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Abstract*Oblique impact experiments have been carried out with stainless-steel microspheres and
silicon surfaces under a range of impact velocities from 0.45 to 1.90 m s~1 and di!erent incident
angles. When the normal velocity component for oblique impact is less than the capture velocity as
seen for normal impact, no capture was observed. The experimental results also reveal that the
pattern of impulse ratio variation with incident angle varies with di!erent initial impact velocities.
Furthermore, the measured coe$cient of restitution values can be predicted by a dynamic simula-
tion model, and the measured impulse ratios can be matched if the microspheres are assumed to
have initial angular velocities. ( 2000 Elsevier Science Ltd. All rights reserved

1 . INTRODUCTION

The oblique impact of a microsphere against a planar substrate surface in the presence of
adhesion results either in capture by or rebound from the surface. There are a number of
variables that can a!ect this process, such as the initial impact velocity, the incident angle
with the substrate surface, the particle's size, its initial angular velocity, the substrate surface
geometry, and the material properties of both the particle and the substrate.

Broom (1979) used the impact of glass spheres onto aluminum substrate to study the
adhesion of particles in "lters. The nominal impact angles were 903 and 453. The results
showed that the capture velocity was smaller for oblique impact. It was also found that the
nature of the substrate surface was important; a polished surface exhibited an e$ciency of
capture higher than a rough surface.

Paw U (1983) studied the rebound of particles from natural surfaces. The experimental
results revealed that for each type of particle, the capture velocity was almost the same
irrespective of the surface materials. Size e!ects on the impact response were not studied in
his experiments. In the analysis, he assumed that only the normal incident velocity
component contributed to the rebound.

Aylor and Ferrandino (1985) conducted experiments with ragweed pollen and
Lycopodium spore impact onto a cylinder. Their observations demonstrated that both the
normal and tangential incident velocity components would determine the impact response.
Further, the coe$cient of restitution, e, de"ned as the ratio of rebound total velocity divided
by the incoming total velocity, was not constant for impacts at di!erent locations on the
cylinder.

Wang and John (1988) investigated the adhesion e$ciency of particles on a cylinder.
Measurements of particle rebound as a function of the position angle on the cylinder
showed that rebound increased rapidly with incident angle away from normal (903). They
suggested that the tangential velocity component caused particle bounce.

Buttle et al. (1989) conducted experiments with the impact of glass spheres onto alumi-
num substrates at normal, 503 and 293. The value of coe$cient of restitution increased from
around 0.50 at the normal and 503 cases to 0.68 at the 293 case. This observation was
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considered to be the result of a reduction in the frictional force and of rotation of the particle
for very oblique impacts.

The e!ects of incident angle, the microsphere's initial angular velocity and substrate
surface roughness have been studied by Dunn et al. (1996). They found for molecularly
smooth surfaces that the coe$cient of restitution decreased by decreasing the initial
velocity's normal component. The impulse ratio changed noticeably with incident angles.
Their numerical studies showed that the initial angular velocity of microsphere was very
important in determining the particle's rebound response. The initial impact velocity in
their experiments was approximately 1.80 m s~1, and no capture was observed. In Li et al.
(1999), both experimental and numerical studies were carried out to investigate the e!ects of
impact velocity and particle size on normal incidence impact response (903). For the same
type of microsphere and substrate surface used by Dunn et al. (1996), the results showed
that capture occurred at an impact velocity of approximately 0.20 to 0.30 m s~1, and for the
same materials, the larger the particle size, the smaller the capture velocity.

In the present paper, oblique impact experiments have been carried out to investigate the
e!ects of initial impact velocity and incident angle. The average initial impact velocity for
eleven cases varied from 0.45 to 1.90 m s~1. For each velocity case, the incident angle varied
from 10 to 853 to examine incident angle e!ect on impact response. The main purpose was
to determine whether or not restitution, e(v

n
), was the same for normal impacts as for

oblique impacts.
Variations of the impulse ratio, k, with incident angle at the same impact velocity have

been studied systematically for the "rst time. The impulse ratio is interpreted as a friction
coe$cient when microsphere is sliding throughout the entire contact duration. The mea-
sured impulse ratio results of Dunn et al. (1996) support this hypothesis. Whether the
previous observation is true for di!erent initial impact velocities is examined here. The
measured results of the translational kinetic energy loss, ¹K

L
, are understood better in

the light of the rigid-body impact mechanics developed by Brach and Dunn (1995). Finally,
the numerical simulations are compared with the experimental results.

2 . EXPERIMENTAL SYSTEM AND APPROACH

The basic experimental facility used for these experiments was developed by Caylor
(1993) and described by Dunn et al. (1995). The system primarily consisted of a vacuum test
cell (maintained at 10~5 kPa), a particle dispenser and a target surface. In these experi-
ments, the microparticles were dispensed using a neutral-charge particle dispenser (NPD).
The microparticles were placed on the bottom dispenser plate of the NPD. A rotor
underneath the plate periodically contacted the plate and vibrated it, causing the micro-
spheres to fall through a hole at its center. To control the falling particles, a hypodermic
needle was connected to the hole. As a result, the microspheres were directed downward in
a straight trajectory to the target surface. Once a particle was ejected from the NPD, it was
accelerated by gravity to the target surface. The vertical distance between the dispenser and
the target surface varied from 0.01 to 0.2 m, providing a velocity range from 0.44 to
2.0 m s~1.

For oblique impact experiments in which the target surface was inclined at an angle with
respect to the incident particle beam, a particle trajectory imaging system (PTIS) was used
to record the microparticles incident and rebound trajectories, from which the velocity
components were determined. This setup is shown in Fig. 1. The PTIS was comprised of an
Argon ion laser, beam chopper, plano-convex lens, CCD camera and video recorder. The
PTIS generated a pulsed laser light sheet that illuminated the individual particle as it
approached and rebounded from the surface. The trajectory images were processed to
obtain the particle's incident and rebound angles and speeds. For this PTIS setup, an argon
ion laser beam (operated nominally at 2 W) passed through a collimator to control the
beam width to provide a narrow light sheet as possible. The laser beam was then directed
through a spinning disk with 10 evenly spaced slots to produce a pulsed laser beam.
Depending on the angular velocity of the disk, the pulsed frequency could be varied to

584 X. Li et al.



Fig. 1. Schematic of the experimental system: side view.

obtain the desired track length. The chopped beam went through a plano-convex lens that
formed a pulse light sheet aligned in a vertical plane above the target surface and in the
plane of particle trajectory. In preparing an experiment, another laser beam was sent
through the hypodermic needle to make sure this laser beam was at the center of the pulsed
light sheet. Video data were taken through an optical viewport located at the side of the
vacuum chamber using a CCD camera and a video cassette recorder. The camera was
placed approximately 903 to the light sheet. Based on the camera's frame rate, the "eld of
view, and the strobe frequency, the system could measure particle velocities ranging from
&0.1 to 30 m s~1.

The con"guration and coordinate system for processing the experimental data is illus-
trated in Fig. 2. The velocity components for the normal and tangential directions are
calculated from the angles of incidence and rebound. Based on the rigid-body model of
Brach and Dunn (1995), these velocity components are used to determine three parameters
that characterize the impact event. These are the coe$cient of restitution, e, the impulse
ratio, k, and the normalized kinetic energy loss, ¹K

L
. They are de"ned as
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, where r is the non-deformed particle radius and u the

particle's initial angular velocity. If u"0, then, g"tan~1a
i
.

In the following experiments, only one type of substrate surface and one type of
microsphere were used. The target surfaces were specially prepared from a [1,0,0] plane
silicon crystal wafer. An atomic force microscope scan of the surface veri"ed that the surface
was molecularly smooth (the surface asperity height standard deviation was approximately
10 As ). After the impact experiment at each incident angle for a velocity level, the substrate
surface was changed to avoid any ambiguities in surface quality.

The microspheres were commercially available type 316 stainless steel with a nominal
diameter range of 64}76 km. Their surfaces appeared visually smooth to within the

Oblique impact with planar surfaces 585



Fig. 2. De"nition of velocity components and incident angles.

resolution of the scanning electron microscope used to view a sample of the microspheres.
The dispenser height was varied from 20 to 0.8 cm to obtain impact velocities ranging from
2.00 down to 0.40 m s~1. At each height, the target surface was rotated to achieve a range of
di!erent incident angles. For "xed conditions, the largest variation in initial velocity from
the nominal value was $13% (the largest variation was for the lowest initial velocity).

The uncertainties of the velocity and angle arise from the variations in measuring
distance and angles as recorded on the video images, and from the variations of strobe
frequency. These variations change with the incident angle and combine to yield uncertain-
ties in velocity components and incoming and rebounding angles. By using a standard
uncertainty analysis, uncertainties for "nal results e, k and ¹K

L
can be estimated with 95%

con"dence. Consequently, in the following presentation, the sample mean value of an
experimental quantity is plotted with an error bar denoting 95% con"dence ($two sample
standard deviations). The sample mean value of each quantity is determined by "rst
computing the quantity's value for each individual impact event and then ensemble
averaging the values of all the events detected (about 40 events for each plotted data point).

3 . EXPERIMENTAL RESULTS

3.1. Coe.cient of restitution

Figure 3 shows the coe$cient of restitution plotted as a function of incident angle.
Figure 4 shows the coe$cient of restitution from the same data plotted as a function of
the initial normal velocity component. Both are for the nominally constant total inci-
dent velocities of 1.60 m s~1 (1.59 m s~1(v

i
(1.69 m s~1), 1.05 m s~1 (1.01 m s~1(

v
i
(1.09 m s~1) and 0.45 m s~1 (0.39 m s~1(v

i
(0.49 m s~1). For the low initial impact

velocity case (v
i
"0.45 m s~1), the trend of decreasing coe$cient of restitution with de-

creasing incident angle is the most noticeable. The values of the coe$cient of restitution
decrease from about 0.80}0.60 as the angle of incidence changes from 85 to 303. But for the
highest initial impact velocity case, v

i
"1.60 m s~1, the decrease in the coe$cient of

restitution is slight and the trend is not consistent at very shallow incident angles. As shown
in the plot, the average value changed from 0.70 to 0.65 with the incident angle decreasing
from 85 to 253 for v

i
"1.60 m s~1 case.

Figure 4 shows that the coe$cient of restitution changes with the decreasing of normal
velocity component. As the incident angle decreases, the normal velocity component also
decreases, creating a condition where adhesion reduces the restitution. For some cases
shown in Fig. 4, the normal velocity components are lower than the capture velocities
measured in previous experiments for normal impact (0.2}0.3 m s~1 for the diameter range
of 64}76 km in Li et al., 1999). Yet, no capture is observed and the coe$cient of restitution is
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Fig. 3. The coe$cient of restitution vs. incident angle.

still rather high. This implies that for oblique impact, the capture velocity is di!erent from
and lower than that for normal impact.

This "nding is interesting because the current understanding of adhesion and friction and
their modeling using impact mechanics indicate that adhesion and friction are uncoupled.
This means that the presence of an initial tangential velocity should not a!ect the normal
process of impact. The data of Fig. 4 imply otherwise. These results further demonstrate that
the process of capture of microparticles is more complex than presently thought and that
capture is more likely for normal impacts than for oblique impacts.

3.2. Impulse ratio

For the same experimental collisions described above, the change of impulse ratio with
the incident angle is shown in Fig. 5. For v

i
"1.60 m s~1, in the region of incident angles

from 85 to 503, the impulse ratio increases with the decreasing incident angle. This region is
the `rolling regiona, where the microspheres are rolling on the surface at the end of contact.
Starting from about 50 down to 103, the impulse ratio changes little, is approximately
constant and equal to about 0.15. This is the `sliding regiona, where the microspheres are
sliding on the surface throughout contact. A constant impulse ratio can be interpreted as
a coe$cient of friction that obeys Amontons}Coulomb's law as illustrated by the solid line
in Fig. 5, from the rigid-body impact model. The comparison shows that the application of
rigid-body impact mechanics to this case is very successful. For the cases of v

i
"1.05 and

v
i
"0.45 m s~1, the impulse ratio still increases when the incident angle decreases from 853,

but the increasing region becomes narrower. After that, the impulse ratio is not constant; it
decreases with decreasing incident angle. Some values even are less than or close to zero,
which implies a negative or zero frictional impulse. The reason for the decrease of the
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Fig. 4. The coe$cient of restitution vs. initial normal velocity component.

impulse ratio with decreasing incident angles is not clear. There are two hypotheses
proposed to explain this observation.

The "rst hypothesis is that the anomalous behavior possibly is due to unknown and/or
uncontrolled variations in the initial angular velocity, u. The true impulse ratio for the
`sliding regiona should be the same as that found in the case with initial impact velocity
v
i
"1.60 m s~1, which was 0.15 for this contact system. An initial angular velocity a!ects

the contact mode, giving either rolling or sliding on the surface. Thus, the angular velocity
in#uences the sliding duration. As a result, the impulse ratio is a!ected. This hypothesis will
be applied and clari"ed in Section 4.

Brach (1991) also pointed out that the presence of relatively large forces and a short
contact duration during impact add more complexity to the generation of the frictional
force. Consequently, the interpretation of the impulse ratio, k, and whether or not k repres-
ents the Coulomb friction coe$cient, f, should be treated with care. Generally speaking, if
a Coulomb friction model is appropriate for impact, then, the experimental results of the
impulse ratio should follow a trend as shown in the top plot of Fig. 5. Other trends as shown
in the middle and the bottom plots of the same "gure can imply a tangential process
governed by other than a simple friction law.

The second hypothesis assumes that Coulomb's law applies but that the friction coe$c-
ient can vary signi"cantly as a function of the initial tangential velocity. For example, for the
v
i
"1.05 m s~1 case, the tangential velocity variation from 0.20 to 1.00 m s~1 would

account for the observed change in the impulse ratio. However, such high dependence of
f on tangential velocity has not been observed before.

Tabor (1981) thoroughly reviewed the studies related to friction. He pointed out three
areas that need more understanding: true contact area, interfacial bonds and deformation
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Fig. 5. The impulse ratio vs. incident angle (solid curve is from rigid-body impact mechanics).

processes during sliding. Generally speaking, the friction force can be a function of
the normal pressure, relative sliding velocity, temperature, contact time and other
unspeci"ed external factors between the contact surfaces. These factors can also be categor-
ized into: (1) surface geometrical structure, (2) the nature of surface forces, and (3) material
properties of the surface itself. Even with the advanced instruments, such as atomic force
microscope (AFM) and the friction force microscope (FFM), many questions about the
friction force still have to be answered Krim (1996), particularly for microparticle contact
and especially for impact.

3.3. Normalized energy loss

The rotational energy loss cannot be measured in the present experimental setup. So,
only the translational kinetic energy loss is re#ected in experimental measurements. The
variations of the translational kinetic energy loss, ¹K

L
, are plotted with the incident angle

in Fig. 6 (same data as shown in Figs. 3 and 5). For the highest nominal initial velocity,
v
i
"1.60 m s~1, ¹K

L
is approximately constant from 85 down to 503. From equation (3),

when the incident angle is large and k is small, ¹K
L
&(1!e2). Because values of the

coe$cient of restitution change very slightly (see Fig. 3) for this region, as a result, there
should be no di!erences in ¹K

L
. With the incident angles decreasing from 503, the

normalized energy loss decreases consistently to near zero. Based on rigid-body mechanics,
under an irrotational initial condition, when the incident angle decreases, g2 increases faster
than g, and both are larger than unity for a

i
(453. Therefore, as seen from equation (3),

¹K
L

almost always decreases with decreasing small incident angles.
At v

i
"1.05 m s~1, the range of constant normalized energy loss region becomes nar-

rower (60}853). This is even more obvious for v
i
"0.45 m s~1 case, where the normalized
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Fig. 6. The normalized energy loss vs. incident angles at three di!erent initial impact velocity levels.

energy loss decreases steadily starting from 803. If capture correlates with energy loss, it is
clear that capture is more likely for normal impacts.

4. NUMERICAL SIMULATIONS

There are very few models proposed to simulate oblique impact. In the numerical
simulation model for microspheres developed by Brach and Dunn (1995), the governing
equations of motion in the normal, tangential directions and the rotational motion are as
follows:

mnK"!JrKn3@2(1#C
H
n5 )#2naf

0
(1#C

A
n5 ), (4)

mt$"F
5
(q)"G

!f [!JrKn3@2(1#C
H
n5 )#2naf

0
(1#C

A
n5 )] if tQ!rhQ O0,

0 if tQ!rhQ "0,
(5)

mK2ĥ"!rF
5
(q), (6)

where n is the mass center displacement in the normal direction, t displacement in the
tangential direction; C

H
and C

A
are damping constants; hQ "u, the angular velocity; K, the

radius of gyration of a sphere, and r, the sphere radius. K is the equivalent Hertzian sti!ness
and de"ned as

K"

4

3n(k
1
#k

2
)
, (7)

k
i
"

(1!l2
i
)

nE
i

, (8)
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where E and l are Young's modulus and Poisson ratio for a given material, respectively. In
equation (4), the "rst term of the right-hand side is the Hertzian contact force and its
dissipation, while the second term is the adhesion force and its dissipation. The adhesion
force is modeled as a ring force, 2naf

0
, where a is contact radius as determined from

Hertzian theory as a function of time, q, where a2(q)"rn(q). f
0

is the adhesion force per unit
length, and is determined from f

0
"(18 Krc

1
c
2
/n)1@3, where c

i
represents the traditional free

surface adhesion energy of each material. Procedures to determine f
0

are given by Li et al.
(1999). Amontons}Coulomb's law is applied in the model to determine the friction force.
Etsion and Amit (1993) experimentally studied the e!ects of small normal loads on the static
friction coe$cient for smooth surfaces. They found a dramatic increase in the static
coe$cient of friction when the normal load was reduced. They conjectured that this was
caused by the adhesion force. In this simulation, the adhesion force and its dissipation
contribute to the friction force by their in#uence on the normal force.

The energy loss is modeled by the dissipation terms in equation (4) with damping
coe$cients C

H
and C

A
. Although energy loss is attributed to plastic deformation in some

papers, such as Xu and Willeke (1993), there is no experimental evidence to support that
plastic deformation occurs for the low-velocity impact of microspheres. The exceptionally
high strain rates and size e!ects for microparticle impacts make the likelihood of plastic
deformation minimal. Moreover, at low velocities, the dissipation due to adhesion is much
more signi"cant than material dissipation (see Brach and Dunn, 1995). In the present
model, the energy loss is treated as hysteresis. C

H
is non-dimensionalized by the Hertzian

contact duration time, ¹, and the non-deformed microparticle radius r, where f
H
"rC

H
/¹.

Likewise, the damping coe$cient C
A

is treated as f
A

in the simulation. f
H

and f
A

are
determined by matching the simulations of the coe$cient of restitution to the experimental
values at highest incident angle a"853 and the lowest incident angle by an iteration
scheme. In the following, this simulation approach was applied to model oblique impact at
di!erent initial impact velocities, where the results are compared with the experimental
measurements. For the present simulations, the following values were used: r"35 km,
f
0
"314 Nm~1, and K"111.4 GPa. For the case of v

i
"1.60 m s~1, f

H
"25 and

f
A
"1100 were chosen using the aforementioned iteration scheme.
In Fig. 7, the solid symbols represent the same experimental results shown in Fig. 3, and

the solid lines are from the numerical simulation. It is seen that the trend of the coe$cient of
restitution is well simulated generally by choosing appropriate Hertzian and adhesion
dissipation coe$cients, f

H
and f

A
. The simulation predicts a more signi"cant decrease of the

coe$cient of restitution at smaller incident angles than experimental observations for the
v
i
"1.60 ms~1 case. For the lower velocity cases, the simulation matches the experimental

values well. For oblique impact, the adhesion force may be reduced by the existence of
friction (Toikka et al., 1999). Such a relation between adhesion and friction is not fully
understood yet and therefore not modeled in the simulation.

In the subject simulations, Coulomb's coe$cient of friction, f, was chosen as 0.15 based
upon the experimental data for the initial impact velocities greater than 1.50 m s~1. For
these cases, within a certain range of shallow angles, the impulse ratio was approximately
a constant value of 0.15. The simulations of the impulse ratio were carried out for the three
di!erent initial impact velocities. The results for the case of v

i
"0.45 m s~1 are plotted as

the solid curves along with the measured values for the upper plot in Fig. 8. This
comparison shows that the simulations do not agree with the experimental results for the
lowest initial velocities. This is probably the result of the microspheres having an initial
angular velocity, which was not measured and modeled.

To see if initial angular velocity can cause low impulse ratio values and match the
experimental results, an inverse approach was used. The initial angular velocity was varied
in the simulation until a match was achieved with the measured impulse ratio, as shown in
the lower plot of Fig. 8. The initial angular velocities are di!erent for di!erent incident
angles. The same process of matching k was done for the other two velocities. The initial
angular velocities are also di!erent for each impact velocity, but the pattern is the same (see
Fig. 9). The angular velocity is plotted in Fig. 9 as the product of ru. For the higher incident
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Fig. 7. Numerical simulation for the coe$cient of restitution at three initial impact velocity levels.

Fig. 8. The numerical simulation for the impulse ratio without/with initial angular velocity.

angles, the required initial angular velocity is small and near zero. For the shallower angle
impact, the required angular velocity becomes larger. The magnitude of ru is always less
than the initial tangential velocity. ru values on the order of 1.00 m s~1 are possible with the
present experimental setup. The microspheres can roll along inside of the dispenser's exit
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Fig. 9. The initial ru vs. the incident angle at di!erent initial impact velocities.

needle before ejection, thereby gaining rotational velocity in the process. However, the
dependence of ru upon the incident angle presently cannot be explained.

The numerical simulation was used at the incident angle of a"503 for two di!erent
initial velocities, v

i
"1.05 and v

i
"0.45 m s~1, to match the impulse ratios with the

experimental values. The adhesion force per unit length, f
0
, and the two dissipation

coe$cients, f
H

and f
A
, were the same in those computations. The results show that for both

cases, sliding ended and the microsphere was rolling at separation. The sliding duration was
longer for the larger initial velocity at the same incident angle, which generated a higher
value of the impulse ratio. According to the simulations, in order to match the experimental
impulse ratio values, the particles "rst had sliding motion and then, "nally changed to no
sliding before the end of contact. If the incoming particle had a high tangential velocity
component, the required rotational speed to achieve rolling without sliding before leaving
the surface also was quite high. That is why the rotational speed increased with decreasing
incident angles from 503 to very shallow angles, as is shown in Fig. 9.

5 . CONCLUSIONS

The present experiments have systematically studied the oblique impact of microspheres
under a range of impact velocities from 0.45 to 1.90 m s~1. They have provided new
information about microsphere impact with an inclined substrate surface.

It was found that when the normal velocity component for oblique impact is less than the
capture velocity observed for the normal impact, no capture is observed. This supports that
the capture velocity for oblique impact is di!erent from that for normal impact. The

Oblique impact with planar surfaces 593



experimental results also reveal that the pattern of impulse ratio variation with incident
angle depends on the initial impact velocity.

The numerical simulation showed that the variation of impulse ratio can be explained by
including the e!ect of the particle's initial angular velocity. Whether or not the observed
impulse ratio variation was due directly to initial angular velocities is not clear because
direct measurement of the microsphere's rotational velocity is not possible with the present
setup. Furthermore, the numerical simulations have supported that coe$cient of restitution
can be simulated reasonably well by the present model. Finally, for the same incident angle,
a longer sliding contact duration will yield a higher impulse ratio value.
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