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Switched Systems Optimal Control Formulation
and a Two Stage Optimization Methodology

Xuping Xu and Panos J. Antsaklis

Abstract— This paper provides an approach toward solving
optimal control problems of switched systems. In general,
in such problems one needs to find both optimal continuous
inputs and optimal switching sequences, since the system
dynamics vary before and after every switching instant. Af-
ter formulating the optimal control problem, we propose a
two stage optimization methodology. Since many practi-
cal problems only concern Stage 1 optimization where the
number of switchings and the order of active subsystems are
given, we concentrate on Stage 1 and develop an algorithm
based on differentiations of the value function with respect
to the switching instants. The algorithm is also applied to
general switched linear quadratic problems and the advan-
tages are discussed.

Keywords— Switched Systems, Optimal Control, Nonlin-
ear Optimizations.

I. INTRODUCTION

A switched system is a hybrid system that consists of
several subsystems and a switching law specifying the ac-
tive subsystem at each time instant. Examples of switched
systems can be found in chemical processes, automotive
systems, and electrical circuit systems, etc.

Recently, optimal control problems of hybrid and
switched systems have been attracting researchers from
various fields in science and engineering, due to the prob-
lems’ significance in theory and application. The available
results in the literature can be classified into two categories,
theoretical and practical. [2], [8], [9], [10], [12], [16] primar-
ily focus on theoretical results. These results extend the
classical maximum principle or dynamic programming ap-
proaches to such problems. However, because there are no
efficient constructive methodologies suggested in these pa-
pers for obtaining optimal solutions, there is a significant
gap between theoretical results and their applications to
real-world examples. As to the second category of practical
results, the researchers take advantage of the availability of
high speed computers and efficient nonlinear optimization
techniques to develop some methodologies for solving such
problems (see e.g., [1], [5], [6], [7], [11])-

It is worth noting that because there are many different
models and optimal control objectives for hybrid systems,
the above papers often differ greatly in their problem for-
mulations and approaches. Switched systems, on the other
hand tend to be described by similar models, and similar
optimal control problem formulations have appeared in the
literature (e.g, [5], [6], [7], [9], [11], [13]). For an optimal
control problem of a switched system, one needs to find
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both an optimal continuous input and an optimal switching
sequence since the system dynamics vary before and after
every switching instant. Due to the involvement of switch-
ing sequences, such a problem is difficult to solve. Most of
the methods in the literature that we are aware of are based
on some discretization of continuous-time space and/or dis-
cretization of state space into grids and use search methods
for the resultant discrete model to find optimal/suboptimal
solutions. But the discretization approaches may lead to
computational combinatoric explosions and the solutions
obtained may not be accurate enough. This paper pro-
vides an approach for solving optimal control problems of
switched systems that is not based on discretizations and
employs continuous nonlinear optimization to determine
the switching instants.

In Section II, we formulate the optimal control prob-
lem and discuss some of the related issues. In Section III,
a two stage optimization methodology is proposed under
some additional assumptions. Since the two stage opti-
mization is still difficult to implement, we concentrate on
Stage 1 optimization where the number of switchings and
the order of active subsystems are already given. Focusing
on Stage 1 problems is appropriate because in many prac-
tical situations, we only need to study problems with fixed
number of switchings and fixed order of active subsystems
(e.g. the speeding up of an automobile power train only
requires switchings from gear 1 to 2 to 3 to 4) and in such
cases the solution to Stage 1 is indeed the optimal solution
for the problem. On the other hand, Stage 1 optimization
itself is already challenging enough and the solution to it is
a first step toward solving the general problem which does
not possess a good solution up to now. In Section IV, we
derive a second-order search algorithm based on differenti-
ations of the value function with respect to the switching
instants, which is an extension of the algorithm in [14].
The algorithm is then applied to general switched linear
quadratic (GSLQ) problems in Section V with advantages
indicated. An example is given to illustrate our approach.

II. PROBLEM FORMULATION
A. Switched Systems

We define a switched system as follows.

Definition 1 (Switched System) A switched system is a
tuple S = (D, F, L) where
e D = (I,E) is a directed graph indicating the discrete
structure of the system. The node set I = {1,2,---, M}
is the set of indices for subsystems. The directed edge set
E is a subset of I x I — {(¢,7)|¢ € I} which indicates valid
events. If an event e = (i1,42) takes place, the system
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switches from subsystem i1 to io.
e F={fi: R"xR™ xR — R", i € I} with f; describing
the vector field for the ith subsystem & = f;(z,u,t).
o L = {AJAe C R", e € E} provides a logic constraint
which relates the continuous state and the mode switchings.
Note for e = (i1,i2) € E, A, # 0. Only when z € A, a
switching from 4, to i is possible. |
From Definition 1, a switched system is a collection of
subsystems related by a switching logic described by D.
The continuous state x and the continuous input u satisfy
x € R" and uw € R™. If a particular switching law is
specified, then the switched system can be described as

i (2(t), u(t), 1) (1)
i(t) = e(z(t),i(t™),1), (2)

where ¢ : R" X I x R — I determines the active subsystem
at time ¢. Note that (1)-(2) are used as the definition of
switched systems in some of the literature (e.g., [5]). Here
we adopt Definition 1 rather than (1)-(2) because in design
problems, in general, ¢ is not defined a priori and it is a
designer’s task to find a switching law. A salient feature of
a switched system is that its continuous state = does not
exhibit jumps at switching instants.

For a switched system S, the inputs of the system consist
of both a continuous input u(-) and a switching sequence.
We define a switching sequence as follows.

Definition 2 (Switching Sequence) For a switched sys-
tem S, a switching sequence o in [to,ty] is defined as

(tKaeK))v (3)

WlthOSK<OO,t0St1St2S 'StKStf,and’LbEI,
er = (ig_1,ix) € Efor k=1,2,--- | K.

We define ¥4 ¢, = {o’s in [to, ]} O

A switching sequence o as defined above indicates that, if
ty < tp41, then subsystem 4y, is active in [tx, trq1) ([tx,ty]
if k = K); if t, = tge1, then iy is switched through
at instant ¢ (‘switched through’ means that the system
switches from subsystem i1 to i and then to igx4q all at
instant t;). For a switched system to be well-behaved, we
generally exclude the undesirable Zeno phenomenon, i.e.,
infinitely many switchings in finite amount of time. Hence
in Definition 2, we only allow nonZeno sequences which
switch at most a finite number of times in [to,tf], though
different sequences may have different numbers of switch-
ings. We specify o € X, ¢, as a discrete input.

Ezample 1 (An automotive system) A manual trans-
mission car with four gears is a good example of a switched
system. If we denote the lateral position as z; and the ve-
locity x», the system dynamics at gear ¢ is

o= ((thiO)a (tlael)v (t2762)7 I

j?l = T2
To = a;(x2)u

where «;(z2)’s are the gear efficiency functions. Here
I={1,2,3,4}. If the gear can only be shifted one gear up or
down, then E={(1,2),(2,1),(2,3),(3,2),(3,4), (4,3)}; here
A(l 2) A(2 1) {CE|CE2 € [10 20]}, A(2’3): A(3,2): {$|$2 €

[20,40]}, A(3,4y= A(s,3= {z|z2 € [40,60]}. The inputs of
this system are the continuous input u (the throttle posi-
tion) and the switching sequence (gear shifting). O

B. An Optimal Control Problem

Problem 1: Consider a switched system S = ( F,L).
Find a pair of admissible 0* € Yo, and u” E U =
{piecewise continuous function w on [0,ty] with wu(t) €
Q' C R™, Vt € [0,ts]} that have the properties:

(a) the system state trajectory is driven from z¢ at ¢t = 0 to
an (n — ly)-dimensional smooth manifold Sy = {z|¢(z) =
0,¢7: R® — R} at tg (t; is given) and

(b) J =(x(ty) + [o" L(x(t),ul(t), t)dt is minimized. O

Problem 1 is a basic optimal control problem with fixed
final time, and final state on a smooth manifold. In the fol-
lowing, we further assume that f, ¢, L, ¢; possess enough
smoothness properties we need in our derivations.

The fixed final time formulation of Problem 1 is mainly
for the convenience of subsequent studies in this paper. For
a general problem with non-fixed final time, we can intro-
duce an additional state variable and translate the problem
into one with fixed final time (for details, see [15]).

C. The Mazimum Principle and HJB Equations

Extensions of the maximum principle (MP) and the
Hamilton-Jacobi-Bellman (HJB) equations for problems
similar to Problem 1 have appeared in the literature. For
example, [8], [10], [12] provide the MP for hybrid and
switched systems, while [13], [16] derive the HIB equa-
tions for such systems. Note however these results are not
readily useful for finding solutions for practical problems.

D. A Related Issue

A related issue is the existence of solutions. Even for sim-
ple switched systems consisting of linear subsystems, the
optimal solution may not exist because of the nonZenoness
requirement, as shown in the following example.

Ezample 2: Consider a switched system S = (D, F, L),
where D = (I,E) with I = {1,2}, E = {(1,2),(2,1)},
F={fi=z+u, fo = —z+u}and Ay = A, = R.
Find an optimal control (o, u) such that z(0) =1, z(2) =1
and J = fo —1)2 + w?(t)]dt is minimized.

Consider the sw1tch1ng sequence o = ((0,1),(1/K,(1,2)),
(2/K,(2,1)),---,((2K — 1)/ K, (1,2))) and u(t) = 0 for all

€ [0,2], then as K — oo, J — 0. But J = 0 cannot
be achieved because it requires infinite switchings in finite
time. So the problem has no optimal solution in o € Xg
and u € U. |

As seen from Example 2, the Zeno phenomenon may
prevent us from finding an optimum. Two additional re-
quirements which may be introduced to avoid Zenoness are
proposed in [13]. They are the minimum dwell time switch-
ing requirement and the costs for switchings requirement.

III. TwO STAGE OPTIMIZATION

In general, we need to find an optimal control input

(o*,u*) for Problem 1 such that
J(o",u*) = min

J(o,u). 4
7€), UEU (o,u) )
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Notice that for any fixed switching sequence o, Problem
1 reduces to a conventional optimal control problem for
which we only need to find an optimal continuous input u
which minimizes J,(u) = J(o,u). This observation leads
us toward solving Problem 1 using a two stage optimization
methodology under some additional assumptions.

Lemma 1: For Problem 1, if
(a) an optimal solution (o*,u*) exists and
(b) for any given switching sequence o, there exists a cor-
responding u* = u*(o) such that J,(u) is minimized,
then the following equation holds
J(o,u) =

min  min J(o,u).
g€Xo, iy uwelU

min (5)
0E€X[0,t .1, UEU

[0,tg]
Proof:  First we prove that minsesy,, ; ucu J(o,u) <
infrex;, 0 min, ey J(o,u). This is because for any fixed

o, there exists a u* u*(o) such that J(o,u*(0))
min,ey J(o,u). But for this pair of (o,u*(c)), we must
have J(o*,u*) < J(o,u*(0)), therefore we must have

inf =

J(o*,u*) <
( ’ ) - UGZ[O‘if]

J(o,u™(0))

inf  min J(o,u).
g€EXp, tsl uel
(6)

While we also have the inequality

J(o%,u"(0")). (7)

inf  min J(o,u) < minJ(c*,u) =
O'EE[U ts] ueU ueU

since for any other wu,
u) by the optimality of
d (7) we have

") =

And we can choose u*(o
we must have J(o*,u*) <
(o*,u*). Hence comblmng (6

D=

J(o
) an

J(o*,u*) <

inf  min J(o,u) < J(o*,u*(o
oEXp, ts] uel

(8)
Hence all inequalities in (8) must be equalities and the
inf(,ez[o’tf] can be replaced by min(,eg[o‘if] so we obtain
J(o*,u*) = J(o,u) =

min  min J(o,u).0
a€X, ty] ueU

min
O'EE[O‘tf] , WEU
The right hand side of (5) needs twice the minimization
process. This supports the validity of the following two
stage optimization methodology.

Two stage optimization methodology

Stage 1 Fixing o, solve the inner minimization problem.
Stage 2 Regarding the optimal cost for each o as a function
J1 = Ji(0) = mingey J(o,u), minimize J; with respect to
o€ E[O,tf]- O

We can implement the above methodology by the follow-
ing algorithm.

A Two Stage Algorithm

Stage 1 (a) Fix the total number of switchings to be K
and the order of active subsystems, let the minimum value
of J with respect to w be a function of the switching in-
stants, i.e., J1 = Jl(t1,t2, e ,tK), and find Jl.

(b) Minimize J; with respect to t1,t2, -, tKk.

J(o*,u*).

Stage 2 (a) Vary the order of active subsystems to find
an optimal solution under K switchings.

(b) Vary the number of switchings K to find an optimal
solution for Problem 1. |

The above algorithm has high computational cost. In
practice, many problems only require the solutions of the
optimal continuous input and the optimal switching in-
stants for Stage 1 where a fixed number of switchings and
a fixed order of active subsystems are given. In general,
explicit expressions of J; are difficult to obtain or quite
complicated even for very simple problems (see e.g., Exam-
ple 1 in [13]). Therefore it is necessary to use optimization
methods that do not require explicit expression of .J; as a
function of ¢’s to develop algorithms.

IV. A SECOND-ORDER APPROACH

In the following we focus on the problem where the num-
ber of switchings and the order of active subsystems are
given (Stage 1) and we develop a second-order approach
to determine the optimal switching instants. This is an
extension of the algorithm in [14] which is motivated by
the approach in [3], [4]. Note that in the following, the
value functions we use may not be the optimal value func-
tions under fixed switching sequences. We assume that the
number of switchings is K and the order of subsystems
is ig,41, - +,%kx. The optimal switching instants ¢1,---,tx
need to be determined (i.e., Step 1(b)).

In the derivations in this section, we assume that we have
a nominal control input u(-) and nominal switching instants
ti,to, -, tK (if possible, choose u(-) to be an optimal input
corresponding to the current values of switching instants,
but this is not mandatory). Assume u(-) not varying. We
can regard the value function V° at ¢, (may not be optimal)
as a function of xg,to,t1, -, tx only. Similarly, the value
function V' at ¢; will depend on z(¢;),t;,ti+1, -, tx only.
In the following we assume that the final set S;, = R". We

2
denote %—‘; as a row vector V, %7‘2/ as V. and so on.

A. Single Switching

Let us first consider the case of a single switching. We
write a function with a superscript 0 whenever it is evalu-
ated at tp and a superscript 1— (resp. 14) whenever it is
evaluated at t; — (resp. t1+). It is not difficult to see that

t1
VO(zo,to,t1) = VT (x(t1),t1) —l—/ L(z,u,t)dt.
to

For a small variation dt; of ¢;, we have

Vo(mo,to,tl + dtl)

t1+dty
VI (z(ty + dty), ty + dty) +/ L(z,u,t)dt

to

t1
VIt (z(t),t1) +/ L(z,u,t)dt + V}Tdx(ty)

to

+Vitdt + LY dty + - (dm(tl))TVg;dm(tl)

+5 ‘/tltldt2 + dtl‘/t1+dx(t1) + §dt1L;_d1’(t1)
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1 1
+§dt1L};du(t1) + §L§’dt% + o(dt?) (9)

where

dz(t) = f1dts + 1(f}~
du(ty) = u'=dt, + o(dty)

+ fo 17+ fumwT)dt + o(dt])

By substituting dz(t1) and du(t1) into (9), we obtain

Vo(xg,to,tl +dt1)
= Vo(mo,to,h) + (V= + Vi + L)dt +
SISV VI (AT A+ A )+
2thljgfl* + VAL AL+ Lt 4 LiT)dEE + o(dt?)

2 Y0z, to, t1) + V0dty + FV,2, di3 + o(dt?)

Now since V¥ (z(t1),t1) is the value function for fixed
u(+), we have the relationship

VitV L =0 (10)
By differentiating (10), we obtain
VAL = (VR VI Ll
Vf* — V1:f1+ _ Vz1+ft1+ _ L%‘F _ (Vz1+fi+ + L}ﬁ)u”

(]101+)Tvl1+f1+ (V1+f1+ L916+)f1+ _ Vz1+ft1+
—Lﬁ (V1+f1+ + L1+)

With the help of the expressions of V!, and V!, , we
can write V;? and V;, in the following form:

Vi =L L V()
Vb = (71 = FEOTVEF(F = 1) — (i
FLE(F1= = £ + (VI (7= 07) + L = L) f1-

AV (S -+ L - Lt +
—(VAH it + LLF)ut

Vit fam + Ly )t~

If we know V%, V%, , we can use second-order nonlinear
optimization methods to find the optimal switching instant.

B. Two or More Switchings

For switched systems with two or more switchings, we
need to have more information to construct a second-order
optimization algorithm. Assume that a system switches
from subsystem 1 to 2 at ¢; and from subsystem 2 to 3 at
ta (to < t1 <to <ty). The value function then is

+f
+ft T,u

By similar derivation to the above equations as in Section
4.1, V2, V2, , V2, V2, canbe obtained. To form a second-
order search algorithm, the additional information we need
is V;2,,. The following important observation reveals some
intrinsic relationship among different switching instants is
helpful in the derivation of V;, . In particular
(a) If u does not vary and dt; = 0, then dz(t;) = 0 regard-
less of the change dt.

(b) However if u does not vary and di; = 0, the state at
to will still have a nonzero variation dz(t2) which is the
propagated variation due to the variation dt; at t;. O

_ V1+
_ V2+

t)dt
t)dt

Vo(m();tO)tl)tZ)

In the following, we refer to observations (a) and (b) as the
forward decoupling principle.
Lemma 2: To the first order, dz(ty) is

61’(t2) = A(t2,t1)(f17 — f1+)dt1

where A(to,t1) is the state transition function for the vari-
ational time-varying equation in [ty, t2]

53 = @D 5,
Oz

Proof: Tt can be readily obtained from the fact that (also
see figure 1)

5x(t2) = A(ta, ty +dty)[(f'

(11)

= f1+)dt1 + O(dtl)] + O(dtl).D

t ty+ dt, t,

Fig. 1. The variation dz(t2).

Note that Lemma 2 is a special case of the needle-like
variations in the proof of Pontryagin’s MP.

In order to obtain V%, , we need to consider dt;, dit;
at the same time and expand VO(xzo,to,t1 + dt;,ts + dts)
to second-order to find the expression of the coefficient of
dtydt, which is V;2,,. The three terms that contribute to
the coefficient of dtidts are:

1 _

§(d$(t2))TVI2;d$(t2) dt2‘422+d56(t2) —dtQLi dCE(tQ).

Using the forward decoupling principle, to first order

dx(ts) = A(ty, t1)(f'~ — f1H)dty + 2 dty (12)
The coefficient of the dt;dts term can then be obtained by
substituting (12) into the three terms and sum them.
Vi, = (f'7 = FIO)TAT (8, t) VR £7

HVaE Alta, t)(f'7 = 1) + 3 L3 Alte, t1) (F'7 = 1),

The forward decoupling principle can also be similarly
extended to the case of K switchings to relate dz(t;) and
dty, (k < 1) and the expression for V2, can be obtained. We
summarize and extend the results obtained in this section

by the following theorem.
Theorem 1: For a switched system with K switchings,

VO(zo,to, t1 + dt1, ts + dts, -+, ti + dtx)
= Vo(m07t07t17t27 e 7tK) + Eszl ngtk-‘-
K K
3 Lok Viseo At + 2 charcr Virn dindts + o35, dif)

where

VO = Lh= — LFF 4 VI (fhm — i)

Vigy, = (fF7 = fEOTVER (fF= — i) — (VI flF
LA = ") + (VEH (™ = f85) + Ly~ = L)
FVET ST = )+ LT = L+ (VT + L)t

—(VEH fut + Lyh)ut*

V0, = (Ff= = fAOTAT (bt ) VI f1m = ((F )T VLT
+VIE I+ LE) At ) (FF~ — fF)
+IL Aty te) (fF~ — fR1). O
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With all the first and second derivatives of V° with re-
spect to t;’s, the following second-order search algorithm
can be used to update the switching instants.

A Second-Order Search Algorithm

Step 1 Choose a nominal u(-) and nominal switching in-
stants t1,t2, -+, K.
Step 2 Fix u(-) and calculate V;?, V2, ~and V2, .
Step 8 Find the descent direction —[V;?, ]71[V?, V2 -,
VO T where [V, ] is the square matrix whose (k,)-th
component is V,2, . Update [t1,t2,--,tx]” by using line
search methods along this direction (If ¢}°* is outside
[to, t¢], enforce it to be on the boundary of [t,ty]).
Step 4 Update u(-) by finding the optimal (or suboptimal)
control input for the new switching instants.
Step 5 Repeat Step 2 to Step 4 until
Vit ] VL Vi, Vi 1 Tll2 < € (e given). O
Remark: This approach has advantages but also certain
drawbacks which are as follows.
(a) The conditions are derived under the assumption that
u(+) is not varying during a search iteration. Yet in most
cases, when the switching instants vary, the control input
needs to vary correspondingly. Therefore, this approach
can only give us the optimal switching instants for the nom-
inal u(-).
(b) In general, V)t V.IF 4!~ 4!* can only be determined
after significant computatlonal effort has been made.
(¢) The computation of A(t;,t;) is in general not easy.
Problem (a) may be partly resolved by updating the u(-)
to be the corresponding optimal input (or near optimal) for
the new switching instant at each new iteration. For prob-
lem (b), we can find out the values for V* at (z(t1),t1) by
integration and obtain a numerical approximation of V!,
(resp. VL) by observing the variation of V! (resp VL)
with respect to small variation of . Similarly we can also
find approximations for u°, !,

V. APPLICATION TO GENERAL SWITCHED LINEAR
QUADRATIC PROBLEMS

In this section, we consider a special class of optimal con-
trol problems for switched systems, i.e., general switched
linear quadratic (GSLQ) problems. For this class of prob-
lems, the above difficulties can be successfully addressed.

A. General Switched Linear Quadratic Problems

Problem 2 (GSLQ Problem) Consider a switched sys-
tem S = (D,F,L) with E = I x I — {(i,i)|i € I}, A, =
R™ Ve € E and linear subsystems & = A;z + Byu,i € I. If
the order of active subsystems ig,41,--,ix is given, find
the optimal switching instants t1,---,tx and the optimal
control input u(+) such that the cost functional in general
quadratic form

J= 3a(t;)"Qralty) + Myx(ts) + Ly + [/ (
+2TVu + fuTRu+ Mz + Nu + W)dt

1 TQ:L’

is minimized, where to, ty and z(ty) = zo are given.
Q¢ Mg, Ly, Q,V,R,M,N,W are matrices of appropriate
dimensions, with Q¢,Q >0 and R > 0. O

Note that for the general quadratic control of a single
linear system & = Az + Bu, we can use the dynamic pro-
gramming approach to obtain the following results.

The optimal value function is

V(2 1) = %mTP(t)x + St +T(t)
where P(t) = PT(t) and
—P(t) = Q+P(t)A+ATP( )
( t)B+ V)R Y(BTP(t) +VT)
—S(t) = M + S(H)A ~ (N +SMB)R- L(BTP(t)+VT)
~T(t)=W — 5(N + S(t)B)R (BT S”(t) + N™)

and the optimal control is in the feedback form

u(x(t),t) = —K(t)z(t) — E(t) (13)
where

Kt = R BTPt)+VT) (14)

E(t) = R YBTST(t)+NT) (15)

B. Second-Order Search Algorithm for General Switched
Linear Quadratic Problems

Now the second-order search algorithm developed in Sec-
tion IV is to be used. Unlike Section IV, here we choose
the nominal K (-) and E(-) rather than u(-) to be fixed at
each iteration (but be updated after the iteration). This
can give us the flexibility of letting u(-) vary as a function
of z since here u depends on z (see (13)). We now have

VAL = —(fF)TVEY — Vi it — Lt
(V'”f{f+ + LE ult
VL = —VEE et — ke R LET (VR R LRyt

(fk+)TVzkz+fk+ + (Vzk+ff+ + L§+)fk+ -
—Lit = (VI AL+ Lkt

k
Vzk+ft *

Similar to the derivation in Section IV, it can be shown
that V;) is of the same form as in Theorem 1 and

Vinw, = (F57 = fEOTVES(f*7 — f55) — (VI £
FLEN) (7 = )+ (VI = i) + L - L) e
HFVER(f = )+ L — LT (VI 4 L)t

—(VEFt + LET) (uit fA7 + i),

V0, can also be derived similarly to the derivation in
Section IV-B. However, there are some differences in this
case. Although the forward decoupling principle gives us
the same expression for dz(t2) as (11), yet here

of(x,u,t) of (@, u,t)
ox oz + ou
And in addition to the three terms in Section IV-B, there is

one more term %dtlLff du(t;) contributing to the coefficient
of dtrdt;. Hence we now have

V0, = (Ff= = fAOTAT (bt ) VI f1m = (F)TVEE
+VI 4+ L+ S0 + S L ul) At ) (FF — £5).

§i = du = (A(t) — BAO)K (t))dz.
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It can now be seen from the expressions of V2, V2, and
V2, that all terms necessary for the evaluation of them are
readily available. In this case,

ik = —Jck—p — Kk i _ fhe
ikt = kg — Kk phE  fpkt
ubt = —KF ul- = K VM =2TP+ S, VEF =P

where z, P, S are continuous at ¢y; K%~ K&+ B+ E* are
functions of P, S obtainable by substituting the expressions
of P and S into the differentiation of (14) and (15). A(t;, ty,)
is the state transition matrix for the time varying linear
system 0 = (A(t) — B(¢t)K (t))dx which can be calculated
easily by numerical integrations.

Now that we have the expressions for V2, V), “and V), ,
we can use the algorithm in Section IV to find the optimal
switching instants. Note here K(-) and E(-) are assumed
to be fixed at each iteration, but u(-) varies as a function
of z. The advantages of applying the algorithm to GSLQ
problems are that the difficulty (a) is partly resolved while
difficulties (b) and (c) are easily addressed.

C. An Ezample

Example 3: Consider a switched system consisting of

. -2 0 1
subsystem 1: & = 0 -117 + 0|

. | 05 53 1
subsystem 2: & = 53 05 } T+ [ 1 } u,

. 1 0 0
subsystem 3: & = [ 0 15 ]x+[1 }u

Assume that ¢y = 0, ¢y = 3 and the system switches at
t = t1 from subsystem 1 to 2 and at ¢t = t5 from subsystem
2t03 (0 <ty <ty <3). We want to find optimal #,ts
and an optimal input u such that z(0) = [4 4]T and z(3)
is close to [—4.1437 9.3569]7 and the cost functional J =
1 02 u?(t)dt is minimized.

For this problem, we add to J a penalty term [(z1(3) +
4.1437)%+(z2(3)—9.3569)?] and consider the expanded cost
functional Jegp,. Using the second-order search algorithm
with initial values t; = 0.8, to = 1.8, after 6 iterations
we find that the optimal switching instant is ¢t; = 1.0035,
ty = 2.0040 and the corresponding optimal cost is 0.0135
(it is faster and more accurate than the result in [14]).
The corresponding state trajectory is shown in Figure 2(a).
This numerical solution is close to the theoretical optimal

solution #77* = 1, t57" = 2, JoL = 0 and u*?* = 0. (Figure
2(b) shows the optimal cost for different ¢, < t5.) O

VI. CONCLUSION

In this paper, we first formulated an optimal control
problem for switched systems. A two stage optimization
methodology was then proposed and a second-order search
algorithm was developed to implement it. The search al-
gorithm is an extension of [14] which was motivated by
the method in [3], [4]. The difficulties of the application
of the algorithm are pointed out. For the special class of
GSLQ problems, some of the difficulties can be addressed

Fig. 2. Example 3: (a). The state trajectory. (b). The optimal cost
for different t1 < to.

efficiently as shown in Section V. Note that similar earlier
results have appeared in [13], [14]. From the example, we
find that even for GSLQ problems, the optimal cost as a
function of switching instants may not be convex, which
adds into the difficulties of the problem. The problems
of characterizing such a function and finding the global
solution for optimal switching instants are to be further
explored.
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