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Abstract

The within-group estimator (same as the least squares dummy variable estimator) of the
dominant root in dynamic panel regression is known to be biased downwards. This paper studies
recursive mean adjustment (RMA) as a strategy to reduce this bias for AR(p) processes that may
exhibit cross-sectional dependence. Asymptotic properties for N, T — oo jointly are developed.
When (log2 T) (N/T) — ¢ where ( is a non-zero constant, the estimator exhibits nearly negligible
inconsistency. Simulation experiments demonstrate that the RMA estimator performs well in
terms of reducing bias, variance and mean square error both when error terms are cross-sectionally
independent and when they are not. RMA dominates comparable estimators when 7' is small

and/or when the underlying process is persistent.
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1 Introduction

In small 7" samples, the least squares estimator of the autocorrelation coefficient p € [0,1), of a
stationary but persistent first-order autoregressive time series y; = o + pys—1 + €, € u (0, 02) , 18
biased downwards when the constant is also estimated.! To illustrate the source of the bias, suppose
one runs least squares without a constant but on deviations from the sample mean. That is, regress
(y¢ —g) on (yi—1 — ¥) . The regression error ¢; is correlated with current and future values of y;, and
these current and future values of y; are embedded in the § component of the explanatory variable.
It follows that the error term is correlated with the regressor (y;—1 — ¢). In the panel data context,
this small T bias is also present in fixed-effects estimators. For fixed T' as N — oo, Nickell (1981)
shows that the within group (WG, which is equivalent to the least squares dummy variable method)
estimator for the dynamic panel regression model is substantially inconsistent.

This paper studies and applies the recursive-mean adjustment (RMA, henceforth) technique
to reduce bias in the estimation of linear dynamic panel data models when the dominant root is
homogeneous across individuals. The paper builds on work by So and Shin (1999a) who show that
the RMA strategy is useful in reducing bias in univariate regression and in the context of unit-root
testing [So and Shin (1999b, 2002)]. In RMA, the constant is dealt with by adjusting observations
with the common recursive mean g1 = (¢ — 1)_1 Zi;]i Ys, instead of the sample mean. As a result,
the adjusted regressor (y;—1 — ;1) is orthogonal to the regression error €; because the recursive mean
does not contain any future values of ;. The RMA strategy, however, does not completely eliminate
the bias because the error term after RMA adjustment contains —(1 — p)g;—1 which is correlated
with the adjusted regressor. But when p = 1 in the univariate time series context, the RMA method
completely eliminates the small sample bias which explains why it has been used in unit-root testing
by Taylor (2002), Phillips, Park and Chang (2004), and Sul (2008).

We find that the RMA estimator effectively alleviates the bias problem in a finite sample compared
to the WG estimator. Similar results are obtained in a more general AR(p) model using a simple
two-step approach to reducing the bias. The performance of the RMA method is notable particularly
when p is near unity in which alternative bias reduction methods based on GMM/IV estimators may
not properly work due to the weak moment conditions [Brundell and Bond (1998)]. The context in
which this study is conducted is relevant to the empirical studies based on a data set with larger N
and small 7', such as firm level analyses on the estimation of dynamic labor demand equation [e.g.
Blundell and Bond (1998)] or production function [e.g., Blundell, Bond and Windmeijer (2000)] or
dynamics of macroeconomic variables at the regional level [e.g. Campbell and Lapham (2004), Bun
and Carree (2005)].

The remainder of the paper is organized as follows. In the next section, we begin by discussing the

'If there is no constant term, the bias is —2p/T which is trivial for even moderate T. Mariott and Pope (1954) and
Kendall (1954) discuss and characterize the first-order approximation of this bias. Several bias correction strategies
have been suggested in the literature, such as median unbiased estimation [Andrews (1993)], approximately median
unbiased estimation [Andrews and Chen (1994)], and mean unbiased estimation [Phillips and Sul (2007)].



asymptotic properties of the panel RMA estimator for a general AR(p) model under cross-sectionally
independent observations. This section also discusses extensions of the framework to environments
with incidental trends, local-to-unity observations, and issues involved when the dominant root is
heterogeneous across individuals. Section 3 considers an environment where the observations are
cross-sectionally correlated and can be represented by a common factor structure. As in Alvarez
and Arellano (2003), Bai (2003), and Hahn and Kuersteiner (2002), our asymptotic analysis here is
based on large T" and large N. Section 4 reports results of Monte Carlo experiments to evaluate the
precision and effectiveness of the RMA estimator in reducing bias and the accuracy of the asymptotic
theory for small 7" and moderate N sample sizes. Section 5 concludes. An appendix contains proofs
and details of many arguments made in the text.

Before proceeding, a few words on the notations might be helpful. Throughout the paper, ‘17
denotes the span of time-series and ‘N’ is written as the cross-section dimension of panel, and

)

the symbols %> and ‘plimy_ respectively indicate the weak convergence in distribution and
probability limit as N — oo. Also, an estimator is said to be ‘inconsistent’ if the probability limit of
an estimator is not equal to its true value as N — oo with fixed T. For example, the WG estimator
for the first autocorrelation coefficient is inconsistent as N — oo with fixed T', whereas it becomes
consistent as T' — oo regardless of N. An estimator is ‘asymptotically biased’ when we compare the

magnitude of the inconsistency of an estimator for small 7" with that for large 7.

2 Asymptotic properties when the observations are cross-sectionally

independent

The data are assumed to be generated by the following latent model.

Assumption 1. For i = 1,...N and t = 1,...T, the observations {y;:} have the latent model

structure

Yit = i + Pwis + 2, (1)
p
Zit = Z pjZit—j + €it, (2)
=1

where wy s strictly exogenous, Fw;zis = 0 for all t and s, and all roots of lag polynomial of z lie
outside the unit circle, p; i (,u, ai) ) Zil w (0,0?/ (1 — pg)) for p = 25:1 pj, and € w (O,J?) 15

independent of p; and y;1, and has finite moments up to the fourth order.”

2 Assumption 1 admits the level of an exogenous regressor wi;. In their study on natural gas demand, Balestra
and Nerlove (1966) distinguish between level and quasi-difference exogenous regressors. They argue that per capita
income affects gas demand in levels but relative price affects gas demand in the quasi-difference. In their regression
model, y;; is the quantity of natural gas, w; is the per capita income, and g;:+ is the relative price of natural gas. The



This data generating process (DGP) assumes that the initial condition is stationary, as in Blundell
and Bond (1998).2 The latent model (1)-(2) is observationally equivalent to the dynamic panel

regression representation

p—1 P
Yit = a; + pYir—1 + Z OjAYit—j + Pwi + Z KWt + €it. (3)
j=1 =1

where a; = (1 —p) pi, p = 30_1 pj, ¢j = pj + ¢j—1 for j = 2,...,p— 1 with ¢1 = =37} _, p , and
ky = —pp; for I =1, ..., p. Note that so long as w;; is strictly exogenous, both the WG estimator for
B in (1) - which is the static version - and in (3) - which is the dynamic version - are consistent, but

the latter is more efficient than the former for a large 7.

The RMA estimator for this model is obtained from the following steps.

Step 1: (RMA Estimator for p) Estimate (3) with the WG estimator. Let &;; = Z?;% ng,WG Ayit—j+
Bwaw;t + Z§:1 Rjwawit—;, and y;; = yit — T3. This allows (3) to be rewritten as

Yih = a; + pyir—1 + €
where 62; = €t + (zit — &) . Then using pooled least squares, regress

(vir = Git—1) = p (Wir—1 — Gir—1) + €t (4)

where i 1 = (t — 1) "3 yis, €0 = — (1 — p) Zi—1 +€ir + (Tig — &), and Ziy_y = (£ — 1)1 3070 240

This gives phy, the RMA estimator of p.

Step 2: (RMA Estimator for ¢; and x;) For the other coefficients, BWG is consistent but <;3j7WG
and A;wg are not. The inconsistency of ¢2ij(; and A, wq, however, can be reduced by running an

additional WG regression,

p—1 p
<yit — PRnAYit—1 — ﬁWGwit> =a; + Z ¢ Ayi—j + Z Kiwi—; + €}, (5)
= =1

quasi-difference exogenous regressor can be introduced by letting €;; = vgit + €5 in (3). According to Phillips and
Sul (2007), the WG estimator for 8 in (1) is consistent, while the WG estimator for 7 is inconsistent for fixed T as
N — oo. In this case, we can utilize the simple bias correction method for v provided by Phillips and Sul (2007) for a
moderately large N but small 7.

3 Assumption 1 does not include the case of unit-root because RMA estimator becomes consistent when p = 1. For
the unit-root case, however, the initial condition can be set as z;1 = Op (1). See Kiviet (1995) for the impact of a
nonstationary initial condition on the inconsistency.



where eft =€ + (p - ﬁ%M A) Yit—1 + (ﬁ - BWG) ws. Let us call the resulting estimator gEﬁRM 5 and

D 4
KirMA-
We have the following asymptotic properties of the RMA estimators for p and ¢.
Proposition 1: (Asymptotic Properties of the RMA Estimators). Let the observations be

generated by Assumption 1.

(i) For fized T, as N — 00, ppya and @fpyra are inconsistent where

pth—>00 (ﬁleiMA - p) =B (P, T) +0 (TﬁQ) ) (6)
A 1
plimy_, <¢§,RMA - ¢j> = §B (0, T)+0(T7?), (7)

B(pT)=—(1-p LD o(ln—T)>o,

D(p,T) T
T—1 t t
Cp,T)=>) t! {Zt‘l S hy - Zv;(f)} :
t=1 h=1 h=1

Ty t—1
D(p,T)= (T -1 = Sty — 2671 ),
t=1 h=1

and fy,(lz) is the covariance between zi and Zjyp.
(ii) If (log®T) (N/T) — ¢ where ( is a non-zero constant, then as T, N — oo,
/ o d
NT (fhaia —p = B(p,T)) = N(0,1-p%).

(iii)If (log®T) (N/T) — 0 as T, N — oo, then phy, is asymptotically distributed as

VNT (Phata — 0) 5N (0,1-p%). (8)

The proof is given in Appendix A. As mentioned earlier, the WG estimator for § is consistent and

thus its asymptotic properties are omitted from Proposition 1.

4In the case of quasi-difference exogenous regressor, we need an additional step to reduce the asymptotic bias for
~. To be specific, let y?ﬁ = Yit — Py aYit—1 — 25;11 qAb]-_,R,MA Ayit—j + BV\'G wit + Y 11 ki,rMA Wit—; and running WG
on y;f = a; + Yqit + €%, gives Arma, the RMA estimator for v. See Case 3 in Section 4 for the relevant Monte Carlo
simulation results.



Remark 1 (Exact Inconsistency Formula for AR(1) Case) The explicit formula of the
inconsistency for fixed T' as N — oo is given as

. R plogT + By — (1 —p)Bar plogT g
B(p,T) = plimy_,o (ArRMA — p) = : — = +0(1T77),
) Neo ( ) (T'—1) =log T+ 1% Bir — Bar T T, O

where
-1 ot

T-1
1
Bl,T:Z;Pt:O(l)a BQ,Tzszﬁ:O(l).
t=1 = b (1-p)

See Appendix A1l for the detailed proof. To evaluate the inconsistency exactly, we plot the incon-
sistency in Figure 1. A couple of interesting features emerge from the plot. First, the maximum
inconsistency is 0.028 which occurs when T'— 1 = 13 and p = 0.46. Second, as predicted, the in-
consistency diminishes as p gets closer to unity. However, it is important to note that this small

inconsistency would affect the statistical inference when N > T.
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Figure 1: Inconsistency of RMA estimator under AR(1) and independence

Remark 2 (Consistent Cases) There are two special cases when prya becomes consistent for
fixed T with N — oo. The first case is when p = 1, which implies e;;y = €; in (4) and hence
E(yit—1€it) =E(¥it—1€it) = 0. The second case is when T'— 1 =2, or T' = 3, for any p € [0,1). In this



case,

E [(yi1 — yi) yir + (viz — 3 {vir + viz}) 3 {yir + vi2}]
E [(yil — i)’ y3 + (2 — 3 {ya + yiz}ﬂ
E [y — v
E [(2/12 - yil)ﬂ

=0,

because E(yi22) =E(y?) by the covariance stationarity of y;.

Remark 3 (Incidental Linear Trends) When the DGP in (1)-(2) contains an incidental linear
trend, the suggested RMA procedure is no longer valid.” While the case of incidental trend is not
much studied in the literature of dynamic panel regressions, it is an important issue in the literature

of panel unit-root testing.% In our treatment of the trend, we consider the latent AR(1) model of

Yit = a; + bit + 2,

Zit = PZit—1 T+ €it,
which is observationally equivalent to

Yit = oG + Bit + pyit—1 + €it,

where o; = a; (1 — p) + bip and B; = b; (1 — p).

Here we briefly review Sul’s (2008) detrending method before suggesting a new detrending ap-
proach to reducing the bias in finite sample. Let 2g;;—1 be the common mean adjustment component.
Then, 2y;;—1 = 2a; + bt + 2Z;;—1 so that we have

1
Yit — 2Yit—1 = —a; + §bi + p (Yit—1 — 20ir—1) + €y, (10)

where e], = —2 (1 — p) Ziz—1 + €i. The result is a trendless regression with fixed-effects of —a; + %bi.
The RMA estimator for p, pryra, is obtained from running WG in (10) and its inconsistency is given
by

plimy o (Phvia —p) = G(p,T) = O (T"'InT), (11)

® According to the exact inconsistency formula of the WG estimator shown by Phillips and Sul (2007), the first order
inconsistency for panel AR(1) under incidental trend case is —2 (1 + p) T~*, which is twice as large as the inconsistency
under fixed effects, — (1 + p) T *.

%Shin and So (1999a,1999b), for instance, suggest a recursive detrending method. Their method, however, does
not completely eliminate the incidental trend components in univariate context as noted by Sul, Phillips and Choi
(2005). Taylor (2002) and Phillips, Park and Chang (2004) propose alternative detrending methods that are effective
under unit-root case but are substantially upward biased when p < 1. Sul (2008) also suggests a double recursive mean
adjustment method that yields much smaller bias when p < 1.




where G (p,T) is presented in Appendix B2. Although this double recursive demeaning method
produces smaller upward bias than the alternative methods adopted in the panel unit-root literature,
the bias is still non-negligible when p < 1.

Alternatively, we suggest the following bias reduction method. First, use the WG estimator
to obtain an initial estimate of the trend coefficient l;z from the latent model representation, and

construct the detrended observations y;-ft = Yy — bit. Next, use pooled least squares to regress

(y;rt - gjt_1> on (y;rt_l — gj;rt_1> , where gjt_l =(t—1)" 22;11 y;rs and the regression error e;rt =
—(1—p)Zit—1 + € —bip— %b’; (1 —p)t where bf = b; — b;. Call the estimate pirp- Notice that the
trend is not yet completely removed because the remnants of the trend now sit in the regression error.
To deal with this, update the trend coefficients by WG estimation of y;; — pirp%it—1 = a; + Bit + 5;rt
and call the estimated trend coefficient Bg,WG' Update the trend estimate b} = ALWG /(1 = pRD) -
If pirp > 1, set b} = b;. Continue until convergence. For pirp, we have the weak convergence result

. A 1(1—2p)(1—p?
plimy_,, (ArD — p) = B (p, T) + 5( )T( )

+0(T7?), (12)

where B (p,T') is given in Proposition 1. The proof is presented in Appendix B1. In (12), the second
term has a faster diminishing speed than that of B (p,T), but its magnitude is larger than that of
B (p,T) even for a moderately large 7. This inconsistency, however, is far smaller than that of the

WG estimator, as illustrated in Figure 2.
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Figure 2: Comparison of the absolute asymptotic biases for incidental linear trend case
(T =50, N = 1000)

Figure 2 plots the absolute asymptotic bias of pirp, pr\a and pwe for a large N under incidental



linear trends. As mentioned earlier, pry;, produces no asymptotic bias when p = 1, but significantly
upward biased when p < 1. Consequently it is even dominated by pwg when p < 0.8 as displayed
in Figure 2. By contrast, the asymptotic bias of pirp is rather modest over the entire range of p.
Whilst the asymptotic bias of prp varies slightly with 7" and p, the size of the asymptotic bias is
far smaller than those of pL\x and pwa except when p = 1. This is what the asymptotic theory in
(12) predicts. Note that the asymptotic bias of pirp declines with p until it is kinked when p is near
unity. This kink is due to the truncation of pirp in the iterative procedure. The figure also compares
the asymptotic bias of pirp with that of prma when there is no trend. pgirp also outperforms prua

in the no trend case in most regions of p.

Remark 4 (Weakly integrated and local-to-unity processes) Since the RMA estimator
becomes consistent when p — 1 as shown above, one should anticipate that the estimator exhibits
only modest inconsistency under local-to-unity. To confirm this guess, let p =1—¢/T% for 0 < a < 1
and some ¢ > 0. When 0 < a < 1, the process is said to be nearly stationary (Giraitis and Phillips,
2006) or weakly integrated (Park, 2003). When o = 1, the process is said to be local-to-unity. In

either case, we have
. . InT 1 _
plimy_, . (ARMA — p) = -+ o0 <m> O (T7?).

It can be seen that the inconsistency is of order O (In7'/T) so that the first order inconsistency is
larger than that of WG estimator. However, as we will show shortly, the overall inconsistency of the
RMA estimator is much smaller than that of WG estimator.

Remark 5 (GLS Demeaning Procedure) One might wonder how the generalized least squares
(GLS) adjustment proposed by Elliott, Rothenberg and Stock (1996), originally designed for efficient
unit-root tests, would compare to the RMA estimator if it were employed to reduce the bias in the

local-to-unity environment. To explore this, let us assume

c
=1-—.
P T
The GLS correction requires a quasi-demeaning of the observations using the factor of 1 — 7/T.
Define

oS- =F)ye ift>1 g 1-L ift>1
. yi1 itr=1" "" 1 ift=1

Next, let
T
D2 Y Ze

Uit = Yit — .
Yo Z2



Then the estimator pgrs is obtained by running pooled least squares on u;; = puj—1 + €51, where
pPGLS = lélong + Op (T_l)

and Piong is the pooled least-squares estimator from regressing (y;s — yi1) on (yii—1 — vi1) - For a local

parameter value of ¢ = 7, the inconsistency in the GLS-corrected estimator becomes

35

plimy . (pa1s — p) = == +0 (T°2). (13)

As shown in Appendix C, the second order term in (13) includes a large component such as 49/772,
which causes pgrg to be inconsistent for moderately T' as large as 100. A quick evaluation of the
asymptotic bias in praa in comparison to pgrs and piong is presented in Figure 3 under the simulation
environment of N = 2000 and ¢ = [0,14] for T' € {100,500}. As can be seen from Panel A, the
inconsistency of pruma is in general smaller than that of pqrg except when 1 < ¢ < 5. Moreover, the
dominance of prya over pgrs gets stronger with larger T'. As exhibited in Panel B, when T =500,
the simulated inconsistency of prara is much smaller than that of pgrg for all ¢ values. In sum, this
simulation experiment suggests that the bias reduction provided by RMA is superior to that of GLS

estimator when p is near unity.”
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Figure 3: Comparison of Inconsistencies among prma, AGLS, and Plong

Remark 6 (Heterogeneous Panels) In the current study, the dominant root, p, is assumed
to be homogeneous across the cross-section. In practice, the homogeneity restriction can be tested

using formal inference techniques [e.g. Pesaran and Yamagata (2008)]. If the homogeneity restriction

"More results on the simulation experiment are available at http://www3.uta.edu/choi/research.htm.



is rejected, one may consider the pooled mean group RMA estimator. Pesaran and Smith (1995)
study the pooled mean group (PMG) estimator for nonstationary panel data, and Pesaran, Shin and
Smith (1999) extend the analysis to dynamic panel regressions under cross-sectional independence.
Pesaran (2006) also develops the PMG estimator under cross-sectional dependence. In general, the
consistency of the PMG estimator requires the sequential limit of 7" — oo first, and N — oo next.
For fixed T' and N — oo, however, the PMG estimator is inconsistent just like the WG estimator.
Since both univariate and pooled RMA estimators are consistent as T' — 0o, the asymptotic property
of the PMG-RMA estimator can be derived under sequential limits. A more interesting but also more
challenging environment is the case for fixed 7" and N — oo in which the asymptotic properties of

the PMG-RMA estimator are yet known. We leave this important issue for future research.

3 Asymptotic Properties with Cross-sectionally Correlated Obser-
vations

In this section we adapt the RMA estimator to dynamic panel data models with cross-sectionally

dependent observations where the dependence arises from a common factor specification. The envi-

ronment under consideration is again the one in which observations are weakly stationary and are

generated by the following assumption.

Assumption 2. Fori=1,...N and t =1,...T, the observations {y;} are generated by the latent

model
Yit = Wi + Zit, (14)
P
Zit = Z PjZit—j + Wit (15)
j=1
K
Uit = Z silst + €t = ;0 + €it, (16)
s=1

where the idiosyncratic term, €;, is assumed to be iid (O,a?) and o? < oo for all i. Also, Oy
and ey are assumed to be independent of each other. The common factor has E|04|* < oo,
plimr oo T~YS°E 162, = 02, with factor loadings of ||0si]| < D < oo, and plimy .o ||0'6/N — Ms|| =
0 with 6 = (81, ...,0n) for some Ms > 0, where &; = (51i7...,5K¢)'.

This latent model has the observationally equivalent factor representation

Vit = pi + O, Fy + 2, (17)

10



where Fy = (Fiy, ..., Fiy), Fy = Z;’;Opi&t_j and z; = Z;’iopjeit_j. Phillips and Sul (2007) show
that the N—asymptotic bias of the WG estimator becomes ‘random’ under the cross-sectional de-
pendence. To derive the asymptotic ‘random’ bias formula under cross-sectional dependence of y,

we first introduce the following notation. Let

Zzzg (Fstfl - FS) (est - gs)
Zthz (Fst—l - FS)2

prWG = p+ (18)

be the WG estimator of p from the regression of Fy = mgs + pFy_1 + 04 where Fy = (T —
1)t Z:_ll Fgq for s = 1,..., K. According to Phillips and Sul (2007), the WG estimator pwa|csp
in (14)-(16) can be decomposed into

pwaicsp = (1 —n) pwajcst + nprwa +op (T7)

where pw|cs1 represents the WG estimator under cross-sectional independence, 7 = mgag (02 + mgag) - ,
mj = (NK)™ Zi]il Zf:l 6%, 05 = (KT)™" Zf:l 1=1 0% ando®=N"'T7! Zi]il > i1 €. Here

1 can be interpreted as the degree of cross-sectional dependence, such that n = 1 for perfect cross-
sectional dependence and 7 = 0 for cross-sectional independence. Since prwqg does not depend

on the dimension of cross-section (IV), the N—asymptotic bias for pwq|csp now depends on the
inconsistency of pr wq. That is, as shown by Phillips and Sul (2007),

1+

. R P . _
pllquoo(Pwm(:SD —p)=—(1-mn) T +n(pr,we —p) +0p (T 1) )

as N — oo.

Similarly, we can directly apply this approach to the RMA estimator by letting

ZZ;Q (Fstfl - Fstfl) (9515 - (1 - p) Fstfl)
S, (Fot—1 — Fst—1)2

PFRMA = p + (19)

be the RMA estimator from Fy — Fyy_1 = p (Fst,l - Fst,l) + egt where e = Oy — (1 —p) Fyy_1
and Fy 1 = (t —1)71 Z;;ll Fsj. And let pryiajcsp be the RMA estimator under cross-sectional
dependence. Then the N—asymptotic bias of the RMA estimator can be shown as follows.

Proposition 2: (N—asymptotic bias under cross-sectional dependence). Under Assumption
2, for N — oo first and then T'— oo, the probability limit of prma|csp @S given by

plimy o (Araajcsp — p) = (L=n0) B (p,T) + 1 (pr.rva — p) + 0, (T71), (20)
where B(p,T) is shown in Proposition 1.

The proof is presented in Appendix D. Note that the asymptotic bias of prya|csp now depends on

11



three components: (i) the degree of cross-sectional dependence, 7; (ii) the inconsistency of praia|csi,
the RMA estimator under cross-sectional independence; and (iii) the bias of the time-series estimator
pr rMA (K =1 case). Obviously, Proposition 1 applies when 1 = 0, while the inconsistency becomes
purely random when n = 1. As K — oo, however, the asymptotic bias expression is identical to
that in Proposition 1 regardless of the value of 1. But the direction of the inconsistency is not clear
because pr rva is downward biased for a small 7" while B (p,T) is always positive. Unfortunately
the exact finite sample bias formula for pr rnma is available yet.

Figure 4 demonstrates the ‘randomness’ of the asymptotic bias by plotting the empirical distri-
butions of pwqjcsp and prvajcsp for N = 2000 and 7' = 20 with various values of K = {1,10,50}.
When K = 1, the empirical mean of pryiajcsp s very close to the true value of p = 0.5. This is
the case when the asymptotic positive bias from pooling is offset by the negative univariate bias of
prrMA- As K increases, the empirical distribution of pryajcsp becomes tighter but the mean value
also increases slightly. By contrast, pwq|csp has a noticeable downward asymptotic bias for all K
although it tends to decrease as K grows. Overall, praiajcsp dominates pywg|csp and the dominance

stands out when the factor number is relatively small.

0.3

0.25

0.2 A

Pwe With K = 50— - Prua With K = 50

0.15 ~
0.1 -

0.05 ~

0 I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: Random Asymptotic Bias under Cross-sectional Dependence, T' = 20, N = 2000, p = 0.5
dis ~ 1dN (0,1), Os ~ idN (0,1), € ~ iidN (0,1)
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4 Monte Carlo Experiments

In this section, we report the results of Monte Carlo experiments designed to examine the precision
and the effectiveness of bias reduction achieved by the RMA estimators in small 7" and moderate
N samples for p € [0,1). We vary the environments by the autoregressive order and by the degree
of cross-sectional dependence. To economize on space, we have been selective in terms of which
results to report especially when log 7' (N/T) is relatively large because in this case B (p,T) remains
in the distribution of the RMA estimator. An extensive set of simulation results are available at the

author’s web site.® We consider four cases here.

Case 1: AR(1) with cross-sectionally independent observations. For this widely studied environ-
ment, several bias reduction methods have been proposed. We compare two of these to RMA and
WG estimators. The first is the GMM estimator studied by Arellano and Bover (1995, hereafter AB)
and the other is the estimator proposed by Hahn and Kuersteiner (2002, hereafter HK). The data

generating process is,

Yit = Wi + Zit,

Zit = PZit—1 + €it,

where €;; i N(0,1), i & N (1,02). As in Assumption 1, the initial observation obeys y;1 =
Wi + zi1 e 1, ai + #), which produces weakly stationary sequences of y;;. We consider sample
sizes of N € {50,100,200} and 7' € {6,11,21} so that the time series observations used in the
regression are Top =T — 1 € {5,10,20}.

The asymptotic variance of the AB estimator depends on the nuisance parameter ¢ = o./0, =
1/0,, whereas the variances of RMA, WG, and HK do not. To explore the potential small-sample
dependence of the AB estimator on the variability of the individual-specific effect, we consider alterna-
tive values of relative variance of the individual-specific component of the error term, o, € {1, 5,10},
or ¢ € {1,0.2,0.1}.

Table 1 reports the bias and mean-square error of the four estimators under comparison. The
RMA and AB estimators are seen to be upward biased while WG and HK are biased downwards.
RMA compares well to HK for small T. Although the relative performance of HK improves as
T grows, when Ty = 5 for example, the HK estimator bears substantial downward bias (—0.22 for
p = 0.9) even when N is as large as 200. For relatively large T', the performance of HK is comparable
to that of RMA particularly when p is relatively small. The GMM estimator due to AB performs
well for ¢ = 1, but its performance deteriorates substantively for ¥ = 0.2 and ¢ = 0.1. Even for
1 = 1, it is dominated by RMA for moderate values of p. In sum, RMA dominates HK both in

terms of attenuating bias and in precision for small 1" and it is typically more precise than AB, whose

8Full reports (MS excel format) are available at http://www3.uta.edu/choi/research.htm.
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performance is quite sensitive to 1. The dominance of RMA over HK is particularly noticeable for

small T" or for highly persistent p when 7' is relatively large.

Case 2: AR(2) with cross-sectionally independent observations. Since it is not straightforward to
correct for bias with HK or AB in the AR(2) case, we only report the performance results for RMA
in comparison with WG. For simplicity but without loss of generality, the DGP for this case is

Yit = pi + Zit,

Zit = P1%it—1 + P2Zit—2 + €it,
where ¢;; & N(0,1), YN (0,0%). We consider the lag coefficients (p, p2) € {(0.9,0.2),(0.5,0.2),
(0.9,0.3),(0.5,0.3),(0.9,0.4), (0.5,0.4)} where p = p1 + p2. Here we report the results for (p, p2) €
{(0.9,0.2), (0.5,0.2)} only because the results of the other cases are largely similar.

Table 2 reports the bias, variance and mean square error (MSE) of RMA and WG. We note
that the bias of WG in the AR(2) case is much more serious than that in AR(1) environment. For
example, when p = 0.9 and N = 50, the WG bias for p is -0.62, -0.32, -0.16 for Ty = 5,10, and
20 respectively, whereas the biases were -0.47, -0.25, and -0.12 for the corresponding values of Ty in
AR(1) case. As in AR(1) case, the bias hinges upon 7" rather than N. Although the variance of
RMA is slightly larger than that of WG, the MSE of RMA is consistently much smaller than that
of WG estimator.

Case 3: AR(1) and AR(2) with exogenous regressor. Since Phillips and Sul (2007) show that Swg
is asymptotically unbiased when the exogenous variable enters with a level effect, we concentrate on

the following DGP that allows an exogenous variable to enter in difference form,

Yit = Hi + Zit,

Zit = P1Zit—1 + pP2Zit—2 + Vqit + €it,
where e 4 N'(0,1), pi “Y N (0,1) and gi “C N (0,1). We set v = 1 and report the size of the t-test
under the null hypothesis of v+ = 1. Among the various values for the parameters considered, we
report in Table 3 only the results for p = 0.9 for the AR(1) case and p = 0.9 and pa = 0.2 for the
AR(2) case (again p = p1 + p2).

Several features of Table 3 are noteworthy. First, the WG estimator for v is biased downwards
in both the AR(1) and AR(2) cases and the bias directly distorts the size of the t-test. Whereas
the size distortion for RMA is relatively small and remains fairly constant, the distortion of the WG
based t-test increases with N. At the nominal size of 0.05, the size of t-test based on WG estimator
is as large as 0.94 when N = 200 and Ty = 5 in AR(1) case, while the corresponding size of t-test
based on RMA is merely 0.08. Second, RMA reduces the bias and variance significantly for all cases
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considered. However, in the AR(2) case for very small T, there is some size distortion in the RMA
based t-test when NNV is relatively large, mainly due to the large second order bias of RMA. The size

distortion, however, diminishes quickly as T  increases.

Case 4: AR(1) with cross-sectionally dependent observations. The DGP for this case is

Yit = @i + pYit—1 + Ui,
wit = 0;Fy + €5,
iid iid iid
where €; ~ N (0,1),0; ~ N (1,1) and F; ~

environment with that of Case 1 except that the error term is now cross-sectionally correlated as

(0,1). We consider exactly the same simulation

reflected by the common factor F;. Table 4 reports the bias and MSE of the four estimators under
comparison. Asin Table 1, we present the AB estimator for three different values of relative variance
of the individual-specific component of the error term.

We first note from Table 4 that the bias of RMA estimator is smaller for moderate p and/or large
T than when the observations are cross-sectionally independent. This contrasts to the competing es-
timators whose biases are larger under cross-sectional dependence. This result is consistent with the
predictions of Proposition 2 that the bias of RMA (WG) is smaller (larger) under cross-sectional de-
pendence. Consequently, the performance of RMA estimator stands out even when the observations
are cross-sectionally dependent. The dominance of the RMA estimator is particularly noticeable
when N and T are moderate. Unlike the case of cross-sectional independence, the RMA estimator
continues to dominate the alternative estimators even when N and T' are large. Take N = 200 and
T = 20 for instance, the HK estimator had a comparable performance to the RMA estimator under
cross-sectional independence, but the bias of RMA estimator is now much smaller when observa-
tions are cross-sectionally correlated. The story remains much the same in terms of MSE. Although
the MSE of RMA estimator is larger than when the observations are cross-sectionally independent
mainly due to the increased variance, it decreases more rapidly than the alternative estimators as N
and T grow. As a result, the RMA estimator has smaller MSE than the other estimators particularly
when the underlying processes are highly persistent.

To summarize, our simulation results suggest that the finite sample performance of the RMA

estimator is appealing especially when the observations are cross-sectionally correlated.

5 Conclusion

In this paper, we extend the idea of recursive mean adjustment as a bias reduction strategy to es-
timating the dominant root in dynamic panel data regressions. Specifically we develop the RMA

estimators under general AR(p) process under both cross-sectional independence and dependence.
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We show that the RMA estimator delivers effective bias reduction when the observations are inde-
pendent across individuals. When the observations are correlated across individuals and when this
dependence arises from an underlying factor structure, we find that effective bias reduction still can
be achieved by using the RMA estimator. Our simulation results based on small 7" and larger N
suggest that the RMA estimator dominates comparable estimators in terms of bias, variance and
MSE reduction both when error terms are cross-sectionally independent and when they are cross-
sectionally correlated. This finding still holds in the presence of exogenous regressors especially in
terms of t-test performance.

Overall our method is efficient and effective in reducing bias and more importantly is straight-
forward to implement. In light of the fact that mean and median unbiased estimators are generally
unavailable for higher ordered panel autoregression models, the recursive mean adjustment procedure

advocated in this study is believed to fill an important gap in the dynamic panel literature.
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Technical Appendix

Define z;;—1 = tfl Z'f;l:l Zis and -1 = tfl 221:1 yis where t1 =t — 1 for the notational convenience.

Appendix A: Proof of Proposition 1

First we consider AR(1) case, and then use the result to establish the proof of Proposition 1. Note

that for general AR(p) case, we have

1 N T
WZZ Zzt—Zzt

i=1 t=1
11 L1
_vz+f2;{vz)+22% + = Zh } fZ;{Z%(f)}
t=1 t=1 ~ (n=0
11
=) - =3 %”——Zh
Tt:lt
Hence for AR(1) case, we have
N T
1 _ .9 o? log T o?
EWZZ(Zit_Zit) :1_p2—|—0< T >—>1_p2 asT—>oo, (A—].)

where 02 = N1V 62 and 02 = T-1 3], € < oo for all i.

Appendix Al: Proof of Remark 1 From a standard central limit theorem for panel autore-

4
d o
zit—i€ie — N (O, = p2> .

gressive processes, we have

M=

>

=1

q-
~

~+
[|
(V]

From (A-1), we have

N T N T -1
m(zz) lzz ] 4L N0 ).

i=1 t=2 i=1 t=2

Now note that

m(sz\il Z?:z Zitfleit) — ) \/_Zz 1Zt o (Zit—1 — Zit—1) Zit— 1

VNT (prva — p) = —
Zi\il Zfzz (zit—1 — gitfl)2 Zz 1 Zt 2 (zit—1 — Zit— 1)2

(A-2)
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From direct calculation, we have

% sz\; Z?:Q (Zit—1 — Zit—1) Zit—1
% Zi\il ZtT:Q (2it—1 — Zit—1)?
logT + Bir — (1 — p) B log T -
_ plog 1T ( )2T _ plog —|—O(T2)
T-1-logT+{&Bir—Ber T

B (p,T) =—(1—p)plimy_,,

where
T11 T-1 - pt
B —p'=0(1), Bor =2 ——=0().
1T = ;tp () 2T p;tQ(l—p)2 ()

For calculating its variance, first consider

t=2 t=2 t=1

T T 2 1
s N\ 22 1,
E Zzztflzztfl Zzit,l t0z+0 =0 (logT).

Hence the variance of the second term in (A-2) is given by

ar | — Et o (Zit—1 — Zit—1) Zit—1 _0 logT
' <(1 ) ZtQ(z'Ltl_Zzt 1) ) <T2>'

Therefore,

\/W z]i tT: Zit—1€it
\/ﬁ(ﬁRMA—p):Op<logT\/¥>+Op( £>+ (Z 1D g Zit—1 )

s Zi]\il Z,irzz (zit—1 — Ez‘t—l)z
so that as T, N — oo but logT\/g — 0, we have
VNT (prain —p) > N (0,1—p%).
If N/T® — 0 but log T\/g — ( where ( is a constant, then we have
VNT (prua = p— B(p,T)) = N (0,1-p?)

or

VNT (prvin —p) > N (CB(p,T),1—p?).
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Appendix A2: Proof of (6) in Proposition 1 For ease of reference, we restate (4) here as
t_ 7 - . 77 )
Yir —Yit—1=p (yztfl - yztfl) + €4,

where
p—1
eit = — (1 —p) Zig—1 + €t + Z ((i?j - ¢j,WG> Azi—j.
j=1
Noting that EZfzp Azip—iZi—1 = O (1) and plimy_. (QBj,WG — qu) =0 (Tﬁl) , we have
SN S (i1 — i) Zie1)
Zfil ZtT:2 (Yit—1 — gitfl)Q
POARD Pril [(yit—l — Yit—1) Z?; (¢j - (z;j,WG) Azz‘t—j}
SN S, Wit — Fie—1)?

:B(p,T)—l—w:B(p,T)%—O(Tﬁ),

plimy_ oo (Phaia — ) = — (1= p) plimy_o

+ plimy_, o

which establishes (6) in the text.

Appendix A3: Proof of (7) in Proposition 1 For the simplicity of analysis, we consider an
AR(2) case and then show how the logic can be generalized to an AR(p) case. First, consider the
regression error of

szt = €it — (f’%MA - P) Yit—1-

Using the fact that (yi—1 — i) — (Yit—2 — i) = (Yit—1 — Yit—2) where p; = E (y;¢) , the inconsistency
of the pooled estimator qB]f{M A can be written as

SN S (Wit — Yir—2) (Yir—1 — Yi1)
Zi]il Zle (Yit—1 — yit72)2
A
SN S, (Wit — yir—2) (eit — €i.)
Zf\; ZtT:2 (Yit—1 — yit—2)2 ’

where y;._1 and €;. are time-series averages. As N — oo, the term labeled A above has the limiting

%MA —¢=- (ﬁﬁMA - p)

J/

+

value of " )
T z z
SN S Wit — Yir—2) (Wit—1 — Yi1) i (70 M ) 1

plim — ——
N—o0 Zf\il Zthz (Yit—1 — yz‘t—2)2 9 Zthg <%()z) _ 752’)) 9
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It follows that

T
R 1 1
plim (¢pRMA - ¢> = _51131““ (Praia —p) +O (Tﬁl) plim N Z Z (Yit—1 — Yit—2) (€t — €i.) -

N—oo

Noting that the AR(2) model has the representation of

Yit = €t + €its

C1 C2
1—X\L 1— XL

where A1 and Ay are the roots of (1 — p1z2 — p222) , and because

9] T T
Z CsAguit—j (Z 67jt> - E% Z Cs)\ Ujt—j5—1 (Z 5175)
=0

t=1 7=0 t=1

=cs(1— A1) —cs <%> (1-M)+0(T7?)=0(T"") fors=1,2,

where
Cc1 = )\1 ()\1 — )\2) and Cy = —>\2/ ()\1 — )\2) .

It follows that

N T N T
) 1 . 1 _
pth_mN E E (Yit—1 — Yit—2) (€it — €.) = —pth_mN g g (Yit—1€i. — Yir—2€i.) = O (T 1) ,
i—1 =2 i—1 t=2

or equivalently

: . L. R -
Plimy o0 (‘ble{MA - ‘75) = —§pth_>oo (Phata —p) +0(T7%).

It is apparent that this logic goes through in the AR(p) case. We can therefore say

. 2 I .. . NS e
plim <QZI;MA - ?) ) }\?hm (Phaia — p) + plim (Zzz\lr L t)

T
N—oo N—o0 Doim1 D=1 Zi2t
1

= _5}31_{?0 (Phaia —p) +O (sz) :

Appendix A4: Proof of (8) in Proposition 1 Let

Vv N C:
NT (Pia —p) = VNT LNT | /NT2NT
Dnr D

NT
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where

T T
Cinr=—(1-p %ZZ [(yit—1 = Git-1) Zir-1] + 575 (Zzzzt 151t>

=1 t=2 i=1 t=2

CiNT ( 1 )
: =B Y+ 0, | —— ),
Dnr NT (p ) P m

note that plimy_..oBn7 (p,T) = B (p,T'), and

1

p—
02 NT = ]VlT Z Z yzt 1 — Yit— 1) Z (¢] - éj,WG) AZit—j - Op ( %) '

=1 t=2 j=1

Since

()= (hr)-0(3)

1 L& 1
WZZ Yit—1 — Yit— 1 Azzt ]—O <W)

=1 t=2

and

Finally we have

\/ﬁ(ﬁfp{MA —p) = W%NT + O, (logT@) + 0, (%) .

NT
Hence as N, T — oo but , logT,/¥ — (, we have

VNT (fhaa —p = B(p,T)) 5 N (0,1=?)

or

VNT (PRnia — ) SN (CB(p,T),1— 92) :

Appendix B: Proof of Remark 3 (Linear Trend Case)

Appendix B1: Proof of Iterative Recursive Detrending in (12) We address pirp by con-
sidering the AR(1) case with incidental trends and then discuss how it can be generalized to the
AR(p) case. We work with the latent model and whether z;; is observable does not matter for this
analysis. The point estimate b; = Biwa/(1 — pwa) becomes equivalent to the point estimate from

the regression for moderately large T,

Yit — PWGZit—1 = Mi + bit + € + (p — pwa) zit—1.
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It follows that
=t (t —rtye ! t) [(Git -1y, Git) +(p — pwa) (Zit—l -1ir, Zit—l)}

bi — by = 5 :
e (B rub i)

and by direct calculation,

<E(&——m>2:]2§%af%—O(T—%.

Now let b} = (Z;Z — b¢> , then prrp can be obtained either from
y;rt :yit_i)it:,u«i"F (bi—gi)t+zit = U —bft-}-zit
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yh = i (L= p) = bip = b} (1= p)t+ pyl_y + €ir
Using the fact that
1 & 1
g;rtfl = 0 Zy;rs = Wi + Zit—1 — §bft,
s=1
it follows that
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PIRD — P
N T o\
= (ZZ <yit—1 gzt—l) )
i=1 t=2
N T 1
Y (s = ahn) { - A= za bt b1+ gt (1= o))
i=1 t=2

25



From the direct calculation, we have

T T

T
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The sum of the O (1) terms is
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while the denominator is

T
5 o2 +0(1).
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It follows that the second stage inconsistency of the IRD estimator is
. . 1 _ _
plimy o (fmp — p) = B (0, 1) + 5 (1= 2p) D (p. 7)™ + 0 (T7?).

Appendix B2: Proof of Double Recursive Detrending in (11) From direct calculation, we

obtain the inconsistency of pry;a as

‘ . Cr —FT/Tl
plimy_o, (PRva —p) = G (p,T) = AT_—BT/Tl oF
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Appendix C: Proof of Remark 5 (GLS-Demeaning)
Assume the true DGP is given by

C
Yit = Q; + Zit, Zit = PrZit—1 + €ty pr=1— T

Define
g yit — (1 — &)y ift>1 1-% ift>1
Yir = . , L= . ,
Yi1 ift=1 1 ift=1
and .
97
uit:yit_izt?zyn2t~
D2 i
Note that . . .
49  T? +49T — 49
72 _q _ _
N Y R
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From direct calculation, we have

T .9
o D i YirZ
Uit = Yit —

T
Do Z¢
21 T?+7(7T—¢)T (% Zthz zit,1> + 772 (% 2522 6it>
BECE T2 + 49T
= zit — 2i1 + Aqr
where
A 40T T(7T—oT (% Yo Zit—l) + 772 (% ST, eit>
SV ERT T R T2 + 49T, '

Hence as T' — oo, we may say that

Let N
> uig—ui  Cnr

N~-T = :
> uh Dyt

PGLS =

Now evaluate at ¢ = 7. Then we have

49
Air = AL T (T Zelt> + 0, )

and
1 L E 1
pllmN*}OONCNT_ NZ z'Lt_Zzl (Zzt 1_211 + B N ZA ]
i=1 t=2 i=1 t=2
N T 1 T
ZZAzT Zit—1 = zi1) | — NZ Air (Zit_zil)]
i=1 t=2 i=1 t=2
=Lh+I1I+1II+1V
where
1 L Z 1 (49 1 & ’
_ il 2 il PV -
IT=E|x> > Ah|=E NZZ<T%1 7<TZen>>
i=1 t=2 i=1 t=2 t=2
49242 o2
= —2+49<+0(T?)=0(T"
T + T + ( ) ( )’



z

and

N T
+FE

% Y (a1 — za)?

=2

) 1
pllmN*)OONDNT =F

s
Il

MR
~

Note that the two terms, I; and I will be given in (A-3) and (A-4), respectively.

Now consider
1 Cnr . I + 980’3 + 70'62 +0 (T_l)

I —NT _
PN =00 N D I + 9802+ O (T 1)

Note that we can define the long-differencing regression as
zig — zi1 = p(zi—1 — zi1) — (1 — p) zi1 + €,

so that we have

+ SN ST (2 — za) (zie1 — zi1) + SN ST iy — za) za

ﬁlong: :p_(l_p)

N T 2 N T 2
N Lim1 2= (2it-1 — Z1) ¥ Lict Dotz (2it-1 — Z1)

and
I—p

plimy_, o flong = p + 5

since with a moderate large 7'

T

1 1-

E N 4 1 ;2 (zit—1 — Zil)zz'l] = —o? [(T —-1)- T
1= =
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T—1

T
E % > (zi1 - Zi1)2] = 2072 [(T —1)— 1=

(A-4)
i=1 t=2 1=p

Therefore, for a large T we have

Cnr  202Tp+ (1 — p)oT + 9802 + 702

i O (T2
PN =00y 0 202T + 9802 ro(r™)
B 1 49+7(1+p) 2
=p+t(l=p 5+~ TOIT).
Plugging p = 1 — 7/T yields
. ) 1 494+7(1+p) 2
1 ) =(1-p) =4+ —— T L O(T
plimy o (paLs — p) = ( p) 2 + 2T + 98 + ( )
35
— 22 T72).
7 +0(T7?)

Appendix D: Proof of Proposition 2

According to Phillips and Sul (2007), the WG estimator pwq|csp of the model (14)-(16) can be

decomposed into

pwaicsp = (1= n) pwajost +npewa +op (T71),

where pwqicst 1s the WG estimator when the observations are cross-sectionally independent, n =
mjog (02 + m?iag)_l ,my = (NK) T 0 0, 8%, 0p = (K1) 00 00, 6%, and o® =
NIt Zf\; 1 Z;le €2. 7 has the interpretation of the degree of cross-sectional dependence. When
n = 1, the observations are maximally dependent and when 7 = 0 they are independent. Since pr wg
does not depend on IV, the N—asymptotic bias for pwq|csp is seen to depend on the inconsistency
of pr wa. As shown by Phillips and Sul (2007),
plimy_ o (Pwejcsp —p) = — (1 —n) ? +n(prwa —p)+0p (T,

as N — oo. The strategy of the proof follows the strategy taken by Phillips and Sul (2007).

For the inconsistency for WG estimator, see Proposition 3 in Phillips and Sul (2007). Here we
take K = 1 case and then provide inconsistency for RMA estimator under cross-sectional dependence.
For RMA, define

plimy_oofrMA|CSD = — (1 — p) Plimy oo =77

where

C]%T =—(1-p) Zij\;zg:z (Yit—1 — Yit—1) 2it—1+2£12?:2 (Yit—1 — Tit—1) Wit, DJC\}T = Zij\LthTzl(yit—l_git—l)2-
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Further decompose B (p,T) into

B(p,T) = plimy_,, (Pruajcst — »)
Ber  —(1-p) plimy o % SN S (2 — Za) Ea

Bpr plimy_, o+ SN ST i — Z)?

In the single factor (K = 1) case, the latent model representation is
Yit = i + Zit, Zit = PZit—1 + Wit, Ui = 00 + €it,
with
Zit = 0; ijetfj + Zp%itfj = 6, F} + x4t
Jj=0 Jj=0
Since y;: — Yit = zit — Zit, We have

) 1
pth—>oo N C]%T

. 1 _ _
=—(1-p) pth—woNZﬁ\;lzzﬂ:Z (Yit—1 — Yit—1) Zit—1

. 1 N T - _ T _ _ 2
=—(1-p) pth—woNZi:l [Zt:l (6iF—1 4 mit—1) (0iFi—1 + Tir—1) — D4y (6iFy—1 + Tir—1) }

. 1 B N _ _
=—(1-p) pthHOONZé\Ll { {ZtT:lxitflxitfl - ZtT:1$zzt—l} + 51‘2 {Zz’:lthlthl - EthlFf—l} }

= Bor + m?; [Zz’:lthlthl - ZtT:1Ft2—1}

because all probability limits of the cross product terms are zero. That is, Ed;z;:—1 =Ed;Z;+—1 = 0.

Similarly, we have

) 1 . 1 _
pth—»ooND]C\’fT = PllquooNZ:?;lzrf:g (zit—1 — Zit—1)*
: 1 _ . 1 _ 9
= pllmNHooNZﬁlzzﬂzl (Tit—1 — fL‘z’tfl)Q + pthHooNZi]\Lléz'QZZﬂzl (thl - thl)

= \2
= Bpr +m2¥, (Fy—1 — Fy—1)".
Combining the two results gives

T T F T 7
plimNHm%CgT B Ber — (1—p)mzds,_, [Zt:1thlthl - Zt:IFt{I}

. 1 - _
pth—wOND]C\TT Bpr + mg [Zle (Ft—l — Ft—l)ﬂ
Let T — oo to have )
lZT (thl . Ft71)2 __9 +0 <T—1/2> ‘
T t=1 1— p2 p
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Denote

Ap =27 [1 szQ +0, (T‘1/2>] -1 (-1 40, (T—3/2>

since
1 1

L+ (T =155 7

=1-0,(T7).

It follows that
2
Ty
ST (Fr1 — Ft—1)2

Taking the limit as N — oo followed by an expansion as T — oo gives

=ArasT — oo.

2
<&FAT=1ip2@bgT+Bu~%1—pﬂﬁﬂ[U—p%T4+4%(T%ﬂﬂ

_ ULIC;%T Lo(TY),

so that we have

plimNHoo%C'ﬁT _ BerAr + 0§m§ (PrRMA — P)
plimy o4 D% BorAr + ojm;

2

log T %
_ o285 + g3m3 (prRMA — p) +0 (T_3/2)
o? + 0§m5 ’

= nplimy o (Aruajcst — p) + (1= 1) (Brrma — p) +0p (T7).
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Table 1: Comparison of Alternative Estimators in Panel AR(1) case

Bias MSE %100
To N p| AB1 AB2 AB3 WG HK RMA | AB1 AB2 AB3 WG HK RMA
5 50 03] 011 070 0.70 -0.28 -0.11 0.03 | 1.70 48.62 48.98 8.08 1.71 0.97
5 50 05| 0.03 050 050 -0.33 -0.14 0.03 | 0.62 24.54 24.97 11.63 2.58 0.94
5 50 09]-0.00 005 0.09 -047 -0.23 0.01 | 026 039 0.92 2233 5.89 0.75
5 100 03| 0.11 0.70 0.70 -0.27 -0.10 0.03 | 1.49 48.64 48.98 7.78 1.38 0.54
5 100 05| 0.04 050 0.50 -0.33 -0.14 0.03 | 040 24.56 2498 11.26 2.20 0.54
5 100 09| 0.00 0.05 0.09 -0.47 -0.23 0.01 | 0.13 034 091 2191 5.46 0.39
5 200 03] 011 070 0.70 -0.27 -0.10 0.03 | 1.39 48.64 48.98 7.67 1.23 0.30
5 200 05| 0.04 050 0.50 -0.33 -0.14 0.03 | 0.29 24.57 2497 11.12 2.03 0.32
5 200 09| 0.00 005 0.09 -046 -0.22 0.01 | 0.06 031 090 21.67 5.22 0.19
10 50 03] 0.05 070 0.70 -0.14 -0.03 0.03 | 0.55 48.57 48.97 2.04 0.33 0.39
10 50 0.5| 0.01 049 050 -0.16 -0.04 0.04 | 0.27 24.49 2497 2.88 0.42 0.40
10 50 09]-0.01 0.04 0.09 -0.25 -0.10 0.01 | 0.17 029 090 6.21 1.11 0.19
10 100 03| 0.06 0.70 0.70 -0.14 -0.03 0.03 | 0.44 48.61 4898 1.94 0.21 0.23
10 100 0.5| 0.02 0.50 0.50 -0.16 -0.04 0.04 | 0.15 24.53 24.97 2.76 0.29 0.26
10 100 0.9 | 0.00 0.05 0.09 -0.24 -0.09 0.01 | 0.08 026 0.90 6.06 0.98 0.10
10 200 03] 0.06 070 0.70 -0.13 -0.03 0.03 | 0.39 48.63 48.98 1.87 0.14 0.16
10 200 0.5| 0.02 0.50 0.50 -0.16 -0.04 0.04 | 0.09 24.55 2497 2.69 0.23 0.20
10 200 0.9 | 0.00 0.05 0.09 -0.24 -0.09 0.02 | 0.04 0.25 090 6.00 0.92 0.07
20 50 03| 0.02 0.70 0.70 -0.07 -0.01 0.02 | 0.19 4851 4897 0.54 0.11 0.17
20 50 05| 0.00 0.49 0.50 -0.08 -0.01 0.03 | 0.11 24.39 2497 0.72 0.11 0.20
20 50 09 |-0.01 0.03 0.09 -0.12 -0.04 0.02 | 0.08 0.14 0.87 1.53 0.19 0.07
20 100 0.3 | 0.03 0.70 0.70 -0.07 -0.01 0.02 | 0.13 48.56 48.97 0.49 0.06 0.11
20 100 0.5 | 0.01 0.49 0.50 -0.08 -0.01 0.03 | 0.06 24.46 2496 0.67 0.06 0.14
20 100 09| 0.00 0.03 0.09 -0.12 -0.04 0.02 | 0.04 013 0.88 148 0.16 0.05
20 200 03| 0.03 0.70 0.70 -0.07 -0.01 0.02 | 0.10 48.61 48.98 0.47 0.03 0.08
20 200 05| 0.01 049 0.50 -0.08 -0.01 0.03 | 0.03 24.50 24.97 0.64 0.04 0.12
20 200 09| 0.00 0.03 0.09 -0.12 -0.04 0.02 | 0.02 012 088 1.46 0.14 0.04

Notes: AB1, AB2, and AB3, respectively represent the Arellano and Bover (1995) estimators using o, = 1,5 and
10. Entries are obtained from 10,000 replications. DGP is

Yit = M + Zit,

Zit = PZit—1 + €it,

where ¢;; “ N(0,1), p; %i./\/'(l,cri).
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Table 2: Comparison of WG and RMA in Panel AR(2) case

Bias Variance x 100 MSE x 100
PRaia p2 PRaia P2 PRata P2

Tp N p p2 | WG  RMA | WG RMA | WG RMA | WG RMA | WG RMA | WG RMA
50 09 0.2]-0.62 -0.20 [-0.19 0.02 0.92 1.82 0.53 0.84 39.70  5.99 4.07 0.88
100 09 0.2]-0.62 -0.20 (-0.19 0.02 0.47 0.93 0.28 0.44 38.77  4.92 3.78 0.49
200 09 0.2]-062 -0.20 |-0.19 0.02 0.23 0.46 0.13 0.21 38.40 4.37 3.62 0.27
10 50 09 0.2]-0.32 -0.07 [-0.11 0.02 0.28 0.37 0.23 0.29 10.82 0.79 1.46 0.32
10 100 0.9 0.2]-032 -0.06 |-0.11 0.02 0.14 0.19 0.12 0.15 10.46 0.56 1.31 0.19
10 200 0.9 0.2]-032 -0.06 |-0.11 0.02 0.07 0.09 0.06 0.07 10.40 0.46 1.26 0.12
20 50 09 0.2]-0.16 -0.01 [-0.06 0.01 0.08 0.09 0.10 0.11 2.63  0.10 0.48 0.13
20 100 0.9 0.2]-0.16 -0.01 |-0.06 0.01 0.04 0.04 0.05 0.06 2.54  0.05 0.42 0.08
20 200 0.9 0.2]-0.16 -0.01 |-0.06 0.01 0.02 0.02 0.03 0.03 2.50  0.03 0.39 0.05
50 0.5 0.2]-0.58 -0.31 [-0.24 -0.11 | 1.15 2.23 0.50 0.73 34.50 11.70 | 6.31 1.87
100 0.5 0.2 ]-0.57 -0.30 | -0.24 -0.10 | 0.55 1.08 0.25 0.36 33.31 10.16 | 595 1.43
200 0.5 0.2]-0.57 -0.30 | -0.24 -0.10 | 0.28 0.54 0.12 0.18 32.85 947 5.77 1.22
10 50 0.5 0.2]-0.28 -0.11 | -0.13 -0.04 | 0.39 0.58 0.21 0.25 8.28 1.69 1.84 041
10 100 0.5 0.2]-0.28 -0.10 |-0.13 -0.04 | 0.20 0.30 0.10 0.13 7.92 1.32 1.70 0.27
10 200 05 0.2]|-028 -0.10 |-0.13 -0.04 | 0.10 0.15 0.05 0.06 7.80 1.16 1.64 0.20
20 50 0.5 0.2]-0.13 -0.03 |-0.06 -0.01 | 0.16 0.21 0.10 0.11 1.94 0.28 0.51 0.12
20 100 0.5 0.2]-0.13 -0.03 |-0.06 -0.01 | 0.08 0.10 0.05 0.06 1.82 0.17 0.45 0.07
20 200 0.5 0.2]-0.13 -0.03 [-0.06 -0.01 [0.04 0.05 0.03 0.03 1.77  0.12 0.42 0.04

Notes: DGP is
Yit = Wi + Zit,

Zit = P1Zit—1 + P2Zit—2 + €it,

where p = p1 + p2, €t ud N(0,1), and p; N (O,Gi).
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Table 3: Comparison of WG and RMA with Exogeneous Variable.

Bias ‘ Variance x 100 ‘ MSE x 100 | Rej. of t-test

AR(1) case

To N p| WG RMA | WG RMA WG RMA | WG RMA

5 50 09]-0.12 0.00 | 0.52 0.51 191 051 | 047 0.08
100 0.9 | -0.12 0.00 | 0.26 0.25 1.65 0.25 | 0.72  0.08

200 09]-0.12 0.00 | 0.13 0.13 1.50 0.13 | 0.94 0.08

10 50 0.9 -0.06 0.00 | 0.23 0.22 048 022 | 022 0.06
10 100 0.9 -0.05 0.01 | 0.12 0.11 0.36 0.12 | 0.36  0.07
10 200 0.9 -0.06 0.01 | 0.06 0.06 0.30 0.06 | 0.60  0.07
20 50 09 |-0.02 0.00 |O0.11 0.11 0.14 0.11 | 0.10 0.06
20 100 09 |-0.02 0.00 | 0.05 0.05 0.09 0.05 | 0.14 0.06
20 200 09 |-0.02 0.00 | 0.03 0.03 0.06 0.03 | 0.22 0.07

AR(2) case: pa =0.2

To N p WG RMA | WG RMA WG RMA | WG RMA

50 0.9 -0.13 -0.05 | 0.52 0.49 211 071 | 051  0.16

100 0.9 | -0.12 -0.04 | 0.26 0.25 1.82 045 | 0.77 0.22

200 09]-0.13 -0.05 | 0.13 0.12 1.70 033 | 096 0.33

10 50 0.9 -0.06 -0.01 | 0.24 0.23 054 024 | 025 0.08
10 100 0.9 | -0.06 -0.01 | 0.11 0.11 0.41 0.12 | 041  0.07
10 200 0.9 -0.056 -0.01 | 0.06 0.06 0.36 0.07 | 0.68  0.09
20 50 09 |-0.02 0.00 |O0.11 0.11 0.15 0.11 | 0.11  0.05
20 100 09 |-0.02 0.00 | 0.05 0.05 0.10 0.05 | 0.17  0.06
20 200 09 |-0.02 0.00 | 0.03 0.03 0.07 0.03 | 0.28  0.06

Notes: DGP for AR(2) case is

Yit = Wi + Zit,
Zit = P1Zit—1 + P2Zit—2 + YQit + €it,

iid iid

where p = p1 + p2, €t ud N(0,1), i ~ N(0,1), gi¢t ~ N (0,1) and v =1.
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Table 4: Comparison of Alternative Estimators in Panel AR(1) under Cross-sectional Dependence

Bias MSE x100
To N p| AB1 AB2 AB3 WG HK RMA | AB1 AB2 AB3 WG HK RMA
5 50 03]-004 069 070 -0.30 -0.13 -0.01| 9.71 47.82 4893 15.84 11.20 14.63
5 50 051]-0.09 049 050 -0.37 -0.18 -0.02 | 10.46 23.60 24.92 20.75 13.04 14.00
5 50 09]-010 -0.02 0.08 -0.52 -0.29 -0.06| 5.83 2.68 0.87 34.28 18.39 12.58
5 100 03]-0.03 069 070 -0.29 -0.13 0.00 | 9.44 4790 48.94 1522 10.53 13.72
5 100 0.5]-0.09 049 050 -0.36 -0.17 -0.01 | 10.04 23.69 24.93 20.03 12.29 13.12
5 100 09]-0.09 -0.02 0.08 -0.52 -0.29 -0.06| 5.58 251 0.8 33.84 17.88 12.15
5 200 03]-0.02 069 070 -0.29 -0.12 0.00 | 9.22 4794 4894 1491 10.36 13.46
5 200 0.5]-0.08 049 050 -0.36 -0.17 -0.01| 9.83 23.74 2492 19.50 11.93 12.76
5 200 09]-009 -0.01 0.08 -0.51 -0.28 -0.06| 5.37 242 0.85 33.18 17.30 11.55
10 50 03]-0.04 069 070 -0.16 -0.05 0.00 | 4.99 47.66 4892 6.19 4.76 5.76
10 50 0.5]-0.08 048 050 -0.19 -0.08 0.00 | 520 23.31 2491 736 4.85 5.05
10 50 09]-0.11 -0.06 0.08 -0.29 -0.14 -0.04| 434 234 079 11.19 5.36 3.25
10 100 0.3]-0.04 0.69 070 -0.15 -0.05 0.01 | 4.76 47.78 4893 592 4.52 5.53
10 100 0.5]-0.07 0.48 050 -0.19 -0.07 0.00 | 4.91 2346 2492 7.02 4.53 4.76
10 100 0.9 ]-0.11 -0.05 0.08 -0.29 -0.14 -0.03| 4.08 214 079 10.79 4.99 2.91
10 200 0.3]-0.04 069 070 -0.15 -0.05 0.00 | 4.61 47.85 4893 583 434 5.28
10 200 0.51]-0.08 048 050 -0.19 -0.07 0.00 | 4.76 23.53 2492 6.95 4.37 4.57
10 200 0.9]-0.11 -0.05 0.08 -0.29 -0.14 -0.04| 3.92 200 077 10.84 4.93 2.88
20 50 0.3(-0.03 0.69 0.70 -0.08 -0.02 0.01 | 249 4724 4890 263 2.24 2.57
20 50 0.5(-0.05 047 0.50 -0.10 -0.03 0.01 | 2.37 22.60 24.88 274 2.05 2.14
20 50 09]-0.09 -0.07 0.07 -0.15 -0.07 -0.01| 214 1.51 0.61 3.21 1.50 0.92
20 100 0.3 |-0.02 0.69 0.70 -0.08 -0.02 0.01 | 2.35 4746 4892 249 2.12 2.46
20 100 0.5 |-0.04 048 0.50 -0.10 -0.03 0.01 | 2.23 22.87 2490 262 1.94 2.05
20 100 09 |-0.09 -0.06 0.07 -0.15 -0.07r -0.01| 2.06 1.42 0.62 3.14 143 0.87
20 200 0.3(-0.03 0.69 0.70 -0.08 -0.02 0.01 | 225 47.60 48.92 242 2.01 2.32
20 200 0.5 |-0.04 048 0.50 -0.10 -0.03 0.01 | 2.14 23.03 2491 255 1.85 1.94
20 200 09|-0.09 -0.06 0.07 -0.15 -0.07 -0.01| 1.98 136 0.63 3.08 1.37 0.82

Notes: See footnotes in Table 1. DGP is

Yit = Qi + PYit—1 + Uit,

uis = 6 Fy + €it,

where € XN (0,1),6; Y N (1,1) and F;, ¢ N(0,1).
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