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Abstract

In this paper, optimal control problems for switched
autonomous systems are studied. In particular, we fo-
cus on problems in which a prespecified sequence of ac-
tive subsystems is given and propose an approach to
finding the optimal switching instants. The approach
derives the derivatives of the cost with respect to the
switching instants and uses nonlinear optimization tech-
niques to locate the optimal switching instants. The ap-
proach is then applied to general quadratic problems for
switched linear autonomous systems and to reachability
problems. Examples illustrate the results.

1 Introduction

A switched system is a particular kind of hybrid sys-
tem that consists of several subsystems and a switching
law specifying the active subsystem at each time instant.
Examples of such systems can be found in chemical pro-
cesses, automotive systems, and electrical circuit sys-
tems, etc.

Recently, many results for optimal control of
switched systems have appeared in the literature {(e.g.,
[2, 6, 7, 8, 10]). Most of them consider problems which
seek for the solution of both the optimal continuous in-
put and the optimal switching sequence. Approaches to
such problems include ones based on discretization of the
time and state space [6, 7] and ones that are not based
on discretization [8, 10]. Many of these approaches find
approximations to local optimal solutions.

In this paper, we focus on optimal control problems
for switched autonomous systems where each subsys-
tem is autonomous (i.e., with ne continuous input). In
particular, we focus on problems in which a prespeci-
fied sequence of active subsystems is given. General au-
tonomous subsystems and general performance costs are
considered. For such problems the cost is a function of
the switching instants. We propose to use constrained
nonlinear optimization techniques to locate open-loop
local optimal switching instants for such general prob-
lems. To apply nonlinear optimization techniques, we
need to first determine the values of the derivatives of
the cost with respect to the switching instants. An ap-
proach similar to that in [10] is proposed in this paper
for their derivations. One of the main results of the pa-
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per is Theorem 3.1 which gives us the expressions of the
derivatives. Note here the approach provides us with
accurate values of the derivatives as opposed to the ap-
proximate values in [10]. The approach is then applied
to general quadratic problems for switched linear au-
tonomous systems. The computation of the derivatives
can be further simplified by utilizing the special struc-
ture of such problems. Finally, we apply the optimal
control approach to reachability problems. Using the
approach, the reachability switching instants can be de-
termined if a final state is reachable from an initial state.

Similar problems have also been looked into by other
researchers. Giua et alin [4, 3] present closed-loop global
optimal solutions to a special class of problems, i.e., in-
finite horizon problems for switched linear autonomous
systems. However, we should indicate that our approach
has the following advantages. First, our approach can
deal with finite horizon problems with general subsys-
tems and costs as opposed to infinite horizon problems
with linear subsystems and quadratic costs in [4, 5].
Moreover, our approach can be applied to reachability
problems, while the approach in [4, 5] fits better for sta-
bility problems. In view of these, we believe our results
are new and contribute to the understanding and the so-
lution of optimal control problems of switched systems.

2 Problem Formulation

We consider the following switched qutonomous sys-
tems, i.e., switched systems which consist of autonomous
subsystems (i.e., without continuous input)

z=fi{z,t), :R*"xR->R", iel={1-..,M} (21)

The state trajectory evolution of such a system
can be controlled by choosing appropriate switching se-
quences. A switching sequence in [fo,t;] is defined as

o = ((to,%0), (t1,41), (¢2, 82),+ -+ , (K, iK}), (2.2)
with 0 < K < oo, g <ty Stg < oot Ltx <ty, and i €1,
k=0,1,.-+ K. o tells us that subsystem i; is active in
[tx,tr+1). Note that the continuous state of a switched
system has no discontinuities at the switching instants.

In the following, we assume without loss of general-
ity that a prespecified sequence of active subsystems is
given as (1,2,--- , K, K + 1), i.e., subsystem k is active
in [ty-1,tx). We can always do this by relabeling the
subsystem indices and even expanding the collection of
subsystems (i.e., two subsystems may actually refer to
the same actual subsystem). We consider the following
optimal control problem.
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Problem 2.1 (Optimal Control Problem)
Consider o switched autonomous system with sub-
systems fi{z,¢), i € I. Assume that a prespecified
sequence of active subsystems (1,2,--- K, K + 1) is
given.” Find optimal swilching instants t;,--- tx
(to <ty < -+ < tx < ty) such that the corresponding
continuous state trajectory  departs from a given initial
state z(to) = zo and the cost

J{t, i) = p(z(ts)) +f”r L(z,t) dt (2.3}

to
is minimized. Here to,t; are given. ]
We assume that f;'s, L, and 4 are smoath enough.
Under these assumptions, we observe that a small dis-
turbance of t5,--+ ,tx will only cause a small distur-
bance of J value. Furthermore, it can be shown that J
is a continuously differentiable function of ¢;,--- ,tx.

2.1 An Algorithm
Note that Problem 2.1 is actually a constrained mul-
tivariable optimization problem
min; J(£)
subject tof € T
where T 2 {f=(t1,t2, - tx) o St <ta < - <ty <
t;}. The following algorithm can be adopted to solve
such a nonlinear optimization problem.

Algorithm 2.1

(1). Set the iteration index j = 0. Choose an initial #.
(2). Find J(¥), 2(#) and ().

(3). Use the gradient projection method or the con-
strained Newton’s method [1] to update # to be #7! =
H+oldl’. Set j=7+1.

(4). Repeat steps (2), (3), (4) until a prespecified ter-
mination condition is satisfied (e.g. {|%(#)ll2 < € where
¢ is a given small number). ]

(2.4)

3 Differentiations of the Cost Function

In order to apply Algorithm 2.1, the values of %t{

and %ﬂt% (step (2)) need to be found. Now we propose
an approach to finding these values.

Assume we have a nominal { = {¢;,--+ ,tx)7 and the
corresponding nominal z(¢). The corresponding cost J
can be obtained using {2.3). Since z¢ and #, are fixed,
J is not a function of them. Next we define the value
function at the k-th switching instant as

1
Tt tx) = $(@) + [ Lt . (30)

te
Unlike J, J%’s for k > 1 are functions of ¢, and of the
initial state z(¢,) which depends on the trajectory before
te. In the sequel, we denote QE{; for a function J* as a

2 gk .
row vector J¥, 24° as an n x n matrix Ji, and so on.

3.1 Single Switching

Let us first consider the case of a single switching.
Given a nominal #; and a corresponding nominal tra-
jectory z(t), we denote by £(t) the state trajectory af-
ter a variation dt; has taken place. In the sequel, we
adopt the following notational convention. We write f,
f. and f. with a superscript 1— (resp. 1+) whenever

the corresponding active vector field at #;— (resp. #1+)
is used for evaluation at (x(t:),£:}. Examples of this
convention are f1~ 2 fi{z(ti),t1), 1Y 2 falalt),ts),
1= £ 90 (2(1),t1), and Ft £ 82 (2(t:), 1), ete. Also,
we simply write J* & J* (z(t), tr), L = L{z(t:), 1), J2 2
Tzt ), ts), LE & Lo(z(t), 1), - (be careful to distin-
guish the values J!, L', J!, and L., .- from the functions
JHaz(t1) t), Liz,t), I3 (z(t1), 1), and L (z,8),---).
It is not difficult to see that

1
J{t) = f Liz,t) dt + J' (z(t1),21). (3.2)
to
For a small variation dt; of ¢;, we have

t1+dty
J(t +dt1)=f L{E, ty dt + J (E{ts +dt1), t1 + dty).

£
’ 3.3)
There are two terms in (3.3). Let us consider the second
order Taylor expansion of each term. In the following
derivations we denote
dz(ty) £ 2(t, + dt1) — z(t:) 3.4)
= f17db + J(fT + £ F7)dE + o(dtd). )
Note in (3.4), ogdtf) is a column vector with each ele-

ment being o{dt{). Consider the first term in (3.3), for
either dt; > 0 or dt: < 0, we have (see [9] for details)

St Lig,8) dt = [ L(s,t) dt+ L'dty
+3dti Lide(t1) + 3 Lidt] + (higher order terms).
For the second term in (3.3), we have

JH&@E + dt), 8+ dt) = T + Jlds(t) + T dh
+E(de(t)) Teds(t) + 304, dt? (36)
+dt1J}, .dz{t1) + (higher order terms).

Now we substitute (3.4) into {3.5) and (3.6) and sum

(3.5)

them to obtain the second order expansion of (3.3) with . -

respect to di,,

J{t +dt)) = J(t) L+ JL + T Ay
AL+ L+ LA+ 27 ) 37
IV T f 4 The, + 20 £17)d +oar) 3D
£ J(t) + Juydts + LJus dt + o(de?).

Note that the following dynamic programming equa-
tion holds for J* (z(t1), 1)

JLo==Jift - Ll (3.8)

(3.8) can be derived similarly to the HJB equation.
However, the difference between it and the HJB equa-
tion is that {3.8) holds for any trajectory that is not
necessarily optimal (for more details see [3]}.
By differentiating (3.8), we obtain
Toe = ~(f ) ea = L2 f2* Lz, (3.9)

Jhe, ==L = AT - L= (YT
IRt LY —Ji T - L '
By substituting (3.8), (3.9) and (3.10) into (3.7), we
can write Jy, and Je,¢, in the following form

(3.10)

Jo =L (17 = 1), (3.11)
Jue, = (i = i)~ (Jafs* + L) (£~
—PY LT - BN (3.12)

—FT L - £,
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3.2 Two or More Switchings

Now consider the case of two switchings. Assume
that a system switches from subsystem 1 to 2 at t; and
from subsystem 2 to 3 at ta (to < £1 < t2 < ty). The cost
then is

J(t1,t2) " Lix,t} dt + J' (z(t1), 41, ¢2) (3.13)

tp

= f L(z,t) dt + JP(z(ta).£2).  (3.19)

i

Using (3. 13) by holding ¢» fixed, Ji,, Je,e can be
derived similarly to that in subsection 3.1. In the same
manner, Ji,, Ji,t, can be derived using (3.14). However,
we need additional information to derive Ji.,. Argu-
ments from the calculus of variations are used in the
followings to derive Ji,¢,. Let us first define the impor-
tant notion of incremental change.

Definition 3.1 (Incremental Change) Given vari-
ations dt, and dt:, we define the incremental change
Sz(t),min{t:, t) + dt1} <t < max{ts, iz +di=} as:

yi 5";‘ o+ ‘“n) 5"(: 2
; x(t)

Bxlt 3 i
' e '_:Ex(l Sty

By
x(1)
1 1 L
ty 1+dt, 1 trdt,
(a). dt 20, dt 20

B2 5‘,([ - ﬂl‘) Bx(l prdiy)

it » X(l) LS (‘)

x.(l)

Ty tedt t4diyt,
(b). dt = 0, dt.< 0

Y0

Sxit 4 d1, 230

% x{(t) SomT B dEy)
A
L1 X [
tpedeg oy Tyt dt;

(). dt < 0.dts20

R y R

Sx(t +dt,

Sx(t y+dt,)
x{t) 4 i

LY

A
. !
Lpedt) v

tdi, 1,
@, di ;< 0,dL <0

Figure 1: The incremental change dz(t).

Case 1: dt; > 0,dt» > 0 (see figure 1(a}).
In this case, éz(t) is defined to be

n(t) = fo{mn(t),t), t € [t1,01 + dta]
{ ity +dt1() = :f:(t)l + dh[) (3.16)
and z1(t) is the solution of
21(t) = f2(21(2),2}, £ € [ta,ta + dia
{ z1(t2) =$Et2)- ) ! (3.17)
Case 2: dt: > 0,dt: <0 [see figure 1(b}.)
In this case, 0z(t) is defined to be
{ £(t) — (t), t € [t1 + dty, ts +dt2]
s2(t) = ¢ yo(t) — T(t), t € [tr, 1 +dit] (3.18)
z(t) — z(t), t € [ta + dta, 12}
where y2(t) is the solution of
{ 92(8) = f2(12(2),8), ¢ € [ta, 60 +dta] (3.19)
yo(t1 +dty ) = £(f1 + dt1) .
and z:(t) is the solution of
Zz(t =f2 Zz(t),t), te [tz + dtz,tz]
{ za(ts + dtz() = &(is + dis). (3.20)
Case 3: dt, < 0,dt» > 9 (see figure 1(c).)
In this case, §z(t} is defined to be
{ Z(t) — =(t), t € [t1,t2]
Sc(t) = { () - ys(t), t € [tr + dty, ] (3.21)
E(t) ~ 23(t)$ te [tzstZ + dt2]
where y3(t) is the solution of
Hat) = f2(ya(t),t}, £ € [t1 +dtr, 1]
{ yal{t1) = :BEt'l) (3-22)
and z3(t) is the solution of
() = f2(z2(t),t), t € [ta, ta + dia]
{ 23(t2) = z(t2). (3.23)
Case 4: dt, < 0,dt; <0 (see figure 1{d).}
In this case, §z(t) s defined fo be
&(t) — z(t), t € [t1, 12 +dba)
Sx{ty = { #(t) —yalt), t €[t1 +dts,t1] (3.24)
z4(t) — (£}, t € [t2 + dita, 2]
where ya(£) -is the solution of
ga(t) = fo(yalt),t), £ € [t +dig, 1]
{ y4(t1) = ZEtl) (3.25)
and z4(t) is the solution of
= f2 z"(t)?t , tE [t2 +d£2)t2]
{ ralts + dtz() - .'i:(t)z +dty). (3'23)

Remark 3.1 éx(t) defines the difference between &(t)
and z(t) in the interval where subsystem 2 is active.
Moreover, by extending £ and x under subsystem 2 dy-
namics to min{tl,tl -+ dh} <t ma.x{tg,tz + dtz} where
at least one of #(t) and z(t) evolves along subsystem 2,
we can also define éz(¢) in that interval. O

Lemma 3.1 The ezpressions of éz(¢2), 5x(tz +dts), and
dz(ty) (e, &(t2 +dtz) — x(tz)) are

dx(tay = Alta, 1) (f'™ = F1)dty + o(dty), (3.27)
dz(ta + dtz) = A(ts, t[)(fl- - f’+)dt1
+F2T Alts, 1) (17— f)dtidts (3.28)
+(terms in dt3, dtZ and higher order terms),
dr(ts) = A(ts, ) (f'™ — fH)dh
+F2TAlta, 01)(F1 — )b des + F2dts (3.29)

+{terms in dt},dt: and higher order terms),
where A(t2, t:) 15 the state transition malriz for the vari-

E(t) — z(t), t € [ts + df1, 1a] ational time-varying equeofion j(t) = gi%ly(t) for
dx(t) = yl(t)—m(t), L€ [tr,t1 +dti) (3.13) y(t) from t. to ta; here f is the corresponding active
Z(t) — z(t), t € [ta.t2 + dio) subsystem vector field (here it is f2) in [t1,t2) and «(t) is
where iy (t) 15 the solution of the current nominal state trajectory.
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Proof: See [9]. O

Remark 3.2 In the expression of dxz(tz), we deliber-
ately express the term f2~ A{te, t1)(f'~ — f'¥)dt dts ex-
plicitly because it will contribute to the cocfficient of
dt1df; as can be seen below. O

Equipped with Lemma 3.1, we are ready to derive
the coefficient for dt1dt: in the expansion of

J(ty +dty, ty +dtz) = f;ﬁdtz L(2(2), t) dt
+J? (£(t2 + die), t2 + di2).

For the first term in (3.30), we have

Lemma 3.2 The contribution of f;""dt“ L(#,1) dt to the
coeffictent of dt.dt, is

LIA(t, 0)(F'~ — 7).

(3.30)

(3.31)

Proof: See [9]. O
For the second term in (3.30), similar to the single
switching case, we can obtain its Taylor expansion as

JE(E (22 + dta), ta + dts) = J* + JEdx(t2)
+J:22d52 + %(dz(tg)) J_fzdz(tz) -+ %szgzdtg
+dty JE . dz(ts) + (higher order terms).

In (3.32), the terms that will possibly contribute to the
coefficient of dt,d; are those containing dxz(¢;). They are
J2dz(tz), 3 (dz(ts))T J2.d2(ts), and dt2JE,dz(ts). Substi-
tuting the expression of dz(t) into these terms and sum-
ming them, we obtain the contribution of the second
term to the coefficient of dtidts as

(J252 + (P I + JL) Alta, 1) (F ~ F1).

(3.32)

(3.33)

Summing (3.31) and (3.33) and also substituting into
the sum the expression of J2,. which can be obtained
similarly to the expression of J,. in (3.9), we conclude
that the coefficient of dt,dt; is

Jt1ta = Jg(f2~ - f22+) + (f2A

- ng)A(t:h t) (1~ — f1H). (3.34)

Remark 3.3 The above result still holds even when
i1 = €. a

The above derivations can similarly be extended to
the case of K switchings as follows.

Theorem 3.1 For a switched system with K switch-
ings,

J(tl +dt1,t2+dt2,--' Jix +dt}()

3.3 Computation of A(t,t), J%, and J,

In order to use Theorem 3.1 to compute the values
of Ji, Ji,4, and Jy, 4, numerical methods need to be
used to compute the values of A(t;,t;), J¥ and JX,.

First note that A(#;, %) is the state transition ma-
trix for §(t) = 2LEy(t) where f is the vector field
of the corresponding active subsystem at each time
instant (e, f = f; for ¢t € [tji-1,8), 7 = &+
1,---,8). To find its value, we can first ﬁnd the so-
lution y™M{#), -+ ,4"t) corresponding to initial condi-
tions 4t} = e1, +-+, ™ (E) = en respectively, where
¢; is the unit column vector with all 0’s except that the
j-th element being 1, j = 1,2,--- ,n. From linear sys-
tems theory, A4, 1) is equal to the square matrix whose
j-th column is (), ie.

At te) = [ t0), -y ())- (3.39)
To obtain the value of J¥, note that
t
Hatts) = vt + [ L0 & @a0)
ty

If 2(t:) has a variation §z(t;), then it can be shown that

T*((E) + Szt te) = J* ((te), te)
+(‘q’)z(:r t) Aty te) + [T La(z, ) Ak, 2e) dt)éz(tk)
+ (higher order terms in 5:1'(1‘1:))
(3.41)
Hence

ty
JE = o (2(25)) Al s, te) +/ Lo(z,t)A(t, 1) dt. (3.42)
ty
Now if we apply the similar procedure by varying z(t)
as in (3.42) to JE(x(tx), t), we can obtain

Jie = AT (b5, e Yuboa (m(t5)) Al s, 8)

+ [0 AT (b Laa (2, ) AL, ) dt. (3.43)

From the above discussions, we find that A(t, &)
can be obtained by solving ODEs g(¢) = —ﬁ”—‘ly(t) along
with initial conditions y")(t;) = ¢;. A(t,#x) can be ob-
tained in the same fashion. J* and J%, are in integral
forms (3.42) and (3.43) which can easily be rewritten as

Jk
Jk

¥ (o)} Ay, ) + mity), (3.44)
AT (b, t)hae (2(t)) Alty, 00) + m2(27) (3.45)

with m and n; satisfying the following initial value
ODEs

= Lg(x, )AL te), n:(te) = Oixn, (3.46)

=J(t1,t2,'~-,tk)+zf: J dtk"‘lz:f: Jrpe, dt? . T
+EIS&<I$K Jt,,f,dtkdtz :_ (;;ighar Ozrder témks)k T = A (t: tk)Lz:c(wa t)A(tatk)s 712(tk) = Onxn(3-47)
(3.35) )
where Joo = JER — 1) (3.36) Remark 3.4 (Computational Cost) .The above
te = x ’ ’ method we propose reduces the computation of A(t;, ty)
Jepen = JE(FE= — fE4) — (JEFE* 4 LE)(FE to solj.ring initikal ValuekODEs for-any.k'<_ { and the com-
N k= _ fhty pk— putation of J; and Jf. to solving initial value ODEs
Y+ L7 = £27) (337
(R = YT gk (ph= iy (3.46)-(3.47) for all k. Hence we altogether need to solve
R - (e WK 4 i = KUESL gots of initial value ODEs. With
Jeuts :: zfx L )'*;(f . (3.38) today’s powerful ODE solvers (e.g., ode45 function in
=f) L) Al t)(F 71 MATLAB), these equations can be solved efficiently and
g accurately. ]
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4 General Quadratic Problems for Switched
Linear Autonomous Systems

In this section, we apply the approach in Section 3
to a special class of problems, namely, general quadratic
problems for switched autonomous linear systems.
Problem 4.1 Consider e switched system with linear
autonomous subsystems £ = A;x,i € I. Given a prespec-
ified sequence of octive subsystems (1,2, --- K, K + 1),
find optimal switching instantsty,--- tx o<t £ --- <
tx < ty) such that the cost

J= La(t)TQralts) + Mrx(ty) + Wy a1

+ 17 (é—(z(t))TQz(t) + Mz(t) + W) dt (4.1)
is minimized. Here to, t; and z(te) = zo are given;
Gy, My, W, Q, M, W are matrices of appropriate dimen-

sions with Qr >0, @ > 0. u]
For Problem 4.1, we can observe that for any k <
At t) = gArlti—ti-) oAk {tepa—te) (4.2)

The computation of J¥ and J%, is discussed next.
Assume a nominal £ is given. If for any £ € R* and
any t € [to,ts] we denote by J(z,t) the cost incurred
if the system starts from the state z at time instant ¢
and evolves according to the portion of the switching
sequence generated by f in {t,¢/], i.e.,

Jia,t) = He(tn) Qralty) + Myalts) + Wy
+ 17 (3(2(0) Qalr) + Ma(r) + W) ar
where z{t} = 2. Dynamic programming approach similar
to {3.8) can be applied to J(z,t) to obtain
Jiz,t) = EITP(t)z + Stz + T8 (4.4)
where P(t) = PT(¢) and

(4.3)

—-P = PA+ATP+Q, Pit;)=Q;, (4.3)
-§ = SA+M, S(t5) = M;, (4.6)
-T = W, T{t;}=W;, (4.7)

where A = A(t) equals the 4; of the corresponding active
subsystem at each time instant ¢.
Note that if f is fixed, we have

TE(z ()t o tx ) = J(z(te), i), (4.8)

Jr = Je(alti),te) = (o)) P(t) + 5(tx),  (4.9)

J::r = sz (.‘B(tk), tk) = P(tk). (4.10)

Remark 4.1 (Computational Cost) A{t;,¢:)’s can
be computed using (4.2) without solving ODEs. The
computation of J* and J¥, using (4.9) and (4.10) relies
on the values of P{¢:)’s and §(t;)’s which are easy to ob-
tain by solving the initial value ODEs (4.5)-(4.7) once.
Therefore, due to the special structure of the problem,
the computation of A{t;,t), J¥ and JE, is simplified. O

5 Reachability Problems

The above optimal control approach can also be ap-
plied to the following class of reachability problems.
Problem 5.1 {Reachability Problem) Given a
switched autonomous system, does there exist a switch-
ing sequence such that the state trajectory r departs
from z(ty) = o and meets x5 at some ty ¢ Here to, xo, 3y
are given, ty is not given, (W]

Note that z; is reachable from zq, if and only if the
optimal control problem with J = %|jz(t;)—=f||7 achieves
minimum at J = 0. Here #o, zo, 5 are given. In par-
ticular, if a prespecified sequence of active subsystems
is given, we can minimize J with respect to the switch-
ing instants and the final time t;. For example, assume
subsystem k being active in [#;—;, 1) (subsystem K + 1
in [tk,tx+1] With txy1 = t5), the reachability problem
can be formulated as an optimal control problem which
seeks for optimal values of #1,:-- ,ix,ty such that

TGtk ty) = Slleltr) - i3 {5.1)
is minimized. In this case, ideally the minimum cost
should be 0 if z; is reachable from zo by the given order
of active subsystems. In practice, if the optimal value
of J is found to be smaller than a predefined small tol-
erance ¢ > 0, then we regard x; as reachable from o
and regard the corresponding optimal ¢1,--- ik, % as
the reachability switching instants.

To minimize J{t.,---.tx.ty;) with respect to
(1,--- ,tx,tr), we can use Algorithm 2.1. To apply the
algorithm, the derivatives of J first need to be computed.
Ji o Jet, and Jir, can be obtained using the expressions
in Theorem 3.1. However, we note here since txy1 =ty
is free, we also need to derive Ji,, Ji;1, and Jye,. These
values can be obtained following the idea of the deriva-
tion in Section 3 (see [9] for details). it is not difficult
to show that

Jep = (z(ty) —zp)T OO, (5.2)

Jou, = {z(ty) =z (FHEFD-
Tflék+(1)m_( ;()K+f):{)) iitf(x+l)_)Tf(K+l)', (5.3)

Tty = ((eter) = ) S50

+(f(K+1)— )T)A(tf)tk)(fk- _ fk+)- (5.4)

6 Examples

In this section, we present two examples to illustrate
the effectiveness of the approach developed in this paper.

Example 6.1 Consider a switched autonomous system
consisting of

, £, =2z + 0.5sinz;
subsystem 1: { 2= —0.5c082] — T 6.1)
. #1 = 0.3sinz; + 0.5z3
subsystem 2: { 9 = —0.521 + 0.3 cos 23 {6.2)
e . £y = =x3 - 0.5coszs
subsystem 3: { 2= 0.5z, + 22 (6.3)

Assume that to = 0, t; = 3 and the system switches
at t = t; from subsystem 2 to 2 and at ¢ = ¢; from
subsystem 2 to 3 (0 € # < ¢tz < 3). Find opti-
mal switching instants #;, t2 such that the cost J =
32338) + L) + § J‘? 22(t) + z3(t) dt is minimized. Here
z1{0) =1 and iz(@) =3.

For this problem, choose initial nominal ¢; = 1,
t2 = L.5. By using the Algorithm 2.1 (using constrained
Newton’s method) along with Thecrem 3.1, after 9 iter-
ations we find the optimal t; = 0.5466, £, = 2.0337 and
the correspunding optimal cost 9.9933. The correspond-
ing state trajectory is shown in Figure 2. a

4405

Authorized licensed use limited to: UNIVERSITY NOTRE DAME. Downloaded on October 20, 2009 at 16:06 from IEEE Xplore. Restrictions apply.



Figure 2: The state trajectory for Example 6.1.

Example 6.2 (A Reachability Problem) Consider
a switched system consisting of

Yy

subsystem 1: & = MAiz= [ (1] 2 ]z, (6.4}

subsystem 2: £ = Azz= [ (2] (1) }:c (6.5}

Assume that at to = 0, the system state departs from
the initial condition z:(0) = 1 and z2(0) = 1 and evolves
following the dynamics of subsystem 1. Also assume
that the system switches once at ¢, from subsystem 1 to
2. Find a t; and a tf (0 < t; < ty) such that the system
state arrives at [¢®, €*]7 at #;.

This problem can be posed as an optimal control
problem with unknown ¢5 and cost J = L{(z1(¢7)-e?)* +
(z2(ts) — e%)?). Choose initial nominal t; = 0.7, t; = 1.7,
iy Jigs Jbates Jipe, and Jiyt, can be derived using the
formulae (3.36)-(3.37) and (5.2)-(5.4). By using Algo-
rithm 2.1 with the constrained Newton’s method, after 8
iterations we find the optimal are ¢; = 1.0000, ¢; = 2.0000
and the corresponding optimal cost 6.3109 x 10-%°. The
corresponding state trajectory is shown in Figure 3.

Figure 3: The state trajectory for Example 6.2.

For this example we can verify the correctness of
(5.2)-(5.4). For example, the expression of Ji,:, can be
derived from (5.4) as (here K =1)

Jiye, = ((I(t_f) - If)TAz
+(Asz(t f))T)A(t ot1) (A1 — Ag)z(t1).
We can substitute z{t,) = [e*, &7, z(t;) =
[P0, e TIT, 2T =[5, €], Afty,tz) = efzltr—t0),

and A1, Az into (6.6) and obtain J,,, = —4e*/7*1 4
2e2t!—11+3 + 2E2£f+2t; _ ei,+t]+3.

(6.6)

The correctness of Ji,., can be verified by directly
differentiating the expression J = L((e**/7" — &%) +
{e®**" - ¢%)?) and obtain the same Ji+,. Similarly, we

can also verify the correctness of the expressions of J;,,
Jegs Jeatrs Jige, by direct differentiations of J. ]

7 Conclusion

In this paper, we proposed an approach for solving
optimal control problems for switched autenomous sys-
tems with prespecified sequences of active subsystems.
In particular, we derived the derivatives of the cost with
respect to the switching instants and use nonlinear opti-
mization techniques to locate the optimal switching in-
stants. It was also shown that the computational duty
can be eased for general quadratic problems for switched
linear autonomous systems. Finally reachability prob-
lems were also studied using the optimal control tech-
niques. A more detailed version of this paper can be
found [9]. Further research topics include the search
for optimal switching sequences when the active sub-
systems are not prespecified, and the application of the
approach to hybrid systems with state discontinuities at

" the switching instants.
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