15 Chapter 15

15.1 Double Integrals Over Rectangles

Let’s recall how integrals are defined

n
Area= ) f(x})Ax
i=1

b n
Area= | f(x)dx= lim Y f(x)Ax
a =1

15.1.1 Double Integrals

Let’s start with a simple region: a rectangle.
Let R=[a,b] x [c,d] and let f = f(x, y) contain R in its domain. We'll also assume for now that f =0 on
R. We start by cutting up the rectangle

In each subrectangle R;; we choose a simple point (x;‘, y}'.‘), and over each R;; construct a column of
height f(x], y;). Adding up these volumes gives an approximation of the volume under f:

m m

Volx Y 3 (Fxf,ypAxay) =Y Y fxf,y)AA

i=1j=1 i=1j=1

This is the double Riemann sum.

Now, of course, to get the actual volume we have to take finer and finer partitions (Ax,Ay — 0 <
m, n — oo)

So

m n
V= mlli’llz}ooz > (), y)AA
= |
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Now, none of this required f = 0 on R, so we get the final definition:

Definition 1. The double integral of f over the rectangle R is

ffRf(X»y) dA= lim f(x;,y;))AA
if the limit exists.

15.1.2 Facts

1. If f(x,y) =0, then the volume V of the solid which lies above R and below the surface z = f(x, y)

is
:fff(x,y)dA
R
ffR[f(x,y)+g(x,y)]dA:ffRf(x,y)dA+fng(x,y)dA
ffcf(x,y)dA:cfff(x,y)dA
R R

4. If f(x,y) = g(x,y) for all (x, y) in R, then

fff(x,y)dAszg(x,y)dA
R R

15.2 Iterated Integrals

This will give us a way of actually computing double integrals. Using the definition, let’s take the "m
limit" first. This amounts to integrating x first:

fff(x y)dA= lim Z(lim 2 ff,ypax|A
BT A e =

j=1

b
1 Z (f f(x,y;)ddx) Ay

[l
d rb

:fff(x,y)dxdy
C a

Doing the "n-limit" first would give integrating y first

b pd
fff(x,y)dA:f f fx,ydydx.

These are called iterated integrals. Notice that we are working from the inside out in these integrals. So,

ydx|d

now we have the question of how to compute | : fx,yydxor [, Cd f(x,y)dy? The answer is partial integration
which are performed analogusly to partial derivatives.




Ex: Compute fo‘r’ 12x%y3 dx and fol 12x%y3 dy and the associated indefinite integrals.

First
f 12x* P dx=4x>y> + g(y)

Notice that the "constant" term in this indefinite integral is a function of y because "x sees y" as a
constant.

5 5
f 12x2y3dx:4x3y3‘ = 4.5%. )% =500y
0 0

f 12x°y3 dy =3x°y* + h(x)

1 1
f 12x2y3dy:3x2y4‘ =3x%-1*-0=3x?
0 0

Ex: Compute

2 (4 4 2
f f ye**dydx f f yie**dxdy
0 Jo 0 Jo

ffysezxdydx f Lo x|t

= f 64e** dx
0

=32¢%* ’
0

ffysezxdxdy f 1 3e 2x|?

=f0 2( -1)y*dy

1 4 34
=—(e"—-1
8(e )y ‘0

1
= g(e4 —1)-256=32(e*-1)

=32(e*-1)

These integrals being equal is no coincidence:

Theorem 2. Fubini’s Theorem If f is continuous on R = [a, b] x [c,d] then

b pd d rb
ffRf(x,y)dA:fff(x,y)dydx:fff(x,y)dxdy

(There are more general conditions f could satisfy: f is bounded on R, f is discontinuous only on
a finite number of smooth curves, and the integral exists.)

Ex: Compute
f f ye VdA
R

3



where R = [0,2] x [0, 3].

Since this looks annoying to integrate y first, let’s integrate w.r.t. x first. Then

ffye VA= ffye Vdxdy = f (—e W) | dy

1
- Zo 2| = Z
(y+2e )’0 0+2)

3+ —e_G) -
2

Let’s end with a volume example:
Ex: Find the volume of the solid bounded by the surface z = 1 + e*sin y and the planes x =1, x = -1,
y=0,y=mand z=0.

Since e* >0 and siny =0 on 0 < y < 7, we have z = 0. The base of this solid is R = [-1,1] x [0, ] and its

heightis z. Thus,
Vol—ff (1+e*siny) dA= f f (1+e*siny) dydx

:f (y- ecosy) " dx = f[(n+e)—( e9)] dx

1 1
:f (2e"+7) dx = (2ex+nx)‘ = Re+m)— e ' —m)
_1 —

=2e—2e¢ ' +27

15.3 Double Integrals over General Regions

Let’s consider the problem of integrating the function z = 5 over the triangle with vertices (0,0), (1,0),
0,1)
So, we're computing [ [;,5d A where D is the triangular region. How do we compute this? Slices

Recall that to perform a double integral, we compute the inner integral first by holding one variable
constant and integrating w.r.t. the other. Let’s say we integrate w.r.t. x first. This means that we fix y
and integrate from the smallest x-value to the largest at this y-value:

"horizontal slices"
So, the bounds on the x-integral are 0 < x < 1 — y. Now, all we have to do is add up over all the possible



y-values. So

= [sr=377)0,=5-3

1-y 1_
ff 5dxdy = fOle dy= f5 5ydy
>
2

Comments:

1. The outside integral should NEVER have a variable in it!
2. Always sketch the region of integration. It really helps when setting up bounds.
3. To find bounds, first sketch the region, then decide which to take slices:

e vertical (holding x constant first): look from the bottom to top:

b ph(x)
f[ f(x,y)dA:f fx,y)dydx
D a Jgx)

* horizontal (holding y constant first) look from left to right:

h(y)
ff fx,ydA= f f fl,y)dxdy
gly

4. Sometimes integrating one way is easier than another

Ex: Compute [ [}, xd A where D is the region bounde by the parabolas y =1-x* and y = x> - 1



Step 1: Sketch the region!

Notice that vertical slices work better here since to do horizontal would require splitting the integral
into two pieces (also the bounds wouldn't be as nice).

Step 2: Set up the integral
1 pl-x? 1
f f xdydx:f Xy
-1Jx%2-1 -1

ff xdA
D
1 1
:f x[(l—xz)—(xz—l)]dx:f 2x—2x%dx
-1

2

dx

x2-1

1-x

-3, -

From now on, we’ll focus more on setting up integrals.
Ex: Set up the integral to find the area of the region bounded by x = y?>—~1and y = x -1

Notice that the volume of an object with height 1 is equal to the area of its base (ignoring units, of
course). So, areaof D= A(D) = [ [,1dA= [ [, dA

First, sketch the region:

Horizontal slices will work more nicely this time. The left function is x = y* — 1 and the right function is
x = y+ 1. Now, we just need the bounds on y. We find the max and min values of y. Plugging x = y* -1
into y = x—1 gives

y=y"-2 = y-y-2=(p-2@+)=0 = y=-1,2

2 py+l
AreaofD:A(D):ff dA:f f dA
D -1Jy2-1

Thus:

You also need to be able to read the region of integration off of a double integral:



Ex: Compute foz f;}g ycos(x?)dxdy.

As it stands we cannot compute it since we cannot compute [ cos(x?)dx... However, we can try to
switch the order in which we integrate to d y dx. To do this, sketch the region:

e The outer integral says
O=sy=<2

* x goes between y? and 4 for any fixed y, so

y2§x§4.

We can then draw the region

So, rewriting the integral we have

2 p4 4 pyx
ffycos(xz)dxdy:ff ycos(xz)dydx
0 Jy? o Jo
4 x 41
dx:f —xcos(x?) dx
0 0o 2

—f lcos(xz) vE
=] 3
16

16 1 1
:f —cos(u)du:—sinu) =—-sinl6
o 4 4 0 4

Last comment: If D = D, U D,, then

ff f(x,y)dA:ff f(x,y)dA+ff fx,y)dA
D D, D,

that is

Sometimes there’s no choice but to split the integral in pieces.

15.4 Double Integrals in Polar Coordinates

Consider the integral [ [}, e *7* d A where D is the unit disk. How can we compute it? The answer is
polar coordinates. Let’s practice describing regions in polar coordinates.
Ex: Describe the following regions in polar coordinates




1. D={(r,0)|r=1}={r0)0<r<1,0=<0 <2n}

2. D={(r,0)|1<r<2,0<0<m}

3. D={(r,0)r=<3,7<0=<73}

These types of regions are called polar rectangles since if you graph them in the r,0-plane, they're rect-
angles. The most general polar rectangle is a sector of the form

D={r0)|rn<r<ry,0;<0<0,}, 0<0,<6;<2m

The area of D is

1 1 1
A=21300 = 2riA0 = Z(ra+11)(r2 = r)AO

=r*ArA@

where r* = %(rl +17). This tellsus d A = r dr d6. This means we can change from Cartesian to polar, we
have

0> pro
ff f(x,y)dA:f f f(rcos@,rsin0)rdrdo
D 01 Jn

Ex: Compute [ [}, e *7* d A where D is the unit disk

2= x% +y?, so we get

2412 271 1 2 27 11 "
ffe Y dA:f fe rdrd@zf f—e dudo
D o Jo o Jo 2
271

:f l(e—l)d@zﬂ(e—l)
0o 2

D in polar coordinates is {(r,0)|r < 1}. The integrand becomes e because r

Regions of integration need not be polar rectangles. Consider the following problem from Calc II:
Ex: Find the area enclosed by one petal of the rose

r =cos36



The rose looks like

We know cos36 = 0 when 30 = 7 + nr iff 6 = § + &%, Taking - < 0 < £, we get the indicated petal. So
to get the bounds on r we fix a 6-value (a ray comlng out of the origin) and find an "inner" and "outer"

bound on r. In this case, 0 < r < cos36. So

cos30 % 1
A(D) = f f rdrd0 = f —c0s’30d0 = f —(1+cos660)do
-5 52

6

i[5+ 5onn) - rgonen)
—+=sinn — + =sin(-n)
6 6 6 6

5 1

(6 +— sm69)
6

6
/2

12

Ex: Set up an integral giving the volume of the region bounded above by the paraboloid z = 4 — x* — y?,
below by the xy-plane, and inside the cylinder x? + y* = 2y.

First, we rewrite these in polar coordinates paraboloid: z =4 — re, cylinder: r2 =2rsin@ iff r = 2siné.

In the cylinder, r =0iff 2sinf = 0iff 0 = 7 + nn.
So, letting 0 go from 0 to &, we get the cylinder. The bounds on r go from 0 to 2sinf. Thus

2sinf 2sinf
VOl—ff zdA= f f @-r¥rdrdf = f f @r-r*drdo

5 1
f(8sm9 4sin*0) do = f(——2c0340)d6 f(§—200526—5c0540 do
0

=10n

15.7 Triple Integrals

As you might imagine, triple integrals are defined using a triple Riemann sum. We'll leave the details of
that to the book.

Let’s start with the most basic example:

Ex: Compute the triple integral of f(x, y,z) = x*ye*?? over the box B = [0,1] x [1,2] x [2,3].



fffxyexyzdv fffxyexyzdzdydx
3 1 p2
ff xe*V? dydx:ff(xegxy—xezxy)dydx

:fl(].exy 1 ny)‘ dx = fl (leﬁx_le4x)_(163x_le2x)
0o \3 2 o I\3 2

dx
2 3

There is, of course, no reason to stick to boxes.
Let’s say our region is E. Let’s orient the axes as such:

then when setting up bounds, they look as follows:

x: "back to front"

y: "left to right"

z: "bottom to top"

Again, sketching the region will be important! Now, once we've figured out the bounds on the inside
integral, the outer two integrals’ bounds come from setting up a double integral over a "shadow" re-

X ¥z
gion: If the inside integral is respect to y , then we look at the shadow of E in the xy -plane and set
z Xy

up the double integral over that.

Let’s make this concrete with an example.

Ex: Set up the integral to compute the volue of E, where E is the tetrahedron bounded by the planes
x=0,y=0,z=2,and x+y+z=4.
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Begin by sketching

Now, we need an order of integration. Let’s integrate y first... because, why not?
So we look from left to right and see that the left function is y = 0 and the right functionis x+ y+z =

4 < y=4-x-z. So the inside integral is f;_x_z ddV. The shadow E makes in the xz-plane is

So, the volume is:

2 rd4—x pd-x-z
Vol(E):fff dV:ff f yddzdx
E 0 Jo 0

As with double integrals, we may need to switch the order of integration.
2
Ex: Rewrite [, [*, /5" xyzdzdxdy using dydzdx.

11



We begin by sketching the region

It's simple to see here that y goes from 0 to 4. Now, the shadow in the xz-plane is:

So,

4 pl p2-x? 1 px? p4
f f f xyzdzdxdy:f f f xyzdydzdx
0 J-1Jx2 -1J2x2Jo

Now for an application let’s take a detour.

15.5 Mass and Center of Mass

Recall that the center of mass of a system is the point, if all the mass of the system were concentrated
there, the total moment is the same as the original.

15.5.1 Discrete Case

In the discrete case of masses m; at points (x;, y;), the total moment or moment of mass about the

1. y-axisis My =3 ; m;x;

2. x-axisis My =) ;m;y;

So, the center of mass has coordinates (x, y) where

N

Thus
_ M, _ M,
X = y =

total mass total mass

12



We can do this for a system in R3 as well,

Mxy

z=—""
total mass

where My, =3_; m;z; is the total moment about the xy-plane.

15.5.2 Continuous Case

Let’s suppose we had a lamina D in R? with density function p(x, y). Then the total mass of D is

mass:m:ff plx,y)dA
D

Using the discrete case as a guide, we find that

My:ffDxP(x»J/)dA Mx:fLyp(x»Y)dA

So the center of mass of D has coordinates

&7 = (ffDxpdA fnypdA)

JJodA " ] [,pdA

The equations are similar for solid regions in R3.
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15.8 Cylindrical Coordinates

Ex: Compute the volume of the solid bounded by z = x? + y? and z = 4.

We start by sketching the region:

It looks easiest to start by integrating z first

2 p? pd
Vol :f f f dzd?d?
2 J? Jx2+y2

The shadow of this region in the x y-plane is just the disk of radius 2:

We could set up bounds in cartesian here, but since this is a disk, polar coordinates are easiest. The
function we're integrating over the disk is

4 4
f(x,y):f dz < f(rcos@,rsin@):f dz
x2+y2 r2

So we should have

rdrdo

4
r2

2n 2 4 2n 2
Vol:f f ([ dz)drd@zf f z
0o Jo \Jr? o Jo

2n 2 27 1 2
:f f (4—r—r3)drd0:f 22— Zpt ‘ do
0o Jo 0 4 0

2m

:f (8-4)d0 =8n
0

Notice how this integral was done in polar coordinates, but with z just tacked on. This is exactly what
cylindrical coordinates are:

(r,0,2) where x=rcosf, y=rsinf, z=z

As z is just tacked on, we find

dV =rdrdfdz

Cylindrical coordinates can help with triple integrals as polar did with double, as the previous example
shows.

14



Ex: a) Write the point with cyindrical coordinates (4, %, —2) in cartesian coordinates.

b) Write the point with cartesian coordinates (-2, 2v/3,3) in cylindrical coordinates.

a)
(x,¥,2) = (rcos0,rsinf, z) = (4cosg,4sing,—2) = (2,2V3,-2)

b) r2=x?>+y?=4+12=16implies r = 4
tanH:X:—\/g — 0=—+nn
X 3
Take 6 = %’T since (=2,2+/3) isin quadrant II. So

2n
)97 = 4)_)3
(r,0,2) ( 3 )

15.9 Spherical Coordinates

As we can use cylinders to give coordinates on R® we can also use spheres. These coordinates are ob-
tained by rotating polar coordinates into R3. Spherical coordinates are (p, 8, ¢) where p is the distance
from the origin, 6 is the angle made with the positive x-axis in the xy-plane, and ¢ is the angle made
with the positive z-axis. So, we have

p=0, 0<0 <2m, O<s¢p=m.

The relation to cartesian is

x =pcosfsing, y =psinfdsing, z=pcost

We also have

p2:x2+y2+Z2

Ex: a) Write the point with spherical coordinates (3, %, 37”

b) Write the point with cartesian coordinates (-1, 1, —V2)in spherical coordinates.

) in cartesian coordinates.

15



a)
n . 37
x=pcosOsing = BCOSESIHI: 0-v22=
b4 3 V2 3v2
0 3sin—sin—=3-1-—=——
y=psinOsing = sm231n 2 2 >
3m  -3v2
= :3 _
zZ=pCcos¢o cos4 2
S0 (x,3,2) = (0,242, =52
b)
p?P=x*+y+22=1+1+2=4 =p=2
2 3
z:pcosgb<:>—2\/§:2c03(,[):>cos</>:—g:></):TjI
3 2 3
y:psinﬁsin¢<=>25in65in%:ﬁsin@:sin@z%:Hz%orjn
Checking with x:
X =pcosfsing < — 1—2003951n— V2cos6
So cosf < 0 implies 0 = 4
Thus, (p,0,¢) = (2,3,3Z)

In spherical coordinates,

dv = p*singpdpdl d¢p

Ex: Find the volume of the region inside the sphere x?+y?+z? = 4z and above the cone z = |/ %(x2 +52).

16



Let’s rewrite the equations in spherical coords

p?=x*+y*+22=4z=4pcos¢

So ¢ =4cos¢
L L o2 ain? 20 ci2 L o2
pcosp=_z= g(x +y?) = g(p cos?0sin” ¢ + p sin® O sin” ) = zp%sin ¢
psing = cosg = —=sing = tan¢ = V3= = -
= —psin cos¢p = —sin an¢g = =—
va’ V3 3
Rewriting the sphere in standard form gives
x2+y2+(z—2)2:4
a sphere of radius 2 centered at (0,0, 2).
The cone is given by ¢ = 7, so a sketch of the region is
We end up with a "snow cone" type object. Then the volume is
% r2m pdcosd
vm:fff dV:f f f p’singpdp d6 deg
E o Jo Jo
3 (2764 1287 (3
:fsf —cos?’qbsin(,l)dedcp:—ﬂ 3cosS(j)sin(,balcp
o Jo 3 3 Jo
327r( cos? )% 32n( 1 (1)) 10
= —\— =-— - = ]-[
3 ¢ 0 3 16

17




15.10 Change of Variables
Ex: Compute [ [;,3xydAwhere D is theregionbounde by x-2y =0, x—2y = -4, x+y=4,and x+y = 1.

Sketch:

Notice that, to do this integral would require splitting the region into 3 pieces. There must be an easier
way... Notice that the opposite sides of the parallelogram are described by the same function

x—-2y=-4,0 x+y=14

If we write u = x—2y and v = x + y, then the region is bounded by u = -4, u =0, v =1, v =4 in the
uv-plane... much simpler! We need to replace x and y, so we solve for them in terms of u and v:

u=x-2y
vV=Xx+y

Using algebra we solve for x and y giving us x = %(2 v+u)and y = %(v — u). Our integrand becomes

3xy:§(v—u)(2v+ u) :5(21/ —Uuv-—1u")

What about d A?
a(x,
dA= ‘M dudy
o(u,v)
where ggﬁ is the Jacobian of the transformation and is given by

o, y) _ g—ﬁ &
owv) | 5 5
So in this example
a(x,y)_‘ 3 %'_1_(_;)_1
o(u,v) —% 3 9 9/ 3

thusdA= % dudv. So, the integral becomes

401 164
ff?ucydAsz —(2U2—uv—u2)dudv:—
D 1 J-49 9
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If we write T'(u, v) = (x(u, v), y(u, v)) to represent the transformation, then

o0(x,y)
o(u, v)

=detDT(u,v)
Definition 3. T(u,v) = (x(u, v), y(u,v)) is C! if its components have continuous first partials.

15.10.1 Change of Variables Formula (2 variables)

Suppose T (u, v) = (x(u, v), y(u, v)) is C' and sends the region S in the uv-plane to the region R in the

xy-plane. If the Jacobian ggg isnonzero at all pointsin S, f(x, y) is continuous on R, and T is one-to-

one on S, except maybe on the boundary of S, then
o(x y)

fff(x yVdA= fff(x(u v), y(u,v)) 3 v)

:ff F(T(w, v))|det DT dudv
T-1(R)

This theorem can also be used to make integrands simpler. This more like u-substitution. Before an
example of this, a neat trick from linear algebra:

1
det(A™H) = —
et( ) det A

If T(u,v) = (x(u,v),y(u,v), then T~(x,y) = (u(x,y), v(x,y). So, gg;;; =detD(T™Y). But D(T™!) =
DT~ !. Thus

0w, v) detD(T™Y) = (detDT)™ ! = 1 1
A%y - detDT 96y
o(u,v)
So
ox,y) 1
o(u,v) dwwv
0(x,y)
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Ex: Compute [ [, cos( v x) d A where R is the trapezoidal region with vertices (1,0), (2,0), (0,2), (0,1).
y-

cos( ) looks pretty hard to integrate... If we write © = y—x and v = y + x, then we get cos ( VTx
cos ( U), a bit better. What happens to R? More like, what maps to R? First, let’s sketch R:

What is the region S which maps to R?

xy-plane uv-plane
xXt+y=2 v=2
x+y=1 v=1
x=0 {u:y—x:y = u=v
v=y+x=y
y=0 { YT = u=—
v=y+x=x

So, Sisbounded by v =2, v =1, u = v, and u = —v. Pictorially:

Now, we need the Jacobian 3821)3 :
0 _
(u,v):’ 1 1 ':_1_1:_2 O(x,y):_l
a(x,y) 1 1 o0(u, v) 2
Thus,
_ 2 v -1
ffcos(y x) dA:ff cos(ﬂ) —‘dudv
R y+x 1 v/| 2

-V
1 (2 v 3
:—[f cos(z)dudv:—sin(l)
2 1 -V 14 2

q:

There is a corresponding 3-variable version of the theorem. If T'(u, v, w) =

and T'(S) = R then
u%m

ffff(x ¥,2)dV = ffff(x(u v, w),yu, v, w),z(u, vw))‘a(

dudvdw

20

= (x(u, v, w), y(u, v, w), z(u, v, w))




where

0(x,y,2) Yu Ko Xw
~ <= Yu Yv Yw
o(u, v, w) 20 7y Zuw
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