tz, M = T M|z, /T Z,, is the normal bundle of Z,, <— M. For more details about this map we
refer to [14, Sec. 2]. From the orientability of M and E and from the adjunction induced isomorphism

,11]\4’2u = E’Zu e TZ,
we deduce that Z,, is equipped with a natural orientation uniquely determined by the equalities

(re22)

or(TM|z,) = or(E|z,) Nor(TZ,) or(TZ,) Nor(E|z,).

Thus the zero set Z,, with this induced orientation defines an integration current [Z,,] € Q. (M)

Q" (M) 3 0 (0, [ Zal) = / "
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To a metric (—, —) on E and a connection V compatible with the metric we can associate a closed
form

e(E,V) € Q"(M).

Its construction involves the concept of Pfaffian discussed in great detail in Appendix B and it goes
as follows.
Denote by F' the curvature of V and set

1
(2m)"

e(E,V) = Pf(—F) e Q" (M),

where the Pfaffian Pf(—F") has the following local description. Fix a positively oriented, local or-
thonormal frame e;(z),...,e,(z) of E defined on some open coordinate neighborhood O of M.
Then F|o is described by a skew-symmetric 7 X r matrix (F3)1<q,g<r, Where

F,p5 € Q*(0), Va,p.

If we denote by 8, the group of permutations of {1,...,r = 2h}, then

1
Pf(—F) = ST > €0V Foroy A+ A Py, oy, € PM(0), (3.1)

g 687‘
where ¢(o) denotes the signature of the permutation o € §,..

Remark 3.1. The  x r-matrix (F,,3) depends on the choice of positively oriented local orthonormal
frame (e, (x)). However, the Pfaffian Pf(—F) is a degree r-form on O rhat is independent of the
choice of positively oriented local orthonormal frame. O

As explained in [11, Chap.8], the degree 2h-form e(E, V) is closed and it is called the Euler form
of the connection E. Moreover, its DeRham cohomology class is independent of the choice of the
metric connection V. The Euler form defines an (m — r)-dimensional current

e(E, V) € Qp_ (M), Q" " (M) 35— (n,e(E,V)):= / nAe(E,V).
M
Definition 3.2. We say that a Gaussian ensemble of smooth sections of E is transversal if a random
section in this ensemble is a.s. transversal to the zero section of E. O

Remark 3.3. (a) As explained in [14, Lemma 2.2], any finite type nondegenerate Gaussian ensemble
of smooth sections of E is transversal.

(b) If m = dim M = rank F' = r, then [2, Prop. 6.5] shows that any Gaussian ensemble of smooth
sections of E is ample.

(c) Consider a nondegenerate Gaussian ensemble of smooth sections of E with associated correlator
C. Denote by u a random section in this ensemble. In [2, Prop. 6.12] it is shown that a sufficient
condition for the transverselity of the ensemble is the requirement that for any € M the Gaussian
random vector VCu(z) € E, ® T M is nondegenerate.

(d) We are inclined to believe that any nondegenerate Gaussian ensemble of smooth sections is
transversal, but at this moment we do not have a proof for this claim. O
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3.2. A stochastic Gauss-Bonnet-Chern theorem. We can now state the main theorem of this paper.

Theorem 3.4 (Stochastic Gauss-Bonnet-Chern). Assume that the manifold M is oriented, the bundle
E is oriented and has even rank r = 2h < m = dim M. Fix a transversal, nondegenerate Gaussian
ensemble of smooth sections of E.. Denote by u a random section of this ensemble, by C the correlator
of this Gaussian ensemble, by (—, —) ¢ the metric on E induced by C and by V the connection on E
determined by this corellator. Then the expectation of the random (m — r)-dimensional current [Z,,]
is equal to the current e(E, V)T, ie.,

E((n.1Z])) = /Mm e(E,V), Ve Qmr(M) (32)

Proof. The linearity in 1 of (3.2) shows that it suffices to prove this equality in the special case when

71 is compactly supported on an coordinate neighborhood O of a point p, € M. Fix coordinates

x',..., 2™ on O with the following properties.

' (py) =0,Vi=1,...,m.
e The orientation of M along O is given by the top degree form wq := dx' A --- A dz™.

Invoking again the linearity in 7 of (3.2) we deduce that it suffices to prove it in the special case
when 7 has the form
n=mnodx™ I A~ Adx™, ng € C§°(0O).

In other words we have to prove the equality
E({nodz™ ™ A+ ANda™,[Zy])) = / nodx™ A Ada™ A e(E, V), Vng € CP(0). (3.3)
0

For any subset
IZ{il < - <ik} C {1,...,m}
we write
det = da™ Ao A dat
We set
Iy:={1,....,r}, Jo={r+1,...,m}.
We can rewrite (3.3) in the more compact form

E( < nﬂdeOa [Zu] >) = /OUOdT]O A 6(E7 V)’ VUO € Cgo(o) (34)

Fix a local, positively oriented, —(, —)c-orthonormal frame (e ())1<a<r of E|o. The restriction
to O of the curvature F' of V is then a skew-symmetric 7 X r-matrix

F = (Faﬁ)lga,ﬁgm Faﬁ € QQ(O), Va,ﬁ.
Each of the 2-forms F;,3 admits a unique decomposition
1<i<j<m
For each subset I C {1,...m} we write
Fly=">" Fagida’ Ada? € Q%(0).
i<j
i,5€l

We denote by F! the skew-symmetric r x 7 matrix with entries F, O{ 5
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The degree r-form Pf(—F") admits a canonical decomposition
Pf(—F)= Y Pf(-F')=> pf(-F);dz', pf(—F); € C>(0).
|IT|=r |I|=r

The equality (3.4) is then equivalent to the equality
Jo 1 e’}
E((nodz”,[Zy))) = @ /s no Pf(—F) ,wo, Yno € C5°(0), (3.5)

where we recall that wg = dx! A --- A dz™. To prove the above equality we will use the following
two-step strategy.

Step 1. Invoke the Kac-Rice formula to express the left-hand side of (3.5) as an integral over O

E((nde™,[Z,])) = /O no(@)p(z)wo,

where p(x) is a certain smooth function on O.

Step 2. Use the Gaussian computations in Appendix B to show that
p(z) = pf(—F)p,(x), Yo eO.

Let us know implement this strategy. We view O as an open neighborhood of the origin in R™
equipped with the canonical Euclidean metric and the orientation given by wg . Denote by Fj the fiber
of E over the origin. Using the oriented, orthonormal local frame (e,,) we can view the restriction to
O of the random section u as Gaussian smooth random map

u:0—=E =R, v~ (ua(x))lgagra

where again R" is equipped with the canonical Euclidean metric and orientation given by the volume
form

wg =dui A - A duy.
The fact that the frame (e, () ) is orthonormal with respect to the metric (—, —)¢ implies that for
any € O the probability distribution of random vector u(x) is the standard Gaussian measure on
the Euclidean space R". We denote by py,(,) the probability density of this vector so that

1

1y
Puto) (1) = e 2" (3.6)
where | — | denotes the canonical Euclidean norm on R".

The zero set Z,, is a.s. a submanifold of U and as such it is equipped with an Euclidean metric and
an induced volume density |dV7z,|.
Recall thatif 7' : U — V is a linear map between two Euclidean spaces such that dim U > dim V/,

then its Jacobian is the scalar
Jacy = /det(TT*).
We define the Jacobian at x € O of a smooth map F': O — Ej to be the scalar

Jp(z) = Jacgp(y) = \/det dF (z)dF (z)*,
where dF'(z) : R™ — Ej is the differential dF'(z) of F' at x. We set
T := Hom(R™, Ey),

so that have a Gaussian random map

du:0 =T, x+— du(x).
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This random map is a.s. smooth and the random map
0= EyxT, v (u(z),du(z)),

is also a Gaussian random map. Suppose that g : T — R is a bounded continuous function. We then
have the following Kac-Rice formula, [2, Thm. 6.10].

Theorem 3.5 (Kac-Rice). Let g : T — R be a bounded continuous function. Then, for any \g €
Co(0), the random variable

u Mo(z)g( du(z))|dVz, ()|
Zu
is integrable and

B ( / u )\g(x)g(du(x))]dvzu(x)\> _ /@ No(@)w(@)wo(x), Yo € Co(O), (3.7a)

w(w) = B Ju(@)g(du(z)) | u(z) = 0 )puc (0)

3.7b)
@6 1 B (

) LBt ke ).

In particular the function x — \o(x)p(x) is also integrable. -

The above equality extends to more general g’s.

Definition 3.6. We say that a bounded measurable function g : T — R is admissible if there exists a
sequence of bounded continuous functions with the following properties.

(i) The sequence g,, converges a.e. to g.
(i) sup,, ||gnllree < 0.

Lemma 3.7. Theorem 3.5 continues to hold if g is an admissible function T — R.

Proof. Fix an admissible function g : W — R and a sequence of bounded measurable functions
gn : W — R satisfying the conditions in Definition 3.6. Set

K :=sup ||gn|| -
n

Then

[ Mg (auta)ava, @ | < K [ pote)lavz, o),
The random variable ’ ‘

ws K/Z Mo(@)||dVz, ()]

is integrable according the Theorem 3.5 in the special case when ¢ = K and \g = |\g|. The
dominated converge theorem implies that

lim E (/Zu )\O(x)gn(du(:c))\dvzu(:c)|) =F (/Zu )\O(x)g(du(x))dVZu(x)|> .

n—oo

A similar argument shows that

limn — ooE(Ju(x)g(du(x)) | u(z) = 0) = E(Ju(ac)g(du(a:)) | u(z) = 0).
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To apply the above Kac-Rice formula we need to express the integral over Z,, of a form as an
integral of a function with respect to the volume density. More precisely, we seek an equality of the

type
/ dao = / no(@)g( du() )|dVz, ()],
u Zu

for some admissible function g. This is achieved in the following technical result whose proof can be
found in Appendix A.

Lemma 3.8. Suppose that 0 is a regular value of u. Set uy(z) = (u, eq(x) ). Then

deO ‘Zu — AIO (du) 7
Ju
where Jy, : O — R is the Jacobian of w and A, (duw) is the determinant of the r X r matrix 8?;;0
with entries
Ouq .
@, «,) € IO. a
Any linear map 7' € T = Hom(R™, Ej) is represented by an r x m matrix. For any subset J of
{1,...,m} we denote by A ;(T') the determinant of the  x r minor 7’y determined by the columns

indexed by J.
Denote by T* the subset of T consisting of surjective linear maps R™ — Fj. The complement
T\ T* is a negligible subset of T Observe that

T € T*<= Jacy # 0.

Define
A (T)

G:T—-R, g(T)=< Jacr >’ TeT,
0, T W\ W+

Lemma 3.8 shows that that if 0 is a regular value of u, then

/ noda”o = /Z 10(2) G (du(@))|dVz, (2)], Vo € Co(0).

Lemma 3.9. The measurable function G : T — R is admissible.

Proof. We first prove that & is bounded on T*. This follows from the classical identity
Jackh = Z Ay (T)>.

[J|=r
This proves that
NG
Jacy |~ 7
Now define
A (T)

Gn(T) = VT € T.

\/n2 + Jack

Observe that G, (T') ,* G(T') on T* as n — oo and

sup ||Gp ||z < 1.
n



18 LIVIU 1. NICOLAESCU
‘We deduce that

E<<770(x)da:‘]0 Z4])= E </ no(x)G(du(x))]dVZu(x)\>

u

h/ono E Ju(x)G(du(z ‘u O)wo

h/no E A[O(d’u, ‘u O)WO.
0
=:p(z)
We have thus proved the equality
1
E da’’ | 12 :/ Vi € C5°(0). 3.8
<<770(l’) 7 u])) G op(ﬁf)wo, mo € C5°(0) (3.3)

The density p(z) in the right-hand-side of the above equality could appriori depend on the choice of
the (—, —)c- 8” . On the other
hand, the left-hand-side of the equality (3.8) is plainly frame independent. This shows that the density
p is also frame independent. To prove (3.5) and thus Theorem 3.4 it suffices to show that

(A[O(du (u _o)_pf( F),(z), Yz eo. (3.9)

We will prove the above equality for x = 0. Both sides are frame invariant and thus we are free to
choose the frame (e, (x) ) as we please. We assume that it is synchronous at z = 0, i.e.,
Ve, (0), Va.

Then VEu(0) = du(0). Corollary 2.8 now implies that the Gaussian vectors du(0) and w(0) are
independent. Hence

B( 8, (du(0)) | u(r) =0) = B( A, (du(0)) ),

and thus we have to prove that

E(Ap(du(0)) ) = pf(~F) s (0). (3.10)
The random variable Ap, ( du(0) ) is the determinant of the r x r Gaussian matrix S := 8‘1’}0 with
entries
Sai := 04iun(0), 1< a,i<r.
Its statistics are determined by the covariances
Koigi = E(S4iSs;) = E(0,i1a(0)0,ius(0) ).
As in Appendix B we consider the (2, 2)-double form
BEx = Z Eopijv” AP @ vt AvT e AB2VE
a<fB,i<j
where
Eaglij = (Kaijg; — Kajipi ), V1<a,B<r, 1<i,je€l.
Then )
(B.10) =
E(Ajo(du(O))> =Y g, (3.11)

Now observe that (2.3) implies that
0plij(0) =V1<a,B<r 1<i,j€ .

o
=)
e

aBlij =
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We deduce that

B.2 . .
EK = QfFIO(O) (:) Z Fam”dua A d'U;B & dx’ N dx?

a<f, i<j,
i,j€Io

Using (B.6) and (B.9) we deduce

1
Pf(—F10),_o = pf(—F),(0) dz’o = —(tr QM >dm10

hl —F(0)
1 .
= (tr AL ) dzl “2) g < Apy (du(0)) )d:z:lo.
This proves (3.10) and thus completes the proof of Theorem 3.4. O

Remark 3.10. When the rank of E odd, the Euler class with real coefficients is trivial. In this case if
u is a section of I transversal to the zero section, then we have the equality of currents

[Z-u] = —[Zu].
If w is a random section of a smooth, ample Gaussian ensemble, then the above equality implies
E([Z4)) = 0. 0

APPENDIX A. PROOFS OF VARIOUS TECHNICAL RESULTS

Proof of Proposition 1.1. Following Fernique [5] we say that a topological space X is standard if it
admits a continuous bijection f : P — X, where P is a Polish space, i.e., complete, separable metric
space. (L. Schwartz [15] refers to Fernique’s standard spaces as Lusin spaces.)

(i) Since M is compact, the space C°*°(E) is a Fréchet-Montel space. Using [5, Thm.L.5.1] we
deduce that C~°°(E) with the strong topology is a standard space. The claim now follows from [5,
Thm.I.2.5].

(i1) This follows from [5, Thm. 1.3.2] or [15, Thm.9, p.122].

(iii) The space C*°(E) with its natural topology is a separable Fréchet space. It is thus standard
according to [5, Thm. 1.5.1]. Thus any Borel subset B of C°°(E) is a standard space with the induced
topology. The inclusion

i:C®(F)— C >(F)
is continuous with respect to the weak topology on C~°°(E). Since C'~°°(F) with the weak topology
is standard, we deduce from [5, Thm. Prop. 1.2.2 (b)] that the image i(B) is a standard subspace of
C~°°(E) with the weak topology. We can now invoke [5, Thm. Prop. 1.2.2 (a)] to conclude that i(B)
is a weak Borel subset of C~°°(E). From part(i) we deduce that i(B) is also a strong Borel subset of
C~>(E). O

Proof of Proposition 1.4. Fix a metric g on M, a metric and a compatible connection on E. For each
nonnegative integer k¥ we can define the Sobolev spaces J{;, consisting of L?-sections of E whose
generalized derivatives up to order k are L>-sections. We have a decreasing sequence of Hilbert
spaces

FHoDdDH; D

whose intersection is C°°(E). The natural locally convex topology on C'*°(FE) is then the projective
limit of this family of Hilbert spaces. For k£ > 0 we denote by J{_}, the topological dual of I}, so that
we have a decreasing family of Hilbert spaces

e CHy CHoCH g C -
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The union of this family of spaces is C~°°(F), and the strong topology on C'—oo(FE) is the locally
convex inductive limit of this family. Arguing as in the proof of Proposition 1.1 we deduce that each
of the subsets Hy, C C~°(E), k € Z, is a Borel subset. Using Minlos’s theorem [9, Sec. 4, Thm. 2]
we deduce that if the covariance kernel Cr is smooth then

T(H,) =1, Vk € Z. O

Proof of Proposition 1.5. Fix a Riemann metric g on M. For each? = 1,...,n choose a sequence
(0y,i)v>0 of smooth functions on M supported in a coordinate neighborhood of x; such that

lim 0,,|dVy| = s, = the Dirac measure concentrated at x;.
V—r00

Fix trivializations of F near each «;. Let ¢1,...,t,. Now define
n
O, =Y tiu] @06,4dVy| € C¥(E* @ [Ay]),
i=1
an form the random variable
C™(E) 3 ¢ = Y, =Y.,(p) = Lo, (#).

This is a Gaussian random variable with variance
Ep(Y2) = Kp(®,, 8,) Zt t / oy )8 ()05 (1) AV )V )

Now observe that

lim Y, ( ZtX

vV—00

We deduce that Y;, converges inlaw to > ;" | t; X;. In partlcular, this random variable is Gaussian and
its variance is

Jim BO) = Jim S | ol w8410 () aVs )V, )
= 1it;Co, a; (uf, u).
Z..
This completes the proof of Proposition 1.5. O

Proof of Lemma 3.8. We follow a strategy similar to the one used in the proof of [12, Cor. 2.11].
Fix a point py € Z,,. Now choose local coordinates (tl, ...,t™) on O near py and local coordinates
y',...,y" on Eynear 0 € Ey with the following properties.

e In the (¢, y)-coordinates the map w is given by the linear projection
=t j=1,...,r
e The orientation of Ej is given by dy = dy* A --- A dy".

We set
dt?o = dt" I A oA dE, At = dt A A dE

The coordinates ¢/ can be used as local coordinates on Z,, near po and we assume that dt’o defines
the induced orientation of Z,,. We can then write

wo = podt™ Ndt", wp = ppdy = ppdy' N---Ndy", dVy, = pudt”, (A.1)

where pp, pr and p,, are positive smooth functions on their respective domains.
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In the t-coordinates we have

dz’ = \dt’° + other exterior monomials,

. . . J . .
where A is the determinant of the (m — r) X (m — r) matrix ggt”—Jg with entries
i

Zﬁ;a 2W) GL%'

Thus
dz’| 5, = Adt’

We have
de”’ A wwg = — o= Ay (du) = det [ 2% A2
X U W = pwo, Y=Y = Io(u)* € ﬂ . ()
On the other hand,

_ A

Po

dz?’ A w*wg = ppdz’® A dth°

Using this in (A.2) we deduce
Po

(A4)
Now observe that along Z,, we have

® (A1) @ Jo (A4) APEPu ;. 70 PEPu ; o0

L vy, dlo V& 2LEPu g0 PEPu g, 10
Ju Ju Pu Jupo Jupo ‘
On the other hand, [12, Lemma 1.2] shows that % = 1 which proves that

(A2) A, (du)

dz”’, = 24 i ‘
T |z, A V., 7.

APPENDIX B. PFAFFIANS AND GAUSSIAN COMPUTATIONS

We collect here a few facts about Pfaffians need in the main body of the paper.

Fix a positive even integer r = 2h > 0. Given a commutative R-algebra A we denote by Skew,.(A)
the space of skew-symmetric r X r-matrices with entries in A. The Pfaffian of a matrix F' € Skew,.(A)
is a certain universal homogeneous polynomial of degree A = r /2 in the entries of F'. More precisely,
if we denote by 8, the group of permutations of {1,...,r = 2h}, then

(-1)"
Pf(F) = 2hh)' Z €(0)Fsyon - Fyyp 10y €A, (B.1)
’ TES,

where ¢(o) denotes the signature of the permutation o € §,.. The Pfaffian can be given an equivalent
alternate description.

Fix an oriented real, r-dimensional Euclidean space E and an oriented orthonormal basis ey, . . ., e,
in V. Denote by el,...,e" the dual basis of VV* and consider the A-valued 2-form
0L — _ Z F®e*Ael € Ao A2E", (B.2)
1<a<p
then the Pfaffian of F' is uniquely determined by the equality, [11, Sec. 2.2.4],

1

1 ro__
PE(F)e' AN =

QBN € A A?ME™. (B.3)
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We are interested only in a certain special case when
2k
A = ACveny*r — @ A V*,
2k<m

where V' is a real Euclidean space of dimension m > r and F5 € A2V* V1 < a, 8 < r. In this
case Pf(F) € A"V and has the following alternate description.

Fix an orthonormal basis {v1,...,vy) of V. For1 < aj,as <rand1 < jj,jo < m we set
E

Fa1a2|j1j2 = Fii, ('Ujl ) sz)' (B.4)

Denote by 8! the subset of 8, consisting of permutations (o1, . . ., 0g;) such that
01 <09, 03 <04y ..., O2p—1 < O2}.

Then

(="

Pf(F) (Ul’ T 71}7’) = B! Z E(U@)Falmwlm T FUzh—102h|<.02h—1<P2h' (B.5)
T o8,

For every subset I = {i; < --- < i,} C {1,...,m} we write

oM =oAL A

where {v!,..., v™} is the orthonormal basis of V* dual to {v, ..., v}
Pf(F) =Y pf(F)v".
[I|=r

For and ordered multi index I we denote by V'; the subspace spanned by v;, ¢ € I, and by FO{ 5 the
restriction of F,,gto V', i.e.,

Flg= Y Flgv' Aol € N’V
1<j
i,j5€1
We denote by F! the r x r skew-symmetric matrix with entries (Fé 5)13(1’ g<r. Note that for any
subset I C {1,...,m} of cardinality r we have

pf(F)v! = Pf(F1). (B.6)
This shows that the computation of the Pfaffians reduces to the case when dim V' = r. This is what
we will assume in the remainder of this section. We fix an orthonormal basis vy, ..., v, of V and we
denote by v', ..., v" the dual basis of V*.

To proceed further we need to introduce some more terminology. A double form on the above
Euclidean space V' is, by definition, an element of the vector space

APIV* = APV* @ NV™, p,q € Z>o.
We have an associative product
A APAV* x APHT Yy APt Y
given by
wen AW en) =wAw)e mAn),

forany w € APV*,n e AMV*, ' € APV*, i € ATV*,
Observe that the metric on V' produces an isomorphism

AIV* = End( MV AV,
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and thus we have a well defined trace
tr: AV* >R, Vj=0,1,...,r
Observe that an endomorphism 7" of V' can be identified with the (1, 1) double form
wr = Z Toiv® @', Toi = (Va, Ty
1<a,i<r
We the have the equality
det T = %trwé’“. (B.7)

Let us specialize (B.2) to the case when £ = V and e* = v®. In particular, this implies that V' is
oriented by the volume form

Qu i=v' A A"
If we write

QF:—ZFQ5®vaAv5 (B.3)
a<f

then we observe that O € A>?2V** and that the equality (B.3) can be rewritten in the the more
compact form

1

Pf(F) = H(

tr Q3" ) Qy . (B.9)

As explained in [1, §12.3] the formalism of double forms and Pfaffians makes its appearance in certain
Gaussian computation.
Suppose that S is an random Gaussian endomorphism of V' with entries

Sai = (0, SV v, a,i=1,...,r
centered Gaussian random variables with covariances
Ko = E(SaiSﬁj ), Va,B,1,5=1,...,71.
We regard S as (1, 1) double form
S = Z Saiv® @ v,

a,t

and we get a random (r, r) double form
S/\T e A" V*.

Its expectation can be given a very compact description. Define the (2, 2) double form

[1

K= Z Eoplijv™ A VP @ vt Avl e A2V,
a<fB,i<j
where
Baplij = (Kaigj — Kajlgi), Vo B,i,5.
We then have the following equalities, [1, Lemma 12.3.1],

%E(S”) = %Eﬁ{h, E(detS) = %tr EX (B.10)
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