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Summary 

The notions of common  right  and  common  left 
divisors of two  polynomial  matrices are well es- 
tablished.  They  can be used  to characterize the 
unobservable  and  the  uncontrollable  modes of a  sys- 
tem  and  to  study  polynomial matrix equations of the 
form  alVl + a V = V3. The new notion of  common 

(right,left)  divisors of  two polynomial matrices 
is  introduced here and  it  is  used  to characterize 
the  modes of the  system which are both  uncontrol- 
lable and unobservable; it  is  also  used  to  study 
polynomial  matrix  equations of the  form 

where N(qxp) , D(rxm)  and  V(qxm) are  given  poly- 
nomial matrices; (1) has  attracted recently consid- 
erable attention ([l] to [ 7 1 )  mainly because of its 
importance  in  the  output regulation problem with 
internal  stability. 

To introduce  the common (right,left) divisors, 
consider  the  equation 

Nx + x D = O  1 2  (2) 

which is  important in solving (l), since the  com- 
plete solution of (1) can  be written as  the sum of 
a  particular solution Of (1) and  the general s o l u -  
tion of ( 2 ) .  Assume  that  D  is square and  non- 
singular which is  the  case  of  interest in the  prob- 
lem of regulation. 

Theorem. The general solution of ( 2 )  is given by 

(x,,x2) = ((W + M G -')D , -R(W + G-'M ) )  ( 3 )  
2 2  1 1  

where W is  any  polynomial matrix, M1 and : f2  

polynomial matrices such  that N G = G1-$l1 

strictly  proper with ( M 2 , G 2 )  right prime, (X1,G1) 

left prime and G1,G2 right, left  divisors of 

N,D  resrectively. 

2 2  
-1 

Proof.  Let (x,,x2) be a solution of ( 2 ) .  Then 

Nx D-' = -x2. Write x D-' = I\' + M ~ G ~ - ~  = w + G - ~ M  

(using division algorithm [SI) where W some 
polynomial matrix, (M ,G2) right prime, (Pll,G1) 

left prime with M ~ G ~  = ~~-51~ strictly proper; 

1 1 1 1  

-1 

note that G~- 'D  is  a polynomial matrix i.e. 

is  a  left  divisor of D. Then N ( W  + Gl-311) = -x 
-1 which implies  that NG1 is  a  polynomial matrix 

i.e. G1 is  a  right  divisor  of R. Therefore the 

solution (x,,x2)  is of  the  form (3). Conversely 

x1  and x2 from (3) satisfy ( 2 ) .  

Definition. (G G ) is  a  pair  of common (right, 
left)  divisors '(N,D)  (or (G1,G2) is c(r,l)d 

of (N,D)  if 

G 2  

2 

N = KG1, D = G D 2 ( 4 )  

and  there  exist  (pxm)  polynomial matrices 
such  that M1 "2 

G1 M = M  G 
-1 

1 2 2  
-1 

(5) 

with (M1,G1) left prime and ( M 2 , G 2 )  right prime 

polynomial matrices .a (5) implies  that IG1 ' = " / G 2 i .  

G1 and G 2  not only have the same invariant  poly- 

nomials but they  also contain certain structure 
common to N  and  D. G1 is  related  to G2 in 

the same way  the denominators P1, P2 of  two prime 

factorizations of a  transfer matrix T = P1 . Q, = 

R2P2 are  related [9][1O]. A  greatest common 

(right,left)  divisor (gc(r,l)d)  (G1,G2) can also 

be defined; consider  it  to  be  a c(r,l)d  (G1,G2) 

such  that: degree l G Z l  = degree ~ G I is  maximum. 

Note  that  the notion of c(r,l)d is unique to ma- 
trices, since if polynomials are  considered  then  a 
c(r,l)d is just a common divisor  (i.e.  a  common 
factor)  of  the  polynomials. 

-1 
-1 

* *  
* *  

. *  
2 

In view of the definition it  is  clear  that  the 
general solution (3) is written in terms of c(r,l)d 
of  (Ii,D). If all such divisors  are unimodular i.e. the 
gc(r,l)d of (K,D) unimodular, the  general solu- 
tion to  (2) is: (x,,x2) = (m, -mT). 4n example 
of such case  is when N  is also square and IN/ , 
iD 1 are prime polynomials.  (See [5, Theorem 4 1 ) .  

The c(r,l)d plays  a role in characterizing 
the  modes of the system 

110 

0191-2216/81~oooO-0110 $00.75 0 1981 IEEE 

Authorized licensed use limited to: UNIVERSITY NOTRE DAME. Downloaded on August 27, 2009 at 14:15 from IEEE Xplore.  Restrictions apply. 

P. J. Antsaklis, "On the Common (Left, Right) Divisors of Two Polynomial Matrices,” P roc. o f t he 2 0th 
I EEE C onf. o n D ecision a nd C ontro l , pp. 110-111, San Diego, CA, Dec.16-18, 1981.



Pz = Qu; y = Rz + Nu (6) 

w h i c h   a r e   b o t h   u n c o n t r o l l a b l e   a n d   u n o b s e r v a b l e .  
In p a r t i c u l a r ,  l e t  GL and GR b e   g r e a t e s t  com- 

mon l e f t   ( g c l )  and r i g h t   ( g c r )   d i v i s o r s  of P , ?  
and  P,R r e s p e c t i v e l y .  I t  i s  known t h a t   t h e -  
r o o t s   o f  / G L  I are a l l   t h e   u n c o n t r o l l a b l e   ( c )  

modes [8] ( t h e   i n p u t   d e c o u p l i n g   z e r o s  [ll]) of 
t h e   s y s t e m .   S i m i l a r l y ,   t h e   r o o t s   o f  1 ~ ~ '  a r e  

a l l   t h e   u n o b s e r v a b l e  (0)  modes ( t h e   o u t p u t   d e -  
coup l ing   ze ros )   o f   t he   sys t em.   Fu r the rmore ,  

and G R  a l s o   Z o n t a i n   c e r t a i n   s t r u c t u r a l   i n f o r m a -  

t i o n   a b o u t   t h e   s y s t e m   k - h i c h   c a n   h e   t r a n s l a t e d   i n t o  
i n f o r m a t i o n   a b o u t   t h e   c o r r e s p o n d i n g   u n c o n t r o l l a b l e  
and   unobservable   subspaces .   Wri te  P = G PT = 

? G and l e t  GR be  a gc r   d iv i so r   o f   PL ,R .  

Then GR vi11 a l s o   b e  a g c r   d i v i s o r  of  GR and 

GL 

L- L 

R R  ~ 

PL.  That i s :  

GR = G 2 G R ,  PL = P2GR (7)  

- 
wi th  G 2 , P 2  r i g h t   p r i m e .  G R  c o n t a i n s   t h o s e  0 

modes  which ar?  c ,   w h i l e  G2 c o n t a i n s   t h o s e  0 

modes  which a r e   a l s o   c .   ( S o t e   t h a t  similar ap: 
proach  i s  d e s l r i b e d   i n  [ll]) S i m i l a r l y ,   l e t  GI 

- 

- 

be  a g c l   d i v i s o r  of P,,?.  Then 

GL = GLG1, PR = GLPl (8) 

- 
w i t 3  G1,P1 l e f t   p r i m e .  GL c o n t a i n s   t h o s e  c 

modes  which a r ?  0 w h i l e  G1 c o n t a i n s   t h o s e  c 

n o d e s   w h i c h   a r e   a l s o  o \ J o t e   t h a t  

- 

- 

The zeros   o f  G2 = 3r i G  ~ a r e   e x a c t l y   t h e   c o  

modes.   Furthermore G2 2nd Gl  c o n t a i n   s t r u c -  

t u r a l   i n f o m a t i o n   w h i c h   c a n   b e   t r a n s l a t e d   i n t o   i n -  
f o r m a t i o n   a b o u t   t h e   u n c o n t r o l l a b l e   p a r t  of t h e  un- 
o b s e r v a b l e   s u b s p a c e  ( G 2 )  or   abou t   t he   unobse rv -  

a b l e   p a r t  of t h e   u n c o n t r o l l a b l e   s u b s p a c e  (G1). 

' I  -- 

which   cor responds  to t h e  -- (Kalmgn) s t a t e - s p a c e   d e -  
com3os i t ion   i nco  co ,   co ,  c o ,  co subspaces .  

S o t e   t h a t ,   f r o m   ( 9 ) ,  P C- = G1-'P1 where 

1 1  

-1 
2 2  

( P 2 , G 2 )  r i g h t   p r i m e ,  (P , G  ) l e f t   p r i m e   w i t h  

G1 and G 2  r i g h t  and l e f t   d i v i s o r s  of GL and 

G~ r e s p e c t i v e l y .   i . e .  ( G  ,G ) i s  a c ( r , l ) d  of ( G  

G R ) ;  i t  i s  a l s o  a c ( 1 , r ) d  of  G PGR (= GlP2 
1 2A -1 ~ -1 L '  

= P1G2). 

The new n o t i o n  of c ( r , l ) d   a p p e a r s  t o  be  a 
n a t u r a l   e x t e n s i o n  of t h e   n o t i o n s  of c r  and c l  
d i v i s o r s .   F u r t h e r   i n v e s t i g a t i o n  i s  needed   t o  
s t u d y   t h e   f u l l   p o t e n t i a l  of t h i s  new idea   and  its 
i m p l i c a t i o n s .  
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