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Abstract We present a very short and complete proof of the existence of the normal cycle
of a subanalytic set. The approach is a blend of Morse theory and geometric integration
theory and relies heavily on techniques from o-minimal geometry.
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1 Introduction

The normal and conormal cycles of a (reasonably behaved) subset X of an oriented Euclidean
space V of dimension n are currents that encode subtle topological and geometric features
of the set. The normal cycle N is a Legendrian cycle contained in the unit sphere bundle
S(T V) associated to the tangent bundle 7'V, while the conormal cycle is a Lagrangian cycle
SX in the cotangent bundle T*V. The two objects completely determine each other in a
canonical fashion. Their precise definitions are rather sophisticated in general, but they can
be easily described in many concrete examples.

For example, if X is a compact smooth submanifold of V, then N X can be identified
with the integration current defined by the total space of the unit sphere bundle associ-
ated to the normal bundle of the embedding X — V, while S¥ can be identified with the
current of integration defined by the total space of the conormal bundle of the embedding
X—V.
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The normal cycle N¥ is intimately related to Weyl’s [28] celebrated tube formula. More
precisely, there exist canonical SO (V)-invariant forms (see [9, §0.3])

105 -+ s et € QLUH(S(TV))

such that, for any compact submanifold X < V, the integrals

M (X) 1=/nk (1.1)
NX
can be expressed as integrals over X of universal polynomials in the curvature of the induced
metric on X. For example, if m = dim X, then p,, (X) is the m-dimensional volume of X,
and p,,—2(X) coincides (up to a universal multiplicative constant) with the integral over X
of the scalar curvature. The quantity 1o (X) is the Euler characteristic of X which, according
to the Gauss—Bonnet theorem, can be expressed as the integral of a universal polynomial in
the curvature of X.
The quantities py (X) are known as curvature measures. They are the key ingredients in
the tube formula that states that for any sufficiently small » > 0, the volume of a tube of
radius r around a compact submanifold X < V of dimension m is (see [22, §9.3.3.])

m

Vx(r) = D ttmk (X)@ppir™ ", (1.2)
k=0

where @, denotes the volume of the unit p-dimensional ball.
If X is abounded domain in V with sufficiently regular boundary 9 X, then we have a unit
outer normal vector field

n:3X - SV)y:={veV: jv=1} (1.3)

and the normal cycle NX is the integration current defined by the graph of the above map;
see Example 3.1. In this case, the integrals [yx ni can be expressed as integrals over 9 X
of universal polynomials in the second fundamental form of the hypersurface d X, and they
are involved in a tube formula similar to (1.2), [22, §9.3.5]. If additionally X happens to be
convex, then the curvature measures (i (X ) coincide with the Quermassintegrale constructed
by Minkowski [18].

In the groundbreaking work [5], Federer has explained how to associate curvature mea-
sures to subsets of V of positive reach. This class of subsets contains as subclasses the smooth
submanifolds of V, the bounded domains with smooth boundary and the convex bodies in
V, and in these cases Federer’s curvature measures specialize to the curvature measures
described above.

As explained in [18], the Quermasseintegrale can be extended in a canonical fashion to
finitely additive measures (valuations) defined on the collection of polyconvex subsets of
V, i.e., sets that are finite unions of convex bodies. In particular, the quantity pui (X) is well
defined for any compact P L subset of V. For most P L sets the Gauss map (1.3) is not defined
and the above definition of NX is meaningless.

In the late 70s and early 80s, Wintgen [29] and Cheeger et al. [3] have explained how to
associate to an arbitrary compact PL subset X C V a Legendrian cycle N¥ contained in

S(T'V) such that
Mk(X)Z/nk.
NX
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Their elementary construction is very intuitive and is based on elementary Morse theory
on P L-spaces. Moreover, the correspondence X +— NX from the collection of compact
P L subsets of V to the Abelian group of Legendrian cycles in S(7'V) is a finitely additive
measure, 1.e.,

NXUY = NX 4 NY — N, (1.4)

forany PL sets X, Y. This article [3] includes the first formal definition of the normal cycle.
Roughly speaking, the normal cycle N¥X is designed to be an ingenious catalogue of the
Morse theoretic behavior of the restrictions to X of “typical” linear functions on V.

A few years after [3], Kashiwara and Schapira [17] have shown how to associate a normal
cycle to any bounded subanalytic subset of V. Although the Morse theoretic point of view
is still in the background, their approach is sheaf theoretic and geared towards topological
applications. Their proof is quite sophisticated as it relies on highly nontrivial results about
the derived categories of sheaves. Schiirmann [26] has proposed a simpler sheaf theoretic
construction of the normal cycle, but this too requires a good familiarity with stratified spaces
and the basic operations in the derived category of sheaves.

Almost immediately following the work of Kashiwara and Schapira, Fu [9] gave another
construction of the normal cycle of a subanalytic set using methods of geometric measure
theory. His proof is technically very demanding, and the complete details are spread over
several papers and more than a hundred pages.

Very recently, Berning [1] has proposed a very ingenious and elegant elementary construc-
tion of the normal cycle of a subanalytic set using the recent advances in o-minimal topol-
ogy and basic facts about currents. Unfortunately there is a flaw in a key existence result,
[1, Lemma 6.4]; see Remark4.1(a) for more details. The present paper grew out of our
attempts to fix that flaw.

The main goal of this article is to describe a very short complete proof of the existence
of the normal cycle of a bounded subanalytic set by relying on techniques and ideas from
o-minimal topology. We rely on several fundamental facts about currents (compactness,
slicing), but our consistent usage of recent developments in o-minimal topology drastically
reduces the analytical technicalities, making the core geometric ideas much more transparent.
The construction has a Morse theoretic flavor, and it is based on two key principles.

— A uniqueness result closely related to the uniqueness results of Fu [9, Theorem 3.2].
Loosely speaking, this uniqueness result states that there exists a unique Legendrian
cyclein XV x V that catalogs in a certain explicit fashion (see Remark 1.1(a)) the Morse
theoretic properties of the restrictions to X of generic linear functions on V. When it
exists, this unique cycle is called the normal cycle of X, and we denote it by NX.

— An approximation process pioneered by Fu [9]. More precisely, we show that for any
compact subanalytic set X we can find a family of bounded domains (X;).~o with
C3-boundaries such that X = N,~X, and the normal cycles N Xe converge in the sense
of currents to a subanalytic current satisfying the requirements of the uniqueness theorem.
Thus, the limit cycle must be the normal cycle of X.

The resulting correspondence X — NX, X bounded subanalytic set, satisfies the inclu-
sion-exclusion principle (1.4) and for P L sets it coincides with the normal cycle constructed
in [3]. Here is a more technical description of our main results.

Let V be an oriented real Euclidean vector space of dimension n. Denote by V" its dual,
and by TV the unit sphere in V. We identify the cotangent bundle T * V with the product
VY x V. We have two canonical projections

p:V'XxV V. 7:VVxV >V,
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Let (—, —) : V¥ x V — R denote the canonical pairing
VY X V3 x) (£,x):=£Ex) eR.

The Euclidean metric (—, —) on V defines isometries (the classical lowering/raising the
indices operations)

Voxe xi eV, VVB“;‘r—>$T€V,
(e, ) = (0, ), &) =&, y), Vx,yeV, £V,

Let o € Q!'(T*V) denote the canonical 1-form on the cotangent bundle. More explicitly,
if x!, ..., x" are Euclidean coordinates on V, and &1, ..., &, denote the induced Euclidean
coordinates on V'V, then
o= Z & dx’.
i

We denote by w € Q*(T*V) the associated symplectic form

w=—da :zdxi A d§;.

In this article, we will work extensively with subanalytic objects. Our subanalytic sets are
the sets in the o-minimal structure R,, as defined Appendix A to which we refer for more
details.

We will work with special classes of currents. For the reader’s convenience, we have gath-
ered in Appendix B, the basic notations and facts involving currents that we use throughout
this article. For any closed subanalytic subset X C V¥ x V, we denote by C(X) the Abelian
group of subanalytic, k-dimensional currents with support on X. More precisely, Cx(X) is
the Abelian subgroup of (V" x V) spanned by the currents of integration over oriented
k-dimensional subanalytic submanifolds contained in X. If S € C; (XY x V),and & € &V,
we denote by Sg the p-slice of S over &,

S¢ == (S, p, &) € Ch—dimxzv (2 x V)

If S is the current of integration along an oriented k-dimensional manifold, then for generic
£ the slice S is the current of integration along the fiber S N p~!(£) equipped with a canon-
ical orientation. In general, the slice gives a precise meaning as a current to the intersection
of S with the fiber p_l(%‘ ), provided that this intersection has the “correct” dimension,
dim § —dim =V.

If X C V is a compact subanalytic set, § € £V, and x € X we set

Xesey =1y eX; &) >E)},
ix(§,x) =1 —}ig(l)x (B (x) N Xeze@) ) s

where x denotes the Euler characteristic of a topological space. If x € V \ X, we set
ix(&,x):=0.

The integer ix (£, x) can be interpreted as a Morse index of the function —§ : X — R
at x; see [17, §9.5] or Appendix C. For generic § € £V, we have ix (£, x) = 0, for all but
finitely many points x € X.

The first goal of this article is to give a very short proof of the following uniqueness result
closely related to the uniqueness result of Fu [9, Theorem 3.2].
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Theorem 1.1 (Uniqueness) Let X be a compact subanalytic subset of V. Then there exists
at most one subanalytic current N € C,_1(ZV x V) satisfying the following conditions.

i. The current N is a cycle, i.e., ON = 0.
ii. The current N has compact support.
iti. The current N is Legendrian, i.e.,

(@Un,N)=0, ¥eQ"?(ZVxV).

iv.  For any smooth function ¢ € C*® (XY x V) we have

xeX

(pdVsv, N) = /(Z(p(g,x)ix(g,x)) dvgv. (1.5)
):v

Remark 1.1 (a) Using [6, Theorem 4.3.2.(1)] we deduce that the equality (iv) is equivalent
with the condition

Ne = D ix(§,x)8¢.r), foralmostall & € XV, (%)

xeX

where 8¢ ) denotes the canonical 0-dimensional current determined by the point (£, x).
The points x for which i (x, &) 7 O should be viewed as critical points of the function
—& : X — R; see [17, §5.4] or Appendix C. Thus, the slice N¢ records both the
collection of critical points of —&|y and their Morse indices.

(b) Our sign conventions are different from the ones used in [1], [9], but they coincide with
the conventions in [3], [11].

When a cycle as in Theorem 1.1 exists, it is called the normal cycle of X, and we will
denote it by NX. In the remarkable paper [9], Fu proved the following result.

Theorem 1.2 (Existence) Every compact subanalytic set X C V has a normal cycle NX.

Remark 1.2 The conormal cycle S¥ € €, (T * V) of X constructed by Kashiwara and Scha-
pira[17] can be obtained from normal cycle NX using a coning procedure described explicitly

in (2.1). The equality () is then a special of the micro-local index theorem [11], [17, Theorem
9.5.6].

The second goal of this article is to show that Theorem 1.2 is a consequence of Theorem
1.1. The proof takes full advantage of the subanalytic context of the problem which prohibits
many of the possible pathologies in geometric measure theory. In particular, the geometry of
the arguments is much more transparent in this context. Using Theorem 1.2 it is now easy to
give a correct proof of the existence part of [1, Theorem 6.2]; see Corollary 1.

Remark 1.3 (a) A sheaf-theoretic approach to the existence of normal cycles based on a
conceptually similar approximation method can be found in [26, §5.2.2]. The concept
of limit of currents is replaced by the concept of specialization, while the uniqueness
theorem is replaced by the injectivity of a certain morphism in Borel-Moore homology,
[26, Eq. (5.19)]. This injectivity is ultimately based on a special property of Verdier
stratifications, [17, Corollary 8.3.23].

(b) We want to point out a key technical difference between the approach in this article
and the approach in [9]. The uniqueness theorem [9, Theorem 3.2] is formulated in
terms of an integral cycle J(N, &, t) € C,_1 (X" x V) defined for any Legendrian cycle
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N € €,_1(ZY x V) and for almost all (£,1) € ¥V x R; see [9, Definition 3.1]. The
construction of the cycle J(N, &, ¢) is quite involved, but it has a nice payoff because
it shows that J(N, &, t) depends continuously on N. This fact is very useful in approx-
imation problems. Our approach skips the construction of J(NV, &, t), but we have to
pay a small technical price since the proofs of our convergence results are a bit more
involved.

(c) We believe that the arguments used in this article can yield an existence result for normal
cycles of compact sets in an o-minimal category. We chose to work in the subanalyt-
ic category only because of a lack of adequate references for a theory of slicing of
o-minimal currents. Hardt’s subanalytic work [14], [15] ought to extend with minor
changes to an o-minimal context.

Here is a brief outline of this article. We prove Theorem 1.1 in Sect.2 relying on an
o-minimal implementation of the strategy in [7] that affords considerable simplifications.
We construct the normal cycle in Sect. 3 via an approximation method. Section 4 describes
how a combination of facts proved in this article and in [1] leads to an alternate proof of the
existence part of [1, Theorem 6.2]. In Sect.5, we give an alternate proof to the main con-
vergence theorem in [8]. We conclude with a mostly expository Sect.6 where we outline a
construction of the conormal cycle of a subanalytic subset of a smooth, subanalytic manifold.

We have included two appendices A and B that survey basic facts about subanalytic sets
and currents used throughout this article. In Appendix C, we present short o-minimal proofs
of some basic facts of singular Morse theory that we use in this article and in our opinion
are not widely known. In particular, we have included a very short proof of Kashiwara’s
non-characteristic deformation lemma in an o-minimal setting.

2 Uniqueness

We will prove Theorem 1.1 following a strategy that is inspired from [7]. We first give a
direct and very short proof of a subanalytic version of the general uniqueness theorem [7,
Theorem 1.1]. Then, arguing as in the proof of [7, Theorem 4.1], we show that this theorem
implies Theorem 1.1.

Theorem 2.1 Suppose S € C,(V x V) is a subanalytic n-dimensional current satisfying
the following conditions.

i. The current S is a cycle, S = 0,

ii. The current S is lagrangian, i.e., N S = 0.
iii. The current S is conical, i.e.,

(m1)xS =S, VA=>0,

where w; : VY x V. — py 1 VV x V is the rescaling (€, x) = (A&, x).
iv. If|S| denotes the support of S, then the induced map p : |S| — V" is proper.
v. The set p(|S|) is a conical subanalytic subset of V" of dimension < n = dim V",

Then S = 0.
Proof We argue by contradiction. Let m := dim p(|S|) so that m <n. If m =0, we deduce
that |[S| € V = p~'(0). The cycle S is subanalytic, and of dimension n = V so that

S = k[V] for some integer k. On the other hand, conditions (iii) and (iv) imply that 77 (|S])
is compact, so that k = 0, and therefore § = 0 by the constancy theorem.
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Fig. 1 A rendition of p(|S]). 174
The picture is not entirely

accurate since p(|S|) must be a

conical subset of V'V

Supposem > 0.Then we can find am-dimensional subspace U C V" sothatif ® : V¥ —
U denotes the orthogonal projection onto U, then Z := ® o p(|S]) is an m-dimensional tame
subset of U. Moreover, most of the fibers of the induced map ®g := ®|,(s)) : p(IS]) = Z
are zero-dimensional. Set ¥V := &g o p; see Fig. 1.

From the properties of subanalytic sets, or more generally, sets in an o-minimal category,
[20, §4] or [27], we deduce that there exists a subanalytic subset Z’' C Z whose complement
has dimension < m such that following hold.

(c1) Z'isa C*-manifold.

(c2) The induced map ¥ : Y’ := W~1(Z') — Z’ is alocally (definably) trivial fibration
with (n — m)-dimensional fibers. Set Y/, := ¥~1(¢) C |S|, ¢ € Z'.

(c3) If w € Y’ and near w the set Y' isa C 2 manifold, then the differential of ¥ at w is a
surjection ¥ : T, Y’ — U.

(c4) The set Bz := - 1(Z") N p(IS]) C VY is a C*>-manifold and the induced map

By 2 7’ is a submersion.

(c5) Forany ¢ € Z' the set E; := ®~1(¢) N p(|S]) is finite.! In particular, for any ¢ € Z’
the fiber Y'; is contained in the finite union of planes E; x V.

(c6) Forany ¢ € Z’ the slice (S, W, ¢) is well defined. It is an (n — m)-cycle with support
CI(Y; /) .

There exists a subanalytic set Y C Y’ of dimension < n suchany w =& @ xin Y\ ¥”
belongs both to the C 2_locus of Y’, and to the C2-locus of the fiber ¥’ ¢=a(¢) that contains w.

Consider an arbitrary point w = £ @ x € ¥’ \ Y” and then choose a vector i = & @ x;
tangent at w to the fiber Y',, £ = ®(&). The condition (c5) shows that Y’; is contained in
the finite union of planes 8; x V. This implies that él =0.

Using the fact that § is a lagrangian current, i.e., ® NS = 0, we deduce that for any
Wy =& @ iy € T,Y' we have

0= (@b, i) = (&, X1) — (€1, X2) = (€2, %1).

If we denote by xf € VV, the covector dual to X1, then we deduce from the above that
%} is perpendicular to p(Ty,|S|). This is an m-dimensional subspace of V. At the point
w = & @ x, the linear map p : 7,7’ — T¢ Bz must be a surjection. Thus X7 L Tz 8. We
deduce that the tangent plane to ¥’ at £ @ x coincides with the plane T,

I The definability of the Euler characteristic [27, §4.2] implies that the cardinality of E; is bounded from
above by a constant independent of ¢.
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Ts:={xeV; (£,x)=0, VéE€T:E2 }.

As we already know, Y gf is contained in the finite union of planes E; x V. The above remarks
show that for any § € E, and any C 2_point w of the component of YZ/ contained in {§} x V
the tangent space T,,Y, gf coincides with T¢. In other words, the Gauss map of the C2-locus
of Yg’ has finite range {Tg; & ek, } This shows that the support of the slice (S, W, ¢) is
contained in a finite number of (n — m)-dimensional planes. The slice (S, WV, ¢) is a (n — m)-
dimensional cycle with compact support. The constancy theorem shows that it must be trivial.
This implies that dim Y;” < (n — m). This contradicts (c2) and thus completes the proof of
Theorem 2.1. O

Remark 2.1 If we denote by dé € Q" (V") the Euclidean volume form on V'V, we see that
for a subanalytic current S € C,(V" x V) the condition (v) of Theorem 2.1 is equivalent to
the condition

(p*d§)Ns=0 )

employed in [7, Theorem 1.1]. Indeed, clearly (v) = (v'). The implication (v') = (v) follows
from Sard’s theorem and the fact that outside a subanalytic subset of dimension < (n — 1)
the support |S| can be identified with a real analytic manifold.

Proof of Theorem 1.1 Suppose Ny, N1 € C,_1(ZY x V) are two subanalytic cycles satis-
fying the condition (i),(ii), (iii), (iv) of the theorem. Then the subanalytic cycles 7= N; €
Cn,—1(V), i = 0,1, have compact support. Since the reduced homology of V is trivial we
deduce from [15] that there exist subanalytic currents D; € €, (V) such that

3D,‘ = 7T*(N,'), i = 0, 1.

The constancy theorem (Theorem B.1) shows that the currents D; are uniquely determined
by the above equality.

Letz: V — VVxV = T*V denote the zero sectionof T*V ,i.e., z(x) = (0, x), Vx € V.
Consider the rescaling map

wil0,00) x TV xV > VYV, (&Ex)— (A& x),

and, as in [1, Proposition 4.8], we form the currents

Sii= px ([0,00) x N;i) +z+(D;), i=0,1. (2.1)
As explained in [1, Proposition 4.8], the current S = S; — Sy satisfies the assumptions
(1)—(iv) of Theorem 2.1 and also the condition (v'). Using the Remark 2.1 and Theorem 2.1,
we conclude that S = 0. m]
Remark 2.2 Letus observe that the condition (v) in Theorem 2.1 is equivalent to the condition
that the slices Sg are trivial for almost all £ in V.

3 Existence

We want to show that Theorem 1.1 = Theorem 1.2. We start by describing a simple well
known class of compact subanalytic sets that admit normal cycles.
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Example 3.1 [Normal cycles of regular domains] Suppose X is a compact subanalytic
domain in V with C2-boundary. Consider the oriented Gauss map y : X — XV that
associates to each x € 90X the unit covector y (x) which is dual to the unit outer normal
vector at x. We get an embedding

r:9X - XVxV, x- (y(x),x),

whose image coincides with the graph of the Gauss map. Denote by [0 X] the integration
current defined by 9X equipped with the induced? boundary orientation. Then the cycle
I"',[0 X] supported by the graph of the Gauss map is the normal cycle of X.

Indeed, it is obviously a subanalytic cycle, and supp I'«[ X ] is compact since X is compact.
The Legendrian condition is simply a rephrasing of the fact that for any x € X the covector
y(x) is conormal to 7,0 X.

To verify (iv) we first observe that

ix(£,x)=0, VE€XY, x e X\dX.

For x € dX denote by I, the second fundamental form of d X at x. The equality (1.5) is
a consequence of the following facts. Fix a regular value £ of y, and a point x € y~!(&).
Then,

(f1) the local degree of p at x is equal to the sign of the determinant of —I1 ;
(f2) i(&, x) = (—1)"*, where v is the number of positive eigenvalues of I1 .

For a proof of (f1) we refer to [22, §9.2.3]. To prove (f2) we can assume that x = 0, and
near x the hypersurface d X is the graph of a quadratic form

Y+ n—1
x”:q(xl’.”,xn—l):z(xi)z_ Z (‘X,I')Z7
i=1

J=v4+l

while the interior of X is, locally, the region below the graph. Then II, = ¢ and (f2) now
follows from standard facts of Morse theory.

Suppose now that X is a compact subanalytic set. Fix an integer p > 2n = 2dim V. Then
there exists a subanalytic C”-function f : V — R such that f -1 (0) = X; see [20, Theorem
C.11].Set g := f2sothat g is C?, nonnegative, subanalytic and g~!(0) = X. The following
result should be obvious.

Lemma 3.1 Fix R > O sufficiently large so that X is contained in the open ball Bg(0).
Then there exists c = cg > 0 such that, for any t € (0, cr) the level set g_1 (t) does not
intersect the sphere d Bg(0).

Denote by gg, the restriction of g to the ball Bg(0) in the above lemma. The set A,
of critical values of gg is a subanalytic O-dimensional subanalytic subset of R, and thus it
consists of a finite number of points.

Fix cg € (0, cg) so that the interval (0, c) consists only of regular values of gg. Then for
any ¢ € (0, co) the set

X :={x € BRp(0); g(x) <¢}

2 We use the outer-normal-first convention to orient the boundary.
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is a compact subanalytic domain with C%-boundary. Therefore it has a normal cycle N® =
N, . The collection (X¢)ee(0,¢,) 1 an increasing subanalytic family of compact subanalytic

sets such that
X= () X

O<e<co

The collection (supp N)¢e(0,¢,) 18 @ definable collection of compact, subanalytic manifolds
of class C? contained in a common compact subset of 7 * V. We deduce that their volumes
are bounded from above. This shows that the family of currents (N®)¢e(0,¢,) 18 bounded in
the mass norm. The compactness theorem [6, Theorem 4.2.17] implies that there exists a
subsequence &, N\, 0 such that the currents N° converge in the flat metric to a integral
Legendrian cycle N € ©,_1(ZY x V).

To prove that N is a subanalytic current it suffices to show that its support is contained in
a subanalytic set of dimension < (n — 1). To see this we consider the subanalytic set

z:{(g,x)ezvxv; 30<s§%°: xeaXs,Szy(x)}

= U supp No.

0]
O<e<5

Then dim Z = n and ¢l (Z) \ Z is a subanalytic set of dimension < n containing supp V.
We want to show that NV satisfies (1.5). Since

(pdVsv, N) = lim (pdVsv, N®), Vg e C(EY x V),
V—>00

it suffices to show that Vo € C§°(ZY x V) we have

iy (Zw(s,x)m(s,x))dvzv -/ (Zw@,x)ix(s,x))dvzv. (.1
=V * sV X

To do this, we will need to use some of the topological facts and terminology presented in
Appendix C.

Observe that supp N¢ is a C”-manifold of dimension n — 1, and its projection onto V is
0 X,. This shows that the definable set

N= U supp N°.

O<e<co

has dimension n. Hence, there exists a subanalytic set ¥ C XY such that dim(ZY \ £5) <
dim XV and for any & € % the set p~1(€) NN has dimension 1. This implies that for any
Ee Eg there exists ¢z > 0 such that, and any ¢ € (0, c¢¢) we have

dim p~!(¢£) N supp N¢ < 0.

Thus, for & € Z(Y and ¢ € (0, cg), the slice Ng is well defined. Let us point out that the set of
homological critical points of —& : X, — R is contained in the projection on V of supp N g
In particular, if £ € Eg ,and 0 < ¢ < c¢, this set of homological critical points is finite.

As explained in Appendix C, there exists a subanalytic subset £ C XY such that
dim(ZY \ £}) < dim X and for any £ € %)’ the set of homological critical points of
—£ 1 X — Ris finite. Set ¥+ = X N XY so that dim ¥ \ ¥« < dim XY. We have the
following fundamental equality
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}%Z(ﬂ(é,ﬂ (ix.(6,x) —ix(€,x)) =0, ¢eCFExV), §eZ. (32)

xeX

The choice § € X, guarantees that for any 0 < & < ¢; the above sum consists of finitely
many terms.

Let us first show that (3.2) implies (3.1). We will achieve this using the Lebesgue domi-
nated convergence theorem so it suffices to show that there exists a constant C > 0 so that
for any & > 0 there exists a subanalytic set A, C £V such that dim A, < dim =" and

D lix, (6. x) <C, VEeIV\A,. 3.3)

xeX;

For every ¢ € (0, ¢p), we denote by A, C XV the set
Ag 1= {“;‘ exY; p_l(é) does not intersect supp N° transversally} .
We deduce that dim A, < dim V. Note that for any & € =V \ S,, we have
p~"(§) N supp N* = supp N&
and
lix.(§,e)l =1, V(& x) € supp N¢. (34
The set
X:={( e eX x(0,c); E€TV\S,}.

is definable, and for any (&, ¢) € X) the set supp N g is finite. We have thus obtained a defin-

able collection of finite sets (supp Ng )(s Jex’ and we conclude that there exists an integer
,€)€E
K > 0 such that

#suppN; < K, V(& ¢) € X. (3.5)
Let ¢ € (0, c). Then, for any & € =V \ A, we have
. . (3.4) (3.5)
Slix,E0l= > lix,(.x)] = #suppNi < K.
xeX X, (S,x)esuppNg

This proves (3.3).
Let us prove (3.2). Fix ¢ € C(()’O(Ev x V) and & € X¥+. Define

Cr, = {x eV; (&,x) ¢ suppNg }

Using the terminology in Appendix C, we see that Cr; is the set of numerically critical points
of the function —& on X,. Consider the R,,-definable set

Cr = {(t,x) €[0,c5) x V; x €Cr; },

and denote by 7 the natural projection Cr — [0, c¢). Then there exists § > 0 such that over
the interval (0, §) the map 7 is a locally trivial fibration. Its fibers will consists of the same
number £ of points. Thus, we can find R,,-definable continuous maps

Xly...,x¢:(0,8) >V
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such that
Cr,={xi(t),....xe(0)}, xi(t) #x;@), Vi € (0,8), i # j.

Set x; (0) := lim,\ o x; (). The above limits exist since the functions x; (¢) are definable and
X is compact. For x € X we define

Iy :={i; x;,0)=x}C{l,...,¢}.
The equality (3.2) is then a consequence of the following result.
Lemma 3.2

ix(E,x) = tlii%ZiXt(g,xi(t)), Vx € X. (3.6)

iely
In particular, if I, = @, then the above limit is zero.
Proof Setc =&(x).Forr > 0andt € (0, §), we set
X, :=XNB(x), X;r:=X;NB(x).
Choose r > 0Oand ty > O sufficiently small such that the following hold.

— The topological type of X, N {§ > c} is independent of p € (0, r].

— The set X, is contractible for any p < r, and the set X, \ {x} contains no homological
critical points of —¢ : X — R.

- xi(t) e By(x)and x;(t) € By (x) Vi € Iy, j & I, t € (0, 19).

Fix ¢’ < ¢ so that the interval [¢/, ¢) contains no critical values of & |x,. We deduce from
(C.7) and (C.9)

ix(,x) = x(X;) = x (X, N{g > }) = x(X,) —x (X, N{E = }).

The only (numerically) critical points of —& on X, , are {x;(t); i € I,}. Choose #; < ty such
that

(E,xi(t)) >, VYiel, 0<t<t.
Using again (C.7) and (C.9) for the function —£ on X, ,, t < t1, we deduce
Dlix, Ex) = xXip) = x (X N E > Y) = xXp) — x (X N{E = ).
iely
The equality (3.6) is obtained by observing that

lim X (X:.1) = x(Xp) and lim x (X, 0§ 2 ) = x (X N (E 2 ¢')).

The equality (3.2) is immediate. Set Crg := {x € V; I, # (}. Then
Do ix(E x) — D e, Yix, )

xeV yev

D eE 0ixE )= D & yix, € y)

xeCryg veCr,

> e vixE x) = D & xi(e)ix, & xi(e))

xeCro iel,
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The equality (3.6) implies that the last term goes to zero as ¢ N\ 0. This proves (3.2) and
(3.1).

From Theorem 1.1, we deduce that N must be the normal cycle of X and that Ny,
converges in the flat metric to Ny as ¢ \( 0. O

4 Normal cycles of constructible functions

Let us explain how the results proved so far lead to an alternate approach to the existence
statement in [1, Theorem 6.1]. We need to introduce some terminology.

A function f : V — Zis called constructible if its range is finite and for any n € 7Z the
level set f ) is subanalytic. If we let /g denote the characteristic functionofaset S C V,
then for any constructible function f, we can write

f= anf"(n)'
nez
We denote by C(V) the Abelian group of constructible functions and by Co(V') the Abe-
lian group of constructible functions with compact support. The triangulability theorem [27,
Theorem 8.2.9] implies that this group is generated by the characteristic functions of compact
subanalytic sets.
Observe that for any compact subanalytic sets X, Y C V and any x € V we have

ixuy (§,x) =ix(§, x) +iy(§, x) —ixny (&, x),
for almost all £ € V. The uniqueness theorem this implies that
NXUY _ NX Y NXOY
From Groemer’s extension theorem [18, Corollary 2.2.2] we deduce that the correspondence
compact subanalytic subset X — normal cycle Nx
extends to a group morphism
Co(V)> f> N e (Y x V).

The normal cycle N/ of a compactly supported constructible function f is a compactly
supported, subanalytic legendrian cycle.

In the remainder of this section, we want to compare this construction of the normal cycle
of a constructible function to the one proposed in [1].

We will need to use the o-minimal Euler characteristic function x, as defined in o-minimal
topology; see Appendix A and [27]. We will denote by xop the usual topological Euler char-
acteristic. These two notions coincide on compact subanalytic sets, but they could be quite
different on non-compact ones. For example, if B¥ is an open k-dimensional ball, then

Xo(BY) = (=D, xiop(B) = 1.

More generally, if X is locally compact, then x,(X) can be identified with the Euler charac-
teristic of the Borel-Moore homology of X.

Each of these two notions of Euler characteristic has its own advantages. The o-minimal
Euler characteristic x, is fully additive additive, i.e., for any subanalytic sets X and ¥ we
have

Xo(XUY) = xo(X) + xo(¥Y) — xo(XNY). 4.1)
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On the other hand, it is not a homotopy invariant as its topological cousin Xtop.

The additivity condition (4.1) and the Groemer extension theorem implies that x, defines
a linear map C(V) — Z, called the integral with respect to the Euler characteristic, and
denoted by [dx.

Suppose X is a compact subanalytic set, and £ € XV is such that the induced function
—& : X — Ris a nice in the sense of Appendix C to which we refer for notations. Using
(C.7) we deduce that for every ¢ € R, and every sufficiently small ¢ > 0 we have

z ix(,x) = Xtop(X$Zt) - Xtop(X§>t) = Xtop(Xézz) - Xtop(X§>t—8)
x€Xe—

= Xtop(Xézt) - Xtop(Xézt—s) = Xo(Xézt) - Xo(Xézt—s)
4.1) 4.1)
= Xo(Xt—s<$§t) = Xo(Xl—£<§<t) + XO(XS:I)~

For & > 0 sufficiently small the induced map & : X, ..z, — (t — &, ) is a locally trivial
fibration. We denote its fiber by X¢—;_¢. Since the o-minimal Euler characteristic of an open
interval is —1, we deduce

Xo(Xr—e<t<t) = Xo (XE=Z70 x (t — e, t)) = —xo(Xt=r—0).
We conclude that

D ix(E x) = Xo(Xe=r) — xo(Xg=1—0). (4.2)
XEXE:,

Following [1], we associate to any constructible function f € Co(V) and any § € V" the
integral O-dimensional (jump) current J¢ (&) € Qo(R) given by

Jp€) =D ms& 08,

teR

where m (€, t) is the integer

ni e i= lim / Fdx - / fdx
£=r

E=t—¢
=1 N Ty — Te—y—o ) dyx.
sg/f (Ie=t — Ie—i—¢ ) dx

Let us point out that when f is the characteristic function of a bounded subanalytic set X,
then

my(x,1) = gi{‘r(l)(xo(xg=z) — Xo(Xe=r—¢) ) -

If we denote by I(R) the Abelian group of integral O-dimensional currents on R, then we
can organize the above construction as a jump map

Jr: VY — Iy(R).

This map is homogeneous and, as proved? in [1], it is also Lipschitz with respect to the flat
metric on Io(R). It is also constructible in the sense that the function m s : VVXR—> Zis

3 Our sign conventions are a bit different from the ones in [1]. More precisely if /2 ¢ is the support map as
defined in [1], then & £ (§) = J ¢ (—§). The “culprit” for this discrepancy is the outer-normal convention used
in Example 3.1.
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constructible. Let us observe that if f = I'x, where X compact subanalytic set with normal
cycle NX, then the equality (4.2) implies that for almost any & € %V we have

iy (€) = BN, (4.3)

where B : VY x V — Ris the bilinear map B(&, x) = £(x).
We denote by Xy, the Abelian group of constructible, homogeneous, Lipschitz continuous
maps V¥ — Iy(R), so that the jump construction gives a morphism of Abelian groups

J:Co(V)—= Xy, Co(V)> frJreXy.

According to [1, Theorem 3.1], this morphism is an isomorphism of Abelian groups. The in-
jectivity of J is a consequence of the injectivity of the “motivic”’ Radon transform of Schapira
[25]. The surjectivity is more subtle, and we refer to [1] for details.

Denote by £y the Abelian group of subanalytic, conical lagragian cycles S € C, (VY x V),
such that the restriction to supp S of the projection 7w : V¥ x V — V is proper. To any com-
pact subanalytic set X we denote by S* € Ly the conormal cycle constructed as in (2.1),

SX = ux ([0, 00) X NX) + z+(X),

where z : V. — T *V is the zero section, and u : [0,00) x S(T*V) — T*V is the
multiplication map

[0,00) x S(T*V) > (t,&,v) > (tE,0) € T* V.
The resulting correspondence X — S¥ satisfies the inclusion—exclusion identity, i.e.,
SXUY — SX 4 SY _ SXﬂY

for any compact subanalytic sets X, Y. Invoking the Groemer extension theorem again we
obtain a group morphism S : Co(V) — Ly.

Given S € Ly, the slice S = (S, p, &) is defined for almost every § € VV.In[1, §6] it
is shown that the almost everywhere defined function

VY \ negligible set > & > B«Sz € Io(R)

is the restriction of a function oy € Xy. We have thus obtained a morphism of Abelian
groups

o:Ly > Xy, S+ og, os(§) = B+Se, foralmostany & € V.

We have the following fundamental result, [1, p. 403].

Theorem 4.1 The morphism o is injective. More precisely, if S € Ly and
B«Se =0, foralmostall§ € VY, "

then S = 0.

Proof For the reader’s convenience we decided to include a proof of this result. What fol-
lows is a slightly different incarnation of the strategy employed in [1, p.403]. We will show
that (v”') implies that Sz = 0 for almost any &. We then conclude using Remark 2.2 and
Theorem 2.1.

@ Springer



442 Ann Glob Anal Geom (2011) 39:427-454

First of all, let us observe that since S is conical and wN S = 0, thena N S = 0, where we
recall that @ € Q!(T*V) is the canonical 1-form and @ = —da is the canonical symplectic
form. For any subset 0 C £V we set

1
By = VYN0, — .
[Se \ |a§E“]

Since S is conical and subanalytic we can find a definable triangulation X of £V such that
for any top dimensional (open) face o of there exists

— afinite collection ¥, = {f1, ..., fu(o)} of subanalytic, Cl—maps f:EBs —> Vand
— amultiplicity map my : F5 — Z

with the following properties

i. Foranyé& € E,,themap F, > f — f(§) € V is injective.
ii. Any f € F, is homogeneous of degree 0.
iii. Forany & € &, the slice St is well defined and it is described by

Se= > mo()¢. ry-
fe5,

Then

BeSe = D mo(f)S rey =0€ I(R), V&€ E,. (4.4)
feF,

We fix a top dimensional face o, and we want to prove that ms(f) = 0, Vf € F,.
We argue by contradiction so we assume that there exists a function fo € F, such that
my(fo) # 0. Then F,' = Fy \ { fo} # 0, and we deduce from (4.4) that for any & € E, the
set

Ge:={g €Fo; (5,8) = (& fo®)}

is non-empty. The collection (G¢)geg, is a definable collection of subsets of the finite set
F'. From the definable selection theorem we deduce that there exists a definable map

Y:iBs > Fo, E> v,

such that ¢ (§) € Gg, V&. Since y is definable, there exits a definable set A C E, with the
following properties.

- dimA <dim E, = n.

— Aisclosedin E,.

— For any connected component C of E, \ A the resulting map € > £ > y € F,'. is
constant.

We will refer to the connected components of E, \ A as chambers. Let & € E, \ A, and
denote by Gy the chamber containing &j. Let g9 € F,' be the constant value of y on €. Set

u = fo6o) — go6o) €V,

and denote by u+ € V" the dual covector. Since €y is open, we deduce that

& = & + tuy € Co if |¢] is sufficiently small.
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Hence

(& fo(6) —go(&)) =0, VI <1

Derivating the above equality at r = 0, we deduce

. d d
0 = (o, fo(60) — go(€0) ) + 77 =0 (80 fo&) ) = —2li=0 (0. g0 (&) ) (4.5)

The C'-paths t > p; = & @ fo(&) € T*V, t — q; = & &® go(&) € T*V are contained
in the C!-locus of the support of the current S. Since @ N S = 0 we deduce

d d
0=a(po) = Elz:o(éo, fo&)), 0=ua(go) = er:o(%‘o, go(&)).

Using this in (4.5), and observing that éo = u+, we conclude that 0 = (u+, u) = |u|2. Hence
fo(&o) = g(&o). This contradicts the injectivity assumption (i).

Corollary 1 The morphism o is bijective.
Proof We already know that o is injective. Theorem 1.1 and (4.3) imply that we have a

commutative diagram

Co(V) 5

™~ T

Io(R)

Ly

Since J is an isomorphism, we deduce that the morphism o must also be surjective. O

Remark 4.1 (a) The surjectivity of o is also claimed in [1, §6]. However, the proof is incor-
rect due to a glitch in the proof of [1, Lemma 6.4]. That lemma is an existence result
having to do with a certain cycle S with support contained in the closure of a cell I',
and such that supp 85 C aT" := ¢I(I") \ T'. Loosely speaking, the lemma states that the
relative cycle determined by S in the homology of the pair (¢I(I"), aT") is trivial. The
bordism proving the vanishing of this relative homology class is a cone on S constructed
using a certain homotopy. That homotopy is defined only on I', not on ¢l (I"), so the
homotopy formula as stated in [1, Theorem 4.3] cannot be applied.

(b) From the above discussion it follows that the morphism S is also bijective. Its inverse
can be described in terms of the local Euler obstruction, [17, §1X.7], [24].

5 Approximation

We have now developed enough technology to provide an alternate proof to the convergence
theorem in [8]. We denote by xiop the topological Euler characteristic as defined in Appendix
C. We use the ’top’-subscript to differentiate it from the o-minimal Euler characteristic x,
used in [1] and the previous section. As explained Appendix A, these two notions coincide
on compact subanalytic sets.

Theorem 5.1 Suppose that (X )r=0 and X are compact subanalytic subsets of V satisfying
the following conditions.
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(a) There exists R > 0 such that
X, Xy C{xeV; |x| <R}, Vk.

(b) The sequence of currents Nk .= NX e, (ZV x V) is bounded in the mass norm.
(c) Foranyc € R and almost any &€ € £ we have

lim Xtop XxN{g=cl) = Xtop (XN{&=c}).
k—00
Then the sequence of currents N** converges in the flat metric to N = NX.

Proof Tt suffices to show that any subsequence of (N*) contains a sub-subsequence that
converges in the flat metric to V. To keep the notations at bay, we will denote by (N kY the
various intervening subsequences of (N¥).

The conditions (a) and (b) imply via the compactness theorem for integral currents that
(N*) contains a subsequence convergent in the flat metric to a subanalytic cycle N'. To prove
that N’ = N we will invoke Theorem 4.1, so we have to show that

B«Ng = BN/, foralmostall§ € TV. (5.1
Denote by || — ||, the flat norm. Using the slicing lemma [19, Lemma 8.1.16], we deduce that

Jim IN§ — N'elly =0, foralmostall§ € =V (5.2)
—00

Thus, to prove (5.1) is suffices to show that g« N lg converges weakly to B« N¢ for almost any
EexV.

We think of the integral currents = N ’g and B« N¢ as (signed) Borel measures on the real
axis concentrated on finite sets. If /[ .y denotes the characteristic function of the interval
[c, "), ¢ < ¢, then we deduce from (C.9) that for almost any & € X and any ¢ < ¢’ we
have

(I[c,c’)’ ﬂ*NE> = Xtop (X N {C/ <é< C}),
(Iie.o0): BNE) = xiop (Xk N{E = ¢}), VK= 0.
Using (c) and (C.9), we deduce
klim {Iic,00) ,B*N]g) = (I{¢.00), B+ Ng), Ve, foralmostany & € V.
—> 00
Since Ii¢ ¢y = Ife,00) — I1¢,00) We conclude
Jim (e e, B-N§) = (Ije.ry. BN¢), Ve < ¢, foralmost any & € XV, (5.3)
—00
Let us show that the above equality implies that S« N lg converges weakly to B« Ng.
For k > 0, we define

hi 22V = [0,00],  he(§) = D lix, (&, ).

xeX

Observe that if the slice Néf is defined, then A (§) = mass(B+ ng). If i := sup; mass (NF,
then '

/hk(é)ldé'l =w, Vk

Vv
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Hence,
vol {& € B hy(§) > 1} < %

We set hoo(§) := supy hi(§), and we deduce from the above inequality that for almost any
& € XV we have hoo(§) < 00.

Let ¢ € C3°(R). Denote by L the Lipschitz constant of ¢ and fix a very small ¢ > 0.
Define

¢ :R—> R, ¢(t) =¢ne), ifne<t<m+1l)e, neZ.
Using (5.3), we deduce

lim (¢, BNt} = (¢c, B+ Ne).
k— o0
Choose k = k(g) > 0 such that
| (¢, B-Ng — B<Ne) | <&, Vk = k(o).

Now observe that ||¢ — ¢¢|lcoc < Le. We conclude

| (9 — @, B<Ng) | < mass (B<Ne)Le, | (e — . ﬂ*Né) | < hoo(§) L, Vk.
Hence,
| (9. BN§ — BsNe) | < L (hoo(§) +mass (BNg) + 1), Vk > k(e).
We deduce that

Jim (¢, BNE) = (g, p-Ne), Vo € CF(R),
ie., p+N ’5‘ converges weakly to B+ N for almost any § € XV. O

6 Conormal cycles of subanalytic subsets of smooth subanalytic manifolds

In this mostly expository section, we want to outline a construction of the conormal cycle of
subanalytic subset of a subanalytic manifold. Fix an ambient space, i.e., a smooth, connected,
oriented subanalytic manifold X of dimension #n. This means that X is a manifold definable
in the category Ry, in the precise sense described in [27, Chap. 10]. The total space of the
cotangent bundle 7*X is equipped with a natural symplectic structure, and a canonical action
of the multiplicative group R+ . In particular, for any r > 0, we have a rescaling-along-fibers
diffeomorphism p! : T*X — T*X. We denote by 7 the canonical projection 7w : T*X — X.

A current S € Q,(T*X) is called lagrangian if @ N S = 0. It is called conic if u.S =
S, Vt > 0. It is called relatively proper if 7 (supp S) is a compact subset of X.

The conormal cycle of a compact subanalytic subset X C X is a subanalytic, lagrangian,
conical, relatively proper current SX which is a cycle in the sense of currents. The support of
a subanalytic, lagrangian conic current is a subanalytic, conic lagrangian subset of 7*X in
the sense of [17, Definition 8.3.9]. Such sets were characterized in [17, Proposition 8.3.10].

Suppose now that k is a positive integer and ¥ is a finite dimensional subspace of C°(X)
consisting of subanalytic functions. We also assume that F is R,,-definable, i.e., it is Ryp-
definable as a family of subanalytic function. We say that & is k-ample if it satisfies the
following condition.
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(Ag) For any x € X, and any k-jet E at x, there exists a function f € F whose k-jet at x
is 2.

We will refer to such spaces as k-ample sample spaces. Fix an 1-ample sample space F.
For any f € J, the graph of the differential of f is a subanalytic oriented Lagrangian sub-
manifold Aqy of 7*X. It carries a natural orientation induced from the orientation of X and
thus defines a subanalytic lagrangian current that we denote by [Aqr]. Asin [17, Proposition
8.3.27], we can prove that if A C T*X is conic lagrangian subanalytic set such that 7 (A)
is compact, then for all f € J outside a codimension 1 subanalytic subset Ay C F the
lagrangian Aqy intersects A transversally along a finite subset. In particular, if S is a conic,
lagrangian, relatively proper subanalytic cycle, then the intersection of the currents S and
[Adyr]is well defined for almostall f € F. We have the following counterpart to Theorem 2.1.

Theorem 6.1 Suppose X is as above and F is a 2-ample sample space. Assume that S €
Q,u(T*X) is a subanalytic, conic, lagrangian current such that, there exists an open and
dense subset O C J so that, for any f € O we have Aay t |S|, and the intersection current
[Aar]- S is trivial. Then the current S is trivial.

Remark 6.1 We have to comment on the assumptions and the conclusions of this theorem.
First of all, we have a very stringent assumption, namely the 2-ampleness of the sample
space. For example if X is an Euclidean space and X = V/, then the sample space used in
Theorem 2.1,

F = VY @ {constant functions}

is 1-ample, but obviously it is not 2-ample. On the other hand, unlike Theorem 2.1, we do
not require that S be a cycle, yet we reach the same conclusion, S = 0.

To see why this is possible, we argue by contradiction and we assume that S # 0. We can
then find a nonempty open subset | S|op C | S| such that | S|+ is a subanalytic, conic, lagrangian
C? manifold and dim || \ |S]+ < dim |S]| = n.

If 5o € | S|+, then the 2-ampleness condition together with the arguments in the proof of
[13, Proposition IV.5.2, p.156] show that we can find fp € F such that Aqy, intersects | S|
transversally at so. For any neighborhood U of 59 € |S|+ we can find a small perturbation of
f1 € Fof fysuchthat Ay intersects |S|+ transversally, and moreover, Ayy, intersects U at
precisely one point. This point will have a nontrivial contribution to the intersection current
[Adaf]-S.

If X is a compact subanalytic subset, then we define its conormal cycle to be a conic,
lagrangian subanalytic cycle § = $* e €, (T*X) with the following properties.

There exists an open and dense subanalytic subset Ox C F such that for any f € Ox we
have:

(CC1) The Morse index m(— f, x) (see (C.4) ) is trivial for all but finitely many x € X.
(CCy) dim Agqr N|S| =0.
(CC3) The intersection current [Aqr] - S is given by

[Aasl- 8= m(—f0)8xarm) € (T*X).
xeX

Theorem 6.1 implies that, if the conormal cycle of X exists, then it is unique. Here is a
large class of subsets whose conormal cycles exits and have simple descriptions.
Suppose that X is a compact set of the form

X={xeX; f(x) =0},
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where f : X — R is a C*-subanalytic function such that 0 is a regular value. Define S to
be the current of integration over the lagrangian subanalytic variety of 7*X

Z(X)U{(x,tdf(x)) € T*X; f(x)=0,1>0},

where z : X — T*X denotes the zero section. Elementary Morse theoretic arguments imply
that $¥ satisfies the conormal cycle conditions, CC; — CCs.

Employing an approximation argument similar to the one used in the proof of Theorem
1.2 one can prove that any compact subanalytic subset of X admits a conormal cycle.

The above construction may suggest that the conormal cycle depends on the choice of
sample space F so it would be appropriate to denote it by Sg. Note that the uniqueness
theorem implies that if Fo, F| are 2-ample sample spaces such that Fo C F; then

X X
S‘(f() == Sg:l .
This proves that the conormal cycle is independent of the choice of 2-ample sample space.
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Appendix A: Fast introduction to o-minimal topology

Since the subject of tame geometry is not very familiar to many geometers we devote this
section to a brief introduction to this topic. Unavoidably, we will have to omit many interest-
ing details and contributions, but we refer to [4], [20], [27] for more systematic presentations.
For every set X, we will denote by P(X) the collection of all subsets of X

An R-structure®* is a collection § = { 8" b1, 8" C P(R™), with the following properties.

E;. 8" contains all the real algebraic subvarieties of R”, i.e., the zero sets of finite collections
of polynomial in n real variables.

E,. For every linear map L : R" — R, the half-plane {x € R"; L(x) > 0} belongs to 8".

P;. Forevery n > 1, the family 8" is closed under boolean operations, U, N and comple-
ment.

P,. f Ac 8", and B € 8", then A x B € §"*".

P;. If A€ 8™,and T : R — R”" is an affine map, then 7' (A) € §".

Example A.1 (Semialgebraic sets) Denote by R, the collection of real semialgebraic sets.
Thus, A € ]Rg’lg if and only if A is a finite union of sets, each of which is described by finitely
many polynomial equalities and inequalities. The celebrated Tarski—Seidenberg theorem

states that 8,)¢ is a structure.

Let 8 be an R-structure. Then a set that belongs to one of the 8"-s is called 8-definable.
If A, B are S-definable, then a function f : A — B is called S-definable if its graph
I'r:={(a,b) € Ax B; b= f(a)}is 8-definable.

Given a collection A = (Ap)p>1, Ap C P(R"), we can form a new structure S(A), which
is the smallest structure containing § and the sets in A,. We say that S(A) is obtained from
8 by adjoining the collection A.

4 Thisisa highly condensed and special version of the traditional definition of structure. The model theoretic
definition allows for ordered fields, other than R, such as extensions of R by “infinitesimals”. This can come
in handy even if one is interested only in the field R.
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Definition 1 An R-structure is called o-minimal (order minimal) or rame if it satisfies the
property

T. Any set A € sl is a finite union of open intervals (a, b), —co0 < a < b < o0, and
singletons {r}.

Example A.2 (a) (Tarski—Seidenberg) The collection Ry of real semiebraic sets is a tame
structure.

(b) (Gabrielov, Hardt, Hironaka, [10,15,16]) A restricted real analytic function is a func-
tion f : R" — R with the property that there exists a real analytic function f defined
in an open neighborhood U of the cube C,, := [—1, 1]" such that

fx) xeCy

FO=10"" Y erm\q,.

we denote by Ry, the structure obtained from 8,1, by adjoining the graphs of all the
restricted real analytic functions. Then Ry, is a tame structure, and the R,,-definable
sets are called (globally) subanalytic sets.

The definable sets and functions of a tame structure have rather remarkable rame behavior
which prohibits many pathologies. It is perhaps instructive to give an example of function
which is not definable in any tame structure. For example, the function x > sinx is not
definable in a tame structure because the intersection of its graph with the horizontal axis is
the countable set wZ which violates the tameness condition T.

We list below some of the nice properties of the sets and function definable in a fixed tame
structure S. Their proofs can be found in [4], [27]. We will interchangeably refer to sets or
functions definable in a given tame structure 8 as definable, constructible or tame.

e (Piecewise smoothness of tame functions) Suppose A is a definable set, p is a positive
integer, and f : A — R is a definable function. Then A can be partitioned into finitely
many definable sets S, ..., Sk, such that each S; is a CP-manifold, and each of the
restrictions f|s, is a C”-function.

e (Triangulability) For every compact definable set A, and any finite collection of defin-
able subsets {S7, ..., S}, there exists a compact simplicial complex K, and a definable
homeomorphism & : |K| — A such that all the sets ®~1(S;) are unions of relative
interiors of faces of K.

e (Dimension) The dimension of a definable set A C R” is the supremum over all the
nonnegative integers d such that there exists a C! submanifold of R” of dimension d
contained in A. Then dim A < oo, and dim(cl(A) \ A) < dim A.

e (Definable selection) Any tame map f : A — B (not necessarily continuous) admits a
tame section, i.e., a tame map s : B — A such that s(b) € 1), vb € B.

e (Local triviality of tame maps) If f : A — B is a tame continuous map, then there exists
a tame triangulation of B such that over the relative interior of any face the map f is a
locally trivial fibration.

e (The o-minimal Euler characteristic) There exists a function x, : 8 — Z uniquely
characterized by the following conditions.

= Xo(XUY) = xo(X) + xo(¥Y) — xo(X NY), VX, Y €8.
— If X € 8 is compact, then y,(X) is the usual Euler characteristic of X.

e (The scissor principle) Suppose A and B are two tame sets. Then the following are
equivalent
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— The sets A and B have the same o-minimal Euler characteristic and dimension.
— There exists a tame bijection f : A — B. (The map f need not be continuous.)

e (Crofton formula, [2], [6, Theorem 2.10.15, 3.2.26].) Suppose E is an Euclidean space,
and denote by Grafff (E) the Grassmannian of affine subspaces of codimension k in E.
Fix an invariant measure p on Graff* (E).5 Denote by HF the k-dimensional Hausdorff
measure. Then there exists a constant C > 0, depending only on w, such that for every
compact, k-dimensional tame subset S C E, we have

S =cC / x (LN S)du(L).
Graff* (E)

e (Finite volume.) Any compact k-dimensional tame set has finite k-dimensional Hausdorff
measure.

e (Uniform volume bounds) If f : A — B is a proper, continuous definable map such that
all the fibers have dimensions < k, then there exists C > 0 such that

w (') <cC, VbeB.

Appendix B: Subanalytic currents

In this appendix, we gather without proofs a few facts about the subanalytic currents intro-
duced by Hardt in [14], [15]. Our terminology concerning currents closely follows that of
Federer [6] (see also the more accessible [19], [21]). However, we changed some notations
to better resemble notations used in algebraic topology.

Suppose X is a C?, oriented Riemann manifold of dimension n. We denote by € (X) the
space of k-dimensional currents in X, i.e., the topological dual space of the space Q]gpt(X )
of smooth, compactly supported k-forms on X. We will denote by

(o, 0): ngpt(X) x Q2 (X) > R

the natural pairing. The boundary of a current 7 € Q4 (X) is the (k — 1)-current defined via
the Stokes formula

(0, 8T) == (da. T), Vo € Q' (X).
Forevery @ € Q“(X), T € Qu(X), k <m definea N T € Qi (X) by
—m+k
BanNT)=(anB,T), VBeQuy"X).
We have

(B,0(@NT))=(dB,(@nT),)=(andB,T)
=(=Dd@AB)—da AB, T)=(=D*B,aNIT) + (=D (B, da N T)

which yields the homotopy formula
AaNT)= (D% (aNIT —(da)NT). (B.1)

We have the following important result [6, §4.1.7].

5 The measure j is unique up to a multiplicative constant.
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Theorem B.1 (Constancy theorem) Suppose S € Qi (VY x V) is a k-dimensional cycle
whose support is contained in a k-dimensional affine subspace U C V¥ x V. Then there
exists an orientation or on U and an integer £ such that S = L[U, or] where [U, or] is the
current of integration along the oriented affine plane U. In particular, if supp S is compact,
then S = 0.

We say that a set S C R” is locally subanalytic if for any p € R" we can find an open ball
B centered at p such that B N S is globally subanalytic.

Remark B.1 There is a rather subtle distinction between globally subanalytic and locally
subanalytic sets. For example, the graph of the function y = sin(x) is a locally subanalytic
subset of R?, but it is not a globally subanalytic set. Note that a compact, locally subanalytic
set is globally subanalytic.

If S € R” is an orientable, locally subanalytic, C ! submanifold of R" of dimension k,
then any orientation or g on S determines a k-dimensional current [S, or s] via the equality

(a,[S,ors]) == /a, Va € Qlépl(R")~
s

The integral in the right-hand side is well defined because any bounded, k-dimensional
globally subanalytic set has finite k-dimensional Hausdorff measure. For any open, locally
subanalytic subset U C R", we denote by [S, ors] N U the current [S N U, org].

For any locally subanalytic subset X C R”", we denote by Cx (X) the Abelian subgroup of
Qi (R") generated by currents of the form [S, ors], as above, where ¢I(S) C X. The above
operation [S, ors] N U, U open subanalytic extends to a morphism of Abelian groups

Ck(X)>2TH—TNU € C(XNU).

We will refer to the elements of Cy (X) as subanalytic (integral) k-chains in X.
Given compact subanalytic sets A C X C R” we set

(X, A) ={T € €x(R"); suppT C X, suppdT C A},
and
Bi(X,A) ={0T + 8; T € Zi1(X, A)), S € Zr(A) }.
We set
Hi(X, A) = 2k (X, A)/Br(X, A).
Hardt has proved in [15] that the assignment
(X, A) —> Hq (X, A)

satisfies the Eilenberg—Steenrod homology axioms with Z-coefficients. This implies that
JHe(X, A) is naturally isomorphic with the integral homology of the pair.

To describe the intersection theory of subanalytic chains we need to recall a fundamen-
tal result of R. Hardt, [14, Theorem 4.3]. Suppose Ey, E; are two oriented real Euclidean
spaces of dimensions ng and respectively ny, f : Eg — Ej is a real analytic map, and
T € C,y—c(Ep) a subanalytic current of codimension c. If y is a regular value of f, then the
fiber f~!(y) is a submanifold equipped with a natural coorientation and thus defines a subana-
lytic current [ f ~! (y)]in Eq of codimensionny,i.e.,[ f ' (¥)] € Cyy—a, (Eo). We would like to
define the intersection of 7 and [ f~!(y)] as a subanalytic current (7', f, y) € Cpy—c—n, (Ep).
It turns out that this is possibly quite often, even in cases when y is not a regular value.

@ Springer



Ann Glob Anal Geom (2011) 39:427-454 451

Theorem B.2 (Slicing Theorem) Let Ey, E1, T and f be as above, denote by dVg, the
Euclidean volume form on E1, by @, the volume of the unit ball in Ey, and set

Re(T) = {y € Ey; codim(supp7T) N f_](y) > ¢+ ny, codim(suppd7) N f_l(y)
>c+n;+1}

For everye > 0and y € E| we define T o, f‘1 (y) € Quy—c—n, (Ep) by

((f*aVe) A, TO (7 (Be(y))), Yo € QL7 (Eo).

(a’T.s f_l(Y))i= cpt

Wy, &M

Then for every y € Ry(T), the currents T e F~Y(y) converge weakly as € > 0 to a sub-
analytic current (T, f,y) € Cpy—c—n,(Eo) called the f-slice of T over y. Moreover, the
map

:Rf ER A= <T7 f! y> € ed()—c—d| (Rn)

is continuous in the locally flat topology.

Appendix C: Elementary Morse theory on singular spaces

Throughout this appendix, we fix an o-minimal category of sets and we will refer to the sets
and maps in this category as tame or definable. For a topological space Z, we denote by
H*(Z) the (Cech) cohomology with real coefficients, and we define its topological Euler
characteristic to be the integer

Kiop(Z) = D (=¥ dim H*(2),
k>0

whenever the sum in the right-hand side is well defined.
Suppose X is a locally closed tame subset of V, and S is a closed tame subset of X. We
define the local cohomology of X along S (with real coefficients) to be

H(X):= H*(X, X \ S).

We can now define the local cohomology sheaves H§ = H5 /s to be the sheaves on X
associated to the presheaves U —— Hg;; (U).

If x € X and U, (x) denotes the open ball of radius 1/n centered at x, then for every
m < n we have morphisms Hgmum (Up) — HS.nUn (U,), and then the stalk of 9(5 at x is the
inductive limit Hg(x) = lim, o0 H §ﬂUn (U,). Observe that since X is locally conical we
have

H5(x) =0 forevery x € (X \S). (C.1)
We set

xs(X) = > (=DFdim H{(X),  xs(x) := > _(=DF dim 3§ (x).
k k>0

We have a Grothendieck spectral sequence converging to Hg(X) whose E; term is Ef 4=
HP (X, HY).
If it happens that the local cohomology sheaves are supported by finite sets then

HP(X, 5% =0, Vp>0,
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so that the spectral sequence degenerates at the E>-terms. In this case we have

HI(X) = H(X, 90%)= P st (€2
xeX
In particular
xs(X) =D xs(x). (C3)
xeX

Suppose now that X is a compact connected tame subset of V and f : X — Risa
definable, continuous function. We will write

Xpze ={xeX; f(x) 2c}, Xyp<e:={xeX; f(x) <c}, etc.

A real number c is said to be a regular value of f if there exists & > 0 such that the induced
map

fi{lf—cl<e}CX—>(c—ec+e)

is a locally, definably trivial fibration. A real number c is said to be a critical value of f if it
is not a critical value. The local triviality of tame maps implies that the set of critical values
of f is finite.

Fix a real number ¢, and consider the sheaves of local cohomology H*¢ ¥ associated to
the closed subset set S = X s> C X. Note that if f(x) = ¢, and c is a regular value, then
%}2 .(x) = 0. Any number outside the range of f is automatically a regular value. A point
x € X is called a homological critical point of f if

J{}Zc(x) #0, wherec= f(x).

Note that in this case ¢ must be a critical value of f. We denote by Cr ; the set of homological
critical points of f. We say that f is nice if Cr  is finite.
We define the index of f ata point x € V to be the integer

m(f,x) =mx(f x):=x(Hj..(x) = }i{%X (H* (B, (x)NX,B,(x)NXs-)), (CA

where ¢ = f(x) and B, (x) denotes the open ball in V of radius r, centered at x. Note that
m(f,x) =0if x € X. Due to the local conical structure of X we have

m(f, ) = 1= lim x (H*(B:(0) N Xp<0)): (&)

A point x € X is called a numerically critical point of f if m(f, x) # 0. We denote by Cr*;
the set of numerically critical points of f. Observe that Cr? C Cry.

One can ask the following natural question. Given a compact tame set X, do there exist
nice continuous tame functions f : X — R? The answer is, yes, plenty of them. More
precisely one can show (see [12], [23]) that there exists a subset Ax C XV, such that
dim Ay <dimXY = (n — 1) and for any & € ¥ \ Ay, the induced function £ : X — R
has only a finite number of homological critical points.

Example C.1 (a) Note thatif X is a compact C 2_submanifold of V, f is a Morse function
on X, and x is a critical point of f with Morse index A, then m(f, x) = (—=1)*. In this
case Cry = Criﬁ-.

(b) If X is a compact, convex, subanalytic subset of V and &€ : V — R s a linear map, then
apointx € X is critical for the restriction of £ to X if and only if x is a minimum point
for £. In this case we have m(&, x) = 1.
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Lemma C.1 [Kashiwara] Suppose that X is a compact connected tame subset of V and
f + X — R s a nice continuous tame function that contains no homological critical points
on the level set { f = c}. Then the inclusion induced morphism H*(X <c¢) — H*(X r<c)
is an isomorphism for all € > 0 sufficiently small.

Proof We first prove that the morphism H®*(Xr<.) — H®(X ). is an isomorphism.
Indeed, it suffices to show that the local cohomology of Z = X <. along S = {f > c} is
trivial. This follows from (C.2) by observing that the local cohomology sheaves H?, / g(x) are
trivial.

Next observe that for some g9 > 0, the induced map f : {c < f < c+ &9} = (¢, c+¢€0)
is a locally trivial fibration. This implies that for any ¢’ < ¢” < &g the induced morphism

H.(Xf<c+a”) - H.(Xf<c+£”)
is an isomorphism. We conclude by observing that H®*(X y<.) = li_n)1t\0 H*(Xf<cqy). O

Remark B.2 Kashiwara’s lemma is valid in a much more general context, [17, Proposition
2.7.2]. The proof in the general case is much more involved.

Suppose is a compact connected tame set subsetof V and f : X — R is anice, continuous
tame function. Fix ¢ € f(X). We have H).(f>c(X.f<C+8) = H*(Xf<cte, X f<c). From the
equality -

me<c+£ =Xf§c

e>0

we deduce
1'2)15 H}.(fZL.(Xf<c+£) = H;'(m (Xf<e) = H§f=L_(ngc) =H*(Xy<c, Xp<o). (C.6)
Using (C.1) and (C.3), we deduce that for any sufficiently small ¢ > 0, we have
z m(f,x)= Xtop (XfSL‘) — Xtop (Xf<c) = Xtop (Xf<c+£) — Xtop (Xf<c) . (CT)

xeCr*;»,
f(x)=c

Suppose now that ¢/, ¢ € f(X), ¢’ < ¢ and the interval (¢, 'c) contains no critical values of
f. Then,

Xtop(Xf<c’) = Xtop(Xf<c)- (C.8)
Iterating (C.7) and (C.8), we deduce that for any ¢, ¢’ € f(X), ¢’ < ¢, we have
Xiop(Xf<e) = Xiop(Xpze) = D m(f,x). (€.9)
xeCr‘}
< f(x)=<c

References

1. Bernig, A.: The normal cycle of compact definable sets. Isr. J. Math. 159, 373—411 (2007).

2. Brocker, L., Kuppe, M.: Integral geometry of tame sets. Geom. Ded. 82, 285-323 (2000)

3. Cheeger, J., Miiller, W., Schrader, R.: Kinematic and tube fromulas for piecewise linear spaces. Indian
Univ. Math. J. 35, 737-754 (1986)

@ Springer



454 Ann Glob Anal Geom (2011) 39:427-454

4. Coste, M.: An Introduction to o-minimal Geometry, Real Algebraic and Analytic Geometry Network.

http://www.ihp-raag.org/publications.php

Federer, H.: Curvature measures. Trans. Am. Math. Soc. 93, 418-491 (1959)

Federer, H.: Geometric Measure Theory. Springer Verlag, Berlin (1969)

Fu, J.: Monge-Ampere functions I. Indiana Univ. Math. J. 38, 745-771 (1989)

Fu, J.: Convergence of curvatures in secant approximations. J. Diff. Geom. 37, 117-190 (1993)

Fu, J.: Curvature measures of subanalytic sets. Am. J. Math. 116, 819-890 (1994)

Gabrielov, A.M.: Projections of semianalytic sets. Funct. Anal. Appl. 2, 282-291 (1968)

Grinberg, M., MacPherson, R.: Euler characteristics and lagrangian intersections in the volume sym-

plectic geometry and topology. In: Eliashberg, Y., Trynor, L., (eds.) IAS/Park City Mathematics Series.

American Mathematical Society, Providence (1999)

12. Goresky, M., MacPherson, R.: Stratified Morse Theory, Ergebnisse der Mathematik, vol 14. Springer
Verlag, Berlin (1988)

13. Guillemin, V., Sternberg, S.: Geometric Asymptotics. Revised Edition. Mathematics Surveys and Mono-
graphs, vol. 14. American Mathematical Society, Providence (1997)

14. Hardt, R.: Slicing and intersection theory for chains associated with real analytic varieties. Acta
Math. 129, 57-136 (1971)

15. Hardt, R.: Topological properties of subanalytic sets. Trans. Amer. Math. Soc. 211, 57-70 (1975)

16. Hironaka, H.: Subanalytic sets, Number Theory, Algebraic Geometry, and. Commutative Algebra, in
Honor of Yasuo Akizuki, pp.453-493. Kinokunya, Tokyo (1973)

17. Kashiwara, M., Schapira, P.: Sheaves on Manifolds, Griindlehren der mathematischen Wissenschaften,
vol. 292. Springer Verlag, Berlin (1990)

18. Klain, D.A., Rota, G.-C.: Introduction to Geometric Probability. Cambridge University Press, Cambridge
(1997)

19. Krantz, S.G., Parks, H.R.: Geometric Integration Theory. Birkhéuser, Switzerland (2008)

20. Miller, C., van den Dries, L.: Geometric categories and o-minimal structures. Duke Math. J. 84, 497—
540 (1996)

21. Morgan, F.: Geometric Measure Theory. A Beginner’s Guide. 3rd edn. Academic Press, San Diego (2000)

22. Nicolaescu, L.I.: Lectures on the Geometry of Manifolds. 2nd edn. World Scientific, Singapore (2007)

23. Pignoni, R.: Density and stability of Morse functions on a stratified space, series 4. Ann. Scuola Norm.
Sup. Pisa 6, 593-608 (1979)

24. Schapira, P.: Constructible functions, Lagrangian cycles and computational geometry. In: The Gelfand
Mathematical Seminars, 1990-1992, pp. 189-202. Birkéuser, Boston (1993)

25. Schapira, P.: Tomography of constructible functions.In: Applied Algebra, Algebraic Algorithms And
Error-Correcting Codes, Paris, 1995. Lecture Notes in Computer Science, vol. 948, pp. 427-435. Springer,
Berlin, (1995). http://people.math.jussieu.fr/~schapira/respapers/TomoLN.pdf

26. Schiirmann, J.: Topology of Singular Spaces and Constructible Sheaves, Monografie Matematyczne, vol.
63. Birkhduser Verlag, Switzerland (2003)

27. van den Dries, L.: Tame topology and o-minimal Structures. In: London Mathematical Society Lectures
Notes Series, vol. 248. Cambridge University Press, Cambridge (1998)

28. Weyl, H.: On the volume of tubes. Am. J. Math 61, 461-472 (1939)

29. Wintgen, P.: Normal cycle and integral curvature for polyhedra in Riemannian manifolds. Colloquia
Mathematica Societatis Janos Bolyai, vol. 30 (1979). In: Soos, G., Szente, J. (eds.) Differential Geoma-
tery. North Holland, Amsterdam (1982)

OV Wm

—_—

@ Springer


http://www.ihp-raag.org/publications.php
http://people.math.jussieu.fr/~schapira/respapers/TomoLN.pdf

	On the normal cycles of subanalytic sets
	Abstract
	1 Introduction
	2 Uniqueness
	3 Existence
	4 Normal cycles of constructible functions
	5 Approximation
	6 Conormal cycles of subanalytic subsets of smooth subanalytic manifolds
	Acknowledgments
	Appendix A: Fast introduction to o-minimal topology
	Appendix B: Subanalytic currents
	Appendix C: Elementary Morse theory on singular spaces
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


