THE GAUSS-BONNET-CHERN THEOREM: A PROBABILISTIC
PERSPECTIVE

LIVIU I. NICOLAESCU AND NIKHIL SAVALE

ABSTRACT. We prove that the Euler form of a metric connection on a real oriented vector
bundle E over a compact oriented manifold M can be identified, as a current, with the
expectation of the random current defined by the zero-locus of a certain random section
of the bundle. We also explain how to reconstruct probabilistically the metric and the
connection on F from the statistics of random sections of E.
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1. INTRODUCTION

1.1. The Gauss-Bonnet-Chern theorem. We begin by recalling the classical Gauss-Bott-
Chern theorem [5, 13, 20]. Suppose that E — M is a real oriented vector bundle of even rank
r = 2h over the smooth, compact oriented manifold M of dimension m. Fix a metric (—, —)pg
on E and a connection V¥ compatible with the metric. We denote by F¥ the curvature of
the connection V¥ on E. The Euler form of (E,VF) is the closed form

1

(2m)"

e(E,V¥) = Pf(—F") € Q"(M), r=2h, (1.1)
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where Pf denotes the Pfaffian construction, [13, §8.2.4].

More explicitly, if we fix a local, positively oriented orthonormal frame eq,...,e, of E
defined on some open set O C M, then the curvature F¥ is represented by a skew-symmetric
7 X r matrix

PP = (F%)lﬁa,ﬁéh Fop € Qz(o)-

a

If we denote by 8, the group of permutations of {1,...,r = 2h}, then

Pf(—FF) = ﬁ > e0)FE,, N AFE

0102 O2h—102h

€ Q*(0), (1.2)
oES,
where €(0) denotes the signature of the permutation o € §,.

Suppose additionally that we have local coordinates (z!,...,2™) on O. For 1 < ay, s <7
and 1 < j1,j2 < m we set

E E
Foqoc2|j1j2 = Filig (a{zjlﬁax]?)‘ (13)

Denote by 8! the subset of 8, consisting of permutations (o1, ..., 09;,) such that

01 <09, 03< 04y ..., O2p—1 < O2p.
We deduce from (1.2) that
1
E _ E E
PE(=F2) (01,0, 0 ) = h! Z (O G maioron  Foanr0amlpan-19an (1.4)
p,0€8,.

We denote by Q(M) the space of k-dimensional currents on M, i.e., the topological dual of
the space QF(M) of smooth k-forms on M. By definition, we have a pairing

<_7 _> : Qk(M) X Qk(M) - R, (7770) = <77?C>'

The orientation of M defines a natural Poincaré duality map
Q"M 3w Wl € (M), (n,w!) = / nAw, VneQ¥(M).
M

Given w € Q™ *(M) we will refer to w! € Qi (M) as the current determined by the form w.
By duality we obtain a boundary map

0 s Q(M) = Q1 (M), (n,0C) = (dn,C), YC € (M), ne Q*1(M).
A current C is called closed if 9C = 0.

A generic section u of E is transversal to the zero section, w rh 0, and its zero locus is a
smooth submanifold Z,, C M of dimension m — r equipped with a natural orientation. The
integration along this oriented submanifold defines a closed current [Z,] € Q—(M).

The most general version of the Gauss-Bonnet-Chern theorem states that for a generic
section u the (m — r)-dimensional closed currents [Z,] and the Poincaré dual e(F, VF)T are
homologous, i.e.,

Vue C®(E): uh0=[Z,) —e(E,VE) € 00 _r_1(M). (1.5)

In view of DeRham’s theorem [7, §22 Thm. 17’], this is equivalent with the statement

Yu € C(E), um0:><77,[Zu]>:/ A e(E,VE), Wne (M), dn=0.  (1.6)
M
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1.2. Overview of the paper. The first goal of this paper is to provide a probabilistic proof
and a refinement of (1.6). Let us first observe that if u,v are two generic smooth sections of
E, then the corresponding currents are homologous, i.e.,

(Zu] = [Zo] € 0Qm—r—1 (M) <= (1,[Zu]) = (n,[Zo]), ¥n € Q" (M), dn=0.

This shows that if wy,--- ,u, are generic sections of E and pi,...,p, are positive weights
such that p; + --- 4+ p, = 1, then the average

P1[Zw] + -+ P Zu,]

is a closed current homologous to each of the currents [Z,,]. More generally, if P is a
probability measure on C*°(E) such that P-almost surely a section w intersects the zero
section transversally, then the expected current

Ep(2.)) = [2.P(du)
is a current homologous to the current defined by the zero locus of any generic section ug,
ie.
/(n, [Zu]) P(du) = (1, [ Zy,)), Yn e Q™ "(M), dn=0. (1.7)
The first main result of this paper shows that there exist probability measures P on C*°(E)
such that

e a section u € C°(E) is P-almost surely transversal to the zero section, and
e the expected current Ep([Zy]) is equal to the current determined by Euler form

e(E, V) associated to the metric (—, —)g and the connection V¥, i.e.,
(0. Epl(Z) = [ @12)Pu) = [ nne(B.VP), Ve (),
C=(E) M

We will refer to such probability a measure as adapted to the metric and connection on E.

The first step in our program is to produce a large supply of examples of metrics (—, —)g
and compatible connections V¥ for which we can explicitly construct adapted probability
measures P on C°(FE). In the sequel, we will refer to a pair consisting of a metric on a
vector bundle and a connection compatible with it as a (metric,connection)-pair.

Fix a finite dimensional real oriented vector space U equipped with an Euclidean inner

product (—, —)y. We form the trivial real vector bundle

QM =U x M.
Assume that E — M is a an oriented subbundle of rank r of U ;. The metric (—, —)y on U
induces a metric (—, —)g on E. For each @ € M we denote by P, the orthogonal projection
U — E;. The trivial connection d on U ;; induces a connection VE = Pd on E. We will call
special a (metric, connection)-pair ( (—,—)g, VP ) constructed as above, via an embedding

of F/ in a trivial vector bundle equipped with a trivial metric and the trivial connection.
Any u € U defines a section SZ of E given by

SE(x) = Ppu, Va € M.

We thus get a linear map S¥ : U — C®(E), u — S, whose range is the finite dimensional
space

U:={SE; wueU} c C¥(E).
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The metric on U induces a Gaussian probability measure (3.1) on U. Its pushforward by
SF is a Gaussian probability measure ¢ on UcC C>(FE). We can view 7 as a measure on
C*°(E) supported on U.
Theorem 2.1(i) shows that, ygr-almost surely, a section @ € U intersects transversally the
zero section of E. We denote by [Z;] the current of integration defined by zero locus of .
The key integral formula (2.1) in Theorem 2.1 shows that the expectation of the random
current [Zg] is equal to the current determined by e(E, VF), i.e

(1, Bay ((Za]) ) = /ﬁ@?, Zalw(di) = /Mmeua,vE), Vi e QnT(M). (L8

In other words, the Gaussian measure vy is adapted to the pair ((—, —)g, VE).

Obviously the above equality implies (1.6) for special (metric, connection)-pairs on E.
Since the Euler form is gauge invariant, we see that (1.8) is valid if we replace the special
connection V¥ with a connection that is gauge equivalent to it. Here the gauge group is the
group of orientation preserving, metric preserving automorphisms of E. On the other hand,
we have the following result.

Proposition 1.1. Any (metric, connection)-pair (o, V) on an oriented vector bundle E — M
18 gauge equivalent to a special pair.

Proof. The proof is carried out in two steps.

1. The pulback of a special (metric, connection)-pair is a special (metric connection)-pair.
Suppose that (o, V) is a special (metric, connection)-pair on the subbundle F — M of the
trivial bundle U ;.

If X is a smooth manifold and ® : X — M is a smooth map, then we get a bundle ®*FE
with metric ®*o and compatible connection ®*V. The bundle ®*F is a subbundle of the
trivial vector bundle

‘I)*QM =Ux
equipped with a metric h. Then ®*o is the induced metric on ®*E as a subbundle of the
metric bundle Uy and ®*V is the connection induced via orthogonal projection from the
trivial connection on U y.
2. Consider the Grassmannian Gr,f (U) of r-dimensional oriented subspaces of U. Denote
by 7,(U) — Gr,}(U) the associated tautologial oriented vector bundle. A metric h on U
induces a metric @, and a compatible connection V" on T,.(U). The pair (o4, V") is special.

In [12, Thm. 1, 2] Narasimhan and Ramanan have shown that for any smooth, real oriented
vector bundle £ — M and any (metric, connection)-pair (o, V) on M there exists a finite
dimensional Euclidean space (U, h) and a smooth map ® : M — Gr, (U) such that

E=9"T,(U), o=y,

and the connection V is gauge equivalent to ®*V". O

Putting together all of the above we obtain the first main result of this paper.
Theorem 1.2. Suppose that E — M is a smooth real oriented vector bundle of rank r = 2h
over a smooth compact oriented manifold M of dimension m. For any metric o on E and any
connection V on E compatible with o there exists a finite dimensional subspace U cC C>*(E)

and a Gaussian measure y on U such that, v-almost surely, a section o € U is transversal
to the zero section and the expectation of the random zero-locus-cycle

U@ [Zy) € Qmr(M)
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1s equal to the current determined by the Euler form of V. a

Clearly the above result implies the classical Gauss-Bonnet-Chern theorem, but it has a
glaring aesthetic flaw: its formulation includes extrinsic objects, the space U and the Gaussian
measure on it, whose relationships to the geometry of (F, o, V) are shrouded in mystery. They
depend on many rather noncanonical choices: a description of E via local trivializations and
a gluing cocycle and correspondingly, a description of V as a collection of locally defined
so(n)-valued 1-forms. The dependence of U on these choices is hidden in the details of the
proofs of [12, Thm. 1,2].

The second goal of the paper is to adAdress this issue and describe more canonical and
explicit descriptions for the sample space U with the properties in Theorem 1.2. To formulate
our second main result we need to describe an alternate way of producing special (metric,
connection)-pairs.

Suppose that U — C*°(F) is a finite dimensional space of sections of E large enough so
that it satisfies the ampleness condition

span{u(z); we U } = E,, Vo € M. (1.9)
In particular, for any € M the evaluation map
evg:U — Ep, ur—evgu:=u(x)

is onto, so that its dual ev}, : E} — U™ is one-to-one. Thus, the dual bundle E* is naturally
a subbundle of U},

If we fix an inner product (—,—)y on U, then we can identify U with U* and we can
view E as a subbundle of the trivial bundle U ,,. Observe that fixing an Euclidean metric
on U is equivalent with fixing a nondegenerate Gaussian probability measure vy on U.
This discussion shows that to any nondegenerate Gaussian probability measure on an ample
subspace U C C*™°(FE) we can cannonically associate a special (metric, connection)-pair on
E.

We define a sample subspace of C*°(E) to be a pair (U, ), where U C C*°(E) is an ample
finite dimensional subspace and ~ is a nondegenerate Gaussian measure on U. The space U is
called the support of the sample space. Thus, to any sample subspace (U, ) of C*°(E) we can
associate a special (metric, connection)-pair on E. Theorem 2.1 shows that the expectation
of the random current defined by the zero-locus of a random u € U is equal to the current
determined by the Euler form of the associated special (metric, connection)-pair.

In Theorem 3.1 we show that any (metric, connection)-pair (g, V°) on E can be approx-
imated by special (metric,connection)-pairs associated to sample subspaces canonically and
explicitly determined by (o, V?).

More precisely, in Theorem 3.1 we produce explicitly a family of sample spaces (Ug, Ve )e>0
with associated special (metric,connection)-pairs (o, V¢) satisfying the following properties.

g1 < &g = U€1 D) UEQ, (1.10&)
U U. is dense in C®(E), (1.10b)
e>0

o — aollco + ||V — VOHLl,p + ||F° — F0||Co =0(e) ase — 0, Vpe (1,00) (1.10c¢)

where L'P denotes the Sobolev space of distributions with first order derivatives in LP while
F*¢ denotes the curvature of V©.
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Let us observe that these facts also imply the Gauss-Bonnet-Theorem for the pair (a7, V°)
but without appealing to the results of Narasimhan and Ramanan [12]. Indeed, (1.8) implies
that for any € > 0 and any n € Q" "(M) we have

|t zdnetiw) = [ gne(s.v) = B(ZuueU.) = e(E. 7).
U. M
We let e — 0 and we conclude from (1.10c) that,

lim [, [zu]m(du):/ nAe(E,V°), ¥neQmT(M). (1.11)
E—r U M

€

On the other hand, (1.7) shows that for any generic section uy of E, any closed form n €
Q"~"(M) and any € > 0 we have

(0, [Zug]) = / (1, (Za]) e ().

U.
As we mentioned earlier, the spaces U. can be constructed explicitly. Their description

depends on two additional choices.
Fiz a Riemann metric g on M and form the covariant Laplacian

Ag = (V)*VY: C®(E) — C™(E).

Next, fiz a compactly supported, smooth, even function w : R — [0,00) such that w(0) > 0.
For any € > 0 we have a smoothing operator

We = w(ev/Ao) : LX(E) — L*(E).

The operator W, is symmetric, nonnegative definite and has finite dimensional range U, :=
Range W. Clearly the family (U, ).>¢ satisfies (1.10a) and (1.10b). In particular, this shows
that U is ample if ¢ is sufficiently small.

The space U, is also a W.-invariant subspace of L? (E) and the restriction of W, to U, is
invertible because w(0) # 0. The Gaussian measure -, is then defined by

1 1 -1
du) = ——————e~2(We 0| gy,
eld) = e dul
where (—, —)o denotes the L?-inner product on U, and |du|g denotes the associated Lebesgue

measure.
The sample space (U, ~.) has a simple classical probabilistic interpretation. Suppose

SpGC(Ao) = )\1 S )\2 S cee

and assume that (¥,),>1 is a complete orthonormal family of L?(E) consisting of eigensec-
tions of Ay,

AT, = A\,

A random section u. € U, is then a random linear superposition
U = X:U
g n N
n

where the coefficients X are independent normal random variables with mean 0 and variances

var(X:) = w(ey/n).
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If w = 1 in a neighborhood of 0, then as ¢ — 0 the above random linear superposition
formally converges to a random series

> X,

n

where the coefficients XU are independent standard normal random variables, This is very
similar to the classical scalar white noise. For this reason we will refer to the ¢ — 0 limit
as the white-noise limit. Thus, the differential geometry of (E, o, V) is determined by the
white-noise-limit statistics of the random section u.. Observe also that the equality (1.11)
shows that the expectation of the random current [Z,,_| converges in the white-noise limit to
the current e(E, VE)T.

1.3. Related work. The results in this paper take place on real manifolds and real vector
bundles. In the holomorphic context there is an alternate way of investigating zeros of
holomorphic sections. In [25], S. Zelditch has investigated random sections of an ample
hermitian holomorphic line bundle L over a compact Ké&hler manifold M. Among many
other things he showed that as n — 0o, the statistics of random sections of L™ determine the
differential geometry of the line bundle L. This was later extended to symplectic manifolds
by Schifmann and Zelditch in [19].

The statistics of the zero sets of random sections of L™ were thoroughly investigated by
Schifmann and Zelditch [18]. Our equality (1.11) has the same flavor as [18, Thm. 1.1, Prop.
4.4] .

For certain classes of noncompact the Kahler manifolds M the statistics of the zero sets of
random sections of L™ was investigated by Coman and Marinescu [6] and Dinh, Marinescu,
Schmidt [8].

The large n limit is conceptually similar to the white noise limit we employ in this paper
although the technical details are quite different. In particular, [25, Cor.3] or [19, Thm.
2] produce C*°-approximations the curvature of the (almost)hermitian line bundle L. In
Theorem 3.1 we produce only CY-approximations of the curvature of the vector bundle.
However, in the special case when E = TM, o is a Riemannian metric on M and V° is
the associated Levi-Civita connection, then the results in [2, 16] imply that (1.10c) can be
refined to a C'°°-convergence of o, to the Riemann metric oy.

In [15] the first author has investigated critical sets of random functions on a compact
Riemann manifold. The critical points of a functions are zeros of rather special sections of
the cotangent bundles, namely zeros of exact 1-forms. In [15, Thm.1.7] it was shown that the
geometry of a Riemann manifold is determined by the statistics of the differentials of random
functions on it. This is similar in flavor with Theorem 3.1 in the present paper. However [15,
Thm. 1.7] does not follow from the apparently more general Theorem 3.1 in this paper.

1.4. Organization of the paper. The main body of the paper consists of two sections. In
Section 2 we prove our main integral formula Theorem 2.1 which states that if (U,7) is a
sample space of C*°(E), then the expectation of the zero-locus-current of a random section
u € U is equal to the current determined by the Euler form of the special connection on
FE induced by this sample space. The proof relies on the ubiquitous double-fibration trick.
We evaluate the various intervening integrals using the theory of orthogonal invariants like
in Weyl’s proof of his tube formula [24].

Section 3 contains the proof of our probabilistic reconstruction result, Theorem 3.1. It
boils down to a detailed understanding of the Schwartz kernel of the smoothing operator

w(ev/Ag).
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We approach this problem using the wave kernel technique pioneered by L. Héormander
[11]. The fact that our operators are not scalar makes the identification of various terms in
the asymptotic expansion of this kernel a bit more challenging. We achieve this by gradually
reducing the computation of these terms to the special case involving the heat kernel.

2. A FINITE DIMENSIONAL INTEGRAL FORMULA

2.1. The setup. Suppose that M is a compact oriented smooth manifold of dimension m
and E — R is a real, oriented vector bundle of even rank r = 2h. We fix a finite dimensional
space U C C*(E),
dimU = N.
Any x € M defines a linear evaluation map
evy U — Ez, U3 ur u(x).

We assume that U satisfies the ampleness condition (1.9). The dual map ev}, : EX — U*
is an injection and the family (ev})zens describes an inclusion of E* as a subbundle of the
trivial vector bundle U},.

We fix an Euclidean metric (—, —)y on U. It induces a metric (—, —)y+ on U*. The
inclusion

ev': E* Uy,
induces a metric (—, —) g+ on the bundle E* and, by duality, a metric (—, —)g on E.

The evaluation map evy : U — E; can be identified with the orthogonal projection.
To emphasize this aspect, we will use the alternate notation P = P, := ev,. We also set
Q=Qz=1-PF;.

If we choose an orthonormal basis (¥j)1<x<n of U, then we can describe the projection

P, in the concrete form
N

Pou = (u, Up)y ¥ (x).

k=1
Let us point a confusing fact. A fized vector u € U can be viewed as a constant section of
the trivial bundle U, and also, by definition, as a section of E. As such it is given by the
smooth map

SE.M - U, SE(x)=evyu= Pu.
We denote by K the subbundle of U,;, defined by the kernels of the above projections,
K :=ker P. Note that
E=K*, EeoK=>=U, =Ux M.

If we denote by d the trivial connection on U, then we obtain a connection on V¥ on E
compatible with the metric (—, —)g,

VvE .= PdP.
We denote by F'F the curvature of the connection V¥ on E and by e(E, V) the associated
Euler form defined as in (1.1)

1
e(E,VE) = Pf(—FF) € Q"(M), r =2h.
(2m)"

If a section w € U is transversal to the zero section, u t 0, then its zero set

Zy={weM; u(z)=0}
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is a compact submanifold of M of codimension p. We denote by Tz, M its normal bundle in
M,

Tz M :=TM|z,/TZ,.
Given any connection V on E we obtain a linear map
Veu: (TM)|z, — E|z,
which vanishes along T'Z,, and thus induces a bundle morphism
ay : Tz, M — E|z,

that is independent of the choice of V. We will refer to a,, as the ajunction morphism.

The transversality w M 0 is equivalent to the fact that a, is a bundle isomorphism. The
orientation on FE induces via the adjunction morphism an orientation in the normal bundle
(T'M)|z, and thus an orientation on Z,, uniquely determined by the requirement

orientation T'M |y, = orientation (Z,,) A orientation (1, M).
Let us point out that since Z,, has even codimension we have
orientation (Z,) A orientation (T'z, M) = orientation (T'z, M) A orientation (Zy,).

We denote by [Zy,] € Q—r (M) the integration current defind by the submanifold Z,, equipped
with the above orientation.

Theorem 2.1. Let E — M be a real oriented, smooth vector bundle of rank r = 2h over the
compact oriented smooth manifold M. Fiz a subspace U C C®(E) of dimension dimU =
N < oo satisfying the ampleness condition (1.9). Fix an Euclidean inner product (—, —)uy on
U and denote by yu the Gaussian measure on U determined by this inner product,

1 ||
@ )ﬂ e 2 du.
T) 2

Yu(du) :==

Then the following hold.

(i) A section u € U almost surely intersects transversally the zero section of E and thus
we obtain a random current

U>suw— [Zy] € Qyp(M).

(ii) The expectation of this random current is the current determined by the Euler form
e(E,VE)

E.y([Zu]) = e(E,VE)I.

More precisely,

/ (0, [Zul)d (du) =
U

(271); /Mn APE(—FF), Wy € Q" (M), (2.1)

The proof of the the integral formula (2.1) is based on Gelfand’s double fibration trick,
[1, 9]. Its formulation relies on two versions of the coarea formula. We describe these versions
below.
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2.2. The coarea formula. Suppose that X,Y are oriented smooth manifolds of dimensions
dimX =N >n=dimY.

Asume further that that we are given a smooth map 7 : X — Y. For any regular value y € Y
of 7 the fiber X, := 7~!(y) is a smooth submanifold of X of codimension n and its conormal
bundle T)*(UX is naturally isomorphic with 7*7™Y|x, and thus it has a natural orientation.
We orient Xy using the fiber-first convention, i.e.,

orientation (X)) = orientation (X, ) A orientation T X.

Suppose that wy € Q"(Y) is a volume form on Y, i.e., a nowhere vanishing top-degree form
on Y. Fix a smooth function py : Y — R and a form n € QV~"(X) such that

—oo</ n < 00
X

Yy
for any regular value y of . Sard’s theorem implies that y is a regular value of 7 for almost
ally e Y.
The first version of the coarea formula states that the function

Y>y— neR
Xy

is Lebesgue measurable and

/ ( / 17) oy = [ nnw (pyar). n e (X), (2.2)
v \JX, X

For the second version of the coarea formula we choose a top degree form a € QV(X). If
1Yo € Y is a regular value of w, then there is an induced Gelfand-Leray residue form

" eV r(x,,).

T*wy
It is locally constructed as follows. Fix a point pg € X, and local coordinates (zt, ..., zN)
on X in a neighborhood U of py and coordinates (y',...,y") on Y in a neighborhood V' of
yo = m(po) such that, in these coordinates, the smooth map 7 is linear and described by the
functions

y'(z) = N =1, n.
In the coordinates (3') the volume form wy has the form
wy = a(y)dy' A Ady",

where a € C*°(V) is a nowhere vanishing function. Now choose a form 3 € QV~="(U) such
that

ﬁAa(:EN_"'H,...,J:N)dmN_”H A AdaN = a
Ther restriction of 5 to Xy, NY is an (N —n)-form on X, NU that is independent of all the
choices and it is the Gelfand-Leray residue W%y.
The second version of the coarea formula that we will need takes the form

fo [ ([ 7)o 23

For a an explanation of why the more traditional coarea formula implies (2.2) and (2.3)
we refer to [14, Cor. 2.11].




GAUSS-BONNET-CHERN THEOREM 11

2.3. The double fibration trick. Consider the incidence set
X:={(u,z) €U x M; u(z)=0}.
It comes equipped with two natural projections
U{—x ™ M,
mi(u,x) =z, _(u,x) =u, VY(x,u)c X.
For any subset A C M and B C U we set
X i=7w11(A), Xp:=7x_'(B).
Lemma 2.2. (a) The incidence set X has a natural structure of smooth manifold diffeomor-

phic to the total space of the vector bundle K — M.
(b) If u # 0 is a reqular value of w—, then w 0.

Proof. (a) Note that
(x,u) € X<=Pru =ev,u = 0<=u = K,.

This proves the first claim.
(b) Suppose that ug € U \ 0 is a regular value of 5. We will show that for any xy € M
such that ug(xp) = 0, the adjunction map a,,, defines an isomorphisn

(T2, M)y — Eay.

Fix a small open coordinate neighborhood O C M of xg in M with locall coordinates
(zl,...,2™). We assume that via these coordinates O is identified with a ball B C R™
centered at 0 and x¢ is identified with the center of the ball, 2*(xg), Vi = 1,...,m.
Both bundles F and K are trivializable over B. We can therefore find smooth maps
e,...,ey:0—-U

such that the following hold.

For any « € O the collection {eq(x)}1<qs<n is an orthonormal basis of U. (2.4)
span{e;(xz), 1 <i<r}=FE,, VrecO. (2.5)
span{eqy(x), "< a < N} = Ky, Ve € 0. (2.6)
VEei(xg) =0, Vi=1,...,r, (2.7)
We will use the following conventions frequently encountered in integral geometry.
e We will use the Latin letters a, b, ¢ to denote indices in the range 1,..., N.
e We will use the Latin letters i,j,k,¢ to denote indices in the range 1,...,r =
rank (E).

e We will use the Greek letters «, 3, to denote indices in the range r +1,..., N.
The map

RN x B3 (t,z) — (Zt“ea(x),:v> ceUxO0

is a diffeomorphism. The set X C Uy can be identified with the set
{(tl,...,tN,azl,...,:zm) eERVNXR™; ze€B, t!=0, Vj gr},
—_———

T
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We write
ti=(t")1<i<r, 7= (t")r<a<n, t:=(t,7).
Thus the pair (7,z) defines local coordinates on XJ. In these coordinates the pair (ug,zo)
is identified with the pair (79,0) € R¥=" x R™,
0= (gt .. 1)

Moreover, the map 7w_ is given by
(r,z) = m (r,2) =) t%eq(z) € U.
e

We set
u(zx) = (uo,ea(:v))U, Ya=1,...,N,
so that
ug = Zu“(x)ea(a;), Vx € B. (2.8)

Above, we think of uy as a constant section of the trivial bundle U ;. The functions u®(x)
are the coordinates of this section in the moving frame (e, (z)). Note that

Sfo = Zu”(a:)ez(x) (2.9)

The fiber X, = 7~ (ug) is described in the coordinates (7, ) by the equalities
u'(z) =0, t*=u®(x), V1<i<r, Va>r
This shows that the section
Q’uo M — K, X — Qm’u,o, (210)
induces a diffeomorphism from Z,,, to the fiber X, .
The differential of 7_ at (70,0) € Xy, is

dr_|mo0 = Z dt“eq|r=r, + Z 76 deq|z=0-
e (03

Since uy is a regular value of m_, the differential dr_ at any point in X, is surjective. In
particular, the induced linear map

Pdr_|z0 =Y 76 Pdea(x)|a=o : TogM — Ea,
must be surjective. From (2.9) we d:duce that
VESEO = Pd (Z u'(x)e;(x) ) = Z du'e; + Z u' Pde;
At xg we have u'(xg) = 0 and we conclude that
(VESe )z = D due;.
i

On the other hand, from (2.8) we deduce that

0=d (Z ua(m)ea(l‘)> = Pd (Z ua(x)ea(x)> =0
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= Z du'e; + Z u'Pde; = — Z u®Pde,.
% % a
At zp we have u'(xg) = 0, u*(zo) = 7§ and we deduce

(VESE o =D _dule; = =Y 15" Pdeq(x)|—0 = —Pdr_|r 0.

This proves that the adjunction map
Guolao = (VZSE Vo = —Pdr_|r0 : T M — Ea, (2.11)

is surjective. Since

> du'e; = —Pdr_|r0

we deduce that near x( the zero set Z,,, is cut out transversally by the equations u’(a:) =0,
1=1,...,r. O

Observe that it suffices to prove (2.1) only for forms 7 supported in some coordinate
neighborhood O of some point &y € M. We continue to use the notations and the conventions
introduced in the proof of Lemma 2.2. We have a double fibration

U & X|jo =5 0.
Assume that the volume form
wo =dzt Ao Adz™ € Q™(0)

defines the given orientation of M. Clearly, the equality (2.1) is linear in 7 so it suffices to
prove it in the special case when

n= fadz"™ A Ada™, far € CSR(O).

We fix an orientation on U and consider the volume form
_lu?
wu = pudVu, pu = ¥e 2,
(2m) ¥
where dViy denotes the Euclidean volume form on U determined by the given orientation.
The orientation on U defines an orientation on the trivial bundle U ;,. Coupled with the
orientation on E it induces an orientation on the vector bundle K uniquely determined by
the requirements

orientation (U ;) = orientation (F) A orientation (K) = orientation (K) A orientation (E).

Finally, the orientation on K induces an orientation on the total space X via the fiber-first
convention. We will refer to this orientation as the natural orientation on X.

For any regular value uo of m_, the fiber X(;,  caries an orientation given by the fiber-first
convention applied to the fibration 7w_ : X — U.

Lemma 2.3. The natural orientation orientation of X|o has the property that for any regular
value ug of m_, the natural isomorphism

Q’U,O : Zuo — DC;O
defined in (2.10) has degree (—1)N™ and thus changes the orientation by the factor (—1)N™.
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Proof. The fiber X, is the image of Z,, via the section ¥ = Qug of X — M. The map ¥
identifies the normal bundle Tz, M of Zy, in M with the normal bundle 7). W(M) of X,
v
in U(M).
The equality (2.11) shows that the restriction of dr_ to T)— ¥(0O) can be identified up to
ug

a sign with the opposite of the adjunction map. This sign is not important for orientations
purposes since the bundles involved have even rank. Now observe that at (ug,xp) € X we
have

orientation (X) = orientation (K,) A orientation ¥ (M)

= orientation (K,) A orientation (Zy, ) A orientation (Eg,)
= (—1)"™orientation (Zy,) A orientation (Eg,) A orientation (K, ).
On the other hand

orientation (X) = orientation (X, ) A orientation U

= orientation (X, ) A orientation (FEy,) A orientation (/g ).

The first coarea formula (2.2) coupled with Lemma 2.3 imply that

) pudvy = (-1)N™ ) pudVy = (DN | min Antey.
1,(L7) (L) /.

o

/ </ 77) pudVy :/ Tt wy AT, (2.12)
U w xd

O

Hence

Recalling that W;l(l‘) = K, Vx € O, we deduce from (2.12) and the second coarea formula

(2.3) that
Jo (L) owave = [( ], =50 ) o (213)

This is Gelfand’s double fibration trick. To prove (2.1) we need to show that

Trwy A TN 1 E 1 E
=T+l =— _npAPf(—F") = ——PFf(—F") A 0. 2.14
(/1 T wo >w@ (QW)hn ( ) (27T)h ( ) o ( )

2.4. Proof of (2.14). Suppose that (e4(0) )1<a<N is a positively oriented basis of U and
(€i(0) )1<i<r is a positively oriented basis of Em_0 . We set

Yab(x) := (ea(O),eb(a:))U, Vl<a,b<N.
The N x N matrix Y (z) = (yap(z)) is orthogonal and Y (0) = 1. Moreover

:Zyba(ﬂf)eb(o)v Zyab ey(z), Va. (2.15)
b

We deduce

Pxea(O) = Zym’(ﬂf) i Z yaz ybz (O)
Hence

VPe;(x) = Pud Y yij(w)es Z dyp;j () Pep(0 Z ybi () dy; ()e; ().
b
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Thus, in the local orthonormal frame (e;(z)) the connection V¥ is described by the matrix-
valued 1-form

I'= (T (@)hi<ig<p, Tl Z ybi () A dypj().
The curvature of V¥ is F¥ = dI' + T' AT. Note that
dFZ] Z dybz /\ dyb]( )

At x, the constraint (2.7) on the frame ei(x) implies that VZe;|4, = 0, Vj. Thus
0 = Tyj(=o) Zybz )dyp; (0 Z5bzdybg = dy;;(0), Vi, j. (2.16)
Hence
FE‘aso =dI' = (Fij)1<ij<p,

Fij = dysi(0) A dyy;(0 Z dysi(0) A dys;(0) € A*T M
b

On the other hand, the N x N Maurer-Cartan matrix Y 1(z)dY (z) is skew-symmetric for
any z. At z =0 we have Y(0) = 1 and we deduce

We conclude that
FE‘:no =dl' = (Fijh<ij<r, Fij= Zdyzﬁ ) A dy;s(0). (2.17)
Define
Yo : U =R, yo(u) = (u,e.(0)),, 1<a<N.
The Euclidean volume form on U is then
dVy =dy1 A--- ANdyn.
Note that

ya(ﬂ'—(T?xla" : 7xm)) = Ya (Ztaea(x)> = Zta(ea(o)a ea(w) )U = Ztayaoc(x)

We set
éa( ) fa T, 1’ Zt yaoc

x) = Zfa(x)eA 0

so that

and
T dVy =d& N NdEn.

We view this as a form on the space RY~" x O with coordinates (7,z). We have
A& = dtan + Y t*dyaa()
e} «

Observe that at (7p,0) we have
yab(o) = Oap, t* = 70 »
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SO
d&a(0) = déalamo = D 00dt™ + ) 75'dy2(0).
Hence
d&i(0) = 18 dyia(0), dés = dt’ +> 78 dysa(0),
so that
R |
T_Wy = ~e 2 d§ N---dEn.
(2m)=

Now observe that

dey A - dey = (dE T A A dtY) /\ZT&”dymi(O) + £,
=:dr L

=:Q(70)
where £ incorporates all the other terms that have degrees < N — r in the dt® variables, and
Q(T()) S ATT;OM.

Since the terms collected in £ have degrees > 7 in the variables (z!,...,2™) we deduce

déy A ---dén A = fardt AQ(1o) Adz™ A A d™,

Denote by Q(70)1,...» the coefficient of dx! A -+ A dz” in the decomposition of Q(7y) with
respect to the basis { dz/t A -+ Ada?" }1<ji <. jo<m of ATT; M. If we set

1 |r|?
"YK(dT) = 7N—'re_7d7— S QN_T(KmO>,

(2m)

then we deduce that
mrwy Amin 1
dzl A - ANdz™ (2m)

7K N I (20)270)1,... - (2.18)

Hence
mrwy ATin fu(o)
Kay ATV A Adz™ T (27)5

/ Q(7)1,..rv (dT). (2.19)
Kz,
In the sequel we will denote by e the inner product in the space Ky, Our choice of local
frames amounts to a metric isomorphism K, = RN,

For everyi=1,...,7 and 7 € K, we set
dyir+1(0)
D, = : €Ty M® Kg,, wi(r)=o;07:= Ztadyia(O) €T, M.
dyin (0) «
Let us point out that the (N —r) x r matrix with columns ®1, ..., ®, describes the differential

at xp of the Gauss map
M > x— E; € Gr,(U) = the Grassmannian of r-planes in U.

We have
Q1) =wi(T) A Awp (7).
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For every j =1,...,m and 7 € K, we set
9 ir
5 (0)
(I)ij =0, 1P; = € K, wij(T)Z((I)ij,T)U:(I)ijOTER.
Oy;
5a(0)

We denote by A(7) the r x r matrix with entries
A(T)ij = wij(1), 1<4,5 <
Then .
wi(T) = Zwij(r)dxj, Vi=1,...,r, Q7)1,.,=det A(T).
j=1

We set
Dy yi= / det A(T)yk (dT). (2.20)
K

Using (2.19) we deduce

= N, (2.21)

/ Trwy AT fu(®o) 5
Koy dZY Ao Nda™  (27)8

z(
To compute the Gaussian average (2.20) we use the theory of orthogonal invariants [23] as

in Weyl’s proof of his tube formula [10, §4.4], [13, §9.3.3], [24].
Let us first observe that for 1 < iy # i <r and 1 < j; < jo < m we have

OYi, 0 OYi Vi, 0 OYi
Pisjs & Diaa — Pirjo @ Piajy = ) ( Dui Dur  Outr Dan
«

= (Z dyiul A dyiQ@) (8le , axh )

Using (2.17) and the notation (1.3) we deduce

Efiﬂjljg = (I)i1j1 d (I)i2j2 - (I)i1j2 ° (I)izjn V1 <iy,ia <7, 1< 41,52 <m. (2'22)

For any collection of vectors u;; € Kz, 1 <i,7 < r and any 7 € Ky, we define the r x r
matrix

A(T,u45) = (uij ° T)lgi,jgr’
and we consider the average

plwiy) == / det A(7, wij) v (d7).
Kaz,
The average f1(u;;) is a polynomial in the variables u;; € Kgy, 1 < 4,7, <, and it is invariant
with respect to the action of the group O(N —r) of orthogonal transformations of K. Note
that when wu;; = ®;; we have
w(®ij) =N,

We recall that » = 2h and we denote by 8, = 8o, the group of permutations of {1,2,...,2h}.

As in [13, §9.3.3] we define
h
QU,SD(uij) = H(uWijlUQj—l b utpzj@j)’ Q= Q(UU) = Z G(UQD)QUAO(U’U)'

j=1 o.pES,
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Lemma 9.3.9 in [13] shows that there exists a constant Z such that
wluig) = ZQ(wij), Y.

To find the constant Z we choose the variables u;; € K, judiciously. More precisely, we set

* eN(O)7 Z = j?
uij Dl .
0, 1 # 0.
In this case
AT, uf;) = Diag(t",...,t"), det A(1,u;;) = [tV |2
N——
2h
2h 1 2 L
* N 2nh —52 .
p(ul; :/ t nydT:/s e 2ds= 2j—1)=(2h-1)L
(s) = 10" Pt = = | 1= i)
On the other hand,
«\_ L o=9,
Ureli) = {0, o+
and we deduce that Q(ufj) = (2h)!. Thus
h—1I 1 1
7 = = D) = ——Q(P;,).

Denote by 8! the set of permutations ¢ of {1,2,...,2h} such that

Y1 < P2, P3 < Pa--P2h—1 < P2he
Using (2.22) we deduce as in the proof of [13, Eq. (9.3.11)] that

h
__oh E
Q((I)ij) =2 Z H 6(U¢)F@2j—1@2j‘02j—102j' (2'23)
o,p€8]. j=1
Thus
1 E (1.4) E
[,L(q)w) = E H 6<0’S0)F‘P2j71§02j|0'2j710'2j = Pf(—F )(8321, .o ,8$T)'
o,p€8]. j=1

= w(®ij) = PE(—FF)(0,1,...,00). (2.24)
Using (2.21) and (2.24) we conclude that

Ttwy ATin 1 Far(xo) = :
dz A ANda™ = Q1 dzt Ao Adz™

o
- Pf(—F") A
2m)" "

This proves (2.14). O
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3. THE WHITE NOISE LIMIT

3.1. Gaussian measures. Recall [4] that a centered Gaussian measure on a finite dimen-
sional real vector space U is a probability measure v on U such that for any linear functional
¢ € U" = Hom(U, R) the pushforward {47 is Gaussian measure on R

52
e wdf, v>0.

1
f#’)/ - ’Y'U T \/%
Above, when v = 0, we define =, to the Dirac delta-measure concentrated at 0.

A centered Gaussian measure v on U is completely determined by its covariance form
C = C, which is the symmetric, nonnegative definite bilinear form

C:U*xU* =R, C&,&)=E,\(& &),

where £1,& € U™ are viewed as random variables on (U,7). The Gaussian measure 7 is
called nondegenerate if its covariance form is nondegenerate. If this is the case, the bilinear
form defines an Euclidean inner product on U™ and, by duality, an inner product on U.

Conversely, given an inner product o on U with norm | — |5, we have a Gaussian measure
_dimU lulZ
Yo =(2m)" 2 e 2 |dules, (3.1)

and o coincides with the inner product determined by 7.

The inner product o identifies U with U* and the covariance form of an arbitrary Gaussian
measure v on U can be identified with a symmetric nonnegative operator T, : U — U. The
measure 7y is nondegenerate iff 7', is invertible. In this case

1

7= JdetonT,

Note that if «y is a centered Gaussian measure on U with covariance form C and L : U — V
is a linear map to another finite dimensional vector space V' then the pushforward Lu-y is a
Gaussian measure on V' with covariance form Cy ., = L*C,. In particular, if v is as in (3.2),
then

_ 1
e*%U(T'y 1u,u)|du‘a = (T’}?>#,‘YO' (32)

1
V= (T»f)#%-

3.2. Probabilistic descriptions of special metrics and connection. Suppose that we
are given a smooth real vector bundle £ — M of rank r, an ample finite dimensional subspace

U C C*°(F) and an inner product (—, —)y on U. The metric (—, —)y determines a Gaussian
measure gy on U.
As we have seen, the metric (—, =)y on U induces a metric (—, —)g on the bundle E and

by duality, a metric on £*. We want to give a probabilistic description of the induced metric
(—,—)e+ in a fiber E}, of E*.
To simplify the presentation we introduce some notations and conventions.
(i) We will use the e-notation to denote the inner product in U or U™.

(ii) We will use the Latin letters 4, j, k, £ to denote indices in the range 1,...,m = dim M.

(iii) We will use the Greek letters «, 3, to denote indices in the range 1, ...,r = rank (E).
Let

(—, =) EyxEyx —R

denote the natural pairing. Fix an orthonormal basis ¥q,..., Uy of U and denote by (V)
the dual orthonormal basis of U*. Then

E nt *
ev,: F, U
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is given by
N
eva(u®) =Y (u*, Uy (z) )5,
n=1
and
N
(uf, us) g = (eviui) e (evius) = > (uf, Un(z))(us, Un(x)).
n=1

Thus the metric (—, —) g+ is described by the bilinear form C(x) on E}, given by
N
Co=) Un(z)® Vpy(x) € By ® By = Hom(E}, @ B}, R).
n=1

The bilinear form C, has a probabilistic interpretation: it is the covariance form of the
Gaussian measure (evg)xyy on Ey.
We have a metric duality isomorphism
D=D,:E,— E,, (v',Du)g:= (v, u).

Fix a point &y and a small coordinate neighborhood O of @y with coordinates (2%) such that
x*(xg) = 0. Suppose that (e*(z)) is a local frame of E* defined on O. Denote by (eq(x)) the
dual moving frame. We set

C(z) == Cy(e%(z), e’ (x)).

The matrix C(z) = (C*(x)) is symmetric and positive definite. We denote by (Cag(z)) the
inverse matrix. If we write

De, =: Z Dﬁaeﬁ,
B

e e = (0.5 Due?), - S
B B

which shows that the duality isomorphism D is represented in these bases by the inverse of
the matrix C, Dgq(x) = Cpalx).
We want to compute the covariant derivatives

VE e(0) := Vg: e“(0).

then we deduce

We set
U (z) = <ea(m),\lln(x)> eR, Yn=1,...,N,

n

and we deduce
N N
ev, e®(zr) = Z U (z)r, Oy (ev; eo‘(a:)) = Z 0 U ()W,
n=1 n=1
We denote by P, the orthogonal projection U* — EZ. Then

VE e (z) = P.o; (ev; eo‘(:c)) =D, (Z 8Z\I/g(m)\lln(x)>

= D, | S o) v wes() | = 3 0 @)W Crpla)e (@)
n,B n,B,y



GAUSS-BONNET-CHERN THEOREM 21

=2 | L2 AR | @)

v

=5 (@)

For every z,y € O, we denote by (z°) the coordinates of x, by () the coordinates of y, and

we set
N

Cpy = Z U, (x) @ U, (y) € Ex ® Ey,

v (3.3)

Caﬂ(x7y) = Z< eo¢<w)7 \IJn(:B) >< eﬁ(y)v \I/n(y) >

n=1
One should think of C 4 as a covariance kernel defined by the random section u € U because
it captures the correlations between the values of u at  and y. We deduce that

>0 (@)W (2) = 0,:C°F (2, ) |a=y.

Hence

erlz Zaﬂclc T, Y)|z=yCyp(T). (3.4)

By duality we deduce
vEea Z FO{|’L (35)

We denote by I';(z) the endomorphism of EQJ given by
) = Z Pa\z

From (3.4) and the symmetry of the blhnear form C'(z) we deduce that
Li(x) = 0, C(2,y)la—y - (C(2)T) 7" = 0,:0(2,y) oy - Cla) . (3.6)
We set '
T =) da'T; = dpC(2,)]a=yC(z) "

The operator valued 1-form —I" describes the connection V¥ in the local frame (e, (7)),
V¥ =d-T.
The curvature is then
FF=—dl +TAT == (0T — 0, Ti)da’ Ada? + [T, Tj)da’ A da’. (3.7)

0,7 = O Z Z 0 W () WE (1) O 5 ()
—ZZ 2,0 +ZZ&NW )0, 08 () C 5 ()
ZZ@ WS (2 )a iChyp(2).

Concretely
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We deduce
0y T = 025 C(2,9) o=y C() ™" + 02,0 (2, y) o=y C () !
+ (8xj0<x,y>\x:y) 0, (C@)™).

Suppose that E came equipped with another metric oo(—, —) and connection V° compat-
ible with this metric. Then

(3.8)

VE:V0+A:VO+deiAAi,
where A is a globally defined operator valued 1-form, A € Q* ( End(FE)).

If we choose the local frame frame (e“(z)) on O to be orthonormal with respect to the
metric o9, and V'e®|,—¢ = 0, then

N N
0 evy e*(2)]z=0 = Y _ 0i0 (U, (0), eq = o(VIV,(0),e4(0) )Ty
n=1

It follows that

Vie®(0) =) ZZ (VOF,)*(0)¥2(0)C,,5(0,0) | €7(0), (3.9)
2l

=470
where
(VO0,)%(2) := (e¥(x), Vi Wy (2)).
We deduce
VEe, (0) Z A%,(0) (3.10)

We denote by (A;(z)) the endomorphism of FE, given by the matrix (_Ag‘i)lga,'ygr-
We can rewrite this in an invariant way as follows. Consider the natural projections
MEMxMS M, prley, ) =,
and the bundle
EXE:=piE®p" E.

Then C(x4,x_) is a global section of EX E. Its restriction to the diagonal can be identified
with the section C(x) of the bundle E ® E over M. We deduce

= ZAi(w) ZV (T,Y)aey - Clz) 7t (3.11)

Indeed, both sides of the above equality are globally defined End(FE)-valued 1-forms on M.
It therefore suffices to verify (3.11) at an arbitrary point @ in some local coordinates near
x and some local trivialization of E. We have done this already in (3.10).

We denote by FO the curvature of V? and by F¥ the curvature of V¥. Then

:ZFi(}dxi/\dxj, FE:Zﬂ?dxi/\d:Ej,
i<j i<j
and
F =F)+V2%A; — VYA + [A;, Aj]. (3.12)
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Observe that
Void; = = (VO V5 @ p)lomy + V59 C@,y)loy ) Cla) ™
—T, (2) (3.13a)
- ngC(x, ?/)|x=y : Vgi ( C(x)_l )»

Vo9 (C)™) = o (V%C(x))C; (3.13D)
V2%.C(x) = V%O (2, y) ey + VgiC(x, Y)|a=y- (3.13¢)

3.3. Probabilistic reconstruction of the geometry of a vector bundle. Suppose that
we are given a smooth rank r real vector bundle £ — M over the smooth compact manifold
M. We fix a metric o¢p on E and a connection VY on E compatible with oy. We want
to construct a family of sample spaces (Ug,~y.) C C°(FE) with associated special (metric,
connection)-pair (o, V¢) satisfying the conditions (1.10a,1.10b,1.10c). We use a spectral
geometry approach.

We fix a Riemann metric g on M with volume density |dV,|. We can form the covariant
Laplacian

Ao = (VY)'V:C®(E) = C®(E).
This is a symmetric, nonnegative definite second order elliptic operator whose principal sym-
bol is scalar
O'(A0>(CC7§) - ‘glglEaﬂ Va € Ma § € Ta:*M
Let
spec(Ag) = A1 < Ap < -

where in the above sequence each eigenvalue appears as many times as its multiplicity. We
fix an orthonormal eigenbasis (¥,,),>1 of L?(E)

AoV, = A\, Vn.

Now fix an even, smooth, compactly supported function w : R — [0,00). Assume that
w(0) # 0.
For each € > 0 we have a smoothing selfadjoint operator
W, :w(ey/Ag) : L*(E) — L*(E).
Define
U. := Range (T.) = span{V¥,; w(e\/A,) #0} C C(E).
Note that U, is a finite dimensional invariant subspace of W. The restriction of W, to U,

is invertible and selfadjoint with respect to the L?-inner product on U,. As such, it defines
a nondegenerate Gaussian measure 7. on U, following the prescription (3.2)

1 1 —1
du) = ————c3(We w2 | gy 5,
eldn) = e o2
where (—,—);2 denotes the L%-inner product on U. and |du|;2> denotes the associated

Lebesgue measure on U..
We denote generically by L'? the Sobolev spaces norms of LP-functions with first order
derivatives in LP.
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Theorem 3.1. Denote by (o, V) the special (metric, connection)-pair determined on E
by the sample space (Ug,ve) constructed as above. For each € > 0 we denote by F* the
curvature of V€. Then for each p € (1,00) there exists a positive constant k = k(p) such that
the following hold

|le"oe — koollco + || VE — VOHL1,p + ||F° — F0||Co < ke ase \0.

Proof. Consider the covariance form C.(x,y) € C°(E X E) determined as in Subsection 3.2
by the inner product on U, defined by the Gaussian measure v.. If we identify E with E*
using the metric og we can view C. as a section of ' X E*. As such, it coincides with the
Schwartz kernel of Wk.

The next result contains the key estimates responsible for the conclusions in Theorem 3.1.
We defer its very technical proof to the next subsection.

Lemma 3.2. Let p denote the injectivity radius of (M, g), Fix a point xy € M and normal
coordinates (z') on the open geodesic ball B,(xo) centered at xg. Fiz a trivialization of E
over B,(xg) obtained by VV-parallel transport along the geodesic rays starting at &og. Then
the following hold.

(a) There exist constants k, K,e9 > 0 such that

Ce(@, @) — ke ™ 1p,| < Ke*™™, Ve <egy, Va € B,p(wo). (3.14)
(b) For 1 <i <m the limits
lim e"V0,Ce (2, y)amy, Lime™VyCe(,y)amy (3.15)

exist uniformly in x € B,s(o) and the rate of convergence in C°( B,/a(xq) ) is O(e). More-
over

: my70 —
gg%& Vi Ce(2,Y)o=y=2, = 0. (3.16)

(¢c) For 1 <i# j < m the limits
. mw—0 . my70 0 : my70 0
ig% €MV i Ce(, y)mzy» igr(l) € vyivyj Ce(z, y)x:y ig% € vzi vyj Ce(m, y):p:y (3.17)

zixd
exist uniformly in x € B,5(xo) and the rate of convergence in C’O(Bp/z(cco)) is O(g).
(d) For 1 < i <m the limit

lim ™ < Vgi Vgi Ce(2,Y)amy + Vgi Vgi Ce(2,Y) ey ) (3.18)

e—0

exists uniformly in x € B, /5(xo) and the rate of convergence in CO(BP/Z(:BO)) is O(e). O

Assuming the validity of Lemma 3.2 we proceed as follows. Fix &g € M and normal
coordinates in B,(x) centered at xg deduce from (3.14) that

le™ee — Kkoollc, = O(e%) as e — 0.

In the sequel the Landau symbol O refers to the C%-norm on B, 5(x¢). Note also that (3.14)
implies that

Co(z)! = 67”(/@_1]1& + 0(52)). (3.19)
If we write A° := V¢ — VY, then we deduce from (3.11) and (3.15) that
Aj(z) = _vgics(way):my Ce(z) ™! = _Emvgics($7y)w=y (”_111Ew + 0(52)>
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has a limit as € — 0 uniform in x € B, 5(xo). We set

Ai(z) = liH(l) AS (). (3.20)
e—
Moreover (3.16) implies
A;(xzo) = 0. (3.21)
We have
| A; — AchwBP/Q(mo)) = 0(e). (3.22)

Using (3.12) we deduce that along B,(xo) and for ¢ # j we have
€ 0 0 ge 0 ge € A€
Fij — Fij = Vi A = Vo, A7 + [A7, Af].
From (3.22) we deduce
|| (A7, A5] — [As, 4;

] \\CO(Bp/2($O)) =0(e). (3.23)

To estimate VgiAi(x) we use (3.13a) and we have
Vaidj(2) = —T5(2)Ce(2) ™ = Vg, Ce(,y)amy - Vi (C(2) ™),
ngj (37) = ng ng C: (1'7 y):v:y + vgivgj C: (x7 y)ac:y~
The estimate (3.20) and Lemma 3.2(b) imply that
lim 77 (2)Cc(x)™t
e—0
exists uniformly in = € B,,/5(x0) and the rate of convergence in C%( B, /5(x) ) is O(¢). Using
(3.13b), (3.13c) and (3.20) we deduce that
lim VY, Ce(2,y) ey - VO
e—0

2t

(Ce(z)™!) exists uniformly in x € B, /2(x0),

and the rate of convergence in C%( B, 5(x0) ) is O(e). We conclude that
Fy;(z) := lim Fi(x) exists uniformly in @ € B, /s(xo), (3.24)
e—0
and
|73 — E?HCO(B,,/Q(:EO)) =0(e). (3.25)
Observe now that
VO A5 () = — (V9. V2Ce(2,y)omy + Vo, V% Ce(2,y)amy ) - Clz) ™!
— V2 Ce(2,y)my - V% (C(2) 7).
Lemma 3.2(c) together with (3.20) imply that the limit
h_% (VgiV?ciCe(% Y)e=y + VgiV?ciCe(% y)w:y) -C(a)™
3

exists uniformly for z € B,(x0) and the rate of convergence in C°( B,s(x0) ) is Of(e).
Finally (3.15) and (3.22) imply that

HV%CE(JC, y)l"=y ’ Vgi(c(x)_l ) HCO(Bp/Q(mO)) = 0(5)'

Hence
;ig% VgiAf(x) exists uniformly in x € B, /5(x0), (3.26)

and the rate of convergence in C%( B, 5(x0) ) is O(e).
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The connection V defines a first order elliptic (Hodge) operator
90: 0 (End(E)) — 9°(End(E) ), 30 =d"" + (7).
Since A®(x) converges uniformly on B, ;(x) as € — 0, we deduce from (3.24) and (3.26) that
HA®(z) converges uniformly on B, /() as ¢ — 0.
Invoking elliptic LP-estimates we deduce that for any p € (1,00) there exists a constant
C > 0 such that for any €1,£9 > 0 we have

A%t — A62||L1*p(Bp/4(170)) < C(”Aal _ AEQHLP(B;,/Q(?Ilo)) + ||FA — HA&ZHLP(B,,/Q(wo)))‘

The right-hand side of the above inequality goes to 0 as £1,e2 — 0 so

lim [|A% — A% 1n(s, (@) = 0

81,82—)0

This proves that as e — 0 the 1-forms A°(x) converge in the L'P-norm on B, (o). Since
these forms converge uniformly to A on this ball we deduce that

lim || A% = Al 1o (B, 4 (@0)) = 0-
Since M is compact we conclude that exists a globally defined End(E)-valued 1-form
Ae L' (T*M ® End(F))
such that B
lim [|A® — Al|p1pary = 0, Vp € (1,00).
e—0

Moreover the equality (3.16) shows that A(xg) = 0. Since the point xy was arbitrary we
deduce A = 0. In turn, this implies that F€ = FO 4 ¥V’ A¢ converges in LP(M) to F°. From
(3.24) we deduce that this convergence is in fact uniform. This proves Theorem 3.1 assuming
the validity of Lemma 3.2. O

3.4. Proof of Lemma 3.2. We rely on the techniques pioneered by L. Hérmander [11] to
describe asymptotic estimates for the Schwartz kernel of W, as ¢ — 0. We follow closely the
presentation in [21, XII.2]. We allow w to be an arbitrary even Schwartz function w € $(R).
We denote by C the Schwartz kernel of w(ev/Ay).

Fix a point g € M and normal coordinates (z°) on B,(xo). We fix a local orthonormal
frame (e,) of E over this ball which is V%-synchronous of x, i.e.,

Ve, (xy) =0, Va. (3.27)
We will describe another integral kernel K¥(x,y) € Hom(E, ® C, E, ® C), defined for z,y €
B,(xo), | — y| sufficiently small, such that
C¥(z,y) = K (z,y) + O(e™)
i.e.,
1C% (z,) — K¥(x,9)||cx = O(EN) as e — 0, Vk,N € Zsq,
where the C*-norm above refers to the C*-norms of functions defined in a neighborhood of

the diagonal in M x M.
Fix a smooth ¢ : R — R such that

lt) = {0, It < 1,

1, [t >2.
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For x € B,(xo) and £ € R™ we denote by [£|, the length of £ as an element of Ty M. The
approximate kernel XY (z,y) has the form [21, Chap. XII, (2.2)]

K (x,y) = /m Ge (2, )"V de, (3.28)

where for any positive integer v we have

2v
¢=(2,€) = all€lo)w(|Els)eo (2, €) + a(léls) D efw) (eléls )ej(x,€) + Ri(e,2,€),  (3.29)

Jj=1

where for every € > 0 the remainder RS (z,§) is a classical symbol of order < —r —1 and the
family (R (z,§))zc(0,1) is bounded in the space of such symbols.

Moreover, cy(x,£) = 1f,, each of the terms c;(x,&) is independent of w and it has an
asymptotic expansion as £ — 0o

cj(z,8) ~ Y epl,€),
k<lj/2]
where cji(z, &) is homogeneous of order k in &.
Sublemma 3.3. Suppose that ¢ € S(R) and
c: By(xo) x (R™\0) = End(Ey ® C), (z,§) — c(z,§),

is a smooth function homogeneous of order k € Z. . We set

Lelpe@] = | a€la)o(elelela.€)ds. (3.30)

)= [ el )i
Then the following hold.

(i) If k < —m — 1, then
| Le[¢, c()] | = O(l1llco )-
(ii) If k = —m, then there exist temperate distributions
Tim:S(R) >R, j=-1,0,2,...,

such that as € — 0 we have the asymptotic expansion

Lelg, o)) ~ ¢(x) | (loge)T1,m(¢) + > & Tjm(9)
=0

Moreover,
Tfl,m (¢) = ¢(O) .

(iii) If k > —m, then there exist temperate distributions
Tin:S(R) >R, j=01,...,

such that as € — 0 we have an asymptotic expansion

Lel, c()] ~ e ™ Fe(x) Y Ty m(9).
j=0
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Moreover

To k() = (/000 ¢(s)sk+m_1ds) )

Proof. Part (i) is obvious because a(|{|;)c(x, §) in integrable in £ over R™ if the order k of ¢
is < —m. Assume that £ > —m. We set

é(x) = /§|w—1 c(x, &)dE.

= ~ clx a m—1
Leld e(a)] = /0 ( /|€ L ,tsadsx) o(t)de(t) L.

We have

= ([ aotwrstenrniar) ) = o ([T ants o)t ) o),

The last 1-dimensional integral has a complete asymptotic expansion as € — 0 described
explicitly in [3, Eq.(4.4.22)]. Sublemma 3.3 follows by unraveling the details of this asymptotic
expansion. 0

Fix two multi-indices a, 8 € ZT; such that |[af + |B] < 2. Using (3.28) we deduce that

OO (&, 9)|a=y = (~D)PliloH Pl / Ca(@,6) + / (@, €)d

where

0(,€) = 950] (ale, 9 ) —q(a,)(ap0]e )

= 3 Zap L0 gy, E)dE,

0<y<a

and Z, g~ are certain universal complex constants. Using (3.29) with v = m + 2 and Sub-
lemma 3.3 we deduce that there exist universal temperate distributions

S5 8(R) > C, j=0,1,2,
and endomorphisms
Ki,ﬂ(:v) E,—> E,, 7=0,1,2,
depending smoothly on z but independent of w such that

2
MO0 K (4, Y)|emy = e 1IN TS J(w) KD () + O(EP) | . (3.31)
j=0

Moreover, since co(x,§) = 1g, we deduce

SY s(w) = /0 w(t)emrleHBI=1 g

K g(x) = (—1)/Alglel 17 < / 5‘@) 1p,.
|§]=1

For any Schwartz function w € 8(R) and any A > 0 we set

(3.32)

wy(z) = w(Az).
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Observe that wy(ev/Ag) = w(Aey/Ap) so that, for fixed A > 0, we have
K =K +0(e).
Using this in (3.31) we deduce that for |a| 4+ |3| <2 and j =0, 1,2 we have

S g(wy) = A"l IBIST (). (3.33)
Sublemma 3.4. (a) Let |o| + |5] € {0,2}. If ¢ € 8(R) is even, then
Sa.5(0) K 5(x) =0, Vo € B,s(x). (3.34)
(b) If ¢ € 8(R) is even, then
lim e™V% K (2, )| wmy—mo = 0. (3.35)
3

Proof. Denote by 8, (R) the space of even Schwartz functions on R and by X, 3 the subspace
of of 8 (R) consisting of functions ¢ satisfying (3.34). Clearly X, s is a closed subspace of 8
so it suffices to prove that X, g is dense in 8 (R) with respect to the natural locally convex
topology of $(R). The family y,(s) = e **s* spans a vector space dense in S, (R); see [22,
Chap. 8, Lemma 2.3]. Thus, it suffices to show that v, € X, g for any A > 0. In view of the

homogeneity condition (3.33) we see that
Y1 € fxa’g <~ Y\ € fxa,g, V> 0.

For ¢t > 0 we denote by H; the heat kernel, i.e., the Schwartz kernel of e *20. Note that H,.
is the the Schwartz kernel of 1 (ev/Ap).

The heat kernel H;(z,y) has a rather well understood structure. We denote by d(z,y) the
geodesic distance between xz,y € B, y(o) with respect to the metric g on M. For z,y in
a neighborhood of the diagonal we have an asymptotic expansion as t ~\, 0 (see [17, Thm.
7.15])

o0

Ht(x7y) - ht(x7y) Ztll@y($,y), Ve ZZO7 (336)
v=0
::Gt(:r,y)
where O(z,y) € Hom(E,, E,) and
%1 2
hi(z,y) =t 2e ~ gy

The asymptotic expansion (3.36) is differentiable with respect to all the variables ¢, z,y.
Hence

eM™H 2 (x,y) 252”@ (z,y), (3.37)

where u, 1=

%ﬂ;)Q. When Tr =1y we have Ue = 0 and thus

e"H(z,x) EE2V@ (z,x)

This proves (3.34) in the case o = = 0 for the test function 7 since the expansion in the
right-hand side above involves only even powers of ¢.
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Differentiating (3.37) we deduce
€™VY Hoa(,y) ~ —(Opiuc)e 2621’9 x,y) 262”V0 Y. (3.38)

To compute 5mV2j Vgi H.>(x,y) when z = y we will take into account that d,iu. = 0 when
x =y. We deduce

de 2 Yxixt

gmvgjv(a):iH€2 (x7y)$= ~ 762 xay)2’x:y252y@y T, T
B (3.39)
+ Z 82”V0 VO O, (T, Y)a—y

This proves that am“ng Vgi H.(z, y)x:y has an asymptotic expansion in even, nonnegative
powers of €. Arguing in a similar fashion we deduce that the kernels

am”ng Vgi H2 (2, Y)w=y, 5m+2v2j Vol (2, 9)o—y

also have asymptotic expansions in even, nonnegative powers of e. We conclude that v1 € X, g
if o + 18] = 2.
Let us observe that (3.38) implies

eV Hoo (2, ) |omy Z€2VVO Y ) p=y-
We deduce that
liH(l] smvgngz (2, Y) o=y = V2¢90($7y)|x:y.
E—r

From the transport equations [17, Eq.(7.17)] we deduce that in normal coordinates at xo and
under the synchronicity condition (3.27) we have

V2¢90($,y)|x:y:wo =0.
This proves (3.35) for ¢ = 1 and thus for any even Schwartz function ¢. O

We can now complete the proof of Lemma 3.2. Using (3.31) and (3.32) with a = 8 =0
and Sublemma 3.4(a) we deduce that

emC.(z,2) = klp, +O(?),

K= (/OOO w(t)tmldt> vol (§™71).

oy = (5i17 ce 751m) S Zgbo,
where 0;; is Kronecker’s delta. From (3.32) we deduce that

Ko o=-Kp,, = (/|51 @) 1p, =0.

€mV2iCE(x, y)x=y = Séi,o(w)Kéi,O + O(e),
€mV2iCs(9«", Y)a=y = Sclyi,o(w)K(l),ai +O(e).
These estimates prove (3.15). The equality (3.16) follows from (3.35).

where

For 1 < i <m we set

Thus
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From (3.32) we deduce that for 1 <i# j <m

Kgi+aj,0(x) = _ngi,aj (:L') =1 /§|1 gzgj ]lEx =0,

and invoking (3.34) we conclude that
€ Vi Vi Ce(@, Y)amy = 50,10, 0(W) K G, 4o 0(2) + O(e),
€MV Vi O, y)o=y = 54, 0, (WK, o (2) + O(e),
emvgivgj Ce(2,Y)amy = S&aﬁ% (w)Kaaﬁaj () + O(e).
These estimates prove (3.17). Note that Sublemma 3.4 implies that

€m (ng ng Cg (.T, y)x:y + Vgl Vgl C&‘ ($, y)CC:y )

= &850, 0(0) K, () + 85, 0, () K 26, (2))
+(830,0(0) K, (@) + 52,0, () K2, () + O(e).
The equalities (3.32) imply that

Sgai’O(w)KO o(x) + 5. o, (WKL, . (2) =0.

2a, 0,00 0,00
This proves (3.18) and completes the proof of Lemma 3.2. O
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