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Abstract—Motivated by the ongoing discussion on coordinated
multipoint in wireless cellular standard bodies, this paper con-
siders the problem of base station cooperation in the downlink
of heterogeneous cellular networks. The focus of the paper
is the joint transmission scenario, where an ideal backhaul
network allows a set of randomly located base stations, possibly
belonging to different network tiers, to jointly transmit data, so
as to mitigate intercell interference and hence improve coverage
and spectral efficiency. Using tools from stochastic geometry,
an integral expression for the network coverage probability is
derived in the scenario where the typical user located at an
arbitrary location, namely the general user, receives data from
a pool of base stations that are selected based on their average
received power levels. An expression for the coverage probability
is also derived for the typical user located at the point equidistant
from three base stations, which we refer to as the worst-case
user. In the special case where cooperation is limited to two
base stations, numerical evaluations illustrate absolute gains in
coverage probability of up to about 17% for the general user and
249% for the worst-case user compared to the non-cooperative
case. It is also shown that no diversity gain is achieved using
non-coherent joint transmission while full diversity gain can be
achieved at the receiver if the transmitting base stations have
channel state information.

Index Terms—Base station cooperation, coverage probability,
CoMP, diversity gain, heterogeneous networks, Poisson point
process, stochastic geometry.

I. INTRODUCTION
A. Motivation

The wireless industry is currently facing an increasing de-
mand for data traffic over cellular networks [1], just as the per-
formance of modern point-to-point communication schemes
are fast approaching the fundamental information-theoretic
limits. Therefore, to address this increasing demand, one of
the solutions for increasing network coverage and capacity
is the deployment of heterogeneous networks—networks of
small base stations (BSs) along with the existing macro ones.
In order to address the additional intercell interference caused
by such deployments, the most recent discussions in the
LTE cellular standard bodies center around the proposals of
coordinated multipoint (CoMP) techniques [2], where BSs
communicate with each other over a backhaul link to limit
the intercell interference and exploit the benefits of distributed
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multiple antenna systems [3], hence increasing the network
throughput. [4] and [5] support these claimed advantages
of CoMP through simulations and field trials, respectively,
whereas [2] and [6] evaluate different deployment scenarios
and list the operational challenges in deploying CoMP. [7]
provides a good survey of the literature related to cooperation
in cellular networks.

B. Related Work

The problem of base station cooperation in wireless net-
works has been extensively studied in the past few decades.

In the information-theoretic literature, several studies in-
cluding [8]-[11] analyze the advantages of cooperation within
the framework of the Wyner model [12] for downlink
communication—a widely used model to analyze the capacity
of cellular systems, which is also known to trade off simplicity
and analytic tractability at the expense of accuracy [13]. We
refer the reader to [14] for an overview on the information-
theoretic techniques to study multi-cell MIMO cooperation in
wireless networks. [15] provides a fundamental information-
theoretic limit on the achievable spectral efficiency due to
cooperation, which proves that we cannot achieve arbitrarily
high rates using cooperation.

Another approach that has been recently followed by several
authors is to assume that the BSs are randomly located,
such that tools from stochastic geometry can be used to
characterize the signal-to-interference-plus-noise-ratio (SINR)
at the typical user and hence the outage/coverage probability,
see, e.g., [16] and [17]. Following this approach, [18] models
a heterogeneous network as the union of several tiers of BSs
independently distributed in space according to a Poisson point
processes (PPPs). [19] empirically validates this approach by
comparing the coverage probability derived under this model
and the one observed in a real network deployment. [20]
analyzes the average rate in the downlink of a heterogeneous
network and also lists out a number of references for existing
studies under this model.

Several cooperation techniques have been studied in the
literature. For example, [21] studies the impact of backhaul
delays in wireless networks where CoMP takes the form
of zero forcing beamforming at the cooperating BSs; [22]
also investigates the effect of a non-ideal backhaul network
and analyzes the performance of a specific two-base-station
cooperative scheme based on rate-splitting, similar to the
one proposed in [23] for the multiple access channel with
conferencing encoders; [24] analyzes a scheme where random
clusters of BSs cooperate by nulling the intercell interfer-
ence. [25] also considers the problem of non-coherent joint



Fig. 1.

Two-tier heterogeneous network with Voronoi cells of tier-1 where
dots and squares denote the base stations from tier-1 and tier-2, respectively,
and stars denote general users, which are uniformly distributed over the R?
plane. In this case, the general user connects to n = 2 base stations with
strongest average received powers, denoted by arrows (Case 1).

transmission. However, the signal and interference powers are
approximated to obtain a tractable problem, and the paper
only focuses on general users. Unlike any of these existing
works, this paper analyzes the benefits of joint transmission in
heterogeneous networks for the general and worst-case users.

C. Contributions

This paper presents a tractable stochastic geometry—based
model for studying BS cooperation in the downlink of het-
erogeneous networks. The model consists of K independent
tiers of randomly located BSs, where each tier is characterized
by a different density of BSs and available power. Base
stations within each tier are assumed to be spatially distributed
according to a PPP. While this model can be used to analyze
arbitrary cooperation schemes, the paper focuses on the joint
transmission scenario, where BSs jointly transmit data to
the same user in a synchronous manner, as if they were
forming a single distributed antenna system. Assuming that
cooperating BSs do not have channel state information! (CSI),
and that a user connects to the set of BSs that results in the
maximum average received power, we derive closed integral-
form expressions for the coverage probability in two different
cases:

e Case I: The receiver is a general user in a heterogeneous
network, i.e., it is located at an arbitrary location in the
R? plane independent of the BS distribution process (see
Fig. 1).

e Case 2: The receiver is a worst-case user in a single-tier
network, i.e., it is located at a Voronoi vertex. A Voronoi
vertex is a point that is equidistant from three BSs (see
Fig. 2).

IThroughout the paper, we denote the phase shift due to fading as the
channel state.

Fig. 2. Voronoi cells in a single-tier network where dots denote the base
stations and stars denote worst-case users, which are located at Voronoi
vertices. In this case, the worst-case user connects to (a subset of) the three
equidistant BSs, denoted by arrows (Case 2).

In both the cases described above, the expressions derived
for the coverage probability illustrate the impact of the un-
derlying network parameters, such as the density of BSs, the
available transmit powers, and the fading coefficients, on the
overall system performance. When specialized to the case of
an interference-limited network, where the background noise
is negligible compared to the interference power, in both cases
the coverage probability becomes independent of the network
tier density and available power, and in Case 1 it is also
independent of number of network tiers.

We also study the diversity gain, defined as the rate of
convergence to 1 of the coverage probability in the high
coverage regime. We observe that in both cases, diversity gain
is independent of the number of cooperating BSs because of
the assumption that the transmitting BSs do not have CSI (see
Theorem 3 and 4). In contrast, it is shown in Section IV-B that
if the transmitting BSs have CSI, the diversity gain is equal to
the number of cooperating BSs in both cases (see Theorem 5).

The results obtained are used to quantify the benefits
of cooperation. A numerical evaluation of the case where
cooperation is limited to two BSs illustrates absolute gains
in coverage probability of up to about 17% for the general
user and 24% for the worst-case user compared to the non-
cooperative case (see Fig. 3 for # = 0 dB).

D. Paper Organization and Notations

This paper is organized as follows. Section II introduces the
system model. Section III presents the main results, namely
integral expressions for the coverage probabilities in the two
cases described above. Section IV explores the diversity and
power gains for coherent and non-coherent joint transmission.
Section V discusses various assumptions made in the system
model, extends some results derived in Section III, and in-
cludes numerical evaluations of the expressions derived to



illustrate the gains of cooperation over the non-cooperative
case. Section VI concludes the paper.

Throughout we denote by |u||, the LP-norm of a vector
w = (unuz ) € R den [ull, = (S0 ful)
and we drop the subscript p in the special case p = 2 of
Euclidean distance. We denote the empty set by (). We use the
tilde notation for asymptotic equivalence, i.e., f(z) ~ g(x) as
Z — a to mean lim,_,, f(x)/g(x) =

II. SYSTEM MODEL

A. Heterogeneous Network Model

We consider a heterogeneous wireless network composed
of K independent network tiers of BSs with different de-
ployment densities and transmit powers. It is assumed that
the BSs belonging to the ¢th tier have transmit power P;
and are spatially distributed according to a two-dimensional
homogeneous PPP ®; of density \;, ¢ = 1,..., K. We focus
on the typical user. We assume without loss of generality that
the typical user is located at the origin (0,0) € R? and a subset
of the total ensemble of BSs cooperate by jointly transmitting
a message to the typical user. We denote by C C U1K:1 ®; the
set of the cooperating BSs. In this setup, the received channel
output at the typical user can be written as
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where the first sum is the desired signal from the set of
cooperating BSs, the second sum is the interference from the
non-cooperating BSs, and Z is a standard additive circular
symmetric complex white zero mean Gaussian random vari-
able with variance o2 modeling the background thermal noise;
v(x) is the index of the network tier to which BS located at
x € R? belongs, ie., v(z) = i iff z € ®;; h, denotes the
random fading coefficient between the BS located at x and the
user located at the origin; w, denotes the precoder used by BS
located at z; a > 2 denotes the path loss exponent; X denotes
the channel input symbol that is sent by the cooperating BSs;
Cé = UZK:1 ®, \ C denotes the BSs that are not in the set of
cooperating BSs; X, denotes the channel input symbol sent by
the BS located at = € C¢. Throughout the paper it is assumed
that the fading coefficients h,, are i.i.d. zero mean unit variance
complex normal distributed random variables independent of
everything else (Rayleigh fading), a legitimate assumption in
a rich scattering environment. Depending on whether the BS
located at x has CSI or not, the precoder w, is set as:

L
Wy = h
T

where h} denotes the complex conjugate of h,.

no CSI;

CSI, @

Assuming that the X, and X in (1) are independent zero-
mean random variables of unit variance, the SINR at the

typical user is given by
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where we defined

L= Y |haws|*||2]| 7. 4)
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B. General and Worst-case Users

We consider two types of users, based on their relative

position with respect to the set of BSs:

1) General user (Case 1): First, we consider the typical user
in R? and assume that the set of cooperating BSs C con-
sists of the n BSs in Ufil ®; with the strongest average
received power, where the average is taken with respect
to the fading coefficient (see Fig. 1). More precisely,
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Notice that the BSs in C belong in general to different
network tiers. This setup is applicable to heterogeneous
wireless networks where users keep a list of the neigh-
boring BSs with the strongest received power to initiate
handoff requests.

2) Worst-case user (Case 2): Second, we consider the typical
cell-corner user. Specifically, we focus on the typical
user located at a Voronoi vertex in a single-tier network
® distributed according to a homogeneous PPP with
intensity A and transmit power P. If NP;(z) represents
the distance between the location z and the ith nearest
point in ®, then the set of Voronoi vertices for a given
realization of @ is defined as

V = {2 € R :NP;(z) = NPy(2) = NP3(2)}  (6)

We select the worst-case user as the typical element of the
set V (averaged over ®) and, without loss of generality,
we assume the origin of the coordinate system to be at
the location of the selected worst-case user. In this setup,
we assume that the set of cooperating BSs C is a subset
of the 3 BSs in ® which are at equal distance from the
origin. If we denote by z; the location of the -th closest
BS to the origin, then

C C{x1, 22,23} @)

Notice that in both cases, given a number n of cooperating
BSs, the set C is uniquely determined almost surely.

C. Performance Metrics

We restrict our attention on the following three performance
metrics:



1) Coverage probability: Let |C| = n. For a given thresh-
old A, we define the coverage probability P,, at the typical
user as

P,, = P(SINR > 6). 8)

We refer to 1 — P,, as outage probability and denote the
coverage probability for the general user and the worst-case
user as Pﬂsz and PZ, respectively, to emphasize the sets these
two users belong to.

2) Diversity gain: As in [26, Definition 3], we define the
diversity gain d,, as the rate of decay to zero of the outage
probability 1 — P,, in the high coverage regime, i.e.,

log(1 —P,,)

log 6 ©)

d, = lim

6—0

We remark that our definition (9) is similar to the usual

definition of diversity gain as the rate of decay to zero of

the error probability in the high SNR regime [27, Equation

9.3].

3) Power gain: We define the power gain as the gain in

SINR in the high coverage regime that can be achieved by n
cooperating BSs relative to the no cooperation case, i.e.,
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(10)

The above definition implies that if, for instance, 1 — P,, ~
(a,0)% as & — 0 for some a, independent of @, then the
power gain is a1 /a,. The definition in (10) is similar to the
usual definition of array gain in MIMO systems.

III. COVERAGE PROBABILITIES

In this section, we assume that the BSs do not have CSI and
thus w, = 1 for all z € UZK:1 ®,. First, we derive an integral
expression for the coverage probability (8) for the general user
in Theorem 1. Second, we derive the coverage probability for
the worst-case user in Theorem 2.

A. Case 1: General User

We prove the following result for the general user.

Theorem 1: For every n > 1,

R® _ F(lal50)
P, = exp (—un (1 + 2W
0<ur <
o <Up <00
2 —a/20us’?
xexp| —0oq —2 = | du, (11)
lals)s
where @1 = (Z—’:,Z—;,Z—:),
K
g=1Y NP, (12)
i=1
and o
F(x) :/ e dr. (13)

Proof: See Appendix A. ]

Remark 1: Notice that the second exponential term in (11)
approaches 1 as 0 — 0. Using this fact, it can be shown that
for small values of o the coverage probability has asymptotic
form

F(llally50
Pusz ~ / exp (_Un (1 + QW du.

o<ur<...
o< up <00

(14)
Quite remarkably, (14) shows that in the interference-limited
regime where the background noise power is negligible com-
pared to the interference power, the coverage probability at the
general user becomes independent of the number of network
tiers K and their respective power levels and deployment
densities. A similar observation was made in [18, Eq. (3)] for
non-cooperative interference-limited heterogeneous networks
although in a slightly different setup. The intuition behind
this result is that a variation in the number of network tiers
or density of BSs leads to changes in the total received power
as well as in the total aggregate interference power but in the
absence of noise the scaling of these two quantities is such
that their ratio remains constant.

Remark 2: Notice that Pﬂsz depends on number of network
tiers K and their respective transmit powers and deployment
densities only through the variable ¢ defined in (12).

Remark 3: The integral function F'(x) defined in (13) cannot
be solved explicitly in general, but closed-form expressions
exist for specific values of a > 2. In particular, it can be
easily verified that if o = 3, then

1 3z 1 V3
Flz)=-log [1+ —% )4 —gan~t [ 2
(=) 60g< +1—x+x2)+\/§ an <2x—1>’

while

1
F(z) = 3 tan~ ! (z7?)
for a = 4. F(x) can be expressed in terms of the hypergeo-
metric function as [28]

2

PO = e

2F1(1, 1; 2— 2/04; 1/(1 + ,Ta)).

Using the above expression,

T — O0.

5)

Remark 4: Theorem 1 generalizes several existing results
in the literature. For instance, when specialized to the case
02 =0 and n = 1, (11) simplifies to

R? 1
LT 1 202/ap(g-1/)

(16)

thereby recovering the result in [29, Theorem 2] and [30,
Corollary 2].



B. Case 2: Worst-case User

We prove the following result for the worst-case user.

Theorem 2: For n = 1,2, 3,
[ 243020 (14 2)"7% et

n/0)L/
) exp (/\wdQ (1+2%>>

Proof: See Appendix B. ]

PY =

n

dd.  (7)

Remark 5: In the interference-limited regime, the coverage
probability for the worst-case user has asymptotic form

n—3 2/« -1/« —2
P,‘j~(1+g) <1+2(§> F<(€> )) ,
n n n
(18)

as 02 — 0. As already remarked for the general user, (18)

does not depend on the spatial density and available transmit
power.

Remark 6: If n =1 and 02 = 0, (17) simplifies to
-2
PY = (1+6)" (1 + 202/ F (Q—W))

—(1+6)? (Pﬂf2)2 ,
thereby recovering the result in [31, Proposition 1]. It follows
from (19) that the coverage probability for the general user is
higher than the one for the worst-case user. This is consistent
with the fact that the general user is more likely to be in the
coverage range of a BS than the cell-corner user. Equation (19)
can be explained as follows: the factor (1 + 6)~2 represents
the loss in coverage probability due to the fact that the user is
located at a point equidistant from three BSs, and that two

19)

2
of these BSs act as interferers; the second factor P]?)
represents the loss due to the fact that the average distance
between the typical Voronoi vertex and its nearest BS is 3/2
times the average distance between the typical location in the
R? plane and its nearest BS.

IV. DIVERSITY AND POWER GAIN

In this section we characterize the diversity gain and the
power gain for general user and worst-case user under different
CSI assumptions.

A. Non-coherent Joint Transmission
If CSI is not available at the BSs, then the following result
holds for the general user.

Theorem 3: For every n > 1, the diversity gain (9) for the
general user is

dn =1, (20)
and the power gain (10) is
T+g) ) -1 N
- (”'r(n+2) 1 re+g)
l+02¢ 5(5 -0+ %) Pn(@)(n + 3)
21

with

o= [ %

—a/2”
0<ti<...
<tp—1<1

Proof:  First, we derive an asymptotic form for the
integrand in (11) in the high coverage regime. As 6 — 0

o [ 14 L (LUGTIE AN
" ]| /26~2/ ¢o/2||a)| %
(a) exp | — % + 029u2/2q_a/2 ot
[ERE
(®) 2uy 4+ o2up/Pge/?)
U e

where (a) follows from (15) and the fact that Hqu/2 o= -
oo as @ — 0, while (b) uses the fact that e~ ~ 1—:1: as ¢ —
0. Next, notice that the integrand in (11) is bounded by the

integrable function e~“~. Then, by the dominated convergence
theorem (DCT)

2Up +0.2u0¢/2 —a/2

PE / LS AR ¢~ du
0<u1 <. .. IIUIHCY/2
<LUp <00
2uy, 2, /2 _q/2
= + o°u
=1-0 / —2 - an/2 a e “mdu.
0<ui<... ||u||04/2
< Up <O
(22)

Notice that when n = 1 (22) simplifies to
2
1-P¥ ~ ¢ (—2 +02q7? (1 4 a/2)) (@3
o —

since |[t]|o/2 = 1. If n > 1, instead, the change of variable
t; = u;/u, for 1 <i<n-—1yields

0 2un a/2 —a/2 n—1
+ 02 u
e [ R
0<t1< 1+Z ¢
LL<tp— 1<1
2
=0 (n!a_2+02q°‘/2I‘(n+a/2)> Pn ().

(24)

Finally, the claim follows by replacing the outage probabilities
in (9) and (10) by the corresponding asymptotic forms (23)
and (24). [ |

Similarly, we prove the following result for the worst-case
user.

Theorem 4: For n = 1,2, 3, the diversity gain (9) for the
Wworst-case user is

and the power gain (10) is

2 r(e +2)\ 1\
n(l—l—(l—n)((1_2—1—02 P(Q)\w)%> ) . (25




Proof: Proceeding as in the proof of Theorem 3, we first
derive an asymptotic form for the integrand in (17) in the high
coverage regime and then apply the DCT to get an asymptotic
form for the outage probability.

By the change of variable ¢t = A\wd?, (17) can be re-written

as
00 F((n/6)'/« o20(Am) /242
/exp( (@) o) )t o6
e .
1+0/n)3—"
/ (1+0/m)
As 6 — 0,
F((n/0)"/« o20(Am) @/ 2¢/?
exp (—2t 21(1//9)2/0‘ ) - ( 7)1]3 )t —
(1+8/ny—" ‘
2t0/n o20(Aw) /2 /2
(a) P (_ s~ )t —
(1+0/ny— ‘
(b) o20t*/?

@) (1 N Zw—/g N nP()m)O‘/Q) te™!

© (4 6 5 2t o2te/2 ot
N( n( n+a—2+P()\7r)o‘/2)> ¢
(a) follows from (15), (b) uses the asymptotic forms
(I4z)™ ~1—ma and e® ~ 1 —x as z — 0, while
(c) is obtained by ignoring the terms with 62. Notice that the

integrand in (26) is bounded by the integrable function te~?
Therefore, by the DCT

T 0 2t o2te/2
PV ~ 1—-=(3- te tdt
n /< n( "+a—2+P<Aw>a/z>) ‘

0

i 2t o?te/?
=1-— 3— te~tdt
n/( n+a—2+P(/\7T)°‘/2) o
0

which implies that

0 4
1—PZ~E<3—n+

02T (a)2 + 2)) o

a—2 P(Am)e/?
Finally, the claim follows by replacing the outage probabilities
in (9) and (10) by the asymptotic form (27). [ |

Remark 7: It follows from Theorems 3 and 4 that the
diversity gain is independent of the number of cooperating
BSs when BSs do not have CSI. This result is a consequence
of the fact that without CSI the signals of the cooperating
BSs sum non-coherently at the typical user and therefore the
combined signal is equivalent to a single fading coefficient
with higher mean. Hence, we only get power gain due to the
cooperation in this case.

Notice that while the power gain (21) at the general user
can only be evaluated numerically, the power gain (25) at the
worst-case user is in closed form. If « = 4 and ¢2 = 0, for
instance, (21) evaluates to 1.00, 2.33 and 3.76 forn = 1,2, 3,
respectively, while (25) simplifies to 1, 8/3 and 6. This
corresponds to a gain of 3.67 dB (4.26dB) for Case 1 (Case 2,
respectively) when n increases from 1 to 2 and a gain of 2.08
dB (3.52 dB) when n increases from 2 to 3.

B. Coherent Joint Transmission

If CSI is available at the transmitters, the following result
holds.

Theorem 5: For every n > 1, the diversity gain (9) is equal
to
d,=n
at both the general user and the worst-case user.

Proof: We focus on Case 1; the result for Case 2 can
be proved by following similar steps. If w, = h*/|h,|, the
numerator in (3) is the squared sum of independent Rayleigh
distributed random variables with different parameters, and it

can be written as:
<Z X ) 7

> 0 with M; =
=Y, Pl + 0%,

1/2 —a
e B /2|h|
zeC

where X; has pdf #6712/21»12 "

P’ HCCzH_"‘/2 z; € C. By defining .J

V(;E
the outage probability can be written as

n 2
(Z Xi> <6J
=1

1-P

n

2
_ E]\L,J H e~ %i /2]\{[1 dx
z1>0,..., Zn >0 1= l
TR @ <VOT
n t2
a t;, —0J—is
(:) " EMI»7J Jn H ]\412 e 21&1? dt

t1>0,...,tp >0
Yiq ti<1

Here, (a) follows from the change of variable =; = v 0Jt;.
Notice that as 6 — 0,
n - ti -
J H M2e
i=1" 1

Then, by the DCT [32],

1—P, ~0"Epn, g <J” ﬁ Mi_2> / ﬁtidt
t1>0 i=

2M2

e

=1

(a) 0™ Eng,g (Jn H?:l Mi_Q)
(2n)! ’

where (a) is due to [33, Equation 4.634] and the fact that
Eas,s (JPII, M;?) is finite [32]. For Case 2, we can
follow similar steps as above with equal M;’s for i < 3 since
the cooperating BSs are at equal distances from the user and
are transmitting with same power. Therefore, we get a diversity
gain of n in both cases. [ ]

It follows from Theorem 5 that the diversity gain is equal
to the number of cooperating BSs in case of coherent joint
transmission— in contrast to the result for non-coherent joint
transmission. For the worst-case user, the M;’s are equal and
therefore, the sum in the numerator of SINR behaves similar

(28)
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Fig. 3. Coverage probabilities evaluated using (11) and (17) for n =1,2,3
for the general user (Case 1) and the worst-case user (Case 2).

to a Nakagami-n fading random variable. A similar result for
the diversity gain has been derived in [34, Corollary 2] in the
special case of Nakagami fading.

V. DISCUSSION AND EXTENSIONS

In this section, we discuss the accuracy of some of the
assumptions made in Section II, extend some of the results
to more general scenarios, and present numerical evaluations
of the integral expressions for the coverage probability derived
in Section III. In all our numerical evaluations, we focus
on the case of two network tiers consisting of a macro—tier
overlaid with a pico—tier. Specifically, we assume that o = 4,
02 = 107!, and that the macro-tier has spatial intensity
A1 = (50027)~! and available power P; = 25, while the
pico—tier has spatial intensity Ay = 5\; and available power
P,=P/25=1.

A. Coverage Probability and Effect of Thermal Noise

Fig. 3 plots the coverage probabilities (11) and (17) as a
function of the threshold 6 for different values of n. We notice
from this figure that at § = 0 dB, the difference in the values
of the coverage probability for n = 2 and n = 1 is 0.17 for
the general user (Case 1) and 0.24 for the worst-case user
(Case 2). These numbers demonstrate that the worst-case user
benefits more from BS cooperation than the general user.

Fig. 4 compares the outage probabilities evaluated us-
ing (11) and (17) with the high-coverage-regime expressions
given in (24) and (27), respectively. We observe that the
asymptotic forms follow the outage probability curves very
closely up to a threshold value of —15 dB.

Fig. 5 illustrates the impact of the background thermal
noise on the coverage probabilities (11) and (17), which are
evaluated for 02 = 0 and 02 = 10~ 1L, Notice that the curves
with noise and without noise are close to each other, both for
the general user (Case 1) and the worst-case user (Case 2), as
predicted by (14) and (18).
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Fig. 4. Comparison between the outage probabilities evaluated using (11)
and (17) and the asymptotic forms in (24) and (27) for n = 1, 2.

B. Cooperation among Interferers

In (1) we assumed that the symbols transmitted by the
interfering BSs in C¢ are mutually independent. In this subsec-
tion, we discuss the impact of this assumption on the derived
coverage probability results. To do so, we consider a gener-
alized model that accounts for cooperation among interferers.
Specifically, we assume that symbol X, is transmitted by a
subset D C C° of interfering BSs, such that the SINR at the
typical user is given by

2
1/2 _a
(Sace P N0/ how,

SINRp = — . (29)
ID+Z$ECC\D PV(I)”IH @ |hacwz|2+o'2
_ 1/2 —a/2 2 .
where Ip = |} p P, IE4] hyw,| denotes the in-

terference power due to the cooperating interferers. Notice
that (3) is recovered from (29) by setting D = (). Assuming
no CSI at the BSs, we prove the following result.

Proposition 1: Both in Case 1 and in Case 2, for every
DcCce

P(SINRp > ) > P(SINRy > 6) = P,,, (30)
with equality iff D = §).
Proof: See Appendix C. [ ]

Remark 8: Proposition 1 proves that cooperation among
interferers can only increase the coverage probability, hence
the independence assumption made in (1) yields a lower bound
on the coverage probability.

Loosely speaking, the result in Proposition 1 is a con-
sequence of the fact that without CSI the signals of the
cooperating interferers sum non-coherently at the typical user
and therefore do not increase the mean interference power. The
proof technique can be illustrated by focusing on a network
realization with only two interferers. Without cooperation
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Fig. 5. Comparison between the coverage probabilities in (11) and (17) with
2 =107 and the asymptotic forms in (14) and (18) for n = 2.

between them, the coverage probability at the typical user can

be written as
X1
Pl————= >0,
(X2+X3—|—0'2 )

where X;, X5, and X3 are independent exponential random
variables because of the Rayleigh fading assumption. With
cooperation between the interferers, instead, the coverage
probability is given by

X1
Pl ——>9¢
<X4 + o2 ~ ) ’
where X, is independent of X; and is exponentially dis-
tributed with mean E(X3) 4+ E(X3), because of the no CSI

assumption. Notice that the mean interference power is the
same in both cases. Moreover,

Xl _0X2+X3+o2
Pl————>0)=E E(X1)
<X2 + X3 + 02 - > <8 ' )

2
_g_o-
e eE(Xl)

(1+0E53) (1 +0554)

0_2
e e

S 13 pEa e

E(X1)
=E <e

Xyto2
0 E?XU >
which establishes the claimed result that cooperation between
the interferers increases the coverage probability.

C. Rate Gain

Now, we focus on the gain in the maximum achievable
communication rate due to cooperation for a given coverage
probability. For a fixed coverage probability p, substituting
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Fig. 6. Relative rate gain compared to no cooperation against fixed coverage
probabilities for Case 1 and Case 2 with n = 2 using (14), (16), (18), (19)
and (31).

by 2% — 1 in (14), (16), (18), and (19), setting the resulting
expression equal to p, and solving for R, the expressions
derived in Section III yield the maximum communication
rates RV (p), ROV (p), R™2)(p), and R™?)(p) that
can be achieved with probability p in Case 1 with and
without cooperation and Case 2 with and without cooperation,
respectively. Fig. 6 illustrates the relative rate gain for Case j,
7 = 1,2, over the no-cooperation case, which is computed as

RO9) (p) — R (p)
RO (p)

j=12. 3D
Notice that the rate gains provided by cooperation increase
with p and when p =~ 1 the relative gain is more than 110%
in Case 1 and more than 160% in Case 2. If there was no
cooperation, both the cooperating BSs would serve their own
user and collectively they would achieve the rate 2R (p).
Therefore, if they cooperate and serve one user together in
one time-slot and other user in the next time-slot, they still
achieve a higher rate than without cooperation, even for the
general user.

D. Heterogeneous Path Loss Exponents

Thus far, we have assumed a common path loss expo-
nent « across all network tiers. In practical developments,
however, different networks operate in different propagation
environments, e.g., macro BSs are typically located in an
outdoor environment while femto BSs reside in an indoor
setup. Therefore, it is realistic to assume that the path loss
exponents are different across networks. In this subsection
we consider this generalized setup, for which we prove the
following result.

Proposition 2: If ith tier has a path loss exponent «;, the
coverage probability P, in (8) for the general user in an
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Fig. 7. Coverage probability in (32) for different path loss exponents a1, a2
for each tier for n = 2.

interference-limited network is

K 1 119/2 p—6:/2
F; 0
exp (—27T g )\i(Piun)éi (hal )>
i=1

s

0<u; <...<up <o

x fu(u)du (32)

where F;(z) := [ -2erdr, §; := 2/a; and

x  14r*

n K
§; &; . L
fou)=e™ K APy H Z ﬂ-)\jéjp;;il uf] 1
i=1 \j=1
(33)
Remark 9: Proposition 2 shows that the coverage probability
depends on the tier intensities and powers even though o2 = 0,

in contrast to the homogeneous path loss case (see Remark 1).

Remark 10: Notice that (14) is recovered from Proposition 2
by setting a; = « for all 4.

The proof of Proposition 2 follows closely the proof of
Theorem 1 and therefore is omitted.

Notice that upper and lower bounds for (32) can be obtained
by setting o; = max; o; for all 7 and «; = min; «; for all ¢,
respectively. Fig. 7 shows the coverage probability assuming
a1 = 4 and ap = 3, along with the corresponding upper bound
(ay = 4 and a = 4) and lower bound (a; = 3 and ay = 3).
In this case the lower bound is tighter than the upper bound.

E. Effect of Closed-Access BSs

So far we have assumed that all BSs in the network are
available for cooperation. However, this assumption is not
realistic in the presence of user-deployed femtocells that can
be configured either in open-access mode, in which case they
allow traffic from any nearby user, or in closed-access mode,
in which case access is limited to a set of approved users.

The system model in Section II can be modified as proposed
in [18] to allow for the presence of BSs operating in closed-
access mode. Specifically, assume that each BS in ¢th tier is

Coverage Probability

-15 -10 -5 0

5 10
Threshold 6 (in dB)

Fig. 8. Coverage probability in (34) for different tier-2 open-access proba-
bilities po with p; = 1 and n = 2.

in open-access mode with probability p;, independently of all
other BSs, and that cooperation can only take place among the
BSs that are in open-access mode. Under these assumptions,
the sth network tier can be partitioned as ¢; = fIJZ(-O) + fI)Z(-C),
where @EO) and fIJZ(-C) denote the disjoint sets of open-access
and closed-access BSs, respectively. By the thinning property
of the PPP, @EO) and @ic) are distributed as independent
homogeneous PPPs with intensities A;p; and X\;(1 — p;),
respectively. Then, in Case 1 the set C of cooperating BSs with
closed-access BSs can be defined as in (5) with ®; replaced

by fI)Z(-O). In this setup, we prove the following result.

Proposition 3: If BSs in tier ¢ are open-access with prob-
ability p;, the coverage probability P,, in (8) for the general
user in an interference-limited network is

[ e (cu (1 ce ) du,

O<u; <...<up <0

(34)
where
2F () LSS M- p) R
G(z) = —3 24 K 2/a
x x2sinc(2/a) S K \ipiP;
Proof: See Appendix D. [ ]

Remark 11: Notice that (14) is recovered from Proposition 3
by setting p; = 1 for all 1.

Fig. 8 shows the coverage probability at the general user
assuming p; = 1 at the macro-tier and different values of ps
at the pico-tier. The figure shows that at 0 dB decreasing ps
from 1 to O results in a loss of roughly 48% in coverage
probability. This degradation is due to the additional inter-
ference caused by BSs that are in closed-access mode. The
effect of nearby closed-access BSs can be mitigated using
advanced-receiver techniques, such as successive interference
cancellation [35], or network-assisted techniques, such as the
use of almost blank subframes [36].



VI. CONCLUSION

In this paper, we considered the problem of joint trans-
mission in heterogeneous wireless networks. Using tools from
stochastic geometry, we derived an integral expression for the
coverage probability in two cases: 1) the general user in a
heterogeneous network, located at the typical location in R?
plane, and 2) the worst-case user in a single-tier network,
located at the typical Voronoi vertex. The analysis for both
the users is quite tractable and it shows that in the asymptotic
regimes of low noise and high coverage, our derived integral
expressions simplify and reveal that only a subset of network
parameters are important in determining the coverage prob-
ability. Specifically, in case of interference-limited networks,
the coverage probability becomes independent of the network
tier densities and the available power for both the users. In
the high coverage regime, the diversity gain for both the
cases under non-coherent joint transmission is independent
of the number of cooperating BSs, and full diversity gain is
achieved with coherent joint transmission. Numerical results
show that BS cooperation is more beneficial for the worst-
case user compared to the general user. The analysis presented
in this paper assumes that all BSs and the receiving user
are equipped with a single antenna and symbols from all
cooperating BSs are received synchronously at the receiver.
Future work includes the generalization to the MIMO case as
well as to the case where cooperating BSs have partial CSIL.

APPENDIX A
PROOFS OF THEOREM 1

For every i« = 1,..., K, let Z; = {|z||*/P;,x € ®;}
denote the normalized path loss between each BS in &®;
and the typical user located at the origin. By the mapping
theorem [37, Theorem 2.34], =; is a PPP with intensity
Ai(z) = /\i%’rPf/o‘xz/a_l, x € RT. From the independence
of the PPPs &, .- ,®g, it follows that =y, --- ,=x are
also independent and thus the process = = Ufi :Z is a
non-homogeneous PPP with density A(z) = > .0, A\i(z).
Without loss of generality, suppose that the elements of =
are indexed in increasing order, such that ||z1]|%/P, <
[22|%/ Poas) < 123"/ Poas)y < -

Ve = 2kl / Poay)

as the normalized path loss between the typical user and the
k-th BS in the ordered list. Since the typical user connects to
the n BSs with the strongest average received power, it follows
that v = {71, ..., V. } denotes the normalized path loss of the
cooperating BSs in C. Then, by defining g; := |hs,|* and
=5 s 9k Vg !, the coverage probability can be written as:

(z1)
, and define

(35)

P, — ]P’(SINR > 9)

_Pp ‘Z i hy,

k<n

@ Eqr (exp (—

2
>0 (Z gk +02>

k>n

SaD)

10

Oo?

Zk 1V

=

- (<(gmm) = (sr)

0 fo2
= / (Z >6Xp< Zn 1)fr(7) d77
e k=1 "V k=1 Tk
LY <00
(36)
where (a) follows from the fact that |Zk<n ~1/2 hy,|? is

exponentially distributed with mean o1V because of the
Rayleigh fading assumption, and the fact that (hy,,..., ks, )
are mutually independent, while (b) makes use of the Laplace
transform of I, £(s) = E (e=*7). The joint distribution of -y
can be obtained by following the similar steps as in the
derivation of the joint distribution of the nearest points in a
homogeneous PPP [38]. It can be easily verified that for any
0 <7y <...<79, < oo, the joint distribution of ~ is given
by

K n
~) = (ﬂ.(g Z /\Z_pf) o i NPy, H 707 (37)
i=1 i=1

where § = 2/a.
For a given 7,, notice that the Laplace transform of I can
be re-written as

E =

E (™)
( Sangmk)

(,m )

<k>n1+87 )
_L [ 1+ix 1}A<x>dx)
—exp< 27TZ/\ sP;)° )5/2)>, (38)

where (a) uses the definition of I; (b) uses the expression
for moment generating function of an exponential random
variable; (¢) is due to the probability generating functional for
a PPP [37, Theorem 4.9]; (d) follows from the transformation
x = st and the definition of F'(x).

Substituting (37) and (38) into (36), the coverage probability
can be expressed as

0 § K
exp [_2W (F) Z,\ipfx
0<y1<...<vn <00 k=1 /yk 1=1

5/2

- fo?
91§j7—”> —WE:/\Pén A
< =1 Tk Zk:l Vi St

HD

(11

E

=

E

(1

||0

n K
H Zﬂ'/\ 5P‘s ‘5 L] dy

i=1 \j=1



Hu,l/ J

5
exp | —2 = 75 X
> p=1 (Un/ug) /

O<ur <...<un <00

"\ /8 8/2
F g1 -n _

k=1

(39

where (a) follows by change of variable u; Zjil Aj Pfﬂ"yf ,
i = 1,...,n and using the definition of q. Now using the
definitions of @ and the L'/%-norm, we get the result in
Theorem 1.

(@)

902(]—1/6

- du
n —1/6
D k1 Ug /

APPENDIX B
PROOF OF THEOREM 2

In the case of a single-tier network ® with transmit power
P} = P and no CSI at the cooperating BSs, (3) simplifies to

PIYpec Izl =72 hal?

PI; + o2 ’
where C C {z1,z2,x3}. Recall that ||z1| = ||z2|| = ||z3]]
since the Voronoi vertex is equidistant from three BSs. Let
D = ||z;|| for i = 1,2,3. It is proved in [39] that D’s pdf is
given by

SINR =

(40)

Fo(d) = 20m)2d3e > d > 0. 1)

By defining g; = |ha,|?, the coverage probability P,, can
be written as:

P, = P(SINR > 0)

—p ’Z ha, D’O‘/Q‘z >0

i<n

<Zgi [E +0'2/P>

i>n
From the Rayleigh fading assumption, it follows that g; and
1> i< Pa D~/2|? are exponentially distributed with means

1 and nD~%, respectively. Therefore, by invoking the Laplace
transform of Iy

0.2
Pn=Ep,s (eXp G%
0,2 «@
() ()
)fb(d)dd. (“2)

n
o0 0d™ fo2d>
—/0 ﬁ(?)‘*‘p(‘ P

Next, for a given D = d, the Laplace transform of I; can
be computed as

L(s) =E(e")
—E (efszmgiuxiu*a)

=Es (H Ey, (esgixia)>
1>n . ,
) E@(I11+swua>
>3

1

14 sd—«
3—n oo
71 8_27T ‘]d [1_ 1+scln*°‘
1+sd—«

(e

—
N

a

—~
=

])\I dx

)

11

©

3—n
) 8727T)\52/OCF(d571/0‘)’ (43)

1

(1 + sd—@
where (a) uses the expression for the moment generating
function of an exponential random variable; (b) is due to
the probability generating functional for a PPP [37, Theorem
4.9]; (c) follows from the transformation 2 = ts'/® and the
definition of F'(z). Finally, substituting (43) and (41) into (42)
gives us the desired result.

APPENDIX C
PROOF OF PROPOSITION 1

We only prove the claim for Case 1 since a similar argument
applies to Case 2. Following the notations in Appendix A,
SINRp in (29) can be re-written as

SINRp =

T2, |2 T (44)
‘Zkezp Tk hk’ + Ekez% Vi Gk

where ~j is defined in (35), Zp denotes the index set of BSs
in D and Z7, denotes the index set of the remaining interferers.
Following similar steps as in (36), P(SINRp > 6) can be
expressed as

0 fo?
/ Lp (ni_l) exp <—r) Jr(y) dv,
0<m<... k=1 Tk k=1 Tk
< <yn <00
(45)
where

ﬁp(s) —E <6_5(|Zkezv V;1/2hk‘2+zkez% 7k19k>>

—1/2, |? _
EE Eh <6—8|ZkEID Vi hk| > H Egk (engk'Ykl)

keTg,

(b) 1 1
1 1
L83 pery Tn keZs, L+ sy,

(46)

Here, (a) follows from the independence of the fading coef-
2
ficients and (b) follows from the fact that ‘Zke% Yo Y2p,

is exponentially distributed with mean cIn Tk !, Using the

- 1 1 +
fact that S > [lrezyp T for s € RT, we

can write
0 1
o (i) 2o (L e
=175 k€TpULS, Sy Tk

0
E(Z) — e N E
<2j—17j1>

(). By combining (45)

(47)

where the equality holds iff D
and (47), the result follows.



APPENDIX D
PROOF OF PROPOSITION 3

We proceed by followng the same steps as in Ap-
pendix A. First, we map ¥, and <I> () to the normalized
path loss processes =) = {H:EHO‘/PZ,ZZ? € <I>°)} and

E( = {llz[|*/P;,x € fIJ(C)} By the mapping theorem,
these are non-homogeneous PPPs with intensities )\( )( ) =
\ip 27TP2/0‘ 2/a=1 and )\( )( )_ )\z( )27TP2/0‘ 2/a—1

Next, we define the non-homogeneous PPP processes =) =
Uiz, Ez('O) and 2 = I, EEC) and reorder their ele-

ments in increasing order of magnitude. We denote *y,(co) =
[e3 K o
l2il®/ Poary: ax € Uiy & and % = flaw]®/ Prgoy),
T € Ufi (I)(-C)
By deﬁmng g( o) = |hg |2, 7k € UZ_
(I)() I = (o) (0
T € Ui:l 3 Ek>ng
and y(©) = {*ylo), .

the kth elements in these ordered lists.

z (C) f)|h(z);|21
C C
+Ek 19k Tk

,”yr(L }, the coverage probability in (8)

with 02 = 0 can be re-written as:
0 o o
Pn = / L W Jr@ (’Y( ))d’)’( ) (48)
=17
0<ri <. k=1 Tk
...<'V£L°)<oo

where fr) () is given by (37) with \; replaced with A;p;
and L(s) = E (e=*T) which can be further expressed as

L(s) =E (e™*)
(-1 o () (-1
@ Ezo) = (e_szk>n g T s T 9 )

®) Ezor H Eggﬂ (e—sq,iow]gm 1)
X E—(c) H E (c) (eisgk ’Y’(CCFI)
1
=Bz (Il o

esn L+ 57

o0

<Ezo ([l —=

k=1 1+ 857

(N e PR P
= exp ( /n [1 g le] A (x) dx)
(e o) 1
— . RN )]
X exp ( /0 [1 g le] A (z) dx)

K
@ exp —27TZ Aipi(sPF (s ™))
i=1
K
X exp —WZ Ai(1 = pi)(sPy)*/* [sinc(2/a) | ,
i=1

(49)

where (a) uses the definition of I; (b) uses the independence
of 2(°) and Z(%); (¢) is due to the probability generating
functional for a PPP; (d) follows from the change of variable
x = st and the definition of F'(x).

Finally, the claim follows by substituting (37) (with );
replaced by — A\;p;) and (49) into (48), and by perform-

12

ing the change of variable u; = ZK )\JpJP2/O‘7r~yZ(°)2/O‘,

i=1,...,n
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