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Abstract

In this paper, results for quadratic optimal control of
hybrid linear autonomous systems with state jumps are re-
ported. In particular, we focus on problems in which a pre-
specified sequence of active subsystemsis given. In arecent
paper, we have proposed an approach for optimal control
problems of hybrid autonomous systems with state jumps.
However, in applying that approach, some computational is-
sues must be addressed for the derivation of some necessary
parameters. We in this paper, by taking advantage of the spe-
cia structure of linear subsystems and quadratic costs, de-
velop a more efficient method which computes these neces-
sary parametersand henceleadsto reduced computational ef-
fort. As an application, we apply our quadratic optimal con-
trol results to address the important reachability problems.
Examplesillustrate the results.

1 Introduction

A hybrid system is a dynamic system that involves
both continuous and discrete event dynamics. The contin-
uous dynamics is usually described by subsystem differen-
tial/difference equations and the discrete event dynamics is
described by switching laws. Discontinuous jumps of con-
tinuous states may occur when the system switches from one
subsystem to another. Examples of hybrid systems can be
found in chemical processes, automotive systems, and elec-
trical circuit systems, etc.

Optimal control problems are among the many important
classes of problemsfor hybrid systems, which have recently
been under intensive investigationsby many researchers (see,
eg.,[2,4,5,6,7,8,9]). Inarecent paper [10], we reported
an approach to optimal control problems of a class of hy-
brid systems in which each subsystem is autonomous (i.e.,
with no continuous input) and state jumps are present at the
switching instants. In particular, we focus on problems in
which a prespecified sequence of active subsystemsis given.
Such problems arise naturally in multimodal control and in
logic-based control systems whose controllers are switched
among severa given controllers. Nonlinear autonomous sub-
systems and performance costs which are not necessarily
quadratic are considered in [10].
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However, in applying the approach in [10], some compu-
tational issues must be addressed for the derivation of some
necessary parameters. In this paper, we focus on quadratic
optimal control problems for hybrid linear autonomous sys-
tems with state jumps. By taking advantage of the special
structure of linear subsystems and quadratic costs, we de-
velop a method which computes these parameters more effi-
ciently and hence leads to reduced computational effort. The
method is more efficient and easier to apply than the com-
putational method proposed in [10]. As an application, we
then apply our quadratic optimal control results to address
the important reachability problems.

The structure of the paper is as follows. In Section 2,
we review some results from [10]. In Section 3, we focus
on quadratic optimal control problems of hybrid linear au-
tonomous systems with state jumps and propose a method
for computing the necessary parameters. In Section 4, we
apply the quadratic optimal control results to address reach-
ability problems. Examples are given in Section 5. Section 6
concludes the paper.

2 Review of Previous Results

In this section, we review some previous results from
[20].

2.1 Problem Formulation

A hybrid autonomous system with state jumps is defined
as follows. The hybrid system consists of autonomous sub-
systems (i.e., without continuousinput)

x=fi(x), fi:R"SR" icl={12--- M} (21

and whenever the system dynamics switches from subsystem
ik to subsystem iy, 1, a discontinuous jump of the state x will
occur, which is described by afunction

X(tF) = yelk (x(t0)) (2.2)

wherex(t,") and x(t, ) arethe righthand and lefthand limit of
the state x at ty, respectively.

For such ahybrid system, one can control its state trajec-
tory evolution by choosing appropriate switching sequences.
Here a switching sequence g in [to,ts] is defined as

0= ((to,i0), (tr,i1),- -+, (t,ik)), (2.3)

wWith 0 <K < oo, tog <ty <--- <tk <tf,andigx €l, k=
0,1, --,K. oindicatesthat subsystem iy is activein [y, tx+1)
(subsystemik in[tk,t¢]).
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In the sequel, we assume without loss of generality that
a prespecified (untimed) sequence of active subsystems is
givenas (1,2,--- ,K,K 4 1). Under such an assumption, we
can simply denote the state jJump function at the k-th switch-
ing as Y. We now consider the following optimal control
problem.

Problem 2.1 (Optimal Control Problem) Consider a hy-
brid autonomous system with state jumps, which consists of
subsystems f;(x), i € |. Assume that a prespecified sequence
of active subsystems (1,2,--- ,K,K + 1) is given. Find opti-
mal switching instantsty,- -+ ,tx (to <tg < --- <tk <tf) such
that the corresponding continuous state trajectory x departs
fromagiven initial state x(tp) = %o and the cost

. K
w80 =Wt) + L0 A 5 KE) (29
o =

isminimized. Heretp,ts are given. O

Problem 2.1 isan optimal control problemin Bolzaform.
Unlike conventional optimal control problems, here the cost
J includes the costs Y¥’s for discontinuous jumps at ty’s. In
the sequel, we assume that fi's, L, g, Y¥’s, and ¥'s are
smooth enough.

2.2 An Approach
Thefollowing a gorithm was proposed in [10] for solving
Problem 2.1.

Algorithm 2.1

(D). SetthelteranonlndeXJ—O Chooselnmaltl, ,t'.
(2). Find J(t{,--- ) (tl, -, t))’sand

2t t,j<)’sfor1<kl <K.

(3). Use the gradient projection method or the constrained
Newton’s method [1] to update tk to be t)™ =t} +aldt/,
1<k<K. Settheiterationindex j = j+ 1.
(4). Repeat steps (2), (3) and (4), until a prespecified termi-
nation condition is satisfied (e.g. ||[ - ,gt—i]||2<swhere
€ isagiven small number). |
In order to apply the above algorithm, one needs to find
the values of the derivatives &’sand 32 623 s at each iteration.

%
To do this, we first assume that we are glven nominal values

of t1,---,tk and the corresponding nominal trajectory X(t).
Next we define the value function at the k-th switching instant
to be

FXE ), b+ ) S W(x(E) + 5L
+-~-+£EL(x)dt+25§:k+1wJ(( ).
Now the following theorem from [10] provides us with the

expressionsof 2 >'sand gt fl ’

(2.5)

Theorem 2.1 Thecost J in Problem 2.1 satisfies

J(ta +dty, to +dtp, -+, tc +dtx)
= ‘J(tlthv T vtK) + leﬁzlJdetk + % ZIIE:lthtkdtl% (26)
+ 3 1<k<l <k e Atidty + H.O.T

where
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G =L Lty oL I e ), 27)

g = (L — L) £+ e £ 1
HEO) T £+ I (T R 18 — (v i

— (I R LI (1 — k) @9
TR = ) TIG (R — 1),
foranyk=1,---,K, and
= (L!: - L!(erle +l‘lJ|X7 fl (fl )
RO e ) + O f'— (2.9)

ff'+>TJLw;)H<tr,tk+><vk-fk— ),

for any 1 <k <| <K. HereH(t",t[) isthe state transition
matrix under state jumps

H (t|7 7tk )

=A® 40 1)Y>(<I - Ayt ) e oA Al %)
(2.10)
where A(t;_ ;,t; ), k< j < |- 1listhe state transition matrix
for thetime interval [tJ*,terl] for the variational equation
. ofjrq(x(t
y(t) = %ym. (211)
Also
T M (X))
(fk )T (1)gxk )
Ek_é 7k:17""7K7 (212)
—\T Oy (X
(fk )T ()E;;(k))
where Vl((j) refersto the j-th element of the vector-valued fun-
tion yX. O

Remark 2.1 Note that in the above theorem, we adopt the
following notational convention. We write f and fy with
a superscript k— (resp.  k+) whenever the corresponding
active vector field at ty— (resp. tx+) is used for eval-
uation at x(t,) (resp X(t))- Examples of this con-

vention are fk- = fk( (), fke & fe (X&), X £

% (x(t)), T = £ Mt (x(t;¥)). Also, we smply write a
functlon S hame WI'[h a superscript k— (resp.  k+) when-
ever it is evaluated at x(tk*) (resp.  x(t))). Examples

are Jk+ 2 Jk( X(t), b, ) Jer AN anx ( (), by - ,tK),

_ _ _A
L SL((t)), Lk+—L( X(60)), L 2 & (xt0)). v =
WK(x(ty)), ete. Alsoin the above theorem, we regard JX* as
arow vector, JX- asan n x nmatrix and so on. |

Remark 2.2 In Theorem 2.1, in order to compute Jter et
and Jyg,, we need to know the values of H(t; ,t), I and
J"+. However, given nominal ty,--- ,tx and x(t), these pa
rameters are not readily available. In general, numerical
methods need to be used to compute their values. A numeri-
cal method based on solving additional initial value ordinary
differential equations (ODEs) with jumps was developed in
[10]. K+1) sets of initial value ODEs with jumps need to
besolved in order to obtain the values of H(t,”,t), & and
Jek forall kandk < 1. o

Proceedings of the American Control Conference
Denver, Colorado June 4-6, 2003



Xuping Xu, Panos J.Antsaklis, “Quadratic Optimal Control Problems for Hybrid Linear Autonomous Systems
with State Jumps,” Proceedings of the 2003 American Control Conference, pp. 3393-3398, Denver, Colorado,

June 4-6, 2003.

3 Resultsfor Hybrid Linear Autonomous Systemswith
State Jumps

In this section, we apply the approach in Section 2.2to a
special class of problems— quadratic optimal control prob-
lemsfor hybrid linear autonomous systems with state jumps.
In particular, we show that due to the special structure of the
problem, an efficient method for the computation of the pa-
rameters H (t;,t7), I and Ji can be obtained.

We consider the following optimal control problem.

Problem 3.1 Consider a hybrid autonomous system with
linear subsystems x = Aix,i € |. Assume a prespecified se-
quence of active subsystems (1,2,--- ,K,K + 1) is given.
Also assume that when the system switches from subsystem
ktok+1(k=1,---,K), thereisadiscontinuousjump of the
continuous state which has the linear relationship

X(t5) = Y (x(t)) = Oux(te ) + Tk (3.1)

where Gy, 'k are matrices of appropriate dimensions. Find

optimal switching instantsty,--- ,tx (to <tg < - <tk <t¢)
such that the cost in general quadraticform
St i) =) + L0 e+ z W ( 32
where
1
W(x(tr)) = E(X(tf))TQfX(tf)+fo(tf)‘|‘Wfa 33
L9 = 5 (x(0)TQx(t) + Mx(t) + W, (3.4)
1

W) = 5 000)) T Q)+ M) + W, (35)

is minimized. Here to, tf and X(tg) = X are given;
Qs, M, W, Q,M,W are matrices of appropriate dimensions
with Qs >0, Q > 0. Qk, M, W, (k=1,---,K), are matrices
of appropriate dimensions which form the quadratic terms
for the cost of discontinuous jumps from subsystemk to k+ 1
and Qx > 0. |

In view of the special structure of Problem 3.1, we can
readily observe that

At 1t = Pt —t) (3.6)
foranyk=1,--- K. Moreover,
H(t|_7tk )
=eNti-t1)y I D-Aaltoi-tiz)
k+l eAk+1 tir1—tk) 3.7)

,eAqh t|1@| 1eA4 1(tici-ti2) o
.@k+leAk+1 ep1— tk)'

The computation of Jk* and JX is discussed next. As-
sume nominal ty,---,t are given. If for any x € R" and
any t € [to,tr] we denote by J(x,t) the cost incurred if
the system starts from the state x at time instant t and
evolves according to the portion of the switching sequence
((0,1),(t1,2), (t2,3), -+, (tk,K + 1)) in [t,ts]. In other

TS ) = ) + L () i
) = t
+Zk with tke[t tf] lpk( (tk )) (38)

where X(t) = x. Now we note that the following dynamic
programming equation holds for J(x,t)

3395

J==5FH00-L(x), tf <t<t,
B B forj=0,1,---,K,
Jxt7) = IV (2,8 +llJ‘(><)
forj=1,2,--- K.

(3.9)

Note that (3.9) can be derived similarly to the HIB equation.
However, the difference between it and the HIB equation is
that (3.9) holds for any tragjectory that is not necessarily opti-
mal (for more details see [3]).

If we assume that

Jxt) = %xT P(OX+ StX+ T (1) (3.10)

where P(t S(t Tg are matrices of appropriate dimen-
sions, and P( = , then from (3.9), P(t), S(t), T(t)
must obey thefollovvlng dn‘ferenual equations with jJumps

S5 — ) T
-P= PA]+1+A]-+1P+Q, t+ <t<tiy

for j=0,1,-
_ 72 3.11
P(t; ):@}P(tj)eﬁQj (3.12)
forj=12,---
~S=SA 1+ M, tf <t<tJ‘+1
for j=0,1,-
_ (3.12)
St ) = F,TP(t,»*)QﬁSt,-*)@wM;
forj=12--- K,
~T=W i <t<ty,
for j=0,1,--- ,K
_ Y (3.13)
T(t7) = 3MTP(t) j+5(tj+)F1+T(tj+)
+W; forj=1,2-.- K,
along withinitial conditions
P(tt) = Qf, S(tr) =My, T(tr) =Ws. (314

From the definitions of the functions J and JK, if ty, - - , tk
are fixed, we have

X e tk) = T8, (3.15)
FXE ) o t) = KX, (3.16)
F X o tk) = Ja(X(t5),5)- (3.17)

Thereforethe values of JX* and JX can be obtained as

I = R = () PE) +SE), (319)
o= Faxth,th) =Ph). (3.19)

Remark 3.1 (Computational Cost) The computation of
H(t ™, t")'s using (3.7) is straightforward and do not resort
to an ODE solver. The computation of JX* and J&F using
(3.18) and (3.19) relies on the values of P( Fysand S(t*) s
which are easy to obtain by solving one set of initial value
ODEs with jumps (3.11)-(3.14) backward in time only once.
Therefore, the computation is much easier to implement and
the computational effort for Problem 3.1is greatly reduced as
opposed to the method proposed in [10] which requires the

solutions of (KH) sets of initial value ODEs with jumps. O
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4 Reachability Problems

The quadratic optimal control problemsdiscussed in Sec-
tion 3 can also be applied to address the following important
class of reachability problems. Here we still focus on hy-
brid linear autonomous systems with linear state jumps due
to the easy implementation of Algorithm 2.1, though the dis-
cussions below can be easily extended to general hybrid au-
tonomous systems.

Problem 4.1 (Reachability Problem) Given a hybrid lin-
ear autonomous system with linear state jumps (as that de-
scribed in Problem 3.1), does there exist a switching se-
quencesuch that the state trajectory x departsfromx(to) = Xo
and meets x; at somet;? Heretg,Xp,Xs are given; t; is not
given. ]

Note that x; is reachable from Xg, if and only if the fol-
lowing quadratic optimal control problem achieves its mini-
mum at J = 0. The problemis having afreefinal timet; and
seeks to minimize the quadratic cost

1
3= 5 lx(te) = xill3. (4.)

Hereto, Xo, X; aregiven. In general, the optimal control prob-
lem is difficult to solve due to the large number of possible
patterns of switching sequences. But if we assumethat apre-
specified sequence of active subsystemsisgiven, the problem
can be handled by using optimal control methodol ogies. For
example, we can assume subsystem k being activein [tx_1,tx)
(subsystem K + 1 in [ty,t]). In this case, we can minimize
J with respect to the switching instants and the final timet;.
In other words, the reachability problem can be formulated
as an optimal control problem which seeks optimal values of
t1,---,tx,tf such that

1
I(ty, -t tf) = EHX(tf)*XfH% (4.2

is minimized. In this case, ideally the minimum cost should
be 0 if x; is reachable from xg by the given order of active
subsystems. In practice, if the optimal value of J is found to
be smaller than a predefined small tolerance € > 0, then we
regard X as reachable from xg and regard the corresponding
optimal t1,-- - ,tk,t asthe reachability switching instants.

Remark 4.1 Note that since our approach for optimal con-
trol finds local optima solutions, an optimal value of J
greater than € does not necessarily imply that X is not reach-
able from Xg. In the case that xs is reachable from xgq, an-
other trial of initial guess of switching instants may lead to
the global optimal solution with J < €. Thereforethe optimal
control approach can only be used as a sufficient condition
for determining reachability. However, whenever x 1 is deter-
mined to be reachable from xg, our approach also providesan
explicit sequence (t1,- - - ,tk,tf) that achievesit. Thisisthe
strength of the approach. O

To minimize J(t1, - ,tk,tf) with respect to
(t1,---,tk,tf), we can use Algorithm 2.1. To apply the
algorithm, the derivatives of J first need to be computed.
The derivative values Jy, , J 4, and J,4 can be obtained using
the expressions stated in Theorem 2.1. However, sincet; is

3396

free here, we also need to derive Jy; , J,t, and Jy¢, . To derive
these derivatives, we define

Al

31 (x(tr)) = Slx(te) —x¢ 3, 3)

and consider the Taylor expansion of
Ity b, te) = I (x(t)). (4.4)
By fixing t1,--- ,tk, we can expand J into second order ex-
pansions with respect tots and obtain
Y o= Xff (4.5)
Gty = ST (DTN (4.6)
Also, similarly to the derivationsin [10] for Jy , we can de-
rive
I = (K +(F)THOH L0 1 =14 @

In the above expressions, we have

= Sl -xil3 @9
¥o= (xt)-xp)", 4.9)
3 = Inxn, (4.10)
1= fiaa(x(tr)) = Acpax(te), (4.12)
o = el (412)
Using (4.8)-(4.12), we can simplify (4.5)-(4.7) as
Y= (x(tr) —xr) Akeax(te), (4.13)
Qe = (x(t0)—xi) AR Lax(tr)
+(X(t1)) T ALy AR ax(t), (4.14)
hte = ((X(tf)*xf)TAKﬂ
+(X(t) T ALy 1) H(t 5 (OkA(E)
~Apax(t)), (4.15)
where
H(tr,t0) (4.16)

= eMnlli—k) g eAk(lk—k-1) o ... o @), g Mr1(lkri—l)

5 Examples

In this section, we present two examples to illustrate the
effectiveness of the method developed in this paper.

Example 5.1 Consider a hybrid linear autonomous system
consisting of
‘10

subsystem1l: x = Ax= o 1 |% (5.2
. [ 01 05
subsystem2: x = Apx= 05 o1 X, (5.2)
. [ -1 0]
subsystem 3: x = AgX= o 1 |* (5.3

Assume that tg = 0, tf = 3 and the system switchesat t = tq

from subsystem 1 to 2 and at t = t, from subsystem 2 to 3

(0 <ty <tp <3). Also assume that the system has the state

jump
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11 O _ -0.2
X(t]J_r) = [ 0 09 ] X(tl )+ [ 0.2 :| (54
when switching from subsystem 1 to 2 and
09 O _ 0.2
X(t)) = { 0 11 ]x(t2 )+{ 02 } (55)

when switching from subsystem 2 to 3. We want to find op-
timal switching instantsts, to such that the cost

1= 383+ PA(3) + 3 Jo (G(H) +5(1)) dt
+ Tier () + 5X5(80))

isminimized. Here x;1(0) = —1 and x2(0) = 3.
For this problem, we chooseinitial nominalt; =1,t, = 2.
We derive the derivatives of J using the result in Theorem
2.1 and the computational method in Section 3. By using the
Algorithm 2.1 with the constrained Newton’'s method, after
8 iterations we find that the optimal switching instants are
t1 = 0.6167, t, = 1.6724 and the corresponding optimal cost
is 16.6518. The corresponding state trajectory is shown in
Figure 1. Figure 2 showsthe plot of the cost function for dif-
ferent 0 <t; <ty < 3. By comparing the J value for different
t1 and to, we verify that the solution we obtain is the global
optimal (although it is difficult to tell from the cost surface,
our computation shows us o). O

(5.6)

3

25F

2F state jump at t1

\

state jump at t2
05} /Jp///

L L L L
-35 -3 -25 -2 -15 -1 -0.5

Xl

Figure 1. The state trgjectory for Example 5.1.

1500

1000

3ty L)

500

o

Figure2: The cost for Example 5.1 for different (t1,t)’s(0<t; <
tr < 3).
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Example5.2 (A Reachability Problem) Consider a hybrid
linear autonomous system consisting of

subsystem 1: x = Agx= { é g ]x, (5.7)
. 2 0
subsystem 2: x = ApXx= { 0 1 ]x. (5.8)

Assumethat at tg = O, the system state departsfrom theinitial
condition X1 (0) = 1 and x2(0) = 1 and evolves following the
dynamics of subsystem 1. Assume that the system switches
onceat t; from subsystem 1to 2. Also assumethat the system
has the state jJump

i) =| 5 9 || 1] (59
when switching from subsystem 1 to 2. We want to find a
t1 and at; (0 <t; <t;) such that the system state arrives at
26 +€, e+ atts.

This reachability problem can be posed as a quadratic
optimal control problem with unknown t; and cost J =
2((xa(ts) — (263 +€2))2 + (xo(ts) — (€% +€))?). We choose
initial nominal t; = 0.8, tf = 1.8. Thevalues of Jy,, %, Jyt;,
Jyt; and Jyt, can be derived by using the formulae (2.7)-
(2.9), (4.13)-(4.15), and the computational method in Sec-
tion 3. We use Algorithm 2.1 with the constrained New-
ton’s method to search for an optimal solution. After 8 it-
erations we find that the optimal switching instants aret; =
1.0000, t, = 2.0000 and the corresponding optimal cost is
5.0487 x 10~%. The corresponding state trajectory is shown
in Figure 3. Figure 4 shows the plot of the cost function for
different 0 < t1 < t;. By comparing the J value for different
t1 and tf, we verify that the solution we obtain is the global
optimal (although it is difficult to tell from the cost surface,
our computation shows us o).

25

201

151

state jump at t1

]

Figure 3: The state trgjectory for Example 5.2.

It is worth noting that for this example we can verify the
correctness of (4.13)-(4.15). For example, the expression of
Jut; can be derived from (4.15) as (herek = 1,K = 1)

Ity = ((xt0) =x0) Aot (x(tr)) AT ) Hte 1)
~(91A1X(tl_) fAQX(t]J_r)).
We can substitute x(t;) = [, e]T, x(t;) = [2€1 +
1, 1+ 17, x(ty) = [2eM 1 4 -2 it i )T
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Figure4: The cost for Example 5.2 for different (ty,t¢)’'s(0 <ty <
tf).

X] = 268+ &, € +¢6, Htrt]) = el 0, =
[ (2) 2 },Al, and Az into (5.10) and obtain
(86‘2tf—t1 +4e2tf—2t1746372e2)(72e2tf—t1

—2¢? 2 4 (2t th 4 gl
- —g) (g, (5.12)

Juty =

The correctness of (5.11) can be verified by directly dif-
ferentiating the expression of J

J = %((2e‘?‘f*‘1+e2‘f*2‘1—2e3—e2)2+(e‘f+t1
+eih e _g)?), (5.12)
W prh g 2ot

oty
_2€2tf72tl) + (etf+t1 4t
—e3—g)(dfth i, (5.13)
% _ (8Rh a4 ) ( pdi~t
—2¢?t 2 4 (2t th 4 gt
—e3—g)(dth i), (5.14)

Similarly, we can also verify the correctness of the expres-
sionsof J,, %, Jyt,» e, Dy direct differentiationsof J. O

6 Conclusion

In this paper, results for quadratic optimal control of
hybrid linear autonomous systems with state jumps are re-
ported. Based on an approach proposed in [10] for optimal
control problems of hybrid autonomous systems, we propose
a method which leads to more efficient computation of the
necessary parametersin applying the approach. The method
takes advantage of the special structure of linear subsystems
and quadratic costs. Application of quadratic optimal control
results to reachability problemsis also reported. A more de-
tailed version of this paper can be found in [11]. A further

3398

research topic is the development of methods for searching
for optimal switching sequences when the sequence of active
subsystems are not prespecified.
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