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A Passivity Measure Of Systems In Cascade Based On Passivity Indices
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Abstract— Passivity indices are defined in terms of an excess
or shortage of passivity, and they have been introduced in
order to extend the passivity-based stability conditions to more
general cases for both passive and non-passive systems. While
most of the work on passivity-based stability results in the
literature focuses on employing the feedback interconnection of
passive or non-passive systems, our results focus on a passivity
measure for cascade interconnection. In this paper, we revisit
the results on secant criterion from the perspective of passivity
indices and we show how to use the secant criterion to measure
the excess/shortage of passivity for cascaded Input Strictly
Passive/Output Strictly Passive systems; we also propose a
method to measure passivity for cascaded dissipative systems,
where each subsystem could be passive or non-passive. Fur-
thermore, we study the conditions under which the cascade
interconnection can be directly stabilized via output feedback.

1. INTRODUCTION

In the early 1970’s, Willems[8] introduced passivity(and
dissipativity) concepts using the notions of storage function
and supply rate. Passivity is the property that the rate of
increase of the storage function is not higher than the
supply rate. A most important passivity result states that a
negative feedback loop consisting of two passive systems is
passive[12],[15]; under an additional detectability condition
this feedback loop is also stable[5]-[6].

What can happen when one of the systems in the negative
feedback interconnection is not passive? Can an “excess of
passivity” assure that the interconnection is passive? The
possibility of achieving passivity of interconnections which
combine systems with “excess” and ‘“shortage” of passivity
led to the introduction of the passivity index. It has been
defined in terms of an excess or shortage of passivity in
order to extend the passivity-based stability conditions to the
feedback interconnection of dissipative systems, see[6],[9]
and [10], and note that they are related to Input Strict
Passivity and Output Strict Passivity introduced by Hill and
Moylan[15].

In the recent paper of Arcak and Sontag[1]-[2], the “secant
criterion” which has been used in the analysis of biological
feedback loops [3]-[4], has been revisited and its advantages
in the passivity based stability analysis for a class of output
strictly passive (OSP) systems either with a cascade or
with a cyclic interconnection structure has been shown. The
authors show that the secant criterion developed earlier in
the literature is in fact a sufficient condition for “diagonal
stability” of a class of “dissipative matrices”. They use
the secant criterion and the diagonal stability results as a
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tool to construct a candidate Lyapunov-like function for
the stabilization problem of a class of OSP systems with
a cyclic interconnection. The reason why “diagonal stabil-
ity” of the corresponding dissipative matrices is of special
interest is that it enables us to choose the proper weight
for each subsystem’s storage function and this contributes
to the construction of the composite candidate Lyapunov-
like function. They have also shown the lack of input feed-
forward passivity for this particular class of cascaded OSP
systems.

The results in [1] and [2] motivate us to revisit the
secant criterion from the perspective of passivity indices. We
use passivity indices to measure the excess or shortage of
passivity for each subsystem in the cascade interconnection
and use the secant criterion to measure the degree of passivity
for cascaded Output Strictly Passive/Input Strictly Passive
systems. We further propose a way to measure passivity
for cascaded Input Feed-forward Output Feedback Passive
systems (which is a characterization of dissipative systems,
see [6],[8] and [15]), and study how each subsystem’s
passivity indices affect the overall degree of passivity for
the entire cascade interconnection; furthermore, we show the
conditions under which the entire cascade interconnection
could be stabilized by using output feedback.

The current paper not only provides a way to measure
the degree of passivity for the cascade interconnection, it
also suggests an alternative method to stabilize cascaded
linear/nonlinear systems, in addition to the existing work in
the literature by employing the negative feedback intercon-
nection and by using “passivation” techniques, see [5]-[6],
[13]-[14] and [17]-[18]. The rest of this paper is organized
as follows: we briefly introduce some background material
on passivity and passivity indices in Section II, which is
followed by a summary of the secant criterion and some facts
on quasi-dominant matrices in Section III; the main results
are presented in section IV followed by an example given in
section V. Finally, the conclusion is provided in Section VI.

II. BACKGROUND MATERIAL

Consider the following nonlinear system:

{x:f(x,u)

ey

v = hix,u)
where x€e X CR", ue UCR” and y € Y C R" are the
state, input and output variables, respectively, and X, U and
Y are the state, input and output spaces, respectively. The
representation x(¢) = ¢(t, 0, xo,u) is used to denote the state
at time ¢ reached from the initial state xq at fg.
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Definition 1(Supply Rate [8]). The supply rate w(t) =
wu(t),y(t)) is a real valued function defined on U XY, such
that for any u(t) € U and xo € X and y(t) = h(¢(t, to, X0, 1)),
w(t) satisfies

1]
f |w(T)|dT < 00 2)
fo

Definition 2(Dissipative System [8]). System H with supply
rate w(t) is said to be dissipative if there exists a nonnegative
real function V(x) : X — R*, called the storage function, such
that, for all t; >t >0, xoe X and ue U,

1]
V(x1)—V(xg) < f w(T)dt 3)
fo
where x| = ¢(t1,10, X0, 1), and R* is a set of nonnegative real
numbers.
Definition 3(Passive System [8]). System H is said to be

passive if there exists a storage function V(x) > 0 such that

Vi) - Vixo) < f u y)dr, @

fo

if V(x) is C', then we have
V(x) < u@®) y(5), Yi>0. 5)

One can see that passive system is a special case of dissi-
pative system with supply rate w(t) = u()T y(t).

Definition 4(Excess/Shortage of Passivity [6]). System H
is said to be:

o Input Feed-forward Passive (IFP) if it is dissipative with
respect to supply rate w(u,y) =u’y—vul u for some v €
R, denoted as IFP(v).

e OQOutput Feedback Passive (OFP) if it is dissipative with
respect to the supply rate w(u,y) =u'y—py’y for some
p €R, denoted as OFP(p).

o Input Feed-forward Output Feedback Passive (IF-OFP)
if it is dissipative with respect to the supply rate w(u,y) =
uly—pyly—vulu for some p €R and v € R, denoted as
IF-OFP(v,p).

A positive v or p means that the system has an excess

of passivity; otherwise, the system is lack of passivity. In
the case when v >0 or p > 0, the system is said to be
input strictly passive(ISP) or output strictly passive(OSP)
respectively.
Definition 5(Zero-State Observability and Detectability
[6]). Consider the system H with zero input, that is X =
f(x,0), y=h(x,0), and let Z C R" be its largest positively
invariant set contained in {x € R"|y = h(x,0) = 0}. We say H
is zero-state detectable(ZSD) if x =0 is asymptotically stable
conditionally to Z. if Z = {0}, we say that H is zero-state
observable (ZS0).

III. SecANT CRITERION AND SOME FACTS ON DIAGONALLY STABLE
MATRICES AND QUASI-DOMINANT MATRICES

The connection between diagonal stability and the secant
criterion has been shown in [1]-[2]. We briefly summarize
these results here.

Definition 4 (Diagonal Stability [7]). A matrix A := (a;j)
is said to belong to the class of Hurwitz diagonally stable
matrix if there exists a diagonal matrix D >0 such that

ATD+DA<0 (6)

Definition 5 (Quasi-dominant matrix [7]). A square matrix
is a quasi-dominant matrix, or in the class of diagonally row-
sum or column-sum quasi-dominant matrices if there exists
a positive diagonal matrix P=diag{pi, p2,...,pn} such that
aiipi 2 Y jzilaijlpj, i, (respectively) a;jp; > Yixjlajipi,Vj.
If these inequalities are strict, the matrix is referred to as
strictly row-sum (respectively column-sum) quasi-dominant.
If P can be chosen as the identity matrix, then the matrix is
called row- or column- diagonally dominant.

Theorem 1 (Secant Criterion [2]). A matrix of the form:

E—(Il 0 0 _ﬁn—
B —a 0
A= 0 B -3 : a;i>0, Bi>0, (7)
; 0
| O 0 Bn—l —y

i=1,---,n, is diagonally stable, that is, it satisfies (5) for
some diagonal matrix D > 0, if and only if the secant
criterion
Prbn < sec(n/n)" = 1 ()
ay - ay cos(Z)"
holds; here we assume n > 2.
Corollary 1 [19]. Every symmetric quasi-dominant matrix
is positive definite.
Lemma 1 [7]. If a matrix A is diagonally stable, then A7 is
also diagonally stable.

In the subsequent sections, we will show how we use the
secant criterion and the properties of quasi-dominant matrix
to measure the shortage/excess of passivity for cascade
systems.

IV. MAIN REsuLTs

In this section, we show passivity measures for three
classes of cascade systems, which include output strictly
passive systems(OFP(p) with p > 0), input strictly passive
systems(IFP(v) with v > 0) and input feed-forward output
feedback passive systems(IF-OFP(v,p) with p,v € R). One
should notice that while the first and the second classes
assume that each interconnected subsystem is passive, the
third class applies to the more general case of dissipative
systems. We also show sufficient conditions under which
those cascade systems can be stabilized via output feedback.

A. Passivity measure of a cascade of OSP systems

Proposition 1. Consider the cascade interconnection shown
in Fig.1, where n> 2. Let each block be OFP(p;) with p; >
0, namely there exists C' storage function V; >0 for each
subsystem, such that

Vi < —piy! yi+ul i, )
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where u;,y; € R™. Then for some v >0, such that

COSL"H
V>A’ (10)
P1P2---Pn

the cascade system admits a storage function of the form
n
v:Zd,-v,», di >0, (11)
i=1

and the cascade interconnection is IFP(-v).

H

ui | i Vs
> A L H, [—»

e 4“"’1 H yn>

Fig. 1: Cascaded Interconnection

e
N Vs
Hl HZ

Fig. 2: Feed-forward Passivation

I

Proof . To show that the cascaded interconnection is IFP(-v),
we need to show that the storage function (11) satisfies:

V< VuTu+uTyn (12)

for some v > 0. Since V =3, d;V;, and Vi < —p,'yl.Tyi+ul.Ty,-,
if we can show that

n

D di—plyi+uly) =y u-u"y, <0, (13)
i=1
then (12) holds. Define
-1 0 0 -1
1 —p 0
A= 0 1 - pi>0, v>0 (14)
: R |
L 0 0 1 —pul

and D = diag{v,d\,d>,...,d,}. Then it can be seen that the
left-hand side of (13) is equal to

[u” Y IDA®Lulu" y'1". (15)
where y = [le,..., y,{]T. According to Theorem 1, if
cos L)n+l
y > costn)™ , (16)
P1P2---Pn
then there exists a diagonal matrix D > 0 such that
DA+ATD <0, (17)
then we have
(DA+ATD)®1, <0 . (18)

Since

(! YDA L, [u” Y"1 = [u" Y NDA® L) [u” y'1" (19)

and
(DAL, = (DA @I =ATD®I,, (20)
we have

1
(! Y'IDA® L, [u" y'1" = E[uT Y IATD+DAY® L, [u” YT

21
so that
(! y'IDA® L, [u! yT1T <0, (22)
and thus
V<vulu+ uTy,, . (23)

This shows that the cascaded system is IFP(-v). m

Remark 1: Proposition 1 shows the shortage of passivity in
cascaded OSP systems and it also shows that the shortage
of passivity could be compensated by input forward vI as
shown in Fig.2, where v is determined by (10).

B. Passivity measure of a cascade of ISP systems

Proposition 2. Consider the cascade interconnection shown
in Fig.1, where n > 2. Let each block be IFP(v;) with v; >0,
namely there exists a C' storage function V; >0 for each
subsystem, such that

Vi < —viu] ui+u] yi (24)
where u;,y; € R™. Then for some p >0, such that
COS(L)"'H
ol (25)
ViV2...Vy

the cascade system admits a storage function of the form
given by (11) and the cascade interconnection is OFP(-p).

Yn
| Y2y Yy H >

pl

Fig. 3: Output Feedback Passivation

Proof . The proof is very similar to the proof shown in
Proposition 1, thus it is omitted here. m

Remark 2: Proposition 2 shows shortage of passivity in
cascaded ISP systems and it also implies that the lack of
passivity could be compensated by output feedback pl as
shown in fig.3, where p is determined by (25).

C. Stabilization of a cascade of OSP / ISP systems via output
feedback

Proposition 3. Consider the feedback interconnection shown
in Fig.4, where n> 2. Let each block be OFP(p;) for some

r=0 Y
U H, B4I H, Yy . Y " "

Fig. 4: Stabilized Via Output Feedback
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pi > 0 with the storage function V; >0 such that (9) holds
with u;,y; € R™ . If
1 1

< 7 N
p1p2...pn  cos(L)

(26)

and the input to the cascaded system r =0, then the closed-
loop system admits a candidate Lyapunov-like function which
is a weighted sum of each subsystem’s storage function given
by (11) and
n
V=) dVis-elyl; 27
i=1
for some € >0, where y = [le,yg,...,y,{]T. Mor'eover, if{y=
0} is contained in the invariant set for which V =0, and if
each subsystem is ZSD, then the equilibrium x; =0 of each

subsystem is asymptotically stable.

Proof . Fig.4 is a cyclic structure and since r = 0, we have

UL==Yn, U2=Ylsees Up = Yn-1 (28)
Moreover, since each subsystem is OFP(p;) we have
Vi <—yiyi—piyin
vy < y,Tyz —szzT y2
(29)

Vi <Y 190 = Puyh v
If we take the time derivative of the candidate Lyapunov-like
function V =37, d;V;, we will get

n
V<di(-yEyi—piiyn+ Y dioT yi—pply).  (30)

i=2
Define
-p1 0 0 -1
1 —p 0
A= pi >0 31
: : I =pp- 0
| 0 e 0 1 —Pn

and D = diag{d,,d,...,d,}. Notice that the right-hand side
of (30) is equal to yTDA®Imy. According to Theorem 1, if

1 1
< Y
prpn  cos(E)

then there exists some diagonal matrix D > 0 such that matrix
A is diagonally stable, and we will have

(32)

. 1
V<y'DA®I,y = EyT(ATD+ DA)®Iy<—¢llyls (33)

for some & > 0. According to LaSalle’s theorem [15], if
{y = 0} is contained in the invariant set for which V =0,
then we have lim;—q y;(f) =0, for i = 1,...,n. Moreover, if
each subsystem H; is ZSD, then lim, . y;(f) = 0 implies
lim;, x;() = 0, so each subsystem’s equilibrium x; = 0 is
asymptotically stable. m

Remark 3: One can show that for the case when there are

only two subsystems in the cascade interconnection as shown
in Fig. 5. if p; >0 and p> > 0, which means both H; and

r=0 u

Yy Y
_,_'CT 1y u, 1 H, 2 g

Fig. 5: Special Case When n =2

H, are OSP, then we can simply choose the sum of their
storage function as the potential Lyapunov-like function for
the closed-loop system when we directly apply the unity
output feedback to the cascade interconnection of H; and
H,.

We have studied the conditions under which the cascade
interconnection of a class of OSP systems can be directly
stabilized via output feedback. The following proposition
shows similar results for a cascade of ISP systems.

Proposition 4 . Consider the feedback interconnection shown
in Fig. 4, where n> 2. Suppose that r =0 and let each block
be IFP(v;) for some v; >0 with the storage function V; >0
such that (24) holds with u;,y; € R™. If

1 1

<
. T’
cos(3)

(34
VIV2...Vp
then the closed-loop system admits a candidate Lyapunov-
like function which is a weighted sum of each subsystem’s
storage function given by (11) and
V=

diVi<—ellyli? (35)

n
i=1

for some & >0, where y = [y{,y;,...,y,{]T. Moreover, if {y =

0} is contained in the invariant set for which V =0, and if
each subsystem is ZSD, then the equilibrium x; = 0 of each
subsystem is asymptotically stable.

Proof . The proof is very similar to the proof shown in
Proposition 3, and it is omitted here.m

Remark 4: One can show that for the case when there are
only two subsystems in the cascade interconnection as shown
in Fig.5, if v{ > 0 and v, > 0, which means both H; and H»
are ISP, then again we can simply choose the sum of their
storage functions as the candidate Lyapunov-like function
for the closed-loop system when we directly apply the unity
output feedback to the cascade interconnection.

D. Passivity measure of a cascade of IF-OFP systems

In this section, we present our results on passivity measure
for IF-OFP systems, which is an often used characterization
of dissipative systems. An IF-OFP system, in general, could
be passive or non-passive based on the sign of its passivity
indices.

Proposition 5 . Consider the cascade interconnection shown
in Fig.1, where n > 2, and let each block be dissipative with
respect to the supply rate given by wi(u;,y;) = ul.Tyi —piyl.Tyi -
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vl-ul.Tui, that is there exists a C' storage function V; >0 for
each subsystem, such that

Vi <ul'yi—piylyi—viul u;, (36)

where u;,y; € R™. Here, v; and p; are not necessarily all
positive.
Consider the symmetric matrix given by

v+ i 0 -1
T

A=| S I E)
0 % ~Vn = Pn-1 %
_% 0 % —on+p

if —A is quasi-dominant for some V,p € R, then the cascade
system admits a storage function of the form given by
V = X", Vi such that the cascade interconnection is IF-
OFP(V,p).

Proof. To show that the cascade interconnection is IF-OFP(,
0), we need to show that the storage function V(x) satisfies:

V<uly,—vu"u-pyly, (38)
since n
V<l yi—viul wi- piylyo) (39)
i=1
so if
n
D@l vi= vl wi=piy] y) =" yu + u"ut pys v, <0, (40)
i=1
then (38) is true. Define
v 0 - 0 -1
% -1 0
L R — (1)
0o - 0 % —On
-vi 0 0 -1
% ) 0
A= . . (42)
0 I o-w 0
0 0o 1 5
notice that the left-hand side of (40) is equal to
[u” Y 1AL+ A @ Lulu” YT, (43)
or we can rewrite it as
[u” 1A+ A @ L [u” yT17. (44)

We can see that A; +A; is a symmetric matrix which is
equal to the matrix A defined in (37). Based on Corollary
1, we can conclude that if —A is quasi-dominant, then A is
negative definite, and A® I, is also negative definite. So we
can get

" Y WAL+ AD @ Lulu” Y117 = (" YA Llu” y'1" <0

(45)
and thus (38) holds. This shows that the entire cascade
interconnection is IF-OFP(¥, p). m

E. Stabilization of a cascade of IF-OFP systems via output
feedback

In this section, we present the conditions under which a
cascade of IF-OFP systems can be stabilized directly via
output feedback.

Proposition 6 . Consider the feedback interconnection shown
in Fig.4, where n > 2. Let each block be IF-OFP(v;,p;) with
its storage function V; >0 such that (36) is satisfied, where
u;,yi € R™. v;,p;i € R are not necessarily all positive.
Consider the symmetric matrix given by

1 1
_pll_vz 1 ? -4
2 —P2-V3 3 0
A: A 5
0 1 1
53  “Pn-1"Vn b
1 1
-1 0 ! E——

(46)
if —A is quasi-dominant, then the closed-loop system with
r =0 admits a candidate Lyapunov-like function given by
V=", Vi such that

n
V=>Vi<-ellyl (47)
i=1

for some € >0, where y = [y]T,yg,...,yZ]T. Moreover, if
{y = 0} is contained in the invariant set for which V =0,
and if each subsystem is ZSD, then the equilibrium x; =0 of
each subsystem is asymptotically stable.

Proof . The proof is very similar to the proof shown in
Proposition 5, thus is omitted here. m

Remark 5: One can show that for the case when there are
only two subsystems in the cascade interconnection (n = 2)as
shown in Fig.5., if v{ +py >0 and v, +p; > 0, then again
we can simply choose the sum of storage functions for
H; and H as the candidate Lyapunov-like function for the
closed-loop system when we directly apply the unity output
feedback to their cascade interconnection.

V. EXAMPLE

Example. Consider a cascade of three dissipative systems Hj,
H, and H3 given by

1
()= —gxz(t) +ua (1)

y2(8) = x2(8) + 6u2(2)
(48

010 = 55310+ 10
yi(®) = x1(0) +5u1(t) ,

H:

X31(2) = x32(2)
Hj :{ d3o(t) = —0.5x3 (1) + 0.5x32(8) + 2u3(r)
y3(1) = x32(t) + uz(1)

(49)
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Choosing Vi(x) = x%(t) as the storage function for H|, we
can obtain

Vi = ui (Oy1(1) = 7.5u3(1) + 0.1y3(2) (50)

so the passivity indices for H; are p; = —0.1 and v; =7.5.
We can see that H| is ZSD but unstable. H, admits a storage
function given by V,(x) = %xg, and

. 1

Va = ya(0ua() = 4u3() = 75330 (51)
so the passivity indices for H, are pp = 11—8 and vo =4. We can

see that H is stable and ZSD. H3 admits a storage function
given by Vi3(x) = %xgl(t) + %x%z, and

V3 = uz(t)y3(t) — 1.5u§(t) + O.Syg(t) ,

so the passivity indices for H3 are p3 = —0.5 and v3 = 1.5.
Hs is neither ZSD or stable. Then the A matrix defined in
Proposition 6 is given by

(52)

1
—P1—V2 ) -

3 eevs b | (53)
—p3-V1

=

A=

1 1
2 2
Since

14
V2+p1=3.9>1, V1+p3=7>1, V3+p2=?>1 (54)

—A is row/column diagonally dominant. Moreover, since
{y1 =y2 =y3 =0} is contained in the invariant set for which
V= Zf’zl V; = 0, according to Proposition 6, the cascade of
H\, H, and Hj could be stabilized directly via unity output
feedback. The simulation results for the closed-loop system
with » = 0 (see Fig.4) are shown in Fig.6-Fig.7.

VI. CoNCLUSIONS

In this paper, we introduce a way to measure the degree
of passivity for cascaded ISP/OSP systems. We further
proposed a method for passivity measure of cascaded IF-
OFP systems(dissipative systems), and study the conditions
under which the cascade interconnection can be stabilized
via output feedback.
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