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(do 1-3, and either 4a or 4b) 

1) Suppose 𝛼𝛼: 𝑆𝑆4𝑛𝑛−1 → 𝑆𝑆2𝑛𝑛 is a map.  Let 𝑋𝑋 = 𝑆𝑆2𝑛𝑛 ∪𝛼𝛼 𝑒𝑒4𝑛𝑛 be the resulting 2-cell complex.  Then 
𝐻𝐻2(𝑋𝑋) ≅ 𝐻𝐻4(𝑋𝑋) ≅ ℤ.  Let 𝑥𝑥 be the degree 2 generator, and 𝑦𝑦 the degree 4 generator.  We have 

𝑥𝑥2 = 𝑘𝑘𝑦𝑦 
for 𝑘𝑘 an integer.  The Hopf invariant is defined by  

𝐻𝐻𝐻𝐻(𝛼𝛼) = |𝑘𝑘| 
(e.g. the Hopf fibration has Hopf invariant 1).  Use steenrod operations to show that if 𝛼𝛼 has 
Hopf invariant 1, then all of the suspensions 

Σ𝑘𝑘𝛼𝛼: 𝑆𝑆4𝑛𝑛−1+𝑘𝑘 → 𝑆𝑆2𝑛𝑛+𝑘𝑘 
are not null homotopic.  (this implies that Hopf invariant 1 maps give non-trivial elements of the 
stable homotopy groups of spheres.) 
 
 

2) Show that the action of the steenrod algebra on 𝐻𝐻∗(ℝ𝑃𝑃∞;𝔽𝔽2) = 𝔽𝔽2[𝑥𝑥] is given by the formula 
𝑆𝑆𝑞𝑞𝑖𝑖�𝑥𝑥𝑗𝑗� =  �𝑗𝑗𝑖𝑖�𝑥𝑥

𝑖𝑖+𝑗𝑗  
 
 

3) Deduce from the above that if there is a map 
𝑆𝑆𝑘𝑘 → ℝ𝑃𝑃∞ 

which is an isomorphism on 𝐻𝐻𝑘𝑘(−;𝔽𝔽2), then 𝑛𝑛 = 2𝑖𝑖 − 1. 
 
(Thus the only 𝑛𝑛 for which the Hurewicz homomorphism 𝜋𝜋2𝑛𝑛−1(ℝ𝑃𝑃∞) → 𝐻𝐻2𝑛𝑛−1(ℝ𝑃𝑃∞) could be 
surjective are 𝑛𝑛 = 2𝑖𝑖−1.  These turn out to be the same dimensions 𝑛𝑛 where you can have a 
Hopf invariant one map 𝑆𝑆4𝑛𝑛−1 → 𝑆𝑆2𝑛𝑛 .) 
 
 

4a)  ℂ𝑃𝑃∞ is an H-space, and its homology and cohomology are Hopf algebras.  Consider the Hopf 
algebra 𝐻𝐻∗(ℂ𝑃𝑃∞) = ℤ[𝑥𝑥] with coproduct determined by: 

𝜓𝜓(𝑥𝑥) = 𝑥𝑥 ⊗ 1 + 1 ⊗𝑥𝑥 

Show that the dual Hopf algebra  
𝐻𝐻∗(ℤ[𝑥𝑥])∗ =  𝐻𝐻𝐻𝐻𝑚𝑚 (ℤ[𝑥𝑥],ℤ) 

is isomorphic to the divided power algebra Γ[𝑥𝑥].  That is to say, if 𝛾𝛾𝑖𝑖  is dual to 𝑥𝑥𝑖𝑖, then 

𝛾𝛾𝑖𝑖 ⋅ 𝛾𝛾𝑗𝑗 = �
𝑖𝑖 + 𝑗𝑗
𝑖𝑖
� 𝛾𝛾𝑖𝑖+𝑗𝑗 



4b)  Prove the following “baby version” of Milnor’s theorem.  Let A(1) be the subalgebra of the mod 
2 steenrod algebra generated by 𝑆𝑆𝑞𝑞1 and 𝑆𝑆𝑞𝑞2 .  Explicitly, 

𝐴𝐴(1) = 𝔽𝔽2〈𝑆𝑆𝑞𝑞1, 𝑆𝑆𝑞𝑞2〉/(𝑆𝑆𝑞𝑞1𝑆𝑆𝑞𝑞1 = 1, 𝑆𝑆𝑞𝑞1𝑆𝑆𝑞𝑞2𝑆𝑆𝑞𝑞1 = 𝑆𝑆𝑞𝑞2𝑆𝑆𝑞𝑞2) 

Prove the dual of A(1) is given by 

𝐴𝐴(1)∗ = 𝔽𝔽2[𝜉𝜉1, 𝜉𝜉2]/(𝜉𝜉14, 𝜉𝜉22) 

With coproduct: 

𝜓𝜓(𝜉𝜉1) = 𝜉𝜉1 ⊗ 1 + 1 ⊗ 𝜉𝜉1 

𝜓𝜓(𝜉𝜉2) =  𝜉𝜉2 ⊗ 1 + 𝜉𝜉12 ⊗ 𝜉𝜉1 + 1 ⊗ 𝜉𝜉2 


