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Abstract 

Hybrid control systems can arise when a discrete 
event system is used to supervise the behaviour of 
continuous-state systems. In this context, tlie DES 
supervisor manipulates syiiibols which are represen- 
tative of events occuring within the plant’s state 
space. An important issue in the design of such con- 
trol systems concerns conditions under which such 
symbolic manipulations are sufficient to adequately 
supervise the plant. This paper provides a method for 
identifying such supervisable events whose computa- 
tional complexity is polynomial in plant complexity. 

I Introduction 

Supervisory control systems use logical directives to 
control dynamical systems. When tlie system to be 
controlled evolves over a continuous-state space, then 
the entire system consists of two distinctly different 
types of systems; a discrete event system (DES) su- 
pervisor or controller and the continuous-state sys- 
tem (CSS) plant. This combination of two different 
types of systems is soinetiiiies called a hybrid control 
system. Because the plant and supervisor are differ- 
ent t.ypes of systems, an iwterjace is needed to con- 
nect the plant and supervisor. The interface has two 
functions. I t  must transform the planl’s state vector 
into a symbol which is representative of soiiie “event” 
occuring within tlie plant. The interface must also 
transform control symbols (directives) issued by the 

supervisor into a control vector which can be used by 
the plant. The interface is therefore responsible for 
identifying “events” occuring within the plant which 
can indeed be controlled by the control policies avail- 
able to  the system. This identification problem is 
referred to as event identification in this paper. The 
problem of event identification is, essentially, a prob- 
lem of identifying an interface which insures that the 
plant is controllable in some appropriate sense. 

The combined plant and interface can be treated 
as another discrete event system. This equivalent 
plant DES or plant automaton [Antsaklis 19941 is the 
entity which is actually controlled by the supervisor. 
The implicit assumption of such a supervisory con- 
trol scheme is that controlling the plant automaton 
is sufficient to “acceptably” control the original plant. 
The sense in which DES controllability implies CSS 
controllability is therefore an important issue in hy- 
brid system’s theory. Addressing this issue requires a 
good understanding of the relationship between the 
CSS plant and its DES counterpart, a relationship 
which is largely determined by the type of interface 
used to connect the plant and supervisor. 

There has bcen, to  date, relatively little organized 
work attempting to study the relationship between 
DES and CSS coiitrollability and the impact of this 
relationship on the system’s interface. Most hybrid 
systems work has generally assumed a system inter- 
face with sufficient structure to render such questions 
secondary. The problem with this approach is that 
it lacks sufficient generality to  provide a deep un- 
derstanding of the relationship between continuous 
state system’s and their derived symbolic behaviour. 
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haviour of smooth dynamical systems over state space 
partitions as well as [Nerode 19921 which examined 
the structural stability of hybrid systems, Additional 
work in this area will be found in [Stiver 19921 where 
the notion of quasi-determinism was introduced to 
handle this issue. 

3“ +. 3” for i = 0, . . . , m are assumed to be Lip- 
sliitz continuous with respect to the state vector to 
insure uniqueness of state trajectories, Z(t) .  The vec- 
tor fields fi represent control policies which are coor- 
dinated through the control vector f .  

The plant is controlled through logical directives 
This paper discusses the “supervisability” of hy- 

brid systems in a manner which relates hybrid system 
supervision to existing notions of CSS controllability. 
The principal result of this paper is a set of conditions 
on the hybrid system interface which is sufficient to 
guarantee the hybrid system’s supervisability. These 
sufficient conditions provide a means for determining 
“supervisable” hybrid system interfaces. It is then 
show1 that an interface satisfyng these sufficient con- 
ditions can be efficiently computed using the method 
of centers [Nemirovsky 831. The method of centers 
is an approach to convex programming which is eas- 
ily framed as a learning algoritliin and which can be 
shown to converge in finite time that scales in a poly- 
nomial manner with plant complexity. These com- 
plexity results therefore indicate that the problem of 
event identification may be efficiently addressed in 
applications with a large number of available control 
policies. 

issued by a supervisor. The supervisor is a discrete 
event dynamical system. Such a discrete event sys- 
tem can take on a variety of forms including deter- 
ministic automatons, Petri nets, recursively enumer- 
able processes, or directed acyclic gra.phs. The only 
assumptions on the supervisor invoked by this paper 
concern the input to and output from the supervisor. 
In particular, the supervisor’s inputs  are symbols 5 
drawn from a finite alphabet X and the supervisor’s 
cutputs are symbols i; drawn from a finite alphabet 
R. For n = 0,  1, . , . , CO, the sequence of input sym- 
bols will be denoted as Z[n] and will be called the 
plant symbol sequence. The sequence of output sym- 
bols will be denoted as F[n] and will be called the 
control spmbol sequence. 

The generator transforms the plant’s state trajec- 
tory, Z ( t )  into a plant symbol sequence, Z[n]. This 
sequence is obtained from the following equation 

2 Hybrid Dynamical Systems where 7 : fin +. 2 is a surjective mapping and where 
~ ~ [ n ]  is a sequence of plant instants representing the 
times (measured with respect to tlie plant’s clock) 
when tlie generator issues a plant symbol. Hybrid dynamical systems consist of a continuous- 

state plant interfaced to a discrete event supervisor. 
The system therefore consists of three components; 
the plant, supervisor, and interface. The interface can 
be decomposed into two subsystems known as the QC- 

tuator  and generator. This section formally discusses 
the form of the hybrid system components assumed 
in the remainder of this paper. The following formu- 
lation is an extension of earlier work in [Stiver 19921. 
It was also influenced by other hybrid system models 
in [Nerode 19921 and [Peleties 10891. 

The system to be controlled is called the plant. 
The plant is represented by the following differential 
equations 

m dz 
dt 
- = f O ( f )  + l * i f i ( Z )  

i = l  

where f E 3” is the state vector and i: E ?I?”’ is 
the control (reference) vector. The functions fj  : 

For this paper, 7 and ~ ~ [ n ]  are defined with re- 
spect to an open covering of the plant’s state space. 
Let X denote an open covering of the plant’s state 
space. This open covering will be called the hybrid 
system’s basis event covering and is given by 

x =  { x1 e * -  (3) 

where xi C %” for i = 1,. . . , q. Since X is an open 
covering, each of the subsets xi is an open set and 
Ui xi = 3”. Each element of X will be referred to as 
a lasis event for the hybrid system. 

The generator mapping and plant instants are d_e- 
fined with respect to the basis event covering. Let X, 
tlie alphabet of plant symbols consist of symbols la- 
beling each one of the basis events in x. If the plant 
state Z ( t )  is on the boundary, I’(x), of a basis event 
x, the generator mapping 7 will output the symbol 
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associated with that basis event. In tlie event that 
the state is not on a boundary, then the generator 
mapping’s output is NULL. 

The plant instants are defined as those times when 
tlie plant state is 011 the boundary of a basis event. 
A more formal definition of plant instants can be ob- 
tained by taking the inferior limit of tlie set of open 
time intervals over which the plant state crosses a 
boundary. 

The actuator transfornis the control symbol se- 
quence, ?[tal, into a control vector trajectory. This 
relationship is given by the following equation 

W 

?(t)  = Q(?[1Z])I (Tc[ l l ] ,  Tc[n - 11) ( 5 )  
n=O 

where I(t1,tz)  is an indicator function taking on tlie 
value of unity over_the interval [tl , t2) and zero else- 
where, where a : R 4 Rm is an injective mapping 
from tlie control symbols into a finite set of con- 
trol vectors, and where ~ ~ [ n ]  for n = 0, 1, . . ., 00 is 
a sequence of coiitrol instalits representing the times 
when the supervisor issued the nth control symbol. 
Tlie control iiistaiits are measured with respect to the 
plant’s clock. 

Full characterization of the actuator is obtained 
once tlie mapping Q and the mechanism for determin- 
ing the sequence of control instants ,rC[n], has been 
specified. Due to causality considerations, i t  will be 
assumed that tlie nth control instant will be between 
the nth and n + 1st plant instants. This therefore 
implies that 

for all n = 1,. . . ,00. I t  is further assumed that 
T ~ [ O ]  = rC[0] = 0. For this paper, it  will be basi- 
cally assumed that the control instant occurs “imme- 
diately” after tlie associated plant instant. 

3 Supervisability 

The combination of plant and interface forms another 
discrete event system. The liybrid control system, 
from the supervisor’s perspective, can then be seen 

as two interconnected DES; the supervisor and an 
equivalent plant DES. Since the supervisor is directly 
connected to the plant DES, one approach to hybrid 
controller design is to synthesize a supervisor which 
effectively controls the equivalent DES model of the 
plant. Tlie natural concern is whether or not control 
of tlie DES is sufficient to  (‘acceptably’’ control the 
original plant. 

The following discussion indicates precisely what 
is being controlled by the supervisor. Let X be a fi- 
nite open cover of 3” consisting of elements xi, for 
i = 1 , .  . . ,(I. The set of conjunctive events, C, gener- 
ated by X will consist of all subsets, c ,  of !Rn which 
can be expressed as tlie intersection of elements in 
X. In other words, for any conjunctive event c there 
exists a collection, I ,  of integers between 1 and q such 
that c=nxi (7) 

i e I  

Tlie set I will be called the index set of the conjunc- ’ 

tive event. 

The symbolic behaviour of the plant is described 
by tlie way in which the plant’s state transitions be- 
tween events. Consider a hybrid system with a col- 
lection, C, of conjunctive events generated by a fi- 
nite cover, x, of the stat,e space. be a fi- 
nite alphabet of c_ontrol symbols, let V c C, and 
let A c V x V x R. The plant automaton associated 
with the hybrid system is a labeled directed graph, 
(V, A ) ,  where a.n ordered triple of ( co , ct , i;) is in A if 
and only if the plant’s state tra.jectory, ?( t )  generated 
by the system equations 

Let 

d? 
dt 
- = f ( 5 ,  a(?)) 

satisfies the following conditions. 

0 there esists To such that ?( t )  is in the closure 
of c ,  for 0 5 t 5 To. 

there esists Tt such that 5 ( t )  is in the closure 
of ct for t = Tt. 

a.nd f ( t )  is not in the closure of ui ci for To < 
t < Tt. 

As a model of the plant’s symbolic beha.viour, the 
plant a.utomaton provides tlie basis for deterniining 
a supervisor which can coiitrol the plant. In order 
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for the resulting supervisor t o  effectively control the 
plant between conjunctive events, it is necessary that 
the plant automaton also be supervisable. The fol- 
lowing makes this notion of supervisability more pre- 
cise. Consider the plant automaton, (V, A )  associated 
with a hybrid control system and consider two events, 
co and ct, which are elements of V .  Let F[n] denote 
the control history for a directed walk from vertex c, 
to c:. The event ct is said to be supervisable f rom co 
if and only if any other directed walk originating from 
co with control history F[n] necessarily terminates at  
Ct . 

The following proposition provides a sufficient 
condition for testing whether or not an arc of a plant 
automaton is indeed supervisable 

Proposition 1 Consider a hybrid system with an 
associated basis event collection, X. Let (V,A)  be a 
given plant automaton. Let K : Z" + R ( i = l , .  . . ,q) 
be a family of C' functionals and let fj : 8'' -, R" 
( j  = 0,. . . , m) be a family of Lipsclritz continuous 
conirol policies. Let LjK be the Lie derivative of the 
functional K with respect t o  vector field f , ,  The event 
c in C with indez set I will be supervisable if 

0 K(Z)  > 0 f o r  all 5 4 cj and K ( Z )  = 0 f o r  all 
a: E cj .  

for all i E I and f o r  all f E %", 

attracting invariant set and that all other events are 
repellors of the plant controlled by a(.'). The above 
conditions are based in a straightforward manner on 
the LaSalle invariance principle. 0 

Remark: If the set of conjunctive events form a 
full partition of the plant's state space, then super- 
visability (determinism) is too restrictive to be use- 
ful. Insuring determinism over full state partitions 
will require that the partition boundaries be integral 
manifolds of the system; a condition which will prob- 
ably be impossible to satisfy exactly in practice. The 
formulation stated above, however, does not require 
that events fully partition the state space. Therefore 
it is no longer necessary that event boundaries be 
integral manifolds. Consequently, there is significant 
flexibility in the way we can assign the control vectors 
F to insure determinism in the plant automaton. 

Remark: The inequalities used to test the 
plant automaton's supervisability require that the Lie 
derivatives of the dynamic system be known. If there 
exist prior models for the plant, then these Lie deriva- 
tives can be estimated directly from state estimates. 
If no such models exist however, then these deriva- 
tives must be estimated by direct observation of the 
system. In this respect, the preceding inequalities 
indicate precisely what type of information must be 
made ava.ilable to the system so that it can deter- 
mine whether or not its plant automaton is indeed 
supervisable. 

Remark: The conditions stated above are global 
statements. In many situations, however, satisfaction 
of these conditions on a local basis may be extremely 
useful. For example, if the plant's state trajectory is 
known to be contained within a given region of the 
state space, then it is only necessary that the above 
inequalities be satisfied in that region (rather than 
the entire state space) to insure the supervisability of 
the resulting plant automaton. 

0 and f o r  all 5 on the boundary of evenis C, # C, 
with index sets I,,, tliere exists ail i E Io such 
that K(Z)  = 0 and 

4 Event Identification 
(10) 

Tlie sufiicieiit conditions obtained in the preceding 
Proof: (outline) In order for event c to be super- section form a system of inequalities which are lin- 

visable there must be an arc which goes from every ear in the control vector, I;. Since tlie control vector 
event in V to c such that the state trajectory does is determined by the hybrid system's actuator map- 
not intersect any other event in V. One way to in- ping, these conditions also provide a method for de- 
sure that this occurs is to require that c be a globally termining an  actuator mapping, a, which insures that 
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the given automaton will be iinpleiiielitable. Such (Y 

(or rather the p associated with tlie control symbol 
F) represent feasible points of the inequality system. 
The identification of those F which yield a supervis- 
able plant automaton can be viewed as an event iden- 
tification problem. In this case, tlie event is the arc 
between two conjunctive events. Tlie identification 
algorithm determines whether or not such an arc can 
be actually realized by the system. 

The event identification problem is actually a 
problem in determining feasible points for inequal- 
ity systems. There exist good numerical techniques 
for finding such points. One class of algorithms for 
determining such points uses the so-called method 
of centers to  update a hypothesized feasible point. 
The method of centers computes a sequence of coii- 
vex bodies and their centers in such a way that the 
computed centers converge to the feasible point. De- 
pending on the analytic form of tlie convex bod- 
ies and the centers, diflerent types of algorithms 
are obtained. Examples of such algorithms are the 
so-called ellipsoid method [Bland 19811 and interior 
point methods based on logaritliinic barrier functions 
[Gonzaga 19921. 

The method of centers can be viewed as an induc- 
tive inference algorithm. Inductive inference is a ma- 
chine learning algorithm in which a system leariis a 
Boolean fuiictioii from examples[hngluin 19831. The 
learning algorithm is outlined below. 

0 1Iypothesis: The hypothesis assuiiies that tlie 
conjunctive event c is supervisable by vec- 
tor i;i = a(Fi). This hypothesis is repre- 
sented by a coiives body ICi in which ?j is a 
“center” for JCi. Prior work [Lemmon 1993bl 
[Lemmon 1993]used ellipsoidal convex bodies 
and their associated geometric centers. It is 
quite possible and probably desirable to also 
use analtyic centers defined by logarithmic bar- 
rier functions. This latter approach has proven 
useful in interior point linear pvogramming al- 
gorithms [Gonzaga 19921. 

0 Experiment: The inequalities in tlie proposi- 
tion indicate that specific information has to 
be gathered by the systein before tlie sufficient 
conditions ca.n be tested. The experimental 
component of the algorithm involves tlie mea- 
surement of these quantities. In particular, tlie 
system must be able to  estimate or mea.“ the 

Lie derivatives of the plant. As noted above, 
these derivatives can be estimated if there is a 
prior plant model. When no such model is avail- 
able, there must be sensor capable of measuring 
or estimating these derivatives. 

0 Query: The third component of the algorithm 
is the oracle query. The oracle is a Boolean 
functional which outputs 0 if the experimental 
data is consistent with the inequality system 
and which outputs 1 if the data does not satisfy 
the inequality system. 

0 Update: If the oracle’s response is 0,  then noth- 
ing is clone. If the oracle declares 1,  then the 
current data is inconsistent with the hypothe- 
sis that satisfies the incquality system. This 
means tliat the hypothesis lias to be changed. 
An update algorithm is called to compute a 
new convex body I<j and its associated center. 
The center of tlie updated convex body is then 
taken to be the new control vector Pi. Prior 
work examined the use of central cut ellipsoid 
algorithms [Leininon 1993b] [Lenimon 19931 in 
performing this update step. More recent ex- 
perimental work has implied that the use of an- 
alytic centers (rather than geometric centers) 
may provide a more efiicieiit way of updating 
the hypothesis. 

Tlie adventage of using the method of centers in 
solving such problems is that these methods have 
provable polynomial complexity. There are well- 
known results on tlie convergence of such methods. 
For example, an idealized method of centers algo- 
rithm which uses the geometric center can be shown 
to converge in finite time [Nemirovsky 831. It is fur- 
ther shown that this finite convergelice time scales in 
a way which is independent of problem complexity. 
The problem with the idealized algorithm is tliat the 
computatioii of geometric centers for arbitrary con- 
vex bodies is impractical. The central-cut ellipsoid 
algorithm represents a more practical way of com- 
puting geometric centers. For this algorithm, it has 
been shown that the finite convergence time scales on 
tlie order of o(n1nL) where n is a measure of plant 
complexity (generally the number of control policies 
available to control the plant) and L is a measure of 
the volume of the feasible set that’s being searched 
for [Groetsliel 19881 [Leininon 1993b]. 

Tlie significance of the preceding discussion is that 
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it  suggests that the controllability of individual events 
in the plant automaton can be decided quickly and 
efficiently using the method of centers. The scaling 
results suggest that the o(n In L )  convergence rate for 
the ellipsoid method can be improved upon consider- 
ably and that from a theoretical perspective this rate 
will be bounded below in a manner which is inde- 
pendent of plant Complexity. This immediately sug- 
gests that more efficient approaches than the ellipsoid 
method can be used for findiiig feasible points. This 
fact is already well-known and interior point algo- 
rithms using analytic centers based on so-called log- 
arithmic barrier functions [Gonzaga 19921 represent 
an important class of update procedures which may 
provide even more efficient identification of supervis- 
able automaton events. 

5 Summary 

This paper has provided a framework for discussing 
hybrid control systems in a way which clearly relates 
hybrid system supemisability back to classical notions 
of system controllability. It was seen that an inter- 
face insuring the supervisability of a hybrid system 
can be computed using coiivex prograniming algo- 
rithms based on the method of centers. I t  was seen 
that this approach for interface identification can be 
implemented in an on-line manner by framing the 
method of centers as an inductive learning protocol. 
Most important is the result that such learning pro- 
cedures will converge in finite time and that this con- 
vergence time will scale in a polynomial manner with 
plant complexity. The results therefore suggest that 
the application of convex programming methodolo- 
gies for validating (verifying) a specified DES con- 
troller or plant model can be done eficiently for large 
scale systems. 
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