Math 40480 PROJECT, Due Monday, April 13
Choice of topic due by Wednesday, April 1

Your project should be a well-written explanation of the topic and should convince me that
you have a good understanding of it. It should not be something copied from a book. It
must include at least one proof (either details or a careful sketch of the key steps). You
will probably want to include some examples. You may want to include some of the history
of the topic, the topic’s relation to other things, and solutions of some relevant exercises.
Include references. Here are some possible topics. Topics which are harder or require more
background are indicated with a (*) or (**) (a lot harder). If you want to do a topic not on
this list, please discuss it with me ahead of time.

1. Learn something about complex dynamical systems. Possibilities include:
(a) What happens when you iterate a Mobius transformation (a.k.a. linear fractional
transformation)? ([Be], [El)
(b) What happens when you iterate z — 2% + ¢? ([Be], [E])
(c) What is the Mandelbrot set? What is a Julia set? (*) ([Gal, [Be], [E])
2. How many ways can you prove the Fundamental Theorem of Algebra? Learn some

proofs that aren’t in the textbook. To what extent does complex analysis enter into
each of the proofs? ([FRI)

3. What does complex analysis, in particular, the Riemann { function, have to do with
the Prime Number Theorem? (**) ([BN], [SS])

4. What is a Riemann surface? (*) (|[Fo], [Gx], [MH], [S]) Possibilities include:

(a) What is the Riemann surface of an algebraic function?

(b) How are Riemann surfaces useful in thinking about functions like /z and log 27

5. The proof of the Riemann Mapping Theorem. This requires some understanding of
uniform convergence. (*) ([SS])

6. What is an elliptic function? (*) ([SS])

7. What is an elliptic curve? How are elliptic curves related to the proof of Fermat’s last
theorem? Why was Wiles’ 1993 announcement that he proved the theorem front page
news in the New York Times? (**) ([M])

8. How can you find the inverse Laplace transform of a function (other than finding it
in the transform column of a table of Laplace transforms)? This will require learning
something about the Fourier transform as well. ([E1])

9. What is the Poincaré metric in the disc? What does it have to do with some famous
Escher prints such as Circle Limit 1?7 (|[K1], [D], [Hahl)
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What is the Poincaré metric in the disc? What does it have to do with the Schwarz
Lemma? What else can you get out of this geometric approach to the Schwarz Lemma?
(K2])

Where are the zeroes of polynomials? ([He], [Fi])

What are some differences between functions of one complex variable and functions
of several complex variables? (Several = more than one.) Find out about Hartogs’
extension phenomenon and learn how to prove it in a simple case. ([R])

Why stop at one? What happens if you allow more square roots of —17 What are the
quaternions? the octonions? ([CGI,[CS],[KS])

What is happening to a power series on the circle of convergence? Learn about Abel’s
Theorem. ([Bol)

Learn more about Mobius transformations (a.k.a. linear fractional transformations).
Find out how fixed points are used to classify them, what the cross ratio is and why it
is important, ... ([Hah], [N])

How can complex numbers be used to give simple proofs of such results in Euclidean
geometry as the fact that the medians of a triangle all meet in a point and the nine
point circle theorem? ([Hah])

What is the Weierstrass—Enneper representation of a minimal surface? Learn what a
minimal surface is and about the connection between minimal surfaces and complex
analysis. This requires some knowledge of differential geometry. (*) ([Hax], [Op], [E])

You know lots of solutions of the Cauchy—Riemann equations. How can you solve the
inhomogeneous Cauchy-Riemann equations ; (% + ig—fj) = g7 (*) (INN])

How is the Mercator projection related to stereographic projection? What does con-
formal mapping have to do with map making? ([E¢], [Os], [P1i])

What is the icosahedral group, what is P! and why is it advantageous to think of the
icosahedral group as acting on P'? ([JS])

You know all about the zeroes of >, ‘;—T,L There aren’t any. What can you say about
the zeroes of the Nth partial sum, the polynomial > 227 ([Z])

n=0 p!
What are the Ham Sandwich Theorem and the Jordan Curve Theorem and how can

you use complex variables to prove them? ([Brl], [Br2])

You know a non-constant entire function is unbounded. There are entire functions that
tend to zero on every line. Learn about some examples. ([A])

How can the Riemann Mapping Theorem help with creating flat maps of the brain?
(HSBSR], [BE]) (*%)

What is a conformal surface parametrization, and how do you find an optimal one?

(NWYG]) (**)
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