> restart;
> Digits:=17;

with(linalg):
[image: image1.wmf] := 
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> g := x -> sin(x) + x*(1-x); 
> p:= x -> 0;  
> q := x -> -1;  
> r := x -> x*(1-x)-2.0;  
> expand(diff(g(x),x$2)-p(x)*diff(g(x),x)-q(x)*g(x)-r(x));
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[image: image6.wmf]0.


> a := 0; alpha := 0.0; b := 1.0; beta := evalf(sin(1.0));
[image: image7.wmf] := 
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> 

> 

> NN:= 4:

for k from 0 to 4 do

N := (NN+1)*2^k-1; 

h := (b-a)/(N+1): 
> with(linalg): 

A:= matrix(N,N,0):
> xx:= vector(N): 

w := vector(N): 

bb := vector(N):

trueSol:= vector(N):
> for j from 1 to N do 

 xx[j] := a+ j*h; 

 A[j,j] := 2+h^2*q(xx[j]); 

 trueSol[j]:= g(xx[j]);

od:
> for j from 1 to N-1 do

A[j,j+1] := -1 + p(xx[j])*h/2;

od:
> 

> for j from 2 to N do

A[j,j-1] := -1- p(xx[j])*h/2;

od:
> bb[1] := -h^2*r(xx[1])+(1+h/2*p(xx[1]))*alpha:

bb[N] := -h^2*r(xx[N])+(1-h/2*p(xx[N]))*beta:

for j from 2 to N-1 do

bb[j] := -h^2*r(xx[j]);

od:
> 

> w := linsolve(A,bb):

Err[k]:= norm(w-trueSol,infinity):

print(k,N,Err[k]):

od: 
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> Err[1]/Err[2];

Err[0]/Err[2];

Err[2]/Err[4];
[image: image16.wmf]3.9854637085505908


[image: image17.wmf]16.010486561829046


[image: image18.wmf]15.990004364114397


> N := 4; 

h := (b-a)/(N+1); 
> with(linalg): 

A:= matrix(N,N,0):
> xx:= vector(N): 

w4 := vector(N): 

bb := vector(N):

trueSol4:= vector(N):
> for j from 1 to N do 

 xx[j] := a+ j*h; 

 A[j,j] := 2+h^2*q(xx[j]); 

 trueSol4[j]:= g(xx[j]);

od:
> for j from 1 to N-1 do

A[j,j+1] := -1 + p(xx[j])*h/2;

od:
> 

> for j from 2 to N do

A[j,j-1] := -1- p(xx[j])*h/2;

od:
> bb[1] := -h^2*r(xx[1])+(1+h/2*p(xx[1]))*alpha:

bb[N] := -h^2*r(xx[N])+(1-h/2*p(xx[N]))*beta:

for j from 2 to N-1 do

bb[j] := -h^2*r(xx[j]);

od:
> 

> w4 := linsolve(A,bb):

norm(w4-trueSol4,infinity);

[image: image19.wmf] := 
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> N := 9; 

h := (b-a)/(N+1); 
> with(linalg): 

A:= matrix(N,N,0):
> xx:= vector(N): 

w9 := vector(N): 

bb := vector(N):

trueSol9:= vector(N):
> for j from 1 to N do 

 xx[j] := a+ j*h; 

 A[j,j] := 2+h^2*q(xx[j]); 

 trueSol9[j]:= g(xx[j]);

od:
> for j from 1 to N-1 do

A[j,j+1] := -1 + p(xx[j])*h/2;

od:
> 

> for j from 2 to N do

A[j,j-1] := -1- p(xx[j])*h/2;

od:
> bb[1] := -h^2*r(xx[1])+(1+h/2*p(xx[1]))*alpha:

bb[N] := -h^2*r(xx[N])+(1-h/2*p(xx[N]))*beta:

for j from 2 to N-1 do

bb[j] := -h^2*r(xx[j]);

od:
> 

> w9 := linsolve(A,bb):

norm(w9-trueSol9,infinity);

[image: image22.wmf] := 
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> 

> Rich9 := vector(4);

for j from 1 to 4 do 

Rich9[j]:=(4*w9[2*j]-w4[j])/3:

od:
> RichErr9:=norm(Rich9-trueSol4,infinity);
[image: image25.wmf] := 
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> N:=19:

h := (b-a)/(N+1); 

A:= matrix(N,N,0):
> xx:= vector(N): 

w19 := vector(N): 

bb := vector(N):

trueSol19:= vector(N):
> for j from 1 to N do 

 xx[j] := a+ j*h; 

 A[j,j] := 2+h^2*q(xx[j]); 

 trueSol19[j]:= g(xx[j]);

od:
> for j from 1 to N-1 do

A[j,j+1] := -1 + p(xx[j])*h/2;

od:
> 

> for j from 2 to N do

A[j,j-1] := -1- p(xx[j])*h/2;

od:
> bb[1] := -h^2*r(xx[1])+(1+h/2*p(xx[1]))*alpha:

bb[N] := -h^2*r(xx[N])+(1-h/2*p(xx[N]))*beta:

for j from 2 to N-1 do

bb[j] := -h^2*r(xx[j]);

od:
> 

> w19 := linsolve(A,bb):

norm(w19-trueSol19,infinity);
> 

[image: image27.wmf] := 

h

0.050000000000000000


[image: image28.wmf]0.00001388775570527


> 

> Rich19:=vector(9);

for j from 1 to 9 do 

Rich19[j]:=(4*w19[2*j]-w9[j])/3:

od:
[image: image29.wmf] := 
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> RichErr19 := norm(Rich19-trueSol9,infinity);
[image: image30.wmf] := 
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> RichErr9/RichErr19;
[image: image31.wmf]16.101644169893556


Problem 3: set y1=y, y2=y'

> restart;
> f := (x,y1,y2) -> ( x^2*y2^2 - 9*y1^2 +4 * x^6 )/x^5;
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> with(LinearAlgebra):
Let's check the given true solution first.

> g:= x -> x^3*ln(x);
> expand(diff(g(x),x$2)-f(x,g(x),diff(g(x),x)));
[image: image33.wmf] := 
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> a:=1;b:=2;

[image: image35.wmf] := 
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> N := 20:

h:= evalf(1/N):

Y1 :=Vector(N+1):

Y2:= Vector(N+1):

trueSol := Vector(N+1):

trueSol[1]:= 0:

Y1[1]:=0.0:

Y2[1]:=1.0:
> for j from 1 to N do

xx := a+ j*h:

trueSol[j+1] := xx^3* ln(xx):

Y1[j+1] := Y1[j] + h* Y2[j]:

Y2[j+1] := Y2[j] + h*f(xx,Y1[j],Y2[j]):

od:
> Norm(Y1-trueSol,infinity);#answer for N=20
[image: image37.wmf]0.531457307000000156


> N := 40:

h:= evalf(1/N):

Y1 :=Vector(N+1):

Y2:= Vector(N+1):

trueSol := Vector(N+1):

trueSol[1]:= 0:

Y1[1]:=0.0:

Y2[1]:=1.0:
> for j from 1 to N do

xx := a+ j*h:

trueSol[j+1] := xx^3* ln(xx):

Y1[j+1] := Y1[j] + h* Y2[j]:

Y2[j+1] := Y2[j] + h*f(xx,Y1[j],Y2[j]):

od:
> Norm(Y1-trueSol,infinity);#answer for N=40
[image: image38.wmf]0.278194735999999664


Pretty awful: N=1000 gets you you an error of 0.012

Now let's do Taylor of order 2 

> diff(f(x,y1,y2),y2);
[image: image39.wmf]2
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> f2:= unapply(expand(diff(f(x,y1,y2),x)+diff(f(x,y1,y2),y1)*y2+diff(f(x,y1,y2),y2)*f(x,y1,y2)),x,y1,y2);
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> N := 20:

h:= evalf(1/N):

Y1 :=Vector(N+1):

Y2:= Vector(N+1):

trueSol := Vector(N+1):

trueSol[1]:= 0:

for j from 1 to N do

xx := a+ j*h:

trueSol[j+1] := xx^3* ln(xx):

od:

Y1[1]:=0.0:

Y2[1]:=1.0:
> for j from 1 to N do

xx := a+ (j-1)*h:

Y1[j+1] := Y1[j] + h* Y2[j]+f(xx,Y1[j],Y2[j])*h^2/2:

Y2[j+1] := Y2[j] + h*f(xx,Y1[j],Y2[j])+f2(xx,Y1[j],Y2[j])*h^2/2:

od:
> Norm(Y1-trueSol,infinity);
[image: image41.wmf]0.00370377200000016060


> N := 40:

h:= evalf(1/N):

Y1 :=Vector(N+1):

Y2:= Vector(N+1):

trueSol := Vector(N+1):

trueSol[1]:= 0:

for j from 1 to N do

xx := a+ j*h:

trueSol[j+1] := xx^3* ln(xx):

od:

Y1[1]:=0.0:

Y2[1]:=1.0:
> for j from 1 to N do

xx := a+ (j-1)*h:

Y1[j+1] := Y1[j] + h* Y2[j]+f(xx,Y1[j],Y2[j])*h^2/2:

Y2[j+1] := Y2[j] + h*f(xx,Y1[j],Y2[j])+f2(xx,Y1[j],Y2[j])*h^2/2:

od:
> Norm(Y1-trueSol,infinity);
[image: image42.wmf]0.000912571999999833850


> 

> 
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