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Appendix A
Testing whether a mediation effect is moderated using the delta method

This appendix contains hypotheses and derivations of point estimation (f (9)) and standard
error (s.e.(f (é)) for testing whether a mediation effect is moderated for the 6 scenarios presented
in Table 1. The first-order and second-order variance estimates of the point estimate based on the
delta method can be derived by D'3(0) D and D’3(8) D + %tr{(Hﬁ)(é))z} (see Preacher et al.,
2007), where D = dg(f(6)) and H = 82(f(6)). Therefore, the first-order test statistic is

1(9) and the second-order test statistic is Z = 1(9)
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Scenario 0: no moderation

The null hypothesis is H; : ab = 0 with a point estimate of f(#) = ab. The first-order and

second-order variance estimates of the point estimate are b%s? + G°s? and bs} + a*s? + ss?
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Therefore, the first-order test statistic is Z = and the second-order test statistic is

7 — ab
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Scenario 1: b is moderated by the input variable X

The null hypothesis is Hy : aby (21 — 25) = 0 with a point estimate of f(6) = aby(xy — x2).
The first-order and second-order variance estimates of the point estimate are

(0352 + d2s§2)(3¢1 — 25)2 and (b2s2 + &2552 + sgsgz)(xl — x9)? . Therefore, the first-order test

——ab2___ and the second-order test statistic is Z = — by .
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Scenario 2: a is moderated by a moderator variable Z but b is not moderated by Z

statistic 1S Z =

The null hypothesis is Hy : asb(z; — 22) = 0 where 2; and z»are two values of the
moderator variable Z. The point estimate is CALQZA?(Zl — 25) and the first-order and second-order

variance estimates of the point estimate are (G5s? + b*s3,)(z1 — 22)* and



(4252 4 b%s2. 4 52 52)(21 — 2)%. Therefore, the first-order test statistic is 7 = ——%2%__ and
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the second-order test statistic is Z = dgb .
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Scenario 3: b is moderated by Z but a is not moderated by Z

The null hypothesis is Hy : aby(z; — 22) = 0 where 2; and 2, are two values of the
moderator variable Z. The point estimate is &Bg(zl — 25) and the first-order and second-order
variance estimates of the point estimate are (&23%2 + Egsz) (21 — 22)? and

aba

(a®s? + b2s2 + 5252 )(21 — 22)* . Therefore, the first-order test statistic is Z = \/ﬁ and
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the second-order test statistic is 2 =
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Scenario 4: a is moderated by 7, and b is moderated by Z
The null hypothesis 18 H() . a1b2(221 — ZQQ) -+ a2b1 (211 — 2’12) + CLQbQ(ZHZQl — 212222) =0

where z1; and z;9 are two values of the moderator variable Z; and z,; and 2y, are two

corresponding values of the moderator variable Z,. Here, we have

f(é) = d162(2’21 - 222) + d261(211 - 212) + &262(211221 - 2122’22)
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and thus

Dli(é)D = 8%161,3(211 — 212)2 + 52163(221 — 222)2 + 2(&1&281‘7152 + 61628&1&2)(211 — 212>(221 — 222)
+ 251355152 (211 — 212) (211221 — 212292) + 2%3&1&2(221 — 299) (211221 — 212292)

+ 852(511(221 — 299) + Ga2(211221 — 2’122’22))2 + 822(61(2’11 — 212) + 82(211221 — 212222))2
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Etr{(HE(O))Q} = 821822 (2’21 - 222)2 + 822821 (ZH - 212)2 + 822552(211221 — 212222)2

+ 28(11&23%2(2112’21 — Z19222) (221 — 222) + 285132822(2’11221 — 219222) (211 — 212)

+ 284,85 59,5, (211 — 212) (221 — 222)
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Therefore, the first-order test statistic is Z = and the second-order test statistic is
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= oReD e O accordingly.

Scenario 5: a and b are both moderated by Z

The null hypothesis is Hy : (a1bs + asby) (21 — 22) + agby (23 — 22) = 0 where 2; and 2, are

two values of the moderator variable Z. For this scenario, we have
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and thus

D/ﬁ](é)D = (S%ldg + 82163)(21 — 22)2 + 2(&1&285152 + 61628@1@2)<21 - 22>2

+ 2(a38,5, + D3Saras) (21 — 22) (23 — 23)

+ 57 (a1(21 — 2) + Go(2] — 23)) + 52, (b (21 — 22) + ba(2F — 23))°
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+ 25,005,5, (21 — 22)° + 20,0055, + Sp,5,50,) (41 — 23) (21 — 22)

\/LLA and the second-order test statistic is

Therefore, the first-order test statistic is Z = -
D'S(0)D
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= RO O accordingly.

Scenario 6: a is moderated by Z, and Z and b is moderated by Z, and Z

The null hypothesis Hy is

a1ba (291 — 222) + a2y (211 — 212) + a2ba(z11221 — 212222) + (a1bs + asby)(z1 — 22)

+ agbs(z1121 — 21222) + asba(z1221 — 22292) + a3b3(2% — 2’22) =0

where 217 and z15 are two values of the moderator variable 7, 291 and z55 are two corresponding
values of the moderator variable Z,, and z; and z, are two values of the moderator variable Z.

The first-order and second-order variance estimates of the point estimate f (9) can be derived by

D'3(0)D and D'S(0)D + Ltr{(H(8))?}. Here, we have

~ ~

f(0) = a1ba(z01 — 202) + &261(2’11 — z12) + d262(z11221 — Z12%92) + (&1?)3 + CAL31A91)(Z1 — %)

+ dzi)g(ZHZl — 21222) + dgl;Q(ZlZQl — 22222) + CAL3[A)3(Z% — Zg)
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82(221 — 299) + 63(2’1 — 29)
51(211 — z19) + 62(211221 — Z12292) + 63(21121 — Z12%2)

61(21 —2) + 62(21221 — 29%92) + 63(2’% — 23)

D(6) =
as(z11 — 212) + as(z1 — 22)
a1(z91 — 222) + G2(211201 — 212292) + G3(21221 — 22292)
P N A~ (2 2
a1(21 — 22) + (IQ(ZHZl — 21222) + ag(Zl — 22)
and
0 0 0 0 291 — 299 21 — 22
0 0 0 211 — R12  R11R21 — R12R22 R1R11 T R1272
~ 0 0 0 21 — 29 21221 — 22292 Z% - Z%
H(0) =
0 211 — %12 21 — 29 0 0 0
291 T 222 211721 T R12R22 R1R21 T 22222 0 0 0
2 — 29 21211 — 22719 22 — 22 0 0 0

1nce the final forms o (6 an (6 + =tr (6 are ver
Since the final f fD'3(0)D and D'S(6)D + tr{(HX(0))?} y

cumbersome, we do not display them here for the sake of saving space. The first-order test

T () i i 7 G
statistic is Z = —\/m and the second-order test statistic is £ DE@ D L HEO)

accordingly.
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