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Distributed Formation Control of Networked Passive Systems with
Event-driven Communication

Han Yu and Panos J. Antsaklis

Abstract— This paper is focused on the formation control
problem of networked passive systems with event-driven com-
munication. The data transmissions between agents are event-
based and distributed control laws to achieve formation under
the event-driven communication strategy are obtained. We
first derive a triggering condition to achieve distance-based
formation among the agents with an ideal network model being
assumed; we then consider the case when there are constant
network induced delays between coupled agents. Simulations
are provided to validate our results.

1. INTRODUCTION

A multi-agent system, in general, can be defined as a
network of a number of loosely coupled dynamic units that
are called agents. In real-life, each agent can be a robot, a
vehicle, or a dynamic sensor, etc. The main purpose of using
multi-agent systems is to collectively reach goals that are
difficult to achieve by an individual agent or a monolithic
system. When the main problem of interest in control of
multi-agent systems is to establish a well-structured motion,
the term swarm or sometimes formation is used. There exists
a number of different formation coordination and control
approaches investigated in the system and control literature,
see [3], [4] and [9]-[14]. Most of these work assumed a
synchronous implementation strategy regarding the control
action updates and the scheduling of data transmissions
among the coupled agents. Note that multi-agent dynamic
systems are distributed systems which usually act in an
asynchronous manner and in general, it is difficult to im-
plement synchronous motions on them. However, analyzing
the dynamics of asynchronous systems is more difficult
compared to their synchronous counterparts.

A deterministic event-triggered control strategy is intro-
duced by Tabuada in [6] for a single loop sensor-actuator
networked control system. In [6], the control actuation is
triggered whenever a certain error becomes large enough
concerning the norm of the state. It is assumed that the
nominal system is Input-to-State Stable with respect to
measurement errors. Extensions to output feedback based
event-triggering control has been studied in [17] and [18]-
[19]. Event-triggering stabilization for distributed networked
control systems has been studied in [16]. Event-triggered
consensus problem is reported in [5]. However, there has not
been much published work on formation control of multi-
agent systems with distributed event-driven control.
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In the present paper, we propose a distributed event-driven
control strategy for formation control of networked passive
systems. The distributed triggering condition is derived based
on the observation that the entire networked control system
is Output Strictly Passive (OSP) with some error signal
as input and some disagreement signal as output when
an ideal network model is assumed. We further propose a
set-up to render the entire networked control system OSP
in the presence of constant network induced delays and
derive distributed triggering conditions to achieve distance-
based formation when constant network induced delays are
considered.

The rest of this paper is organized as follows. After
some mathematical preliminaries on passive systems and
graph theory, the models of the agents (passive systems) and
the model of the communication network (graph Laplacian)
are given in Section II. The main assumptions and the
problem statement are provided in Section III. In Section IV,
we derive a triggering condition to achieve distance-based
formation among the agents when an ideal network model
is assumed; in Section V, we consider the case when there
are constant network induced delays between coupled agents
and simulations are provided to validate our results; finally,
concluding remarks are made in Section VI.

II. BACKGROUND MATERIAL

A. Passivity

Consider the following dynamical system which can be
used to describe both linear and nonlinear control systems:

H:{fczf(x,u) 0
y = h(x,u)

where xe X CR", ue UCR" and y e Y C R" are the
state, input and output variables, respectively, and X, U and
Y are the state, input and output spaces, respectively. The
representation ¢(¢,ty, xo,u) is used to denote the state at time
t reached from the initial state xy at 7o under the control u.

Definition 1: [1] The supply rate w(f) = w(u(t),y(?)) is a
real valued function defined on U XY, such that for any u(¢) €
U and xp € X and y(¢) = h(4(t, ty, xo,u), 1), w(t) satisfies

1]
f |w(T)|dT < 0. 2)
1

0
Definition 2: [1] System H with supply rate w(?) is said

to be dissipative if there exists a nonnegative real function
V:X —> R* (R* is the set of nonnegative real numbers),
called the storage function, such that, for all #; >#) >0, xo € X
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and ue U, .

V(x1)—Vi(xg) < f l w(T)dt 3)

fo
where x; = @(t1, 19, x0,u). If V is C!, then V(x) < w(r), Yt>0.
Passive systems are special cases of dissipative systems
defined as follows.

Definition 3: [1] System H is said to be passive if there
exists a storage function V such that
3

V) - Vixo) < f u() y(@)dr. 4

fo

If V is C!, then
V <u@®y(t), Vi >0. (5)
B. Graph Theory

The information exchange topology between agents can
be modeled as a graph. In the following, we give some basic
terminologies and definitions from graph theory [7].

A directed graph is a graph whose edges have direction
and are called arcs. Consider a finite weighted directed graph
G :=(V,E) with no self-loops and adjacency matrix A, where
V denotes the set of all vertices, E denotes the set of all
edges, and A := [qg;;] with a;; > 0 if there is a directed edge
from vertex i into vertex j, and a;; = 0 otherwise. The in-
degree and out-degree of vertex k are given by di(k) = . jak
and d,(k) = 2. ;ax; respectively.

The Laplacian matrix of a directed graph is defined as
L=D-A, where D is the diagonal matrix of vertex out-
degrees.

Definition 4: A directed graph is strongly connected if for
any pair of distinct vertices v; and v}, there is a directed path
from v; to v;.

Definition 5: A vertex is balanced if its in-degree is equal
to its out-degree. A directed graph is balanced if every vertex
is balanced.

Definition 6: A path of length r in a directed graph is
a sequence vy,...,v, of r+1 distinct vertices such that for
every i €{0,...,r—1}, (vj,viz1) is an edge. A weak path is
a sequence vy,...,v, of r+1 distinct vertices such that for
each i € {0,...,r—1}, either (v;,vi4+1) or (viy1,v;) is an edge.
A directed graph is weakly connected if any two vertices can
be joined by a weak path.

Lemma 1: Let G be a directed graph and assume it is
balanced. Then G is strongly connected if and only if it is
weakly connected.

III. ASSUMPTIONS AND PROBLEM STATEMENT

The evolution of multi-agent systems depends funda-
mentally on their information exchange topology. We list
below two assumptions regarding the information exchange
topology that we will make in the sequel. The specific
assumption(s) used will be made clear in the statement of
each result.

Al. The underlying communication graph is weakly con-
nected in time and form a directed balanced graph with
respect to information exchange.

A2. The underlying communication graph is weakly con-
nected in time, bidirectional and balanced.

Definition 7: For a group of N agents, the agents are said
to establish a distance-based formation it

lim [1p; ()= piCo)la = dij, Vj € Ny

for i=1,...,N, where N; denotes the set of agents sending
information to agent i; p;(¢) denotes the spatial coordinates of
agent i; d;j € R* denotes the desired distance between agent
i and agent j; d;j =dj; if both i€ Nj and je N;.

Assume that the i-th agent’s state includes the spatial
variable p;, and the agent’s dynamics is passive with input
u;, output ¢; = p; and the storage function is V;, i=1,...,N.
The agents are able to communicate with each other through
a network. The topology of the underlying information ex-
change graph is modeled by a graph Laplacian. The problem
investigated in the present paper is to achieve distance-
based formation among the networked agents via event-based
communication.

IV. MaIN Resurr I: IDEAL NETWORK MODEL

In this section, with an ideal network model being assumed
(no delay, no data packet drop-out), we propose the following
control law for each agent:

pi—piOl—dij
wiy= Y KPP0 )

o P — pi®ll2 ©
+ > K@),
JEN;

where g; = qi(ty), for 1€ [1; ’t;c+,1

1, t;( denotes the last event time of
agent i by the time #; pj = p;(#/,) and ¢, = q;(t],), for t €|

o1, 1,
; Kk +1
where tlj(, denotes the last event time of agent j by the time ¢
(jeN)); K, e R*\ {0} and K, € R*\ {0} are the control gains. Under
the proposed control law (6), a distributed triggering condition
to achieve distance-based formation is provided in the following
theorem.

Theorem 1: Consider a group of N passive agents with control
law (6), where each agent i is passive with input u; € R™, output
gi=pi €R™ and a C! storage function V;, for i =1,...,N. Under
assumption Al. and with an ideal network model being assumed,
if each agent i transmits its current information p; and g; to its
neighbors Z; (where Z; denotes the set of agents receiving infor-
mation from agent i) whenever the following triggering condition
is satisfied

'|Z.]'€Ni(’q\j_’q\i)||2’ ’

where y; €(0,0.5), e;(f) = gi(f) —q;, then the networked agents will
achieve distance-based formation asymptotically.

Proof: Due to the length constraints, proof of Theorem 1
is eliminated from the final submitted version. The main idea is
that when ideal communication network is assumed, we can find a
storage function to show that the entire networked control system is
Output Strictly Passive(OSP)[15] with input being the error signal
e;(t) and output being the disagreement signal (g;—-7g;), Yje N,
i=1,2,...,N. So if we derive a triggering condition which renders
the size of |le;(?)|l; properly bounded, then the storage function of
the networked control system will be decrescent and this further
yields the distance-based formation control result. Interested readers
should refer to [20] for detailed proof. [ |

lle:@ll2 > N
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Fig. 1: Proposed Set-up to Deal With Constant Network Induced Delays
V. MaIN Resurrs II: NETWORK INDUCED DELAYS where D = Pijh(fi/), for t € [t]i,,t]j(,ﬂ], ¢(Dijn — pj() =

In this section, we propose a set-up to achieve formation control
of multi-agent systems with event-driven communication in the
presence of constant network induced delays. The set-up for a pair
of interconnected agents (Agent i and Agent j, where each agent is
passive with m-inputs and m-outputs) is illustrated schematically in
Fig.1: the “ED” block represents the “event-detector” (which could
be implemented by embedded hardware in the microprocessor and
it is able to monitor the output of the agent with sufficiently fast
sampling rate); whenever the event-detector detects that the agent
satisfies its specific triggering condition, state information of the
agent at that “event time” will be obtained (¢, is used to denote the
event-time of agent i, while the event-time of agent j is denoted by
t']i,); the “ZOH” block represents the zero-order hold; the “C” block
represents the distributed controller implemented in the agent; T ;
represents the network induced delays from agent j to agent i while
T;j represents the network induced delays from agent i to agent j
(T;j and T j; are assumed to be constant but not necessarily equal to
each other). As the information is transmitted through the network,
we have

Vjig, (1) = Vjig(t=T}i)
() =D J , () = 1 i .
pjld([)_pj(t_tkr_le) plj[,(t)—pl(t_[k_le)

Y(i, j) € E(G). The control laws for a pair of coupled agent i and
agent j are given by

ui(t) = Z

JEN;

= Z Kpd(Pjin — pi(0) + Z Kalgjis(H) —qi]
JEN; JEN;

Vijg, () = U,‘jq(l— T,'j) and

®)

7 = piO||, = i B

K, iin = Pi(1)) + Kalq,is(t) = qi
[,, [2jin = pi®) Pin=pi0) + Kalgis®) q)]

4 o ©
where i = pjn(t), for t € (.61, ¢Pjin — piD) =
Hﬁ/,‘/x—Pi(f)”z—dij

Djin—pi(t) )
[ijn = pi)||, - di
uj(t) = [K =
0= 2 e,
= > Kot Bijn—pi(0)+ ) Kalaijs() =35,

iEN; iEN;

[Pjin — pi(®)], and

(E‘jh - pj(l)) + Kd(qijs(l) —%)]

(10)

W[Puh —-pj®], VG, j) € E(G). Whenever the “ED”
Pijh—Pj

detects that the triggering condition of the agent is satisfied, state
information of the agent at that event time(i.e., vjj; = M| 1%’(12) and
pi(t,i)) will be transmitted through the network, and the neighboring
agents will use their received information to update their own
control action. The transmissions of exchanged information and the
updates of the control actions are generated through the following
transformation:

1~

1 3 -
——Vjig, (D) — qu‘ =q;is()—qi

in agent i: M, N (1
vijg(t) = M114i(1y), att=1,
My .
Ui l(z)__q :q(l)_q
inagent j: § Mz 0T Myt T (12)
vjig(t) = Mi1q;(t;,), att=1,,

Vjjq, and vjig, hold the last sample of v;jq, and vji,, respectively.
Thus, through (11)-(12), agent i and agent j can extract variables
qijs(t) and g is(t) from their received variables v;jq, (1) and vjig, (1),
and update their control action accordingly. One should notice
that agent i is participating in |N;| closed-loops as the one
illustrated in Fig.1, where |V;| is the number of neighboring agents
communicating with agent i. A distributed triggering condition to
achieve formation control among agents in the presence of constant
network induced delays is presented in the following theorem.

Theorem 2: Consider the set-up of event-driven communication
between any pair of coupled agent i and agent j with m inputs and
m outputs as shown in Fig.1, Y(i, j) € E(G) (each agent i is passive
with input ; € R™, output ¢; = p; € R” and a C' storage function V;,
for i=1,...,N). Assume that the network induced delays between
4, My =

2
VK4, My = @ If agent i transmits its current state information
pi(t) and g;(?) to its neighbors whenever the following triggering
condition is satisfied

any coupled agents are constant and finite. M =

72 3 jen: lajis @ - Gil[3
2 jen: (%is(’)_zfi)nz ’

where ¢;(t) = qi(t) —¢;, i = 1,2,...,N, and y; € (0,1), then under

llei@ll2 > 13)



assumption A2., the networked agents will achieve distance-based
formation asymptotically.

Proof: Since agent j transmits its current state information to
agent i at its event time ¢/,, see Fig.1, we have

f ”UM(T)“sz = Z ot -

k=0

(14)

M eI

where () is the Dirac delta function, nj; is the number of data
packets sent from agent j to agent i during the time interval [0, ?].
Thus, we have

t 2 o rlj\:’»f 1 2 j 2
Jy eatoliar < 37 |7 o

Iy (15)
—z[ M}
Similarly, one can obtain
! 2 G (ko 2 N2
[ Nosaolfar< 3 [ a2 s
0 k=0"1% (1 6)

"ij I;H- 1 2 2
=3 [ il
k=0

where n;; is the number of data packets sent from agent 7 to agent
J during the time interval [0,7]. Denote

t Wi,
[ Eslfar= 3 [ astlgliesan
k'=0""r
g — 2 & ti'+l 2 2
[ Tsoliar=, [ ot [l (18)
k=0""k

Let 7;; denote the number of data packets received by agent j
from agent i during the time interval [0,7]. Since v;j4, holds the
last sample of v;j;,, and vjjq,(t) = vijq(t — T;;) (similar relations
hold among vjig, , Vjig, and vjig), we can get

Ml

t ) iy 2t +Ti
—olPa zzf
Jy laolfar=32

T i (19)
Y I;H-
=3 [ il
k=01
/ ji o, +Tji .
L losaoliar= 3, [ oot
0 k=0t +Ti

(20)

h\/i tl{' +1 2 2
=Y [
k=01

where 72j; denotes the number of data packets received by agent i
from agent j during the time interval [O t]. Due to the delay in the
network, we have n;; >7;; and nj; >7j;, thus we can define Vi
such that

. ! !
vt = [ Il [ o ol
Ot - . Or )
+ [ aolidr= [ ol

and V4 >0, V@, j) € E(G).

@n

In view of (11), we have
Ujig, (1) = Ma1qi + M2 [qis(t) —qi] (22)
thus
! 2 ' —~ 2

Jy sl = [ oo et

ij k+l 2 2 2
= Zf (M21—2M21M22+M22)|@||2 (23)
+(2Ma1 My —2M3,)g! qis(7)
+ M, llgis(DI3 ],

similarly, we can get

t nji )
2 K +1
fo ijg, @llzdr = > L (M3, —2M31 Mo + M35
k'=0%"r
+(2My M2 ~ 2M§2)?7]T~qz'js(7)
+ M, llgijs (D3 ]dr.

Replace (17)-(18) and (23)-(24) into (21), with M} = M3, -

2Mo 1 My> +M22, M22 =2M> M>, we can obtain

(24)

i

nij
.. k+1 -
viia =3 f (V2537 4 s(0) - M2l (DR e
k=0
nji t!

K +1
+>) f | 3,37 41js(0) — M3, lgijs (D)3 |dr
k' =0 t,

Consider a storage function for the entire networked system given

by
N 1 y
:Zv,-+v+§ > v
i=1 (i,))eE(G)
where
N« Kp 2
V=22 S IEm=rpio]l,~d) (25)
i=1 jeN;
then we can get
N N
Z Vi< > ul (0gi0)
i i=1
ul T
= Z Z Kpd(Djin —Pi(l))+Kd(qJ'is(t)—?1\i)] qi(1)
i=1 jeN; (26)
N
=" " Ko @Bjin = i) 40+ Kala s -G G
i=1 jeN;
T
+ Ka(a)is()=a0) ei0)],
s N d
V= Z Z Kp(”pjih —Pi(t)||2 —dij)E”Pjih —Pi(t)||2
i=1 jeN; 27)
N (
== > KpbBjin—pit) 4i(0).
i=1 jeN;
With M»; = K4, then we have
N
1 Ny 3
5D, VU= > |Kaal aiis)—Kallaisl3] - (28)
(i,))eE(G) i=1 jeN,

in view of (26)-(28), we can further get



N
V< Z ZA; Ka(qis)~3)" G + Ka(qjis() —G)" ei(t)

+Kig! 4jis0) - Kallajns 03],

thus
al 2
Z 2 [Ka(ajisO =) e~ Kalla s =il
i=1 jeN;
N
Z e, Y Katajisd) =l (29)
i=1 JEN;
Z d”‘]jis([)_ziiui],
JEN;
so if

jens lajis@ —@H;
| 2 eni(@jis) =3,

Vi, then V <0 and we can further conclude that lim,_,. V exists
and is finite because V > 0. Note that the triggering condition (13)
will assure that (30) is satisfied. Moreover, with lim;_, V exists,
V>0 and V <0, we can conclude that lim;_, V = 0. Thus, under
the triggering condition we can further get

[lei0), < (30)

N
0=limV<~(1-y) lim 3" 3" Kallajs-all, <0, 31
i=1 jeN;

then under assumption A2., we have
lim [q,i(0 =i = 0, (. j) € EG). (32)

In view of (30), this further implies that
lim (1) = lim [q:() =i = 0, Vi. (33)

Since lim;—co Uijg, () = lim;—e M11g;, in view of (12), we have

lim vijq, (1) = lim [(M21 —Mx)q;+ M22qijs(t)]

34
= thm Mi1q;, @4
thus
. o [Mu. My -My
fim gijs(0) = lim [ 7724 - =573 (35)
with M| = @, = VK4, Mp = \@,
. 1 — .
tli{g qijs(t) = tlgglo 5@‘ +4q;), Vie Nj. (36)
In view of (32), we have
. — N P
Aim [gjis(t) =gi] = lim >(g;~4:) =0, (37)
and based on (33), we can get
lim [4:() - g,(0] =0, V(i, ) € EG). (38)

Furthermore, with lim; . V exists, VV V,,V’Jq >0, we can con-
clude that hm,_mV limy—c0 2, ])EE(G)VN and lim;_ e Zl Vi
exist; with lim;,, V = 0, we can conclude that llmt_mV =0,
lim,_m é 2(1 NEE(G) Vijq =0 and hm,_m ZN Vl = (0. Under the
trlggermg condltlon (13), this further y1elds 0 =limeV <
lim o0 XN ul (0gi(H) < ~(1 = y2)limy 00 BN | 3 jep, Kalljis(t) =
q,-Hi <0, and we can obtain lim;_,c 21‘:1 l.T(t)q,(t) = 0. Thus, the
solutions of the networked system should converge to the set

S ={pi.qi €R"™| q; =0U||pjin — pi®Oll2 —dij = 0,Y(, j) € E(G))},

which further implies that

Jlim ¢;(1) = lim g;() = 0, and  lim |[pjjin = pi()ll2 = dij = 0. (39)

Assume that at time t}, where t} — oo, we have ”pj,-h —pi(tj;)H2 -
d;j =0, limy 0 Pjip, = limye0 pJ(r’) and gi(t) = qj(1) =0, Vt > r},
for some (i, j) € E(G). Since !

. ! . t
pi0=pich+ [ o pi0=piep+ [ ajoar
f/ ; tf

thus 1m0 i) = P}, = i) = p D]l = limimsoo [P -
pi(t f)||2 =dj, and under assumption A2., one can further conclude

that
lim [|pit) = p; 0]}, = dij. ¥Gi.j) € E@G).

which completes the proof. [ ]

Remark 1: When network induced delays are considered, in
view of (29), one can find that the proposed set-up actually renders
the entire networked system OSP with the error signal e;(¢) being
the input and the disagreement signal (g ;5(f) —¢;) being the output,
VjeN;,i=1,2,...,N. So again, we can derive distributed triggering
conditions to make the storage function V of the networked system
be decrescent by controlling the size of |le;(?)|l2, Vi, as seen in (30).

Remark 2: In view of (36), one can conclude that when there
is no network induced delays in the network, we will have

1 1
q,-js(t)=5(?i;+qj) and qﬁs(t)=5(?i;+qj) (40)

Y(i, j) € E(G), and the triggering condition (13) will be the same
as the triggering condition (7) shown in Theorem 1. However, the
results in Theorem 2 assumes that the underlying information ex-
change graph being bidirectional, which is not required in Theorem

Example : Consider a group of 3 agents trying to establish a 2D
equilateral triangle formation with side’s length equal to 40. The
dynamics of agent i is given by

{Pi(l) = qi(1)

i) = ui0),  wi0), qi(0), pi(t) €R?,
i=1,2,3. If we choose the output as g;(¢), then the agent with input
ui(¢) and output g;(¢) is passive with storage function V; = %qiTqi.
The initial conditions of agents are given by

PO =1-2. 11", q(0)=[0.1, 0.2]",

P20 =[1 117, @0)=103, 11", 42)

(41)

P30 =103, 31", ¢3(0)=1[0, ~0.6]".
The Laplacian matrix of the underlying information exchange graph
is given by
2 -1 -1
L=|-1 2 —1], (43)
-1 -1 2

which satisfies assumption A2. Let y, =0.95, K, = 15 and K; = 10.
The network induced delays between coupled agents are given by:
T12=0.5s,T2; =0.4s, T13=0.3s, T31 =0.65, T3 =0.8s, T3, =0.65.
Applying the results in Theorem 2, we get the simulation results
shown in Fig.2-Fig.4. In Fig.2, the x-axis shows the event-time ; of
each agent and the y-axis shows the evolutions of inter-event time
[, —1;]; Fig.3 shows the evolution of the distances between agent
1 and agent 2 (d;2), agent 2 and agent 3 (d»3), and agent 1 and
agent 3 (d3); in Fig.4, the “squares” represent the initial positions
and “circles” represent the final positions of the agents.
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VI. CoNCLUSION

In this paper, we studied the formation control problem of net-
worked passive systems with event-driven communication. We first
derived a triggering condition to achieve distance-based formation
among the agents assuming an ideal network model; we then
considered the case when there are constant network induced delays
between coupled agents.
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