5.10 Stability
Consistency and Convergence

Definition. A one-step difference equation with local truncation error 7;(h) is said to be consistent if

lim max |t;(h)| =0
h—0 1sisN| (M

Definition. A one-step difference equation is said to be convergent if

lim m - —y(t))| =0
lim max [w; —y(2)|

where y(t;) is the exact solution and w; is the approximate solution.

Example. Tosolve y’ = f(t,y), a <t <b, y(a) = a.Let|y”"(t)] <M, an f(t,y) be continuous and satisfy a Lipschitz
condition with Lipschitz constant L. Show that Euler’s method is consistent and convergent.

Solution:
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Thus Euler’s method is consistent.
By Theorem 5.9,

max |w; — y(t;)| < M [eX®=®) — 1]
1<isN ' ' Y= 2L

lim max |w; — y(t;)| < li Mhgrio-a) _ 1| =
h—01<isN ' ° ()] < hl—I}?) 2L [e ] 0
Thus Euler’s method is convergent.

The rate of convergence of Euler’s method is O (h).



Stability
Motivation: How does round-off error affect approximation? To solve IVP y' = f(t,y), a <t <b, y(a) = a by Euler’s
method. Suppose §; is the round-off error associated with each step.

uo =a+ 50
Uipr = u; + hf(t,u) + 641 foreach i=0,1,...,N — 1.

) [eH6m® — 1] + |8o|eHE=®. Here |5;] < 6.
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Stability: small changes in the initial conditions produce correspondingly small changes in the subsequent approximations. The
one-step method is stable if there is a constant K and a step size h, > 0 such that the difference between two solutions w; and
w; with initial values a and & respectively, satisfies |w; — Ww;| < K|a-&| whenever h < hy and nh < b — a.

Convergence of One-Step Methods
Theorem. Suppose the IVP y' = f(t,y), a <t <b, y(a) = ais approximated by a one-step difference method in the
form
Wy = Q,
Wis1 = w; + ho(t;, w;, h) wherei =0,2,...N.
Suppose also that h, > 0 exists and ¢ (t, w, h) is continuous with a Lipschitz condition in w with constant L on D, then
D={(twh) a <t <b—0<w<o,0=<h<hy}.
(1) The method is stable;
(2) The method is convergent if and only if it is consistent:
o(t,w,0) = f(t,y), foralla <t <b
(3) If texists s.t. |7;(h)| < t(h) when 0 < h < hy, then

T(h
lw; —y(&)] < %emi_a)-



Example. Show modified Euler method w;,; = w; + %(f(ti, wy) + f(tiy1, w; + hf (¢, wy))) is stable and convergent.

Solution ¢ (t,w,h) = %f(t, w) + %f(t,w + hf(t,w)). Suppose f(t,w) satisfied a Lipschitz condition on {(t,w) |a <t <
b,and — co < w < oo} with Lipschitz constant L.
We next show that ¢(t, w, h) satisfies a Lipschitz condition in w.

1
|p(t,wy, h) — p(t,wy, h)| = 5 |f(t’ wy) + f(t, wy + hf(t»W1)) — f(t,wy) — f(t; w, + hf (, W2))| =
1
5 |f(t; Wl) - f(t; WZ) + f(t; Wy + hf(t, Wl)) - f(tr w» + hf(t, WZ))|
2 1 1
=3 |f (&, wy) — f(t, w)| + > |f(t,wy + hf(t,wy)) — f(t, w, + hf (£, w))]
1 1 1
= §L|W1 — W,| +§L|W1 +hf(t,wy) — (wy + hf (£, wy))| < Llwy — wy| +§Lh|f(t'W1) — f(&,wy)l
1 1
Llw; — w,| +§hL2|W1 —wy| = |lw; —wy|(L +§hL2)
Therefore, ¢(t,w, h) satisfies a Lipschitz condition in w with constant (L +%hL2) on {(t,w,h)l[a<t<bh —-—0o<w<
o,and h < hy}.
Also, if f(t,w) is continuous on {(t,w)|a<t<b,and— o <w <}, then ¢(t,w,h) is continuous on
{(t,wh)la<t<b —o<w<o,and h < hy}.

So, the modified Euler method is stable.
Moreover,

IA

1 1
This shows that the method is consistent, and the method is convergent.
The local truncation error of modified Euler method is 0(h?). So |y(t;) — w;| = 0(h?) by part (iii) of the theorem.



Multi-Step Methods

Definition. A m-step multistep is consistent if lim,_, |t;(h)| =0, foralli=m,m+1,...,N and

limy,o |a; —y(t)| =0, foralli=1,2,...,m— 1.

Theorem. Suppose the IVP y’' = f(t,y),a <t < b, y(a) = a is approximated by an explicit Adams predictor-corrector
method with an m-step Adams-Bashforth predictor equation
Wip1 = W; + h[bpy_1f(t;, w;) + -+ + bof (tis1-m» Wiz1—m)] With local truncation error t;,,(h) and an (m-1)-step implicit
Adams-Moulton corrector equation w;,q = w; + h[by_1f(t;, w;) + =+ + b f (tis2—m» Wisa—m)] With local truncation error
T;+1(h). In addition, suppose that f(t,y) and f,(t,y) are continuous on {(t,y) [a <t < b,and — o0 <y < oo} and that
fy(t,y) is bounded. Then the local truncation error g;..; (h) of the predictor-corrector method is

0i41(R) = Ty (R) + Ti+1(h)5m—1fy(ti+1: ;1)
where 6;,; is a number between zero and ht;,, (h).
Moreover, there exist constant k; and k, such that

lw; —y(t)l < | max |w; —y(t)| + kla(h)] ekz(ti—a)

0<js=m-1

where o(h) = max |aj(h)|.
ms<j<N

Example. Consider the IVPy’' =0, 0 <t <10, y(0) = 1, which is solved by w;,; = —4w; + 5w;_; + h(4f(t;, w;) +
2f (ti_1,w;_1)). If in each step, there is a round-off error €, and w; = 1 + &. Find out how error propagates with respect to time.
Solution: w, = —4(1+¢)+5(1) =1 —4¢

wy=—4(1—-¢)+5(1+¢)=1+21¢

w, = —4(1+21e) +5(1 — 4¢) = 1 — 104e.

Definition. Consider to solve the IVP: y' = f(t,y), a <t <b, y(a) = a.byan m-step multistep method
Wit1 = Qqu-1W; + QWi 1 + -+ + QoWir1-m
hlbpf (Eig1, Wis1) + byt f (&, W) + -+
+bof (tit1-m Wir1-m)],
The characteristic polynomial of the method is given by
P =" —a, A" —q, A2 —..—al—a,.



Remark:

(1) The characteristic polynomial can be viewed as derived by solving y' = 0, y(a) = a using the m-step multistep method.
(2) If A is a root of the characteristic polynomial, then w; = A for each i is a solution t0 w;,; = @y_1W; + Ap_yW;i_q + =+ +
AoWit+1-m-

This is because A1 —qa,, At — a,, A7 — o — g AT = pFImOQM g AMml —q L AMT2 — i — a1 —ay) =0
(3) If A4,1,, 45, ..., 4, are distinct zeros of the characteristic polynomial, solution to w;,; = a,,—w; + ap_owj_q + -+ +
aoWi4s1-m Can be represented by w; = Y72, cj/lj for some unique constants c, ..., ¢;,.

(4) w; = ais a solution to w;,; = Ay 1W; + Ap_oWi_1 + -+ + aQgW;11-m, this is because y(t) = a is the exact solution to
y' =0, y(a) = a

(5) From 4), O0=a—-a,_ 1@ —aua ——ayax =a[l —a_1 — Ay — - — ag] . Compare this with definition of
characteristic polynomial, this shows that A = 1 is one of the zeros of the characteristic polynomial.

(6) Let 4, =1and ¢; = a, solution toy’ =0, y(0)=ais expressed as w; = a + }jL, cj)l]"-. This means that c,, ..., ¢,

would be zero if all the calculations were exact. However, c,, ..., ¢,, are not zero in practice due to round-off error.

(*) The stability of a multistep method with respect to round-off error is dictated by magnitudes of zeros of the characteristic
polynomial. If |/1j| > 1 for any of 1,, 15, ..., 4,,,, the round-off error grows exponentially.

Example. Consider stability of w;,.; = —4w; + 5w;_; + h(4f(t;,w;) + 2f (t;—1,w;—1)) for solving y' =0, 0 <t <
10, y(0) = 1.

Solution: The difference eq. is w;; = —4w; + 5w;_; with initial condition wy, = 1,w; = 1 + 6. § is due to round-off error.
The characteristic polynomial is P(1) = A2 + 41 — 5.

The general solution to the difference eq. is w; = ¢;(1)* + c,(=5)"
Using the initial condition: ¢; + ¢, =1, ¢4 —5¢c, =14+ 46. Thisimplies ¢; =1 +g, Cy = —g.
The solution to difference eq. then is: w; = (1 + g)(l)i + (— g)(—S)".

Remark: the term (— g)(—S)i shows how round-off error grows.



Definition. Let A4, 1,, ..., 4,,, be the roots of the characteristic equation
P =" —aq, A"l —q, A" 2 —.—aql—ay=0
associated with the m-step multistep method
Wit1 = Qp-1W; + QpoWi1 + =+ QoWir1-m
hlbpf (tiv1, Wiv1) + by f (L W) + -+
+bof (tit1-m» Wir1-m)],
If |4;] < 1 and all roots with absolute value 1 are simple roots, then the difference equation is said to satisfy the root condition.

Stability of multistep method
Definition of stability of multistep method.

1) Methods that satisfy the root condition and have A = 1 as the only root of the characteristic equation with magnitude one
are called strongly stable.

2) Methods that satisfy the root condition and have more than one distinct roots with magnitude one are called weakly
stable.

3) Methods that do not satisfy the root condition are called unstable.

Example. Show 4" order Adams-Bashforth method

h
Wiy1 =w; + o2 [55f(t;, w;) = 59f (ti—1, wi—1) + 37f (ti—z, wi—p) — 9f (ti—3, w;—3)]

Is strongly stable.
Solution: The characteristic equation of the 4" order Adams-Bashforth method is
PA=2*-23=0
0=2*-23=231-1)
P(A) hasroots 4, = 1,4, = 0,4; = 0,4, = 0.
Therefore P(A) satisfies root condition and the method is strongly stable.



Example. Show 4™ order Miline’s method
4h
Wi1 = Wiz + = [2f (ti wi) — f(tim1, Wim1) + 2f (ti—2, Wi—2)]

Is weakly stable.

Solution: The characteristic equation P(1) = A* -1 =0
0=2"-1=A-1)A*+1)

P(A)hasroots A, = 1,4, = —1,45 = i,4, = —i.

All roots have magnitude one. So the method is weakly stable.

Theorem. A multistep method
Wit1 = QuaWi T QpupoWi—g + -+ QoWit1-m
h[bif (tiv1, Wiz1) + byq f (G W) + -+
+b0f(ti+1—mr Wi+1—m)]»
Is stable if and only if it satisfies the root condition. If it is also consistent, then it is stable if and only if it is convergent.



