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The problem  of tracking and r egu la t ion   i n  mlti- 
variable  syst-aas is considered and the  c lass  of output 

dymanic  compensators  vhich  regulate and a t   t h e  same 
time stabil ize  the  closed  loop  system i s  e x p l i c i t l y  

determined.  Different  versions of the  problem  have 

been  studied by a number of authors  including W.M. 

Wonham and J.B. Pearson [ l l ;  G. Bengtsson CZl; 
L. Cheng and J .B.  Pearson C31; W.A. Wolovich and P. 

Fe r re i r a  [41 ;  P.J.  Antsaklis and J .B.  Pearson C51. 

This  vork  deals  vith  a  generalized  version of t he  

problem (more general  model);  necessary and suff-  

ic ient   condi t ions  for   the  exis tence of so lu t ions  

are derived and the  appropriate  compensators  are  para- 

metrically  characterized  thus  allowing  the  study of 

t he i r   s t ruc tu ra l   p rope r t i e s .  

More specifically,   the  system 

y = - H u + D v  1 1  
z = H u + D v  2 2  

is considered  vhere  y i s  the  (pxl)  measured output, 

z is the  ( rxl)   output   to   be  regulated,  v is the  (qxl) 

disturbance and u the (mxl) control  input.  H 1 ,  €I2, 

D and D a re   ra t iona l   mat r ices .  Let €I1 = B I A i l  

v i t h  B l ,  A r e l .   r i g h t  prime  polynomial  matrices;  a 

cont ro l   l av  u = Cy (=Q,lP y) must  be  determined so 

1 2 

1 

(a) QcAl + PCBl = Ad a  stable  polynomial 

matrix 

and (b) the t ransfer   matr ix  from  v t o  z i s  s t ab le .  

Condi t ion  (a)   deals   vi th   the  s tabi l i ty  of the  closed 

loop  system  vhile  (b)  with  the  regulation. Under the 

assumption  that H2A1 i s  s t ab le ,  i t  is shown t h a t   t h i s  

problem  has  a  solution  iff 

( i )  Q;’Q, = N a  polynomial  matrix 

and ( i i )   there   ex is t   po lynomia l   mat r ices   a  and a 
1 2 

such  that - 
B a  + a Q = D  

3 1  2 1  
w 

vhere  the  polynomial  matrices Q I ,  Q2, B3, Q, and D 

are determined  from H ] ,  Hz, D and D using  prime 

f ac to r i za t ions .  Note t h a t   ( i )  and ( i i )   a r e   g r e a t l y  

s implif ied  i f   less   general   vers ions of the problem 
are  considered  (e.g.  In  the  vork by G. Bengtsson and 

by W.A. Wolovich. ( i )  i s  always s a t i s f i e d  and the equ- 

1 2 

2BZ 

a t ion   ‘ i n   ( i i )  has the ident i ty   mat r ix  on the right 
hand s ide ) .   I n   o rde r   t o   cha rac t e r i ze   a l l   t he   so lu t -  

ions,  it is shovn t h a t   ( i i )  is s a t i s f i e d   i f f   t h e r e  

e x i s t   p o l y n d a l   m a t r i c e s   d ,  and dg which s a t i s f y  
- 

GVdl + d2c, = - ivD 

A-1,- A , .  

where (H A )A-’ = Av Cv v i t h  Av, C r e l .   l e f t  prime 

polynomial  matrices and A any stable  polynomial mat- d 
r i x .  Using t h i s   r e s u l t ,  i t  i s  then shown t h a t   i f   a  

so lu t ion   ex is t s   then  Q P of the  compensator a re  

given by: 
c’ c 

2 1  d 

r 

[Qc,Pcl = [Ad,dllU ; 

where d l   s a t i s f i e s   t h e  above equation and the  (unimod- 

ular)   matr ix  U s a t i s f i e s  %] [ 0’1 . I n  view of t h e   f a c t   t h a t  

A,  -Y ’ 
u-l -1 B~ X 1 C61 it  i s  c l e a r   t h a t  Q P s a t i s 9  c’ c 

Qc(-Y) + P X = d 
c 1  

vhich  c lear ly  shows the  dual   role  of the compensator 

i . e .   s t a b i l i z a t i o n   ( f i r s t   e q u a t i o n )  and regula t ion  

(second  equation).  Using  these  expressions i t  i s  the0 

shown t h a t   f o r  any  choice of Ad, the  compensator  must 

be of the form 
-1A-1- 

C = Gd Q, PcGn 

vhere G and G in t roduce   in   the   loop   charac te r i s t ics  

of the exogenous signal necessary  for   regulat ion.  

This   resul t   general izes  known r e s u l t s  of  the  single- 
input  single-output  case.   Finally i t  i s  shown t h a t  

appropriate compensators are  given by 

d 

Qc = Adzl  - G(6,B) 

where W i s  an  arbitrary  polynomial  matrix; methods 

to  derive  proper  compensators  are  also  discussed. 
A simple example is now given  as an i l l u s t r a t i o n  

of the above. 
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Example Given 

1 1 1 
y = s-l + [(s-1) (9-2) ' 7 I" 
z =  - s-1  u + [ 

1 1 
(s-l)(s-2) ' 

conditions (i)  and  (ii) are satisfied since: 

a d  (ii) a + a s (s-2) = -f(3s+2)s-2) 2 

Appropriate compensators will be  of  the form 
1 2  

for  any choice of Ad. Actually Qc, PC are given by: 

Qc = AdCf(3s+2) (s-2)l + iCs2(s-2)1 

which is of minimal order and  proper. 

C I  1 

C2l 

C3 1 

C4 1 

C5 1 
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