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A Appendix (Not intended for publication)

This appendix fully develops the two-country model described in the text.

A.1 Recursive Utility Formulation

Recursive utility was introduced to macroeconomics and finance by Epstein and Zin (1989)
and Weil (1989). We employ a functional form of recursive utility considered by Swanson
(2016). Let ¢; be the household’s real consumption and ¢; be its labor supply. The utility

function is,
1+x
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where [ is the subjective discount factor and 7, y, « are also parameters. The Epstein and
Zin (1989) and Weil (1989) formulations separate the coefficient of relative risk aversion
and the elasticity of intertemporal substitution. In (??), the elasticity of intertemporal

substitution is 1 and risk aversion (RRA) is

RRA:a—i—( ! ) (A.2)

]
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Also, the Frisch elasticity of labor supply is 1/y.

A.2 Stationary Transformation of Utility

Productivity has a stochastic trend which causes the model to be nonstationary. Except for
labor /;, the other variables in the model will inherit the stochastic trend from productivity,
so the model must be transformed to induce stationarity. We do this by normalizing
(dividing) the variables that grow over time, by the lagged level of total factor productivity,
A;_1. To transform (??), (i) multiply and divide ¢; by A, 1, where ¢, = ¢;/A;_1, (ii) subtract
In (4;_1) from both sides of (??), (iii) add and subtract In (A;) to Vi41, and define V, =



Vi —In (A1) and Gy = A;/A;_1. These steps give the stationary form of utility,
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The real stochastic discount factor implied by (??) is SM;41,where
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The nominal stochastic discount factor is SNy i1 = BM; e~ ™+, where m.y is the infla-
ti+ i+ ) t+

tion rate.

A.3 Households

Country ¢ = 1,2 households want to maximize

N 0x .
Vie=01-0) [ln (Cit) — Uﬁ — gln [Etefavi’t“} + BIn(Giy). (A.5)

subject to its budget constraint which is describe below.

A.3.1 Complete markets

Denote the current state of the world by w, and the state history by w’ = {w;,w;_1,...}.
Households in Countries 1 and 2 have access to a full set of nominal state-contingent secu-
rities that pay one unit of Country 1’s currency if the state occurs. Making the dependence
on the state explicit, let By (w') be the number of state w' contingent bonds held by the
household. The price of a bond that pays off in state wiy1 is p, (wr1]w’) . Country 1’s
household takes the payoffs from state-contingent bonds, its wages and firm profits to pay
for consumption and its portfolio of state-contingent securities. Let W (w') be the nominal
wage, P; (w') be the price level and II; (w™) firm profits. Shares of Country 1 firms are
not traded and are entirely owned by by Country 1 households. The household takes the
flow resources of labor income, firm profits, and state-contingent bond payoffs to purchase

consumption and a portfolio of state-contingent bonds. There is no physical capital in the



model. Country 1’s household budget constraint is,
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To obtain a stationary representation for (??), divide both sides by A; (w'™!),
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and rewrite (??) by indicating those variables divided by A; (w'™') with a tilde,
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where G (w?) = Ay (W') JA; (W)
If 7 (wyy1|w?) is the conditional probability of state w1, the optimality conditions for

the household give the Euler equation for the state-contingent bond and the labor supply

equation,
Pw (Wt+1|wt) = Bm (Wt+1|wt) M,y (Wt+1|wt) e ™ (Wtﬂ)a (A.9)
" Wi (W)
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Summing over the prices of all state-contingent bonds gives the price of the nominally

risk-free bond,
1
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The transformation of Country 2’s budget constraint follows analogously, and gives the

stationary form,
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where S} 5 (w') is the nominal exchange rate (price of Country 2’s currency). The optimality



conditions for the foreign household gives the Euler equations for the state-contingent bond

and labor supply,
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Let Q12 (w') = % be the real exchange rate. Equating (??) to (?7?) gives the

real exchange rate depreciation,
Q2 (W) My (wep|w') (A.15)
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and the nominal depreciation,
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A.3.2 Incomplete markets

Under incomplete markets, we can suppress the functional dependence on the state no-
tation. Each country issues a non-state contingent nominal bond that is internationally
traded. The country 1 bond is issued at a price of 1 and pays a gross return 1 + ¢, units
of country 1 currency next period. Similarly, country 2 issues a bond, priced at 1 unit of
currency 2 which pays 1 + i3, units of currency 2 next period. Let B, ;; be currency j
bonds issued by 7 and held by i. This way of formulating incomplete markets renders bond
holdings to be non-stationary even when productivity shocks are stationary. Following
Schmidtt-Grohe and Uribe (2003), we impose a small fee on net foreign bond positions to
induce stationarity in these positions. Let 7 be the fee paid by country 1 households for
holding country 2 bonds. The real cost of holding ‘foreign’ bonds valued at Sy 2:B1 2, is
- (Sl’Q’tBl’Q’t>2. As long as 7 > 0, the Country 1 household will want B;, = 0 in the

241,41 Py
steady state. The budget constraint facing the country 1 household is,
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The stationary transformation of (??) is obtained by dividing both sides by A;;_1, then

re-arranging to get
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where the tilde variables are divided by the lagged country 1 productivity (e.g., Bm,tq =
Bysi-1/A1+—2). The Euler equations associated with optimal bond holdings for country 1

are,

1
1411,
I+7 <Q1,2,tB1,2,t/P2,t>
1419,

= BE; (My 44410 ™), (A.18)
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Similarly, country 2 begins with the budget constraint

B B T B 2 Waly, IO 149, 1) Boosq (141, 1) Bovs
Cost 2,2,t+ 2,1t 4 ( 2,1t > _ W 2,t+ 2,t+( 2.t 1) 2,2t 1+( 1.t 1) 2,1t 1.
P2,t S1,2,tP2,t 2142,15—1 Sl,z,tp2,t P2,t P2,t P2,t Sl,z,tP2,t

(A.20)

Divide both sides of (??) by Az, and re-arrange to get,
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The Euler equations associated with optimal bond holdings for country 2 are,
Lo BE, (Myypqe”™0+) (A.22)
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The optimality conditions for the labor-leisure choice is unaffected by the change to incom-

plete markets and continue to be described by (?7) and (?7).



A.4 Demand functions

In each country, there are a continuum of firms, indexed by f € [0, 1] each producing
a differentiated product. Our convention on subscripts is ¢; j; is made in country j and
consumed in country ¢. Let o be the elasticity of substitution between varieties f. In country

1, consumption of ‘home’ produced goods and of imports are,

1 ) P
Ciae = [/ C11,t (f)a% df} ; (A.24)
0
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0

and the price indices for the ¢ 1, and ¢ 24 bundles associated with (?7) and (??) are,

1 =
Py = {/0 Piie (f)li(7 df] ) (A.26a)

P1,2,t = {/0 P12t (f) - df] . (A-26b>

Aggregate consumption in country 1 is the constant elasticity of substitution (CES) index,

= =N =
C1tp = {duélit +(1—=d)» 515,1&] , (A.27)
of goods produced in country 1, é 14 = ¢114/A14-1, and imports from country 2, ¢ 5 =
c12¢/A11—1. The elasticity of substitution between ‘home’ and ‘foreign’ goods is u, and
home-bias in consumption is represented by d > 1/2. The aggregate price level associated
with (77?) is
Pry = [dP + (1—d) P34 77 (A.28)

The countries are symmetrical. Bundles of country 2 ‘domestic’ consumption and its

imports are,
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where o9t = 224/ A24—1 and Ca14 = ¢214/A24—1. The associated price indices are

P2,2,t = {/0 P22t (f) - df} ) (A-31)
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Aggregate country 2 consumption and price level are,
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A.5 Intermediate Goods Firm Problem

In country 1, output of firm f € [0,1] is demand determined. Firm f can distinguish be-
tween domestic and foreign shoppers and is able to charge them different prices. Country 1
export prices are set in country 2’s currency (local currency pricing, or LCP).

Labor is the only input of production. The production function for firm f is

Y1t (f) = Ayl (f) )

where A, ; is the level of productivity. Normalize by dividing both sides by A;;_; to get

10 (f) = Grla (f) - (A.35)

Total costs are

where W, is the nominal wage and Wu = Wi:/A1;-1. Output is demand determined,
U1 (f) = G114 (f)+E21,4 (f). The firm can always adjust its labor input. A Lagrangian for
the firm is, 3

Wi,

L=-
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The equation implied by choosing labor is,

Wi
Pry

= 1G4 (A.37)

To determine optimal price setting, note that firm f faces these (normalized) domestic and

foreign demands for its good

~ p11t(f) - Py s
— 9 9 b} A'
Cl,l,t(f) d (—Pl,l,t ) (—Pl,t C1t, ( 38)
~0 /P —u
Goat(f)=(1—d) (pz,l,t(f)) ( 2,1,1;) Gy Uy, (A.39)
P2,1,t Pz,t

where Q; = Ay;/A1+ is the ratio of country 2 to country 1 productivity. Since output is

demand determined, we have

Uit (f) = Gralis (f) = e (f) +E214 (f) (A.40)

from which it follows that firm f employment is,

G114 (f) +Can

14 = A 41
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Let wy; = let/Pl,t be the real wage. Current profit is,
() = 2600+ L2l () - wnp). A
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Prices are sticky in the sense of Calvo (1983). Each period, the probability that the firm is
allowed to change prices is 1 — a,. As long as the contract is in effect, price automatically
adjusts by (the continuously compounded) steady state inflation, 7. In periods when the
firm does reset prices, it adjusts both the price for domestic and foreign markets, p; 1 (f)

and p214 (f), to maximize
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subject to the demand functions (??) and (??) and the labor demand function (??7). When



the firm chooses p1 1, (f), the first-order condition can be re-arranged as,

o 1,1,
= = A.44
pl,l,t (O_ _ 1) (b1717t> 9 ( )

where

> o Wy gys Prises\ "
ayy = EtE :(acﬁ)se ST M s ( G“* ) Pl ( ];“* ) Clttss (A.45)
1,t+s

s—0 1,t+s

> - 1 P, s\ M
bl,l,t = FEy Z(acﬁ)sesmufU)MLt,Hs (P ) dplg,l,tJrs < Sl ) Cltts- (A-46)

s—0 1,t+s

ay1+ and by, can be represented recursively as,
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Now multiply both sides of (??) by P’} 7 P, /" and multiply both sides of (??) by P{;7 Pll,t_u :
This gives
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The d has canceled out between numerator and denominator. Because of the separable
form of the recursive utility function, we can simplify further by dividing both sides of (?7?)

and (?7) by ¢ ;. The price-reset can be rewritten as
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where
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Re-arrangement of the first-order condition for choosing ps 1. (f) gives
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Noting that (1 — d) will cancel, multiply both sides of (??) by P37 P, /" and multiply both
sides of (?77?) by PﬁfifP;t_“,where
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Now divide both equations by ¢y;. This gives,
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Firm f € [0,1] in country 2 faces an analogous and symmetrical environment. It has
the same Calvo probability for price-reset opportunities, 1 — a.. The production functions

for its domestic and foreign markets are,

Y2t (f) = Agloy (f) .

Normalize by dividing both sides by As;_; to get

Ut (f) = Ganlay (f). (A.62)

Total costs are B
Wa
Py,

Loy (f) -

Let wy; = ngt /P2y be the real wage. The firm can always adjust its labor input. A

Lagrangian for the firm is,

L = —woiloy (f)+ pat (Gagloy (f) — Ca04 (f) — Cr2,¢ (f)) (A.63)

where ¢ 94 (f) = 124 (f) /A2:-1. The equation implied by choosing labor input yield the
Euler equation,
Woy = P2.Gay. (A.64)

To determine optimal price setting, note that firm f faces these (normalized) domestic

11



and foreign demands for its good

~ p22t(f)>a (qu)u~
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Since output is demand determined, it follows that

Ui (f) = Gaglay (f) = Coo4 (f) 4 Cr24 (f). (A.67)

Firm f € [0,1] in country 2 firm wants to maximize
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By inspection, the choice for pyo,(f) is analogous and symmetrical to the choice for

P11t (f). The first-order condition can be re-arranged to give
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Re-arrangement of the first-order conditions for choosing py 2, (f) gives,
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where
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or in terms of the recursive form,
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Dividing both sides of (??) and (??) by ¢+, the optimal reset price is
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A.6 Equilibrium conditions

Equating country 1’s firm f’s supply to its demand gives,

pllt(f)>a<P11t)u~ (qu(f))U(qu)ﬂ~

Grily, (f) = d (Pt L a4 (1 —q) (P L) a0,

()= (PE) () o e (P () T
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and integrating (?77?) gives,

B P\ ", Pyi\ " )
Gl,tgl,t =d P Cl,tvl,l,t + (1 - d) P C2,tQt71U2,1,t, (A79)

1t 2.t

where f1, = [0y, (f)df is total employment at firm f, of,, = [! (f#) s
a measure of price dispersion for domestic goods in the domestic market and vj,, =
fol (pzpz—tl(tf)) df is import price dispersion in country 2. A fraction . of firms are stuck
with last period’s price py 141 (f) and po1—1 (f). Since there are a large number of firms
charging what they charged last period, it will also be the case that [* pi1,-1 (f) 7 df =
o P,y Similarly, [ paia—1 (f) "7 df = aPsy,_y. The complementary fraction (1 — a.)
are able to reset price, and they all reset to the same price, pj,; and p5, ;. This gives the

recursive representation for price dispersion,

Pik,u - —o)F P1,1,t71 -
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Poae) —oves ((Prai—1) 7

vy, = (1—ae) (P2 ) t) + a el (H) V14 g (A.81)

o
!We have, as definition of the price index, Py q; = “01 Pia () df] "7 which we know can be
represented as
1— *(1— —
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Now the price dispersion term is defined to be
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Price dynamics also have a recursive formulation. To obtain, we illustrate with P ; ;.

1
Pls = [ ) af
0
1—ac 1 L
:/ pllt df+/ P11t—1 (f) - df
0 1—ac

1
=(1- ozc)pi(i?’) + Oéc/ Di1,t—1 (f)l_g df
0

N J/
-

l1—0o
O‘cp1 1,t—1

*(l—0o o) o
:(1_0%)]91,(1,1: )+ac (1= )1P111t 1

Analogous calculations hold for country 2.

A.6.1 Collection of Equilibrium Conditions

Let us collect the equilibrium conditions here.

_ P o1 O'il
Crie = ( 1“) Clt—< Crae (f) @ df) (A.82)
P,

1 ) 751
= -0 (2 T (o) = ([ aw = @) (A8

_ P —p B 1 B o1 o—1
Coor =d ( ;’2’t> Cot = (/ Cooy (f) @ df) (A.84)
0.t 0

N P. e 1 oot 701
G0 = (1 —d) ( ;’l’t) Coafl1 = (/ o (f) @ df) (A.85)
2 0

Output:

_ = D ~ D

Grilie = Cr1401 1,4 + C214Us 1 4 (A.86)
_ = D ~ D

GQ,tEQ,t — CQ,Q,t'UQ’Qﬂg + 0172715'01’2715 (A87)
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Price dispersion:

Piac\ - Piii1) ° Y ()Y
v¥ :1—OzC< : ) —l—ozce“”’l( - ) v} :/( = d
1,1t ( ) P171 . P1717t 1,1,t—1 0 P1717t f
(A.88)
Poie\ g Pyisq\ * ! let(f) -
vh zl—ac< ) +ace”2’1( = ) vh _:/( = df
2,1t ( ) P27]_7t P27]_7t 2,1,t—1 0 P2717t
(A.89)
Do\ * _ Pyor 1\ p22t<f) -
vh oy, =1(1 046< ) —1—0406‘7”22( = ) vp_:/(” df
22t ( ) Py Py 2201 0 Psoy
(A.90)
Pioc\ - Pioi1\ * Y pias (F)\ 7
v :1—ozc< ’ ) +ozce‘””’2< = ) P :/( — d
1,2,t ( ) PLQ . PLQ’t 1,2t—1 0 PLQ’t f
(A.91)
Profits:
- P, . P . .
II,; = Lt Crie+ Qiax 2Lt Co1t — Wil y (A.92)
Pl,t P2,t
- P ~ 1 P, . -
Iy, = (%) Co2t+ <Q1,2,t> < ;f:) Cr24 — Walay (A.93)
Price dynamics:
P\ P e
1:%6(1—0)”1( L1t 1) +(1— . ( ’ A.94
Py ( ) Py ( )
_ Pioi e Plog e
1 = aqgell=9m < = +(1— o, = A.95
Prioy ( ) Proy ( )
= Paoi 1 e Doy e
1 = a.ell=o)m ( = > + (1 — a. = A.96
Py ( ) Py ( )
_ P11 e D514 e
| — aget )( 1. ) L (1= ay) (2 A7
Py ( ) Py ( )
A.7 Steady State
In the steady state, the reset price is equal to the sub-category price index, p;; = P, ;,

consumption is equal across countries, ¢; = ¢; = ¢, and labor allocations are equal across

16



activities 61 = 62 =/. In addition, Q= 1, G1 = G2 = 1, QLQ = 1, P171/P1 = P172/P1 =
Py5/Py = Py;/P, = 1. The household Euler equation in the steady state is identical for

both countries,

w = nelX. (A.98)
Steady state demand is,
¢11 =dc (A.99)
Glo=(1—d)é (A.100)
62’2 == dé (Al()l)
1= (1—-d)é (A.102)
Labor input,
by =¢11+ G (A.103)
ly =Coo+Ci (A.104)

Imposing ¢1 = o = ¢ in (?77) and (?7?) tells us ¢, = éo0 = dl,Cy1 = ¢12 = (1 — d) £. Take

the steady state values of the price resets and substitute out the wage w = ncfX to get

_ (O ? 1) neex (A.105)

We also have,

Y1 =Ci11 +Co1 =C=1y=Caa+ Cppo (A.106)
For price setting
o 21

= —= A.107
(‘7 - 1) (Zfl;) ( )

w1
no_ A.108
211 1—a.f ( )

1

d

= A.109
211 1— a8 ( )
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Value function

V= {-5) @ -

o Wa, ¢
1,2,t (1 . acﬁ)
1
d
12t = 1—a.f
C

B Equations of interest

Equations of interest are taken from the text above.

Ly
¢

14+ x

] _F In [Etefavi’”l] } + B (Gy)
a

Auxiliary Variable for Value Function

Ut = Et (6_06‘7t+1>

Discount term in Price Setting Equations

e(-a%e) 1

A_ p—
MU G
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(A.110)

(A.111)

(A.112)

(A.113)

(A.114)

(A.115)

(A.116)

(A.117)

(A.118)

(B.1)

(B.2)



Real SDF

c
BMyp1 = B <~—t) Aty (B.4)
Ct41
Nominal SDF
BNpti1 = BMyppre” ™ (B.5)
Labor supply
nely = Wy (B.6)

Incomplete Markets: Bonds Consumption Euler Equations

1
= BE;N B.7
o = BN (B.7)
1
— = BE,N- B.8
1+ oy BEN2 4111 (B.8)

1 Q12:B124 ( (Q12t+1) _ )
) (1 (2220 )~ g, (M 2 et B.9
<1+12’t) ( T( P2,t )) BE, 1,t,t4+1 Q1,2,t € ( )
1 By ( ( Q12 ) _ )
- 1+7 | —=—=— =0FE, [ M . e Tttt B.10
(1 + Z1,t> ( (QI,Q,tPI,t>> BE: 2t Q12,41 ( )

Real Interest Rate

Ty = Z.t — Et7Tt+1 (B].].)

Budget Constraint (Incomplete Markets)

Py Py, 2

- - - 2 - - - -

- B B T B Wil II 14+ 214-1) Bri— 1429, Bio_

&t 1,1,t+Q172,t 1,2,t+ Q12812 _ Mebie 1,t+( 14-1) Bi1y 1+( 2.1-1) Q12481211
Py, Py Py PGy PGy

- - - 2 - - - -
5 B B T B Wo 1l II 14 199,1) Booys 14214-1) Bo1s—
Gt 2,2, 2,1t ( 2,1, ) _ Vo 2,t+ 2,t+( 2.t 1) 2.2t 1+( 1t 1) 2,1,¢—1

+ += | =———=
Py QuotPiy 2\ QuoiPry Py Py P 1Goyq Q12+P1:G211

Net Zero International Bonds (incomplete markets)
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0= B1,1,t + B2,1,tQt—1

Biay ~

0= 0y + Boay

(B.12)

(B.13)

Complete Markets: Consumption Euler Equations and Real Exchange Rate

1
1+Tt

Qa1 Moy
Q124 My

= BEtMt,t—&-l

Nominal exchange rate depreciation

Sior  Quap €™

Sioi—1 Qi2—1 €™

Profits

~ Py Py
I, = ( 2 Ciip+ Qi | —5— | Coip — Wil

1t

_ Poor\ 1 Pros)\ . i
Iy, = (%) Coot+ (Ql,zt> ( ;12;) Cr24 — Watlay

Demand functions

Py
. P N
C1o:=(1—4d) ;’2’t> C1t
1,
~ Pyoy\ "
— d 14y
C22¢t (PZ,t Cat
~ P R
Conr = (1—4d) ;’1’t> Cot
2,1

Equilibrium conditions

Y16 =C116 T Co1t

Yoo = Ca2t + Crat
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(B.14)

(B.15)

(B.16)

(B.17)

(B.18)
(B.19)
(B.20)

(B.21)



Price Indices

Price setting

_ = D o P
Gl,tELt = C1,1tV1 14 + C2,1,tV2 14

-z P c P
Gailas = Ca24Vg 0, + C12,4V1 o4

Piis) ’ P -
P 1,1, —0T1,1 1,1,t—1 p
vl = (1—a.) <P > + ace P V11,0-1
1,1,t 1,1,t
* —0 -0
Po1s = Py
P ) oT2,1 il P
Uzu—(l—ac)(P + ace 2 V21,6-1
2,1,t 2,1t
* —0 -0
Pooy = Py
p , —0T2,2 34y vy
vh o, =(1— ) (P + ace D Vo9¢-1
2,2t 2,28
* —o -0
D12t 7 Proi
p . s —0T1,2 34y D
Vo, = (1—ae) (P + ace D Vl,2,-1
1,2,t 1,2,¢
l1-0o * 1-o
1 = qe-om (P1,1,t1> (1= ay) (Pl,l,t)
P1717t P1,17t
1-0o * 1-0o
] = qell-om (P Wl) +(1—a,) (pl’“)
PLQ’t P1,2,t
l1-0o * I—0o
| — q -0 (P2,2,t—1) +(1-a,) (pm,t>
P272,t P2,2,t
l1-0o * -0
1 = ace(lfU)WQ (P271,t—1> + (1 _ ac) (p2717t>
P2,1,t P2717t

Py = [dP/{h + (1 —d) P ™"

1
Py, = [dPy5k + (1 —d) Py 1] ™"

equations
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(B.26)
(B.27)
(B.28)

(B.29)

(B.30)
(B.31)
(B.32)

(B.33)

(B.34)
(B.35)



(m,l,t) (P1,1,t) _ ( o ) <Zﬁ17t> (B.36)
Py Py o—1 Zii,l,t

Wit 4o Be R, A Pe N7 (P ) (B.37)
Zl 1t = G I c t 1t t+1 P P 1,1,t+1
. Py \' 77 Pa 7"
a m1(1—0o) A 1,1t it Zd B.38
11t 1+ afe Ei ( 1,t,t+1 <P1,1,t+1 Pl,t+1 1,1,t+1 ( )

<p§,1,t) (P271,t) _ ( o > <Z§,Lt> (B.39)
Py Py, o—1 Zg,l,t

D= w1 L) O, + Be ™, | A 21t )M_U ( 2.t >_M z (B.40)
Qo )
221t Glt t—1 t Ltt+1 Prirot Prrr 2,1,t+1

d 72(1—0) Poae \"77 ([ P o d B.41
22,1,t:Q1,2,tQt71+042,1ﬁ€ By | At 291,141 (B.41)

<p§,2,t) (P2,2,t) _ ( o > <25L,2t> (B.42)
Py P, o—1 Zéigt 7

0 Pyay )””( Py, )”
y Le ™ E A = : 2y (B.43)
22t = G2t + acpe ' ( Zbe (P2,2,t+1 Py 22t

B P. p—0 P. 1—p

g0 = =g | A 220 = 2 B.44
2394 1+ a.pe B, ( 2,¢,t+1 <P2,2,t+1 Porir 2,2,64+1 ( )

<p>{,2,t) (P1,2,t) _ ( o ) <zi2at> (B.45)
Pioy Py o—1 Zfl,zt
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n —
Rl = (
d _
R1at — (

Wa ¢

Gy

1

)(

) (@
Q121 Qi

Qi

Pioin

1 _ P
) +a.pfe B, <A2,t,t+1 (—1’2’t

Y ()
Py

#1(1-0) Pioy \"°
+ a.fbe Ey | Aot
Pioi
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