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Abstract

A new comparison sensitivity matrix is derived for
a generalized plant where the controlled and measured
variables are not necessarily the same. It contains a
constant term, which imposes a constraint on sensitivity
reduction that can be overcome when the controlled and
measured variables are related appropriately. Its rela-
tion to exogenous signal attenuation is also shown.

Introduction

The role of feedback in reducing the sensitivity of
a linear control system to plant parameter variations is
well known [1-7]. In multivariable systems, comparison
sensitivity is related to the inverse of the return dif-
ference matrix {(when the loop is broken at the "output”)
and it can be used to introduce a measure of feedback
performance [3-7]. Most of these results consider the
case where all the controlled variables of the plant are
measured. In [7], a plant-sensor configuration is con-
sidered. When the controlled and measured variables are
not. necessarily the same, the relationship between sen-
sitivity and the return difference matrix needs to be
reevaluated. In fact, in [8] it is stated without proof
that feedback can be used to reduce the sensitivity of a
control system to plant parameter variations only if all

the controlled variables are measured; it is assumed
that the measured variables include the controlled vari-
ables. Here, we derive a new comparison sensitivity

matrix when the plant’s controlled and measured varia-
hles are not necessarily the same. It contains a con-
stant term unless the controlled and measured variables
are related; for example, the controlled and measured
variables coincide or are related by a sensor. The con-
stant. term imposes a constraint on sensitivity reduction
that can be overcome when the controlled and measured
variables are related appropriately.

Problem Formulation

In (3], the scalar concept of a sensitivity func-
tion was generalized to the multivariable case. A line-
ar relation was derived between the errors, due to plant
parameter variations, in the response of the controlled
variables to the command input in a feedback and an
"equivalent" open-loop system. In [3), the controlled
(yp) and measured (ym) variables coincide. Here, simi-

lar results are derived when the controlled and measured
variables are not necessarilv the same. The same ap-
proach as in [3] is used to compare the response of the
system z(Sp,SC) in Figure 1 and of the open loop system

in Figure 2, leading to a comparison sensitivity matrix,
when y_#y .
c 'm

Consider the linear, time-invariant, finite dimen-

sional multivariable system Z(SP,SC),
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FIGURE 1. The compensated system z(SP,SC).
where SP and Sc denote the plant and controller, respec-

tively. Assume that the plant and controller are con-
trollable and observable. Let an input-output descrip-
tion of the plant be
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where the vector w contains all the variables that af-
fect the plant, but are not manipulated by the control-
ler (for example, nonmeasurable disturbances and initial
conditions); u is the vector of control inputs; and Pij

(i,3=1,2) are proper transfer matrices. The control u

is given by u @ C[y;, rt]t, where t denotes transpose,
F:[-Cy Cr]

and r is the vector of command inputs.
This general plant model is useful because it uni-
fies the study of plants where yc#ym, and where exoge-

is the transfer matrix of the controller,

nous signals are present. It has been used recently in
the formulation and analysis of multi-objective control
problems in [9-13].

In the following it is assumed that an internally
stabilizing controller C exists and it has been found.
So that the compensated system in Figure 1 is internally
stable.

Main Results

Let TCr and Tmr represent the transfer matrices
from r to yc and ¥ respectively. For the feedback
system in Figure 1, we have

~1

Tmrl = p11(1+cyp11) Cr and (2)
_ -1

Tcrl = P21(I+CyP11) Cr' (3)

Note that the subscript (,) refers to quantities of the
feedback system in Figure 1; (,) refers to quantities of
the open-loop system in Figure 2.

If no uncertainty is present (this also implies no
exogenous signals), it is known that the transfer matri-
ces in (2) and (3) can be attained using the open-loop
configuration:
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FIGLRE 2. Open-loop compensation with w=0.
where it is assumed that y and y are equal to Yo
3

2 2
respectively, the outputs of the feedback system
1

in Figure 1.

and y
m

It is easily verified that an appropriate
value for the open-loop controller M is M:(I+CyP11)_1Cr.

To derive the comparison sensitivity matrix one
compares the responses of the feedback system in Figure
1 and of the open-loop system in Figure 2. For this,

let the errors between the nominal (°) and true transfer
matrices for the feedback (,) and open-loop (,) configu-
rations be:

En Tor, ~ T;r En mr, T,
o= : . | and @)= : Trz .4
E T -T E T - T
c, cr, cr, c, cr, cr,

A convenient way to derive the desired result is to con-

sider an augmented output signal [yz, y;]t. Using then

an approach similar to the one in [3],
relation can be derived [11]:

the following
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-1
o (I+P11Cv) 0 )
a -1 '
o, -~ P21C (1+P11C ) I

This transfer matrix is the comparison sgensitivity ma-
trix when ycﬁym.

Observe that the relation between the feedback and
open-loop errors for Tmr has the form of the usual sen-

sitivity matrix S —(I+P as of course should be

-1
11 ) B
expected. However, the control designer is really in-
terested in Tcr and the relation between the errors in

this case. From (5), the difference E -E_  is linearly

related to E K the open-loop error in ’i‘ * For special

cases of Sp there is a relation between E and E

(see remarks below), but, in general, Ec, depends on

both open-loop errors: Em and E z

Remark 1: When y =y , then P = 21 and Em,:Ecz’ giving
-(I PuCy(I+PHCy) 1EC -(I*i»P11 ) 1ECZ. So the com-

parlson sensitivity matrn in (5) reduces to the usual
one when Y 7V, r 8s expected.

Remark 2: Consider ymszyc, where HS corresponds to the
transfer matrix of a sensor, as in, for example, [7].
. L Q .
Then Pll-HSP21 and assuming Pll-HsPZI y gives
-1
ECl =] (I+P210yHS) Ec,'
Remark 3: When yc=mem (Qm proper and stable), then
. o _ . @ .
P -Q PH, and assuming P21-QmP11, gives Ec‘ 2
-1

%(I+P11C) E_ , where E =2Q E This is the case

m, m,’
considered in [8] with Q -[I 0].

The comparison sensn;luty matrix derived here as
well as the classical one, is in terms of true plant pa-
rameters; this makes it unsuitable for direct use in
control systems design [14]. Some ways to amend this
shortcoming have appeared in [4-7,14). Specifically, in
[6,7), particular representations of the plant parameter
uncertainties are used. As a consequence, the compari-
son sensitivity matrix can be written in terms of these
and T

1
can be derived, which can be quite simple if appropriate
uncertainty representations are used [7]. The problem
is then reduced to obtaining bounds on the size of the
plant parameter variations. In [7], characterizations
of the controlled output and the control input sensiti-
vity to plant and some compensator parameter variations
are given. A similar approach is taken in [11] to give
sensitivity matrices in terms of the nominal parameters.

In control systems design, sensitivity matrices in
terms of the nominal quantities are being used as ex-
plained above. Sensitivity matrices in terms of the
actual quantities can also be directly useful as they
provide considerable insight. Since we are interested
here in the relation between the feedback error and open
loop error for Tcr define the output comparison sensiti-

representations, and a new relation between Tc
1

vity matrix to be

o ° ° -1

So = [_PZICy<I+P11Cy) , I, (6)
Notice that the constant term in (6) appears to indicate
that the feedback system in Figure 1 cannot perform any
better than the open loop one in Figure 2. The perform-
ance of the feedback and open-loop systems can be com-
pared using the integral of the quadratic errors [3] or

using the largest singular value of S; over the fre-

quency band of interest [6]. In the case of scalar sys-
tems, it is easily shown that the largest singular value

of 8°
o)

constant term., Cases when the constant term in (6) dis-
apears, and the largest singular value depends directly
on the return difference matrix, include the cases con-
sidered in the remarks, where a relation between yC and

is greater than or equal to 1 whenever (6) has a

Ym exists. In general, feedback can improve performance

(6),
is present.

only when there is no constant term in
that a relation between yc and ym

Additional insight into the role of (6) is gained
by considering its relation to exogenous signal attenua-
tion, which corresponds to minimizing Tcw’ the transfer

For the feedback system in Figure

implying

matrix from w to Yot

-1
1, T 22 21C (I+P110 ) PIZ’ so that
P2
-] -] o
Tcw - so p22 * (0
This has been done in {11]}; it extends results for
yc:ym'
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