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Counting Zeros of Random Functions

Liviu I. Nicolaescu

Abstract. What is the expected number of roots of a polynomial whose coefficients are ran-
dom? More generally, what is the expected number of zeros of a random one-variable func-
tion? The Kac-Rice formula is meant to answer such questions. This paper is an introduction
to this less familiar formula and some of its one-dimensional applications.

1. INTRODUCTION. It is well known that a degree n polynomial
P:An$n+"'+A11}+A(), (1)

has at most n complex roots. Assuming that its coefficients A, are random real num-
bers the following vaguely formulated question seems natural.

How many real roots should we expect (1) to have?

Throughout this paper we will adhere to the probabilists’ convention to capitalize
the names of random quantities.

To simplify the presentation we assume that the coefficients Aq, ..., Ay are inde-
pendent continuous random variables. Let py,(a)da denote the probability distribution
of A and denote by Z = Z(Ay, ..., A,) the number of zeros of the polynomial (1).
The number Z is a random variable and the answer to the above question is precisely
the expectation of Z, denoted by E( Z ). Then

B(Z)=S kB(Z=k).

where IP’( E ) denotes the probability of an event F.
To proceed further, let us denote by R, the region in the space R'*™ consisting of
the points (ag, ay, .. .,a,) such that Z(ag, ..., a,) = k. Then

E(Z) :Zk/R po(ao) -+ pulan)dag - - - da,.

k=0

Let us illustrate these ideas on the first nontrivial case, that of random quadratic poly-
nomials. We assume that the coefficients are independent and uniformly distributed
in [N, N], where N — oo. In this case the random variables Ag, A;, A, have the
same distribution p(a)da, where

o L1 =N
P=5N Y0, la| > N.

Note that IP’( Ay = 0) = 0 since A, is a continuous random variable, so the polyno-
mial P has almost surely degree 2. Moreover,

RO = { (a07a17a2) S Rd, a? < 4@00,2 },
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so that

P(Z=0)=P(A} <44,4,)

1 2/agaz d d d 1 N d d d
= SN3 A<a0a2<N2/4 /_2\/%72 ay agp a2+8N3 /zoa2>N2/4 (/_N a1) Aoaz2

lag|,laz| <N lag|,laz| <N

1 1
~ 9N %<aoa2<N2/4 Vaoaxdaodas + 7 l0a2>N2/4 daoda

lagl,laz|<N lag|,laz|<N

(CLO = N.’L'(), Ay = N.Z'Q)
_ 1 dxod L dxod
T 9 Jo<zgza<i/a ToL20To0Ts + 4 [wora>1/4 LodT2

[zo|,|z2|<1 |zols|z2|<1

1
= / VZoradzods + / (1 —2/zoxy )daoda,
0<zg,z2<1 2 [ zoza>1/4

0<zg,z1 <1
1 2 1 /L 1
= (/ ﬁdm) +/ </ (1—2\/x0x2)d:c2) dz,
0 2 J1a \J1/(4z0)
4 1 [t ) 1 _359
=_ 4= 1—1/(4xo) Vdzo — | = 1— ~2.%? Vdx, ~ 0.3727.
9—1-2/1/4( /( a:o)> T 1/43\/370( 83:0 ) xo ~ 0.3727

This can be alternatively confirmed running a Monte-Carlo simulation using the fol-
lowing R code.

#N is the number of samples
N<-250000
a<-c(runif (N,-1,1))
b<-c(runif (N,-1,1))
c<-c(runif(N,-1,1))

sum (b~ 2-4*a*c<0) /N

Observe that IP’( 7 = 1) = 0. Indeed, the event {Z = 1} is described by the sur-
face aj = 4apas in the Buclidean space with coordinates (ag,a;,as) and the 3-
dimensional volume of this surface is zero.

We deduce that P(Z =2) =1 —P(Z = 0) ~ 0.6272. Thus, with the above
concept of randomness, a random degree 2 polynomial, more likely than not, will
have two roots. The expected number of real roots of such a polynomial is then

E(Z)=2P(Z =2) ~ 1.2544.

Can we run the same argument with higher degree polynomials?
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First, we need to understand the regions R . The good news is that Sturm’s theorem
[3, Sec. 2.2.2] provides explicit descriptions of these regions in terms of polynomial
inequalities involving the coefficients a;. The bad news is that these descriptions are
too complicated to be of concrete use in computing the probabilities P(Ry,).

The Kac-Rice formula is an alternate way of computing E( Z ) which is successful
in many other instances. In this paper, to avoid delicate probabilistic issues, we discuss
only a special, yet sufficiently powerful case of this formula.

Here is briefly the organization of the paper. In Section 2 we introduce the concept
of random function and state the general one-dimensional Kac-Rice formula (5). Sec-
tion 3 presents a few classical examples of random functions, while in Section 4 we
present a complete proof of (5) in the Gaussian case, Theorem 8. We conclude with
two sections of applications. In Section 5 we discuss the zeros of several classes of
random polynomials while in Section 6 we present two geometric applications.

2. RANDOM FUNCTIONS. A random function is really a probability measure on
the space of functions from a set of parameters 7' to R. In this paper we will not work
in such generality.

The sample space of our story will be a finite dimensional vector space F of smooth
functions T' — R, where T' C R is a nontrivial interval of the real axis. The random-
ness is defined by a probability measure P(dF") on F. Following the terminology of
statistical physics we will refer to the pair (F, P) as an ensemble of functions.

Here is how such ensembles are produced. Fix a basis fy, fi,..., fx of F. Then,
any function f € F is a linear combination

N
f= Z%‘fi,
i=0
and we can identify f with a vector (2o, Z1,...,2Zy) € RY+1 This becomes a ran-

dom vector once we fix a probability distribution

p(zg,...,xx)dxo ... doy 2)

on RV*+1, We then think of F as a random linear combination

N
F=> Xuf 3)
k=0
where Xg, X1, ..., X, are random variables, and (2) is their joint distribution.

For every t € T, the evaluation at t defines a linear functional
ev,: F >R, ev, (F):=F(t).

If F' is a random function as above, then its value F'(¢) at a point ¢ € T is a random
variable. This leads to the usual point of view adopted in the theory of stochastic
process, namely, a random function is a family of random variables F'(t) parametrized
byteT.

We recall that the distribution of a normal (Gaussian) random variable Y with mean
m and variance v > 0 is given by the probability density

1 (y—m)?

= T 2w, 4
’Ym,v(y) \/%6 ( )
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A very important case is when the random coefficients X; are independent, mean zero,
Gaussian random variables. In this case we say that ' is a (centered) Gaussian random
function. If F is a Gaussian random function, then F'(¢), its value at ¢, is a mean zero
Gaussian random variable.

We denote by £ ( F, T) the number of zeros of F' in the interval T'. This is a non-

negative random variable' and we denote by Z (F, T') its expectation. More generally,
for any continuous bounded function w : T' — R we set

Z,(F):= Y w(t)
F(t)=0
This is a weighted count of zeros of F' with the function w as weight. Again, Z,, ( F )
is a random variable and we denote by Zu ( F ) its expectation, provided it exists.

The Kac-Rice formula gives a description of ZU ( F) in terms of statistical invari-
ants of the random function F'. Some conditions need to be imposed. We mention two
of them that are needed to state the formula.

* For any t € T the random variable F'(t) has a distribution,

DPF() (95 ) dx,

where the density pr(;) is continuous at 0.

* Forany ¢t € T, the random variable F’(t¢) conditioned on F'(t) = 0 is a continuous
random variable with distribution ¢;(y)dy. Intuitively, if p,(z, y)dzdy is the joint
distribution of the the random vector ( F'(t), F'(t) ), then

pre (@) = /Rpt(:ﬂ,y) dy, q:(y) = ]]9?;((27(1(/)))

WedefineC : T — R

C(t) = B(|F'()] | F(#) = 0)pre(0) = ( / \yrqu)dy) P (0).

Then, the Kac-Rice formula states that

Zu(F) = /T w(t)C(t)dt. )

In particular,

Z(F,T) = / C(t)dt. (6)

The applicability of the Kac-Rice formula is limited by our ability of computing the
conditional expectation E(|F'(¢t)| | F(t) = 0).

When F' is a Gaussian random function, this computation simplifies considerably
and C'(t) can be expressed in terms of the covariance kernel of the random function
(2). This is the function K : T' x T' — R defined by

K(s,t) = E(F(s)- F(t)) = Y f;(s)fu() E(X; Xy).

4, k=0

'We tacitly assumed that Z ( F, T) is measurable. This can be verified directly in each concrete case.
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Thus, K (s,t) encodes the correlations between the values of the random function F
at the points s, ¢ € T'. Since E(X}) = vy, and the variables X, are independent, we
have

E(X; X)) = E(X;)E(X,) =0, Vj#k.

We deduce
N
K(s,t) = kafk(s)fk(t)' (7
k=0

Theorem 8 describes C'(t) explicitly in terms of K (s, t).

The Kac-Rice formula was first proved by M. Kac [10] in 1943 in the special case
of polynomials with random Gaussian coefficients. In a 1945 report, S.O. Rice, an en-
gineer by profession, considered the case of Gaussian random linear combinations of
trigonometric functions of the form sin(At) cos(At) and gave a “physicist proof” for
the expected number of zeros of such functions; see [19, Sec. 3.3]. The first rigorous
proofs of the one-dimensional the Gaussian case appeared in 1960s. Proofs of the gen-
eral case (general random functions in several variables) appeared only in the 1980s;
see [1, 2].

In Section 4 we offer a plausibility argument for (5) in general, and a complete
proof of a special case that includes both situations considered by M. Kac and S.O.
Rice.

3. SOME EXAMPLES OF GAUSSIAN RANDOM FUNCTIONS.

Example 1 (Gaussian random polynomials). Fix N + 1 independent normal
random variables Xy, ..., X, with mean 0 and variances var(Xy) = vy, k =
0,...,N.Then

F(t) = Xo + Xqt" + -+ XpytV

is a polynomial of degree < N whose coefficients are independent random normal
variables. Its covariance kernel is

Observe that
N
F(—t) =Y (-1 X;t".
k=0

The random variables (—1)* X, are also independent normal variables with mean 0
and variances vy. Thus, the random polynomials F'(t) and F'~ (t) = F'(—t) have the
same statistics and we deduce

Z(F,[0,00)) = Z(F,(—00,0]).
Suppose additionally that the variances v;, satisfy the symmetry conditions

Vg = UN—k, Vk:O,l,,N (8)
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In this case the random polynomials F'(t) and
Fr(t)y=t"F(t™") => Xy_tF
k=0

have the same statistics and we deduce that
Z(F,(0,1)) = Z(F*,(0,1)) = Z(F,(1,00)).
We deduce that if F’ satisfies the symmetry conditions (8), then
Z(F,R) =4Z(F,(0,1)) =4Z(F,(1,00)). ©

O

Example 2 (The Kac ensemble). In this case the random variables have the same

variances v; = 1,Vj = 0,..., N. We deduce that the covariance kernel is
N
1— (st)N+!
K(s,t) = = —"7 10
(s:8) = > _(st) e (10)
k=0
This ensemble satisfies (8). O

Example 3 (The Kostlan ensemble). In this case the variances are

N
’Uk—< ), OSI’JSN,
k
and the covariance kernel is

K(S,t)zz<]]Z)(st)k:(l—|—st)N. (11)

k=0

For an explanation of the strange choice of variances in the Kostlan ensemble we refer
to [14]. This ensemble also satisfies (8) O

Example 4 (The Legendre ensemble). Recall that the Legendre polynomials are ob-
tained from the sequence of monomials (*) x>0 by applying the Gramm-Schmidt pro-
cedure with respect to the inner product in L*([—1, 1], dt).

Concretely, the degree n Legendre polynomial is

pu(t) =1/ 5 Co(t), Ly(t) = Sl 27 (t*-1)". (12)

We can construct a random polynomial

Fy(t) = Zkak(t)v
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where X, are independent standard normal random variables, Vk. Using the Christoffel-
Darboux theorem [20] we deduce that its covariance kernel is given by

Kn(s.8) = Y pulepet) = 2L Lol = v G g

Example 5 (Random trigonometric polynomials). We assume T' = [0, 27], N is
even, N = 2m and

fo=1, for_1(t) =sin(kt), for(t) = cos(kt).

Assume that vo, 1 = V9, = 21 > 0. For uniformity we set 1y := vg. In this case we

have
K(s,t)=ro+ i 2ro( cos(ks) cos(kt) + sin(ks) sin(kt) )
N k=1 . (13)
=ro+2 Z rpcosk(t —s) =ry+ Z 7 ( ethls=t) 4 e‘ik(t_s)).
k=1 k=1
In the special case when g =1, = --- = r,,, = 1 we deduce
m sin (2m+12)(t—s)
K(s,t):1+2kz;:cosk(t—s): = (14)
O

4. THE ONE-DIMENSIONAL KAC-RICE FORMULA. We want to present a
proof of (5) when F' is a Gaussian random function satisfying certain additional con-
ditions. The key to the proof is Kac’s counting formula, [10]. For any € > 0 define
(see Figure 1 where € = i)

1

29 ’y| <g,
n.:R—=R, n(y) = {8 iyl > e

Let us point out that the family 7. converges as € — 0 to Dirac’s §-function, i.e.,
for any continuous function f : R — R we have

lim [ 7 (¢) f(t)dt = f(0).

eNO Jr

For every C''-function F' : T — R we set

ZAR.T) = [ 0. (FO)IF (0.

More generally, if w : T" — R is a bounded continuous function, we set

Z.(Fw) = [ witm.(F(©)|F (0t

T
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=] -0.5 o 0.5 1

x

Figure 1. Approximating the Dirac function.

Definition 6. (a) Fix a compact interval [a, b]. A C*-function [ : [a, b] — R is called
convenient if the following hold.

* fla)- f(b) #0.
* All the zeros of f are nondegenerate, i.e., if f(t) = 0, then f'(t) # 0.

(b) We say that a C'-function F' : R — R is convenient if it is proper and all its zeros
are nondegenerate. a

Lemma 7 (Kac’s counting formula). (a) Suppose that the C*-function F : [a,b] —
R is convenient and w : [a, b] — R is continuous. Then

Z.,(F) = lim Z.(F,w). (15)

(b) Suppose that the C'-function F' : R — R is convenient and w : R — R is
continuous and bounded. Then

Z,(F) = lim Z.(F, w). (16)

(c) Let T = [a,b] or T = R and suppose that F' : T — R is a C*-convenient
Sfunction with v zeros and k < oo critical points. Then, for any € > 0, we have

| Z-(Fw) | < Jwl|Z:(F), Z.(F) < v+ 25, (17)
where ||w|| = sup,cp | w(t)].
Proof. (a) Since I’ is convenient, it has finitely many zeros 73 < -+ < 7,. The set

C of critical points of F' is compact and disjoint from the zero set of F' because F is
convenient. Thus

€0 1= Iglelg\F(xﬂ > 0.
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Fix ¢ € (0,¢¢). Then

b 1 ,
[ wtmEo)F = o [ o

The connected components of the open set {| F'| < €} are open intervals (¢, d) C [a, b]
with the following properties:

i. They are disjoint from the critical set.
ii. [F(c)|=|F(d)]=c¢eandF(c)F(d) <D0.

Indeed, if F'(¢)F(d) > 0, then F(¢c) = F(d) = +e, and Rolle’s theorem would
imply that the interval (¢, d) contains a critical point of f.

Since £ < €, the derivative F’(¢) has constant sign on a connected component of
{|F| < €} and thus F has a unique zero in each such component.

We deduce that the set {| F'| < £} is a disjoint union of open intervals ( c;(¢), d;(¢) ),
i =1,...,v such that

T; € (Ci(€),di(6)), Vi.

Moreover, for any connected component (¢, d) of{|F'| < e}, we have

/Cd ()] dt = /Cd F()dt

Thus, Ve € (0,¢€p), we have

b d;(e)
[ wlm (o) 7 @)t = Z N IRGIUI

= |F(d) — F(c)| = 2.

d(s ’
YL e w@)E(8)|dt
=2 “E \F/(t)|dt

R

Since ¢;(¢) /' 7 and d; () N\ 7; as € N\, 0 we deduce

L) W) @)l
N0 [ (;)) |F/()|dt

= w(r;).

(b) The function F' is proper so there exists a compact interval [—a,a] such that
|F'(t)| > 1 for |t| > a. The restriction of F' to [—a, a] is convenient and we have

Z(F|[—aa]7w) = Z(F,’U))

Next observe that for ¢ € (0, 1) we have n.(F(t)) = 0, V|t| > a so

[ wmFF O = [ wem el @i

—a
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Hence

lim [ w(t)n.(F(t)|F(t) |dt_hm/ ()| F'(t)|dt = Z(F,w).

eNO0
(c) Since F’ has only finitely many critical points we deduce from Rolle’s theorem that
for any ¢ € R the equation F'(¢) = c has only finitely many solutions.

Fix an arbitrary € > 0. The connected components of the set {|F| < €} are
bounded intervals (a, b) such that |F'(a)| = |F'(b)| = . Rolle’s theorem shows that

the equation | F'(t)| = ¢ has only finitely many solutions. We deduce that {|F'| < ¢}
has only finitely many components

Jg:(ag,bg), le,...,L.

We have
Z.(Fw) = | wOn(F@)F Ol = Z |/ woF @l

Denote by k, the number of turning points of F'(t) in Jy, i.e., the number of points
where F’(t) changes sign. Let us observe that if .J, contains no turning points, then
F is either increasing or decreasing on this interval so F'(a;)F(b;) < 0 and thus J,
contains a unique zero of F'. In particular, if J, contains no turning point, then

/ R

F’(t)dt‘ -

Je
We set

Ly := {; J, contains no turning point }, L£; := {¢; J, contains turning points }.
The above discussion shows that #L, < v, #L; < k, and thus

Z P @)= Z/|F’ |dt+—z 1w

ZGE LeLly

<1/+Z/ |F'(t)]dt.

el

Let / € L, and suppose that the turning points of F'in J, are t; < --- < t;,. We set
to := ay and ty, 1 := by. Then

k)g+l
/|F’ )|dt = ZyF (tj—1)| < 2e(ke + 1).
Je

Hence

—Z ()]t <> (2ke +1) < 5+ #Ly < 25

leLly leLy

O
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Let us outline the strategy for proving (5). We want to apply Kac’s counting formula
to the random function in (3)

N
F:T—R, F=Y Xufi

k=0

Here we assume that 1" is either a compact interval, or T' = R. We make a first as-
sumption about the random function.

The random function F' is almost surely convenient. (18)
Let w : T' — R be continuous and bounded. The Kac’s counting formula implies that

Zy(F) = ll\r‘%Za(F,w).

Suppose that we can prove that

E(}:i{r(l)ZE(F,w)) :l%E(Zs(F,w)). (19)

We deduce

~

Z.(F) = gnE( /| W(t)ns(F(t)NF’(t)ldt)dt
(20)

= lim w(t)E(na(F(t))|F’(t)])dt.

eNo Jp

If p;(, y)dxdy is the joint distribution of the random vector ( F(t), F’(t) ), then

E(n.(F@)F'(1)]) = 215/ </R ylpt(%y)dy) dz.

Under mild constraints on p; one can show that, as € \ 0, the last integral converges
to

[ wio.may=( [ y|mdy) P (0)

= E( |F/(t)| | F(t) = O)pF(t)(O)v pF(t)(O) = /Rpt((),y)dy-

We get (5) by passing to the limit under the integral (19), if this were possible.
The assumption (19) is the tricky part. It happens if we make the additional assump-
tion

3C > 0 such that, almost surely, Z(F,T) + Z(F',T) < C. (21)

Indeed, with this assumption we can use Lemma 7(c) and Dominated Convergence
Theorem to prove (19).

January 2014] ZEROS OF RANDOM FUNCTIONS 11
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We also need to justify the passage to limit in the second integral of (20). There are
other practical issues. For example, determining the joint density p;(z, y), or the con-
ditional expectation E( |F'(t)| | F(t) = 0), could be quite difficult if not impossible
to compute, thus limiting the usefulness of (5).

Things simplify considerably if we assume that F' is a Gaussian random function.
This is what we assume in the sequel. We also assume that (19) holds for one reason
or another, e.g., because (21) holds.

In this case, for each t € T, the random vector

FoFw— (F(t),F'(t)) eR?

is Gaussian since it is the limit as A — 0 of the Gaussian vectors.

v, (F(t)7F(t+hf)LF(t)>'

)

Indeed

h 9 h IR

F(t+h) — F(t) iX,foh)—fj(t) v in,_(t):F,(t).

J=0

By construction, E( F'(t))) = 0. Moreover, E( F'(t)) = 0 since F'(t) is a L'-
limit of mean zero random variables. Hence, the distribution of the random vector
(F(t), F'(t)) is determined by its covariance matrix

a; by
Ct = |: bt ¢ :| ’
where
a, = E(F(t)?), b=E(FOF ), ¢=E(F(t)?).

This is a symmetric positive semidefinite matrix.
We can describe the entries of C; in terms of the covariance kernel K (s,t) =
E(F(s)F(t)). More precisely, we have

at = K(t, t), bt = Kt/(s, t)’S:tv Ct = K;;(S,t)‘szt. (22)

We set A, := det C; = a;c; — b?, and we make another assumption on F'(t), namely
that C} is positive definite, i.e.,

a; > 0, At > 0, Vit eT. (23)

The joint distribution of the random vector ( F'(t), F'(t) ) is the Gaussian measure
¢,

1
21/ Ay

2 2
Te, (dzdy) = ¢ 7 2yt g gy, (24)

We then have

E(n.(FO)F®]) = 5 [ lblTe,(dody)

lz|<e

12 © THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
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1 ¢ (csa® —2bszy+ary?) )
. T t tTYTaty d d
o [ e ([l

A direct elementary computation shows that

bx\2 A
(Ctx2 — th{L‘y —|— aty2) = a; <y _ t> + 7t 2
a/t at
We deduce that
1 — ok (crax? —2braytary?
S/ ey
1 22 1 oy by 2
= e Zar X lyle” 22¢ (y— ‘lt) dy
2ma Ap
(Ut = At/at)
@ 1 22
~ Vo /R‘y'%tw/wt (dy) =: ®u(x).
Thus
1 €
E<n5(F(t))|F/(t)’) = 25/ P, (z)dx.
‘We have

ti B(n.(FO)F'0)]) = 20) = —5— [ lylv (@) @9

AV 27Ta/t

We would like to conclude that

Zo(F) = lim | w()B(n(F()|F'0)] )t

:/T w(t) lim B(n.(F (t))|F'(t)y)dt:/Tw(t)cbt(())dt.

eN\0

To do this we will invoke the Dominated Convergence Theorem.
Any random variable Y with finite mean E(Y") and finite variance var(Y’) satis-
fies the inequality

B(Y|) < \/BE(Y?) = \Jvar(y) + E(Y)2.

btl‘

Applying this inequality in the special case when Y is Gaussian with mean and

variance v; we deduce

b.x
A!y\vz,tm/at,q,t(dy) < \/m< Vo + b ‘

January 2014] ZEROS OF RANDOM FUNCTIONS 13
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Now observe that ®,(z) is positive and, for any |z| < 1, we have

1 ’bt’ 1 \/At ‘bt|
P < — =) =
t(;r) - vV 27TCLt (\/Ft+ a; ) vV 27'('( Qy + a?/z )

We now add another requirement to our random function F'(t), namely,

=: pu(t)-

/ p(t)dt < oo. (26)
T

We deduce
B(n(F0)IFO]) = 5 [ ®e)de < gt

2e J_.

Invoking (19), (25), (26), and the Dominated Convergence Theorem, we conclude that

~

Z,(F)) = lim wUJE(nJ}Nﬂ)UWUM)ﬁ

eNo Jp

5AmmME@4mmwwmﬁ:/wm®@ﬁ

eN\0 T

Observe that

2 o 1 > y? 1
0 Ey—— d = T 2v d — ,
®,(0) /7271_%/0 yht(y) Y . atvt/o ye “tay = ﬂ_pt

VA

Gy

Pt =

Note that we can describe p; in a more compact form,

o e — b7 K (s,t)— K (s,t) = — K{(5,1)7_,
AT K (s, 1),

= 0% log K(8,1)s—t-

We have thus proved the Gaussian Kac-Rice formula.

Theorem 8. Let T' = [a,b] or T = R. Suppose that fo, f1,...,fv : T — R are
smooth functions and X, k = 0,..., N are independent normal random variables
with mean zero and variance vy. Consider the random function

F:T—R, F(t)=)Y_ X.fu(t)

with covariance kernel K (s,t) = E( F(s)F(t)).
If the random function F' satisfies the assumptions (18), (21), (23), (26), then, for
any bounded continuous function w : T' — R, we have

Zu(F) == [ w(opat, @7
T

™
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where

\/8 log K (,1), (28)

[ K(s, ) K(s,t) — Ki(s,1)?
4 K(s,0)?

In particular, the expected number of zeros of F in T is

5 1

Remark 9. (a) The requirement (26) is easily verifiable. It follows automatically if
the interval T' is compact and the random function satisfies the ampleness condition

a; >0, Vt. (30)

Clearly (30) follows from (23). Note that if (30) holds but (23) is violated, then A; = 0
for some ¢. For this ¢ the Gaussian measure (24) is degenerate: it is supported on the
line y = Z—ix

The requirement (26) is also satisfied for the random polynomials in Example 1
because in this case a; is a polynomial of degree 2NV, b; is a polynomial of degree
2N — 2, ¢; is a polynomial of degree 2N — 2 and A, is an even polynomial of degree
< 4N — 3. In particular, deg A; < 4N — 4 and we deduce

VA by

+
3/2
Qg a/t/

=0(t™?) as |t| — oo.

(b) In the Gaussian case, the assumption (18) follows from the ampleness condition
(30) if T is a compact interval. This is a consequence of a probabilistic version of
Sard’s theorem, [17, Prop. 1.12].

(c) The assumption (21) is the most difficult to verify in concrete situations. When
T = R, it holds if the functions fy, ..., fy are polynomials. When the interval T is
compact it holds if the functions fy, . .., fx are real analytic on an open interval I that
contains T'. For example, it holds if they are trigonometric polynomials. In this case
the random function is the random noise considered by S.O. Rice in [19].

(d) Theorem 8 is a very special case of the general Kac-Rice formula. In particular, the
general version shows that

if T is compact, then the equality (27) holds assuming only (30).

The available proofs of this fact avoid the tricky assumption (19) and they are signifi-
cantly more involved. For details we refer to [1, Chap. 11] or [2, Thm.3.2]. O

5. ZEROS OF RANDOM POLYNOMIALS. Let us apply Theorem 8 to study the
number of real zeros of random polynomials. As we will soon see, the expected num-
ber of zeros is sensitive to the concept of randomness we use.

January 2014] ZEROS OF RANDOM FUNCTIONS 15
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Example 10 (The Kac ensemble). Suppose that Fiy(t) is the degree N random Kac
polynomial

N
Fy(t) =Y Xt 31)
k=0

where the random variables X, are independent standard normal variables. We denote
by Zn the number of zeros of Fy. In this case the covariance kernel is

1— (st)NF!
Bnlst) = ——5—
Then
1 (N +1)22N
02, 1og Kn(8,1) ey = o1 (@ o1y =: fn(t)dt.
We deduce that

For example,

1 9tt
fa(t) = (2 —1)2 - (5 —1)2

1 (1_ 9¢* ot
- ( -

(t2—1)2 t4+t2+1)2 t4+t2+1>2'
Hence
4 [t 1
A :/ —dt ~ 0.5055.
Tl VAT

In particular we deduce that
1
Thus the quadratic Kac polynomials are more likely to have no real roots. O

Remark 11. (a) Let Zy denote the number of zeros of a random Kac polynomial of
degree N. As N — oo we have (see [5, §2.5])

ZN:%(logN—l-C)—i-o(l). (32)

Thus, we expect the Kac polynomials of large degree to have relatively few real roots.

(b) The graph of
1 (N 4 1)2¢2N
pn(t) = \/(1 —f2)2 - (1 — t2N+2)2

16 © THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
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Figure 2. The density of zeros of a random Kac polynomial of degree 25.

is depicted in Figure 2.

It has two “peaks” at ¢ = 41 which suggests that the real roots of a Kac random
polynomial tend to concentrate near ¢ = =£1. This statement can be made much more
precise.

In [9, §2, Lemma 1] it is shown that, for any s € (0, 1), the expected number of
roots in the interval (—1 + (log N)~*,1 — (log N)~*)) C (—1,1) is < log N as
N — 00. More precisely,

- 1 1 .
Z(Feaer (14 Gog i '~ og e ) ) = Olllog N)*loglog N).

(b) A weaker version of the asymptotic estimate (32) is valid for more general classes
of random polynomials. More precisely, Ibragimov and Maslova have shown in [9]
that if F),(t) is a random degree N polynomial of the form

N
Fy(t) =) Xt
k=0

where (X} )x>0 are independent identically distributed L?-random variables and, if we
denote by Z the number of real zeros of Fly, then

2
E(ZN)rv;logN as N — o0. (33)

The proof in [9] is much more complicated and is based on ideas developed by Erdos-
Offord [6] where they discuss the special case when X, are Bernoulli variables taking
values £1 with equal probability.

The asymptotic behavior of the variance Vi of Zy was described by N.B. Maslova,
[11]. More precisely, she proved that

7 s

1 2
VN~4(1—>logN as N — oo.
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If X € L? for some p > 2, then the random variables Z satisty a central limit
theorem. More precisely, Maslova showed in [12] that if X, € LP for some p > 0
then

\/%N(Zn—E(ZN))

converges in distribution to a standard normal random variable.
Recently Nguyen-Nguyen-Vu [15] proved that, under the same assumptions,

2

If the random variables X, are not identically distributed, then E(Zy) can have dif-
ferent asymptotic behavior as the example below shows. Moreover O. Nguyen and V.
Vu [16] proved that the central limit result holds (under additional assumptions), even
when X, are merely independent and not necessarily identically distributed, as in the
case of Kostlan polynomials. O

Example 12 (The Kostlan statistics). Consider the Kostlan random polynomials in-
troduced in Example 3. In this case the covariance kernel is K (s,t) = (1 + st)" and

we have
log K (5, ) = Nlog(1 + st), dylog K(s,t) = — >
g ) - g ’ t 108 ) - 1+St’
N VN
2
05 log K(s,t) = m7 Pt = \/agt log K (s,t)|s= = 11

The Kac-Rice formula implies that the expected number of zeros is

E(ZN):Q{TN/OO L__ W

1+¢2

We see that the Kostlan random polynomials have, on average, more real zeros than
the Kac random polynomials. O

Example 13 (The Legendre statistics). Let F), () denote the random linear combina-
tions of Legendre polynomials described in Example 4. M. Das [4] has shown that the
expected number of zeros of Fiy () in [—1, 1] is asymptotic to %N for large N. The

Legendre ensemble displays an even stronger bias towards a relatively large number
of real roots. O

6. GEOMETRIC APPLICATIONS. We want to present some immediate but strik-
ing geometric applications of the Kac-Rice formula. We will use the stronger version
mentioned in Remark 9(d).

Example 14 (Fary-Milnor). Suppose that
[0.L] 5 s = 7r(s) = (x(s), y(s), 2(s)) € R’

is the arclength parametrization of a knot K (embedded, smooth, closed curve) in R3.

18 © THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
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Consider a random linear function
H:R* =R, H(z,y,2) = Az + By + Cz,

where A, B, C are independent standard normal random variables with mean zero and
variance 1. Denote by p(H) = pu(A, B, C') the number of critical points of the restric-
tion of H to the knot. These are the points on the knot where the vector (A, B, C) is
perpendicular to the tangent vector to the curve at that point.

The restriction of H to K is described by the Gaussian random function

F(s) = Az(s) + By(s) + Cz(s).
Note that the critical points of H|x correspond to the zeros of the derivative.
F'(s) = Az'(s) + By'(s) + CZ/(s).

Let (T", N') denote a Frenet frame along the curve, where 71" is the unit tangent vector
and IN a unit normal vector. The derivative F”’(s) is a Gaussian random function with
covariance kernel

K(s1,82) = 7' (s1)2(52) + 9 (51)y (52) + 2/ (51)2'(52) = T(s51)  T'(s2),

where and e denotes the standard inner product in R3. The Frenet formula [21, Sec.
1.9] imply that

832K(31, 82) = T(81> ° TI(SQ) = K(Sz)T(Sl) [ ] N(SQ),
where x denotes the curvature of the curve. Similarly

02 . K (s185) = k(s1)k(s2) N (s1) @ N(s5).

5152

We deduce

K(s,s) =1, 0,K(s,s) =0, 8 ,K(s,s)=r(s)? ps=Ix(s)l.
Hence assumption (30) is satisfied. Remark 9(b) implies that the critical points of H |
are almost surely nondegenerate. They come in two types: local minima and local
maxima. We denote by m (H ) the number of local minima/maxima of H |x. Then,
almost surely, m_(H) = m,(H) and u(H) = m_(H) + m(H). The Kac-Rice
formula (29) implies that

B(u(H) = 2B (m (1)) = © [ In(s)lds

™

1
= — X the total curvature of the curve.
T

This result, or rather a version equivalent to it, was first proved independently by I.
Fary [7] and J. Milnor [13]. In particular, Milnor, who was a Freshman at the time,
used this to prove a conjecture of K. Borsuk stating roughly that to knot a curve you
need to bend it quite a bit. Fary’s proof is also probabilistic in nature, but he used a
different approach. O
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Example 15. Suppose that C' is a smooth closed curve on the unit n-dimensional
sphere

S i={ (o, x1,...,2n) ER™ af+al +--- +22 =1}

Denote by L the length of C'. Using the Kac-Rice formula we will prove, in one stroke,
two related facts.

i. If L < 27, then C'is entirely contained in a hemisphere.

ii. If L > 27, then there exists an Equator of the sphere that intersects C'in at least
four points.

The case n = 2 of (i) seems to be part of the folklore of mathematics; see e.g.
[21, Problem 1.10.4]. The case n = 2 of (ii) was proved more recently, in a 2008
MONTHLY paper, [8]. The authors refer to it as a 1969 conjecture of Hugo Steinhaus.
Here is a probabilistic proof of these facts.

Parametrize C by arclength, [0, L] 3 s — x(s) := (zo(s), ..., za(s)) € R"T
Since C' C S™ we have |z(s)| = 1, Vs, where | — | denotes the natural Euclidean
norm. Moreover, since this is arclength parametrization, we have |z'(s)| = 1, Vs.

Any vector u € R™*! determines a linear functional £,, : R"™* — R, £, (x) =
(u, x), where (—, —) is the canonical inner product in R"**. To prove (i), we have to
show that there exists u % 0 such that the restriction of /,, to C has no zeros. To prove
(ii), we have to show that there exists w # 0 such that the restriction of /,, to C' has at
least four zeros.

The restriction of ¢,, to C' can be identified with the function f, : [0,L] — R,
fu(s) = (u,z(s)). Choose independent standard random variables (U )o<r<, and
form the random Gaussian function

Fy:[0,L] = R, Fy(s) = Zn:kak(s).

Its covariance kernel is K (s,t) = (x(s), z(t)). We deduce

1d

by = Kj(s,t)| _, = ((t),z'(t)) = Sdl

z(t)* =0,

o =K (s,t)],_, = |='(t)

=1

Thus A; = 1, p; = 1. Condition (30) is satisfied so we can apply (29) to deduce that
the expected number of zeros of Fy; is Z¢o = %

To reach the conclusions (i) and (ii) we need an additional input, topological in
nature. Observe that if f,, has only nondegenerate zeros, then it has an even number
of them. Indeed, a nondegenerate zero of f,, corresponds to a point where the curve
C crosses the hyperplane {/,, = 0} transversally from one side to the other. Since the
curve is closed, it must cross this hyperplane an even number number of times.

As explained in Remark 9(b), condition (30) implies that the zeros of Fy; are almost
surely nondegenerate. Thus, almost surely, the function Fy; has an even number of
ZEr0S.

20 © THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
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If L < 27, then Zo < 2, and the probability that the number of zeros of Fy; is < 2
is positive. Since Fy; has an even number of zeros we deduce that the probability that
F; has no zeros is positive. This proves (i).

If L > 27, then Z- > 2. Hence, the probability that F; has more than two zeros is
positive and we deduce that the probability that Fy; has at least four zeros is positive.
This proves (ii). O

Remark 16. The equality Zo = % proved in Example 15 is a Crofton-type formula:
the quantity Z¢ is the average number of intersection points of the curve C' with a
hyperplane through the origin. This is no accident. In [1], the Kac-Rice formula was
used to prove wide ranging generalizations of the classical Crofton formule, [18, Sec.
9.3].

The Kac-Rice formula, in its higher dimensional incarnations, has other geometric
applications. For example, as shown in [17], the classical Gauss-Bonnet formula and
all its modern generalizations are special cases of the Kac-Rice formula. O
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