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11.1

Cooling Example: A beam of rectangular cross section subject to fixed
temperature at two ends:

d*T 5
@ —m“T =0 N
m = heat transfer coefficient
and, T(z=0)=Tp; T(x=L)=T1.

Theorem

Suppose the linear boundary-value problem (BVP)

y" = p(x)y' + q(x)y + r(z), for a <z < b, with y(a) = « and y(b) =

(1)

satisfies

(i) p(x), q(z) and r(x) are continuous on |a, b,
(ii) g(z) > 0 on [a,b].

Then the linear BVP has a unique solution.
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Shooting Method for Linear BVP

Consider the following initial value problems:

y" =p(x)y + q(@)y +r(z) with a <z < b,y(a) =, and y'(a) =0 (2)

4

y" = p(x)y + q(z)y, with a <z <b,y(a) =0, and y/(a) =1. (3)

’

Let y1(x) be the solution to Eq. (2) and ya(x) be the solution to Eq. (3).

Then 5 )
_ — U

is the solution to the linear-BVP (1).
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Solving IVP defined by Eq. (2)

Rewrite as two first order ODEs

with y(a) = @ and z(a) = 0.

Solving IVP defined by Eq. (3)

Rewrite as two first order ODEs

with y(a) = 0 and w(a) = 1.
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RK4 for solving Eq. (5): Set Yy = a, Zy =0

for (i =0;i < N;i++)
zi=a+ih. kiy =hZ; kiz=hp(@)Z; +q(x;)Ys +r(zs));  (7)
]{fg’y = h(Zi + 1/2]@‘12);

h 1 h 1 h
ka2 = hp(zi+ 5)(Zi + Shiz) +azi + ) (Vi + Shiy) +r(zi+ 3))
(8)

k‘37y = h(Zi + 1/2k27z);

h 1 h 1 h
ks.z = h(p(z; + 5)(21 + §k2,Z) + q(z; + 5)(Yz + 5]?27}/) +r(x; + 5))

9)

kay = MZi + ks z); (10)
ka,z = h(p(xi + h)(Zi + k3 z) + q(@; + h)(Yi + ks y) + 7(2i + h))

Yip1 =Y +1/6(k1y + 2koy + 2k3y + kay); (1)

Ziy1=2; + 1/6(]4:172 + 2ko 7 + 2k3 7 + k‘4,2)
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Shooting Method for Nonlinear BVP

Consider to solve
(12)J

y' = f(z,y,9), fora <z <b, with y(a) =« and y(b) =8 .

Example: —-& (Fc(y)%) +y(z)=p), 0<z<1
1
(dy]do) +e

with diffusion coefficient x(y) =
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11.2 Basic idea of shooting method for nonlinear BVP

Construct a sequence of IVPs with parameter ¢, which have the form
v' = f(z,y,y), fora <z <b, withy(a) =a and y/(a)=t. (13)
Choosing parameters t = t; to ensure that

Jm y(btk) =y(b) =5 . (14)

Secant method

Recast Eq. (14) as a root-finding problem:

y(b,t) =B =0. (15)
Solving Eq. (15) by Secant method:

(y(b,tk—1) = B) (tr—1 — th—2)
y(ba tk—l) - y(b? tk—2)

te = tg—1 — k=23, (16)
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Newton's method (1)

Solving Eq. (15) by Newton's method:

(y(b7 tkfl) — ﬂ) B -
Gty * T b (17)

Differentiating Eq. (13) y"(z,t) = f(z,y(z,t),y'(x,t)) with respect to ¢:

_ ooy o5 oy
Oy ot Oy Ot

g =1k—1 —

oy
ot

(x,t) (18)

Differentiating initial condition of Eq. (13) gives: % = 0; %—3{ =

Let z(x,t) = %(m,t) and assume orders of differentiation of = and ¢ can be

reversed.
Eq. (18) becomes an IVP:

0f 0f g
" / h t) = 0: d = 1, 1
Z (l‘,t) = yz + y,z (l‘,t) wit z(a, ) 0; and 2 (a,t) ( 9)
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Newton's method (2)

Eq. (17) can be solved by

k=1,3,- (20)
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Nonlinear shooting method - Newton's method

Let M be max. number of iterations. Set TK = Bb:f;; k=1; to=TK.
while (k < M) do
(i) Solve the following IVPs respectively:

y” = f(x’yvy,)a for a <z < b7 with y(a) = o and y/(a) =tg—1;

2, ty_q) = giz(x,tk_l) + gg‘;z'(:v,tk_l) fora<axz<b
with z(a,tx_1) = 0; and 2'(a,tp_1) = 1.

(21)

(ii) Solve for ty;:
_ (y(b,tk—1) — B)

(iii) If |y(b,tx) — Bl < e, STOP.

11.1 -11.4 Boundary-Value Problems for Ordinary Differential



Example of nonlinear shooting method

Solve y" = 1/8(32 + 22% — yy/), for 1 <z < 3, with y(1) = 17 and
y(3) = 43/3.

Solution:

to=(43/3—-17)/(3—1)

Y =1/8(32+ 223 —yy'), with y(1) =17, and 3/(1) = t_; .

of of 1
ZI/ = 8—y2($,tk—1) a4 B_ylzl('r7tk—1) = _g(ylz + yZ/)

with z(1,¢,_1) = 0; and 2/(1,t,_1) = 1.
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11.4 Finite Difference

Consider to solve Eq. (12)

(i) divide interval [a, b] into N subintervals with h = (b — a)/N, x; = a +ih
fori=0,---,N+1.

(i) approximate derivatives of Eq. (12) by differences respectively:

Y(@iv1) — 2y(z:) + y(zi-1)
h? B

Y@is1) = 9@it) 13 e P O
f{ wi,y (), T —h7/6y" (mi) | + h7/12y"V(&).
Finite difference method:
Set wy = o, wyt+1 = 5.
Wit1 — 2w +wi—1 L e
% f (‘”w 2h > - (24)

foreachi=1,2,--- /N .
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Individual equations of (24) are:

w2—2w1—h2f xl,wl,w2_a +Oé=0,
2h
Wit1 — Wi—
Wis1 — 2w; + wi—y — W f (xi,wi,zﬂ%“> =Y, (25)
foreachi=2,3,--- ,N—1.

—2wn +wn_1 — h*f (ﬂ;N,wN,B_;:LN_l) +p8=0.

Solve Eq. (25) for wy,ws, -+ ,wy by Newton's method.
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