Math 10360 Review for Exam 3

1. Let f(z,y) = 23y + In(y — ). Find the following limits:

h,2)— f(1,2 h)— f(1,2
o) iy L0 12 = 1012 () i 124 = 1012)

Ans. (a) 5; (b) 2.

2. Let f(x,y) = % + e™. Find all first and second partial derivatives of f.

af 1 . af s . %f 5 . o2 f 3 2w % f P . % f
— = Y, — =—z(1 zY, = Y. = = 2z(1 + Y, = —(1 zy Ty —
22 " g+l + ye oy z(1+y)”~ +we a2 Ve 997 (1 +y) ze 20y (1+y)" = +e*Y +aye oy0m

3. Let z = f(x,y) be a function, with f(1,2) = 5, %(1,2) =2, 3—5(1,2) = —3. (a) Estimate the value of
£(0.8,2.1), (b) Find the elasticity coefficient of z relative to x at (1,2) and the elasticity coefficient of z relative
to y at (1,2).

4. Let f(z,y) = ye® +2x — 2y + 5. Find f(0,0) and use linear approximation to estimate f(—0.05,0.01).

Ans. f(—0.05,0.01) ~ 4.89.

d
5. The population p(t) (in thousands) of cheetah is modeled by the differential equation d—;: =p (1 — Z)
If the initial population is 3 thousand, find p(¢). You are required to solve the differential equation.
12¢t 12

Ans: p(t) = =
(Ans: p(t) 1+ 3et e’t+3)

6. A cup of warm coffee at 80°C is cooling off outdoors according to the equation

dy _

= k(y —2
7 (y — 20)

where y(t) is the temperature (in °C) of the coffee at time ¢ minutes. If the temperature of the coffee is 60°C
after 10 minutes, what is (i) the value of k, and (ii) the temperature when ¢ = 15 minutes?

(Ans: () k= 4510 (2), (i) y(15) = 60 (2)"/*

+20)
7. Solve the following initial value problem: 2y = 2zy — 3; y(l) = —1. (Ans: y(z) = o~ — 222)

8. The temperature at a point (x,y) on a table is T'(z,y), measured in degree Celsius. A bug crawls so that
its position on the table after ¢ seconds is given by x = /1 +t¢, y = 2+ (¢/3), where = and y are measured
in centimeters. The temperature function satisfies 75(2,3) = 4 and T;(2,3) = 3. How fast is the temperature
rising on the bug’s path after 3 seconds? (Ans: 2 °C/s)

9. The temperature at a point (z,y) on a flat metal plate is given by

60
Ty =12,

where T is measured in °C and x, v in meters. Determine which is bigger: the sensitivity of the temperature
T in the z-direction or in the y-direction at the point (2,1). Discuss the elasticity of T at (2,1).

10. Find the rate of change of z with respect to y if 10 cos(x +y + 2) = 222 + 2%y
ou

0
11. 2% and 2 where u = Yz’ =

T 3 ,y=t>+2s and z = e**. Find u; when t =1 and s = —1.
s

w |

12. A tank contains 1000 L of brine with 15 kg of dissolved salt. Brine that contains 0.03 kg of salt per liter
of water enters the tank at a rate of 10 L/min. The solution is kept throughly mixed and drains from the tank
at the same rate. How much salt is in the tank (a) after ¢ minutes and (b) after 20 minutes? (c) What is the

limiting concentration? How would your answers change if the brine is drain away at a rate of (i) 5 L /min, and
(ii) 20 L/min?



13. The body weight of an animal which initially weighs 10kg is modeled by:

dw w
o n{+ w(0) = 10
Use Euler’s method with At = 0.1 to estimate w(0.2)

14. Let P(t) be the immigrant population (in thousands) of a small country, where ¢ is time in months since
the beginning of this year. A demographic study has shown that P(t) is a solution to the following initial value
problem:

dpP
& —04t-P, P0)=2
" _oat-p. PO
Use Euler’s Method with 3 steps to estimate P(1.5).
. . . of of . o
15. (a) Find all possible estimates for the value of 8—(2, 1) and 8—(2, 1) if f(x,y) is given by the table
€ Y

below. (b) How would you estimate f(2.1,1.2) using the central difference estimates for the partial derivatives
of f(x,y) at (2,1)7

x
11520125
0.0] 36 | 35 | 34
1.0 38 | 37 | 35
2.0 44 | 42 | 38

16. Find the Nth partial sum of the series:

[e.e]

8
an—{—n'

n=4

What is the sum of the series?

Math 10360 Review for Exam 3 Answers

dy y
12a. — =0.3 — —=; =1 — _ 15¢—t/100
a. — 0.3 100° y(0) = 15 so y(t) = 30 — 15e

12b. y(20) = 30 — 15702

12c. Concentration at time ¢, c(t) = 1000 = 0.03 — 0.015¢~*/190_ Therefore tlgglo c(t) =0.03

12 (i) a. % =03 10031&: = 0.3 200y_ 3 9(0) = 15 s0 y(t) = 0.15(200 + 1) (23’8%

12 (i) b. y(20) = 0.15(220) — % =33 % = %

12 (i) c. Concentration at time ¢, c(t) = 100y()(t4)—5t =0.03 — (2030202 Therefore tlgglo c(t) =0.03
12 (ii) a. % = 0.3— % = 03— 10§y— 2+ 9(0) = 15 0 y(t) = 0.3(100 — 1) - W
12 (ii) b. y(20) = 0.3(80) — 3;282)2 94— 3(26040000) _ 94— %8 _ 14%



t 100 — ¢
12 (ii) c. Concentration at time ¢, c(t) = 100(y)(—)10t = 0.03 — 3(28800)

minutes. Just before it dries out ¢ = 0.03 so saltier than at the start. In fact, ¢/(¢) > 0 implies the concentration
is increasing and reaches 0.03 just before it dries out.

. The tank dries out at ¢ = 100

13. w(0) = 10; w(0.1) ~ 9.930685282; w(0.2) ~ 9.862066124.

14. P(0) = 2; P(0.5) = 2; P(1) = 2.2; P(1.5) = 2.64.
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Name:

Class Time:

Multiple Choice

1.(5 pts.) Let P(K, L) be the production function for a manufacturing company where
K is the amount of capital and L is the amount of labor. Suppose

oP oP
P(20,30) = 10; —(20,30) = 2; —(20,30)(20,30) = =3
20,30)=10;  SUE030)=2 O (20,30)(20,30)
Using the linear approximation of P(K, L) at (20, 30), estimate the amount of production

when K = 20.5 and L = 29.5.

(a) 7.5
(b) 125
() 115
(d) 85
(e) 105

2

y0r if f(x,y) =In(3z + 2y).

2.(5 pts.) Find the second partial derivative

6
(3z + 2y)?
—4
(3z + 2y)?
4
(3x + 2y)?
9
(3x + 2y)?
=6
(3x + 2y)?

(a)



Name:

Class Time:

3.(5 pts.) A 500-gallon tank contains 200 gallons of brine with concentration 1/4 pounds
of salt per gallon. Brine containing 2/5 pounds of salt per gallon is pumped into the tank
at a rate of 5 gallons per minute. The mixture is pumped out of the tank at a rate of 4
gallons per minute. If y(¢) is the amount of salt in the tank at time ¢, find the differential
equation modeling the amount of salt in the tank at time t.

dy Yy
Z_9_ 2L

(@) 5 50
dy 4y

b)) Z=2-_ 7

(b) dt 200 — 4t

@ Y2
dt 5 200+t
dy 4y

d) Z=2_-

(d) dt 200 — ¢
dy 4y
7 —9_

(©) 200 + ¢

4.(5 pts.) For the same scenario above, how long it take before the brine overflow?

a) 100 minutes

b) 75 minutes

(
(
(c) 300 minutes
(d) 500 minutes
(

e) 60 minutes



Name:

Class Time:

5.(5 pts.) Consider the solution curve of the differential equation below that passing
through the point (—1,1).
y/ _ :L’2 + y2
Find the equation of the tangent line to the solution curve at (—1,1).
a) y=2x—3
b) y=-2r-1

(

(

(c) y=2x+3
(d) y=2z

(

e) y=1

6.(5 pts.) Find all values of = for which the series Z 3(2 — x)" is convergent.

n=1
Hint: Geometric series.

(a) —-l<z<l

1 1

5 7
(c) g<z<g

d) -<z<l

(e) 1<ax<3



Name:

Class Time:

7.(5 pts.) Find the Nth-partial sum of the series Z <\/n +3—Vn+ 2)

n=2

(a) VN+4-2

b) VN+3—-+/N+2
(¢) 2—+vN+2
(
(

4 -2

e) Divergent

8.(5 pts.) Find y in terms of ¢ if
In(l —y) —In(2—y) =t

1+ 2¢t
(a) Y= T
(b) yzlli;;'
© y=12%
@ y=12
© y=i=%.



Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

9.(12 pts.) Find the partial derivative of z with respect to y if
x

T ¥, 34
(2y + z)? ceTE



Name:

Class Time:

10.(12 pts.) [Part A]. Consider the initial value problem:

y=W+0% y0)=1
Use Euler’s method with two equal steps to estimate y(1).

[Part B. (Unrelated to Part A)] Write the following repeated decimal as fraction.
Show clear how you apply geometric series

0.102



Name:

Class Time:

11.(12 pts.) Solve the following initial value problem:

(®+1) (% - 3) =2zy; y(1)=0



Name:

Class Time:

1
@ifx:standy:— Give
ds

12.(12 pts.) [Part A.] Let u = sin(2? 4+ y?). Find :
(12 pts.) [Part A.] Let u = sin(z? + %?). Fin P

your answer in terms of s and .

[Part B. (Unrelated to Part A)] Discuss the elasticity of z = e*° %% relative to z
and y at (z,y) = (1,1)



Name:

Class Time:

13.(12 pts.) A ball is projected from the ground to a height of 10 feet. Each time it
drops h feet, it rebounds to a height of h/3 feet. Answer each of the questions below:

(a) What is the total distance travelled when the ball hits the ground the third time?

(b) Write down a geometric series that gives the total distance travelled by the ball if
the motion persists. Give its first term, and common ratio.

First Term = Common Ratio =

(c) Find the total distance travelled by the ball. You should simplify your answer as far
as possible.

10
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Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

11.(12 pts.) Find the partial derivative of z with respect to y if

Z

ag(%Ca%(JrZ(%J\) ) €%Z(%013- (z‘%%gﬂ)
“layre o) -0 (4 35)

=¥ 3; ¥ Qgeyz - 2 (4) (zex( )) 22

| 2y
Cow
e2
C%fz})z @~ | 35
y* 52 2 2-6\3 IZ%B 6392_
=c% 5y T H° | 3
| 3 22
_ 4‘?(; B X B% ‘2% 5:9(}
Cyray gty 2y 4
soz _ Moz _ 2x 22 ;-z,;ze“ o
122 j;sg ~ "Qg (%yhrz) 3y d /

%Y L ¢ ax 23> 6\{ (2‘1"’%)
22 =€ Togra® ( )




Name:

Class Time:

0 _ |
AL = =2 =L

10.(12 pts.) [Part A]. Consider the initial value problem: =

y=u+0%  y0)=1 \ |
Use Euler’s method with two equal steps to estimate y(1). 5 ch < 1
| 3/@;%: Caé@wb)"“\
\ 0 4
g'(0‘§> = ’3(0) *"% (o)'At é/CO) = (%[05 +o)2

zi*“’é’z1‘\’—’—:é —_—“fz'

—_

|
8(1) ~ 5((@&3«—3/(0.3“) Xt %J}:(a(msij}dﬂ
4. L (2 L)
= <2>L r'lf"

+ 2 }

| s

[Part B. (Unrelated to Part A)] Write the following repeated decimal as fraction.
Show clear how you apply geometric series

012 = 0./02 020202 ... = O.1 + O0-002020R0%L. ..

0./ + 0.002 + 0.000 o2 + 0,000000% +0.00000600K 7.

s -
Y //ﬁ X /0D X /7D /
<
0.602 oy looo . 2 _x 2
= 0.1 + , — L = 0 + = = o Jo0o~ 99
%] , oD /9?
/ 7?*/3 _ /0 /
= W taE 77 F7xS =465
/v 47< 770 : TrS =

L3S 5x§q



Name:

Class Tir_ne:b

13.(12 pts.) Solve the following initial value problem:

@+ 1) (Z—Z - 3) — 2zy; | y(1) =0 |

0% 1) éi;[ —3(C+1) = 21y

d
(o x L) %Lj;(: —axy = 30t . ) |
X+ N
| S% + —2X OQ/X . _Qu (J(,—H> Q,V\(j( +1)
"‘*iffb‘_p‘j@ Laskor 3TN = e
L e, |
= m)
| Ldy = = 2 —
Wy Jd («2:&015 Xt | ‘ Dol
( y é - @cﬂ)‘“')
0 Ei -+ (5(;73\’\ ] B 7{;71\—' L (j(+0 L)(
’X—t\ X -~

Q;’Z’;T“&) _/}(,—t] " (1) >

5(\):0 = MCOB-szrcX@m(;L\{waJCC S = "f

ik ) _ 300C%!1) w@fzczm(@
8 = 3 (ﬁC) 3 - 3% (7@ H)

.’—""'_—-——

vo=



Name:

Class Time:

, N
g s+t
du
14.(12 pts.) [Part A.] Let u = sin(2? + 3?). Find 5{3 ifr =standy = 57 Give
s $+ 2
your answer in terms of s and ¢. ’
Su 242X 4 24 Y x4

@,,2‘ ’
= Zx &%(X%’f‘vfz) -1+ {7&3()&?){*(3»&%)4] < . -

Y
2 2 % / ,
- ,23”('(;2‘53[3“{7-;—‘3 J : : i

( +26)2 < )é}?e\i = §ZEL+ 2
N = B (s+2t)
3t Lt ) -
“ { t %Ciﬂ‘l’e)z’) (+24)°

T S+2t

i} 28
= (Qs{-2~ (SN,{_);)%(STE * (s%zt))

[Part B. (Unrelated to Part A)] Discuss the elasticity of z = e %" relative to
and y at (z,y) = (1,1)

- Find Hhe pocidage chawe 12 i X mensans by 17
e gz Aves, nol %&SR . A similar computation can be

done for elasticity relative to y

f oo = L Al
AX = Afk{;@ X f - (o9 / kj _ X xy?
) €2 Zy(x%,y) = 2xye* t Y
. : = Z,(1,1) = 2¢?
5 7 i Z Cﬂ! { y
AT foof < V
Z(éfl) Here Ax = 0 and Ay = 0.01

So AZ is approx 2¢2/100

So elasticity relative to y is 2%

10
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Name:

Class Time:

13.(12 pts.) A ball is projected from the ground to a height of 10 feet. Each time it
drops h feet, it rebounds to a height of h/3 feet. Answer each of the questions below

(a) What is the total distance travelled when the ball hits the ground the third time?
Q
jox2 + Lx2 7 =x2

7 A
= RO r %22 = %9 7/3 |0 Ay
6
_ 0200+ g +J—> (ﬁﬂf/ /H /2 104

= 260/7 ft

(b) Write down a geometric series that gives the total distance travelled by the ball if
the motion persists. Give its first term, and common ratio

0 RO =0
o - + - - F — -+ s -
< = 7 32 37
20 %/E
First Term = Common Ratio =

(c) Find the total distance travelled by the ball. You should simplify your answer as far
as possible.

: | 20 Nty Coonnta 1T
70/4/ Histruce = ,— -/ J /Vs/
3

A0 2 .
:QOX—E— — 50 th

I\l

2
3

10
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Name:

Class Time:

Multiple Choice

1.(5 pts.) Let u = 223 — 3y%. If z = In(#?) and y = t* — €2 find the rate of change of u
with respect to t when t = e.

@ =

o =

(©) % Y
() 4—68 Py
(o) % _12¢2

2.(5 pts.) Solve the initial value problem:

%:(211—1)96; y(0)=0
() y=g ~1)
(0) y=501-e)



Name:

Class Time:

3.(5 pts.) Consider the geometric series whose eighth term is 0.03 and whose ninth term
is —0.15. What is the tenth term of this geometric series?

a) 0.03(5)°1°
b)  0.03(5)™0

(

(

() —0.03(5)°
(d) —0.75

(

e) 0.75

4.(5 pts.) Evaluate the following geometric series
2¢! +4e7? 4+ 8¢ + 16T + - -

where e = 2.71828... is the natural number.

2671 2671 . . .
(a) 1_ 202 (b) T 20 (c)  Series is divergent.
2 2
d
(&) 155 () 150



Name:

Class Time:

5.(5 pts.) Let f(z,y) = ¢®¥. Find the value of the limit

1i f(2a_l+h>_f(27_1>
e h '

a) 2e?
b) e

(

(

() —2¢72
(d) 4e*

(

e)  Does not exist.

6.(5 pts.) Evaluate the following geometric series

O R

P T
2+4 8+

(a)  The series is divergent.

(c) 2E7r
@
(©) 242r7r




Name:

Class Time:

)
n=1"

7.(5 pts.) Find the limit of the sequence {e~?"sin(100n)}

(a) e
(b) et

(c) 0

d) 1

(e)  Does not exist.

8.(5 pts.) Consider the initial value problem:
y =3z +y, y(0) = 1.
Using Euler’s method with TWO steps of equal size estimate y(0.2)

b) 1.424

(

(

() 1.24
(d) 1.1
(

e) 4.3



Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

9.(12 pts.) [Part A.] A population of a specie of river dolphins is given, in the thousands,
by the function
2et + 7
pt) = 5575
2et 42
where t is time in years. Find the time t for which the population of dolphins is 2
thousand.

[Part B (INo relation with the above)]. Find the sum of the first 20 terms of the
given series:




Name:

Class Time:

10.(12 pts.) Find the Nth partial sum of the series below.

> [COS (2n1— 1> - (2n1+ 1)]

n=>

Use your answer for the partial sum to find the sum of the series.



Name:

Class Time:

11.(12 pts.)

0 1 2 3 4 5 6 7 8 9 X

An infinite sequence of right angle triangles with heights given by the curve y = e=2* is

constructed as show above.
(a) Let T}, be the area of the nth triangle constructed. Write down the first three terms

of the sequence {T},} and give also a formula for the general term 7,,.

h=___ ; To=__ T3 =

(b) Write down the geometric series that gives the total area enclosed by the infinite
sequence of triangles. Also give the first term and the common ratio of your series.
You must give at least the first three terms and the general term of the series
in your answer.

First term of the series = Common ratio of the series =

(c) Find the total area enclosed by the infinite sequence of triangles.



Name:

Class Time:

12.(12 pts.) Solve for y(z) if it satisfies the following initial value problem:
y =3z —ycot(z) and y(w/4)=2.



Name:

Class Time:

13.(12 pts.) Consider the function f(x,y) = 3z* + 2y> + 4.

a. Find the elasticity of f(x,y) relative to y at (1,2).

b. Use the linear approximation of f(z,y) at (1,2) to estimate the value of f(1.1,1.8).

10
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Name:

Class Time:

Partial Credit
You must show your work on the partial credit problems to receive credit!

9.(12 pts.) [Part A.] A population of a specie of river dolphins is given, in the thousands,

by the function
2et + 7
t) =
P = 50
where ¢ is time in years. Find the time ¢ for which the population of dolphins is 2
thousand.

s :
e +Z
4etr 4

T
= 24 = 446t—a26%— > 2 =3

S
S>e == S JU:/QMKE) g

[Part B (No relation with the above)]. Find the sum of the first 20 terms of the

g:e;iirliess i 3 (/_ (%)zo) /gf V%{f;& (n:u>
"ZO\%’— ¢~ %)~ -3 c= 3
” e Cver mn o Mﬁo
= = 23— %)) oy BT e g
S 20 () T L g BT
7

fl

o 2
=2 (E) =% - F
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Class Time:
4 = S;, 6 / ¥
10.(12 pts.) Find the Nth partial sum of the series below. -—
i cos ! — oS ! N
- 2n — 1 2n + 1 7-s =N~/
Use your answer for the partial sum to find the sum of the series. 7 = N 7 9~

N+ &
va :2 [M (z7) —< ’7’;*’)]

7N==X<
:mCé—%%
%j% ) ool
5) —enlz) vt
/S

Nn = N+~2
A = A+
) A = NEY

/
G"%#) — oS ;wﬁ’)

Stem 06%& 74@ eHeo = N&% SH

_ L (mcl ) = e NH) %LJ_\ i

N— oo L

) 05%>



(f

Name:

Class Time:

11.(12 pts.)

An infinite sequence of right angle triangles with heights given by the curve y = e=%* is

constructed as show above.

(a) Let T), be the area of the nth triangle constructed. Write down the first three terms
of the sequence {7}, } and give also a formula for the general term 7,.

Lo~ % | o~ 7 Lo~ "
== TQZ‘Z@—; T3 = 2-6

| =R
Tn_L

(b) Write down the geometric series that gives the total area enclosed by the infinite
sequence of triangles. Also give the first term and the common ratio of your series.
You must give at least the first three terms and the general term of the series
in your answer.

l —2 _I— _¢ _L —_é_/_> -ryaf—’_‘/_—'e)_hgn._)__,
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First term of the series = Common ratio of the series =

”

-

(c) Find the total area enclosed by the infinite sequence of triangles.
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12.(12 pts.) Solve for y(x) if it satisfies the following initial value problem:
y =3x ~ycot(x) and y(n/4)=2.

5/+ cot x) g = 24 < Linar | odar

crs X
Tteprefing focton J ettodx _ =
WLQEOM%/{_LQ[ ) U = $tnX
:65 Muzeguu (/{/:3414% O&JEC(TS’}(QQC
S« 1(:}/—/- CM;g = 3%xsm’X
c o5 K
(m«xf%/ ~ 3z xsmK
5%%%0@6 | ou=x > du=du
ey W de dv = gmxx
QLX fzf%%% QI/)C
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AKX = O ,Aaw/?o +R ==

13.(12 pts.) Consider the function f(z,y) = 32 + 2y + 4.

a. Find the elasticity of f(z,y) relative to y at (1, 2).

sf 5 Fbaarx 1) ay = o+ (orig)] -

/

=]
f=2

47
/IO
X (60O )y = ALY

| AP _
Regusied elasficts = £y,2) Srur?

b. Use the linear approximation of f(z,y) at (1,2) to estimate the value of f(1.1,1.8).

AK = 1./—] = ©°

A? - -FC’I’)/'Q)‘CFC/)Q &y = 1,82 = ~oL
~ fx(l/L)'Ax + fy CII&) (AJ VEx (112) = (6%) ]251_:/3:é
6 (o) +2¢(0) =7 HE L 0y (6|
VLZJ
- - 4-2/

7E(/./,/.ze) ~ £(1.2) ~4.2 = (2+16+9) =42
=23 -4 2= 18§
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