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I n t r o d u c t i o n  
To s t u d y   t h e   g e n e r a l   R e g u l a t o r   P r o b l e m   w i t h   I n t e r  

n a l   S t a b i l i t y   ( R P I S )   c o n s i d e r   t h e   s y s t e m   d e s c r i p t i o n  

ym = -H1u + G1w 
yr = H ~ u  + G ~ w  (1 )  

where  y, and yr a r e   t h e   m e a s u r e d   a n d   r e g u l a t e d   o u t p u t s  
r e s p e c t i v e l y ,  u i s  t h e   c o n t r o l   i n p u t   a n d  w d e s c r i b e s  
t h e  exogenous   s igna l ;  w i s  c o n s i d e r e d   t o   b e   t h e   o u t p u t  
o f  a known system R ,  t h a t  i s  w=Rd f o r  a bounded  vector  
d ,  and i t  is a s s m e d   t h a t   a l l   t h e   p o l e s   o f  R a r e   i n   t h e  
u n s t a b l e   r e g i o n   o f   t h e   s - p l a n e   ( o r   z - p l a n e ) .   I f   t h e  
c o n t r o l  law 

i s  used,   the   compensator  C i s  t o   b e   d e t e r m i n e d  so t h a t ,  
u n d e r   i n t e r n a l   s t a b i l i t y ,   t h e   e f f e c t   o f   t h e   e x o g e n o u s  
( d i s t u r b a n c e )   s i g n a l  w o n   t h e   r e g u l a t e d   o u t p u t  yr 
d i m i n i s h e s   a s y m p t o t i c a l l y   t o   z e r o .  The l a t t e r   c o n d i -  
t i o n  i s  t h e   r e g u l a t i o n   r e q u i r e m e n t  and i t  i s  e q u i v a l e n t  
t o  mak ing   t he   t r ans fe r   ma t r ix   be tween  yr and  d ,   Trd,  
s t a b l e .  

t a i n   a s s u m p t i o n s   m u s t   b e  made t o   g u a r a n t e e   t h a t   a l l  
s i g n a l s   i n   t h e   f e e d b a c k   l o o p  w i l l  be  bounded.  In p a r  
t i c u l a r ,  l e t  

b e  pr ime  po lynomla l   mat r lx   fac tor iza t ions   and   assume 
t h a t :  HID1 and ElG1 a r e   s t a b l e   t r a n s f e r   m a t r i c e s .  
Under   t hese   a s sumpt ions ;   t he   compensa ted   sys t em is in- 
t e r n a l l y   s t a b l e   i f  and  only i f  (%Dl + ticN1)-l i s  sta- 
b l e .  No te   t ha t   t hese   a s sumpt ions   have   been  shown i n  
[ 101 t o   b e   e q u i v a l e n t   t o   t h e   o n e s   i n   [ 9 1 ,   w h i l e   o t h e r  
e q u i v a l e n t   s t a b i l i t y   c o n d i t i o n s   a l s o   a p p e a r   i n  
[ 11,171. 

u = cym ( 2 )  

To s a t i s f y   t h e   i n t e r n a l   s t a b i l i t y   r e q u i r e m e n t   c e r  

H~ = N ! D ~ - ~  = 9 - 1 ~ ~  ~ c = 5 - 1 3  (3  1 

Compensa tor   S t ruc ture   and   In te rna l   Models  
T h e   s p e c i a l   c a s e ,  when the   regula ted   and   measured  

o u t p u t s   a r e   t h e  same, ym=yr  (-Hl=H2,  Gl=G2),  has  been 
s t u d i e d   e x t e n s i v e l y ;   n e c e s s a r y  and s u f f i c i e n t   c o n d i -  
t i o n s   h a v e   b e e n   r e p o r t e d ,  a l l  s o l u t i o n s  C have  been 
c h a r a c t e r i z e d   a n d   t h e i r   s t r u c t u r e   h a s   b e e n   d i s c u s s e d  
[ l -31.   The  compensators  C have  been shown t o   b e  of t h e  
f orm 

where  Gd i s  a polynomia l   mat r ix  and t h e   r a t i o n a l  C i s  
c h o s e n   t o   a r b i t r a r i l y   a s s i g n   t h e   c l o s e d   l o o p   e i g e n v s l u e  
[ 4,5 1 .  The  poles   of  Gd-l a r e   t h c s e   u n s t a b l e   e x o g e n o u s  
s i g n a l  modes wh ich   do   no t   appea r   a s   po le s   o f   t he   p l an t  
( s t r u c t u r e   i n c l u d e d ) .  ?he r o l e   o f  Gd i s  t o   i n t r o d u c e  
i n t o   t h e   l o o p   i n f o r m a t i o n   a b o u t   t h e   e x o g e n o u s   s i g n a l ,  
s o  tha t   t he   ca scade   connec t ion   o f   t he   p l an t   and   t he  
compensa to r   con ta ins   an   i n t e rna l   mode l   o f  R .  

u s i n g   s t a t e   s p a c e   m e t h o d s   i n   t h e   c o n t e x t   o f   r o b u s t  R P I S  
i n  [ 6 ]  and [ 7 1 ,  w h e r e   t h e   c a s e  ym#yr w a s   t r e a t e d .  By 
r o b u s t  RPIS i t  i s  u n d e r s t o o d   t h a t   t h e   p r o p e r t i e s  of  
o u t p u t   r e g u l a t i o n  and i n t e r n a l   s t a b i l i t y  w i l l  ho ld  
u n d e r   s m a l l   p e r t u r b a t i o n s   o f   t h e   p l a n t ' s   a n d  some c f  
the  comDensator 's   Darameters .  I n  t h i s   s e t t i n g  i t  i s  

c = Gd-l 2 fi  (4 1 

The   concept   o f   an   In te rna l .  Model was i n t r o d w e d  

In the   f r equency   domain ,   t he   concep t   o f   i n t e rna l  
models was d e f i n e d   f o r   t h e   s p e c i a l   c a s e  ym=yr i n   [ l ]  
w i t h o u t   r o b u s t n e s s   c o n s i d e r a t i o n s .   N o t e   t h a t   o n e  way 
t o   d e f i n e   a n   i n t e r n a l  m o d e l   i n   t h i s   s e t t i n g  is a s  

D e f i n i t i o n :  Let V 1  = 21-1p11 V2 = O~-l€'2 be  prime 
p o l y n o m i a l   m a t r i x   f a c t o r i z a t l o n   o f   t h e   p r o p e r   r a t i o n a l  
m a t r i c e s  V 1  and V q ;  a s sume   t ha t  VI and V2 h a v e   t h e  same 
number  of  rows.  Then, V 1  c o n t a i n s   a n   i n t e r n a l  model of  
V2 i f  and o n l y   i f  22 i s  a r i g h t   d i v i s o r   o f  01. 
I n   t h i s   c a s e ,  ym = y r ,   f o r   r e g u l a t i o n   w i t h   i n t e r n a l  
s t a b i l i t y ,   t h e   c a s c a d e   c o n n e c t i o n   o f   t h e   p l a n t  and t h e  
compensator  (HlC)  must  contain an i n t e r n a l  model  of  the 
exogenous   s igna l  ( R ) ,  which i n   t u r n   i m p l i e s   t h a t   t h e  
compensator C mus t   be   a s   i n   (4 ) .  

p o r t e d   a r e   m a i n l y   n e c e s s a r y  and s u f f i c i e n t   c o n d i t i o n s  
f o r  t h e   e x i s t e n c e   o f  C [9-151. The s t r u c t u r e   o f   t h e  
compensator C i n   t h i s   c a s e   h a s   b e e n   s t u d i e d   i n   [ 1 3 , 1 4 1  
where i t  i s  shown t h a t   i f  a s o l u t i o n   e x i s t s   t h e n  
c=D,-~N, m u s t   s a t i s f v  

fo l lows  [ 11 : 

For   t he   gene ra l   mode l ,  when y m f y r ,   t h e   r e s u l t s  re- 

A -.- 3 D l  + %  N 1  = 4 (5a)  
%(-L1) + 3 x1 = NJ (5b)  

where H 1  = N 1 D 1 - l  = D J - ~ N ~  p r i ze   po lynomia l   ma t r ix   f ac -  
t o r i z a t i o n s ,  2121 + NJI'~-= I ,  3- s t a b l e   w i t h   p o l e s  
t h e   d e s i r e d   c l o s e d   l o o p   e i g e n v a l u e s  and Nk an  appro- 
pr ia te   po lynomia l   mat r ix .   Equat ion   (5a) -cor responds   to  
t h e   i n t e r n a l   s t a b i l i t y   r e q u i r e m e n t   w h i l e   e q u a t i o n   ( 5 b )  
t o   r e g u l a t i o n .  It shou ld   be   po in t ed   ou t   t ha t   t he   po ly -  
n o m i a l   n a t r i x  NJ i s  n o t   f i x e d ,   b u t  i t  can  be  any member 
o f  a ( l a r g e )   c l a s s  o f   m a t r i c e s   d e f i n e d   i n   [ 1 3 ]   ( n o t e  
t h a t   i f  $ w e r e   a r b i t r a r y ,   t h e n   e q u a t i o n s   ( 5 )   w o u l d  
g u a r a n t e e   j u s t   i n t e r n a l   s t a b i l i t y ) .  

d i t i o n s  ( 5 )  i m p l y   t h a t  C c a n   b x   w r i t t e n   a s  

where Gd, G, a r e   p o l y n o m i a l   m a t r i c e s   w i t h   t h e   p r o p e r t y  
t h a t  IGdl / G n I  d iv ides   t he   po lynomia l  101 t h e   r o a t s  of  
wh ich   a r e   t hose   uns t ab le   exogenous  modes  which do n o t  
appear  i n  H I .  N o t i c e   t h a t  when yr = ym t h e n  Gn = I and 
( 6 )  r e d u c e s   t o   ( 4 ) ,   w h e r e  e is c h o s e n   t o   a r b i t r a r i l y  
a s s i g n   t h e   c l o s e d   l o o p   e i g e n v a l u e s .   I n   t h e   g e n e r a l  
case  however ,   the   numerator  and the  denominator   of  C 
m u s t   s a t i s f y   s t r u c t u r a l   r e q u i r e m e n t s   i n   a d d i t i o n   t o  
( 6 1 ,  t h a t  i.s '? i n  ( 6 )  must  be  chosen  not  only t o  
a r b i t r a r i l y   a s s i g n   t h e   c l o s e d   l o o p   e i g e n v a l u e s ,   b u t  
a l s o   t o   s a t i s f y   a d d i t i o n a l   c o n d i t i o n s .  I n  o the r   words ,  
( 6 )  i s  not   a lways  a s u b s t i t u t e   f o r   t h e   r e g u l a t i o n   e q u a -  
t i o n   ( 5 b ) ;   t h i s   h a p p f c s   o n l y   s h e n   [ 1 3 1  

I t  has   been  shown i n   i 1 3 ]   t h a t   t h e   r e g u l a t i o n  con- 

c rz Gd-l c % ( 6 )  

IGdi / 2 a I  = ajQ1 , a E R ( 7 )  
In g e n e r a l ,  3 and D n e e d   t o   s a t i s f y   b o t h   r e l a -  

t i o n s   i n  ( 5 )  f o r  regulation w i t h   i n t e r n a l   s t a b i l i t y .  
R e g u l a t i o n   i m p o s e s   s t r u c t u r a l   r e q u i r e m e n t s  O R  t h e  num- 
e r a t o r  and  denominator  of C v i a   ( 5 b )   w h i c h ,   u n d e r   c e r -  
t a i n   c o n d i t i o n s ,   a r e   e q u i v a l e n t   t o   e x o g e n o u s   p o l e s  
a p p e a r i n g   i n  Gd-l and Gn ( s e e  ( 6 ) ) .  This  i s  i n  
c o n t r a s t   t o   t h e   s i t u a t i o n   i n   t h e   s p e c i a l   c a s e  y, = yr 
w h e r e   t h e   r e g u l a t i o n   r e q u i r e m e n t  i s  a l w a y s   e q u i v a l e n t  

4 

C ,  i n  G ~ I  ( s e e  ( 4 ) ) .  
to   exogenous   po les   appear ing   on ly   in   the   denominator   o f  
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lu'hile G d - l  i n   ( 4 )   c a n   b e   e a s i l y   s e e n   t o   i n d i c a t e  
t h e   e x i s t e n c e   o f   a n   i n t e r n a l  model   of   the   exogenous 
s i g n a l   i n   t h e   c a s c a d e   c o n n e c t i o n  H1C ( s e e   a b o v e   d e f i n i -  
t i o n ) ,  i n  t h e   g e n e r a l   s e t t i n g   o f  R P I S  t h e   n e c e s s i t y   o f  
s u c h   a n   i n t e r n a l   m o d e l   f o r   r e g u l a t i o n   i s   n o t   c l e a r .  
I f ,  of  cour se ,  G? = I and  (7)  i s  s a t i s f i e d   i n  which 
c a s e   t h e   r e g u l a t r o n   r e q u i r e m e n t  i s  e q u i v a l e n t   t o   h a v i n g  
C = Gd-1 E a s   i n   ( 4 )   ( s e e   e x a m p l e ) ,   t h e n ,   U s i n g   t h e  
a b o v e   d e f i n i t i o n   o f   a n   i n t e r n a l  model i t  can   be  shown 
t h a t   r e g u l a t i o n  i s  e q u i v a l e n t   t o   h a v i n g   a n   i n t e r n a l  
mode l   o f   t he   exogenous   s igna l   i n   t he   ca scade   connec t ion  
H 1 C .  This  however  happens c n l y  unde r   ce r t a in   cond i -  
t i o n s ;   i n   g e n e r a l ,   ( 5 b )  i s  s a t i s f i e d  and might   not  irn 
p l y  any p a r t i c u l a r   f a c t o r s   f o r   t h e   n u m e r a t o r   a n d  den- 
m i n a t o r   o f  C .  So :  I n  t h e   g e n e r a l  R P I S  wi thout   robus t -  
n e s s   c o n s i d e r a t i o n s ,   a n   i n t e r n a l  model  of  the  exogenous 
s i g n a l   a s   d e f i n e d   a b o v e ,   d o e s   n o t   n e c e s s a r i l y   e x i s t   i n  
t h e   c a s c a d e   c o n n e c t i o n   o f   t h e   p l a n t   a n d   t h e  compen- 
s a t o r .  The f o l l o w i n g   e x a m p l e   c l a r i f i e s   t h e   i s s u e :  

Example 1 [16]   Cons ider   the   sys tem 

ym = [ a / ( s + h ) ] u  + w 
yr = u + [ e / ( s + f )  l w  

u = C y, , C = nc /dc  

where   t he   exogenous   s igna l  w i s  a s t e p   o f   t h e  form 
w = ( l / s ) d .  To s i m p l i f y   t h e   a n a l y s i s   a s s u m e   t h a t   a , e f O ,  
b>O and DO. The o b j e c t i v e  i s  t o   f i n d  C s o  t h a t   t h e  
e f f e c t  of w o n  yr i s  d e c r e a s e d   a s y m p t o t i c a l l y   t o   z e r o .  

S o l u t i o n   t o   t h i s   p r o b l e m   d o e s   e x i s t .  The 
compensa tor  C m u s t   s a t i s f y   c o n d i t i o n s   ( 5 a )   a n d   ( 5 b )  
w h i c h   i n   t h i s   c a s e   i m p l y :  

( a )   ( s t b ) d c  + (-a)nc = Dk,  Dk-l s t a b l e ,  
( b )   ( a e b f ) n c ( 0 )   - b e   d c r O j  2 0,  ae-bf # 0 ;  
when ae-bf = 0 chen ,  Gd = s and C,, = 1. 

a n d   f = l   t o  show t h a t   t h e  R P I S  o f   (1 )   cou ld   be   so lved  
w i t h o u t   a n   i n t e r n a l   m o d e l .   O b s e r v e   t h a t   i n   t h i s   c a s e  
ae-bf = -4 and   ic   fo l lows   f rom  (b)   cha t   the   compensa tor  
n e e d s   t o   s a t i s f y   t h e   s t r u c t u r a l   r e l a t i o n   n c ( 0 ) - d c ( O ) = O  
i n   a d d i t i o n   t o   ( a ) .   I f  = s + l  i s  t h e   d e s i r e d   c l o s e d  
l o o p   c h a r a c t e r i s t i c   p o l y n o m l a l ,   a n   e r r o r   f e e d b a c k   c o r n  
p e n s a t o r  C = l  w i l l  r e g u l a t e  and i n t e r n a l l y   s t a b i l i z e  
t h i s   s y s t e m .  However, i f   t h e   g a i n   e = 2   t h e n ,  C=-l/s 
wou ld   r egu la t e   t he   sys t em and g i v e  two c losed   l oop  
e i g e n v a l u e s   a t  -1.. 

I t  i s  c l e a r   f r o m   t h e   a b o v e   t h a t   t h e   u n s t a b l e  modes 
o f   t h e   e x o g e n o u s   s i g n a l   w h i c h   a r e   n o t   p o l e s   o f   t h e  
p l a n t  do n o t   n e c e s s a r i l y   a p p e a r   a s   p o l e s   o f  C for   regu-  
l a t i o n ;   t h a t  i s  t h e   e x i s t e n c e   o f   a n   i n t e r n a l   m o d e l ,   i n  
t h e  above   sense ,  i s  n o t   n e c e s s a r y   f o r   r e g u l a t i o n .  This 
r e s u l t   a g r e e s   w i t h   t h e   g e n e r a l  comments made i n  
[ 10,181. It i s  o f   c o u r s e   c l e a r   t h a t   i n   s p e c i a l   c a s e s  
a n   i n t e r n a l  model d o e s   e x i s t .  Such i s  t h e   c a s e  when 
yr'Omym w i t h  0, s t a b l e   r a t i o n a l ;   n o t e   t h a t   t h i s   c a s e  
h a s   b e e n   s t u d i e d   w i t h   r o b u s t n e s s   c o n s i d e r a t i o n s   i n  
1161. In 1121 a s u f f i c i e n c y   c o n d i t i o n   f o r   t h e   e x i s t -  
e n c e   o f   i n t e r n a l   m o d e l s   h a s   a l s o   b e e n   d e r i v e d   u s i n g  
s ta te   space   models   and   geometr ic   methods .  

f o r   ( o r   t h e   l a c k   o f )   a n   i n t e r n a l  model  of  the  exogenous 
s i g n a l   i n   t h e   f e e d b a c k   l o o p  by s t u d y i n g   t h e   r o l e   o f   t h e  
c o m p e n s a t o r   p C y m   i n   r e g u l a t i o n .  The r e g u l a t i o n  
c o n d i t i o n   ( 5 b )  on C g u a r a n t e e s   t h a t   t h e   c o n t r o l   s i g n a l  
w i l l  be a b l e   t o   e l i m i n a t e   t h e   u n s t a b l e  modes   due   to  w 
o n  yr. This i m p l i e s   t h a t  C w i l l  make those  exogenous 
modes  unobservable   f rom  the  output   yr .   In   input-output  
o p e r a t o r   t e r m s   t h i s   a l s o   i m p l i e s   t h a t  C w i l l  c r e a t e  
m u l t i v a r i a b l e   z e r o s   i n  Trw t o   c o u n t e r b a l a n c e   t h e   e f f e c t  
o f   t h e   u n s t a b l e   e x o g e n o u s   m o d e s .   F o r   t h i s   t o   h a p p e n ,  
i t  s u f f i c e s ,   i n   t h e   s p e c i a l   c a s e   y r = y m ,   t h a t   t h e   c o r n  
p e n s a t o r   b e  of t h e   f o r m   ( 4 )   w h e r e   t h e   u n s t a b l e  ex- 
genous modes which a r e   n o t   p o l e s   o f   t h e   p l a n t   a p p e a r   a s  

I n  [ l o ]  ch i s   example  was used   w i th   a= l ,   b=2 ,  e=-2 

P e r h a p s   o n e   c o u l d   b e t t e r   u n d e r s t a n d   t h e   n e c e s s i t y  

po le s   o f  c ( i n  Gd-1). In t he   gene ra l   ca se ,   however ,  
f o r   t h e   c o n t r o l   s i g n a l  u t o   e l i m i n a t e   t h e   u n s t a b l e  
modes d u e   t o  w on  yr,  i t  is n o t   g e n e r a l l y   s u f f i c i e n t  
f o r   t h e s e  modes t o   a p p e a r   a s   p o l e s  of  C a s   b e f o r e .  
C e r t a i n   s t r u c t u r a l   r e l a t i o n s  on C ,  i n   p a r t i c u l a r   ( 5 b ) ,  
m u s t   b e   s a t i s f i e d   f o r   t h i s   t o   h a p p e n .   ( 5 b )   i m p l i e s  
t h a t   c e r t a i n   u n s t a b l e  modes of w c o u l d   a p p e a r   i n   e i t h e r  
t he   denomina to r   o r   numera to r   o f  C ( s e e  ( 6 ) )  b u t   t h i s  i s  
n o t   i n   g e n e r a l ,   s u f f i c i e n t   f o r   r e g u l a t i o n .   T h u s ,   r e g u -  
l a t i o n   i n   t h e   g e n e r a l  R P I S  c a n   t a k e   p l a c e   w i t h o u t   a n  
i n t e r n a l  model   as   def ined  above.  
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