
Lecture 9: Numerical Partial 
Differential Equations(Part 2) 
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Finite Difference Method to Solve Poisson’s Equation 

• Poisson’s equation in 1D: 

 
−

𝑑2𝑢

𝑑𝑥2 = 𝑓 𝑥 , 𝑥 ∈ (0,1)

𝑢 0 = 𝑢 1 = 0
. 

• Spatial Discretization: 0 = 𝑥0 < ⋯ < 𝑥𝑀 = 1. 

Define ∆𝑥 =
1

𝑀
. Then 𝑥𝑖 = 𝑖∆𝑥. 

•
𝑑2𝑢(𝑥𝑖)

𝑑𝑥2 ~
𝑢 𝑥𝑖−1 −2𝑢 𝑥𝑖 +𝑢 𝑥𝑖+1

∆𝑥2  

• Stencil of finite difference approximation 
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• Finite difference equations: for 𝑖 = 1,… ,𝑀 − 1 
−𝑢𝑖−1 + 2𝑢𝑖 − 𝑢𝑖+1 = ∆𝑥2𝑓𝑖 

𝑢0 = 0 
𝑢𝑀 = 0 

with 𝑓𝑖 = 𝑓(𝑥𝑖) 
• Put into matrix equation format: 

Let 𝒖 = (𝑢1, 𝑢2, … , 𝑢𝑀−1)
𝑇, 𝒇 = (𝑓1, 𝑓2, … , 𝑓𝑀−1)

𝑇 
𝐴𝒖 = ∆𝑥2𝒇 

𝐴 =

2 −1
−1 2 −1

−1 2 −1
⋱ ⋱ ⋱
−1 2 −1

−1 2 −1
−1 2
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2D Poisson’s Equation 

Consider to solve 

 
−(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) = 𝑓 𝑥, 𝑦 , (𝑥, 𝑦) ∈ Ω

𝑢 𝑥, 𝑦 = 0     𝑜𝑛      𝜕Ω
 

with Ω is rectangle (0,1) × (0,1) and 𝜕Ω is its 
boundary.  

• Define ℎ =
1

𝑀
.  

• Spatial Discretization: 0 = 𝑥0 < ⋯ < 𝑥𝑀 = 𝑎 with 
𝑥𝑖 = 𝑖ℎ and 0 = 𝑦0 < ⋯ < 𝑦𝑀 = 1 with 𝑦𝑗 = 𝑗ℎ.  
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Finite difference equation at grid point (𝑖, 𝑗): 

−
𝑢𝑖−1,𝑗−2𝑢𝑖,𝑗+𝑢𝑖+1,𝑗

ℎ2 +
𝑢𝑖,𝑗−1−2𝑢𝑖,𝑗+𝑢𝑖,𝑗+1

ℎ2  = 𝑓 𝑥𝑖 , 𝑦𝑗    or  

−𝑢𝑖,𝑗−1 − 𝑢𝑖−1,𝑗 + 4𝑢𝑖,𝑗 − 𝑢𝑖+1,𝑗 − 𝑢𝑖,𝑗+1 = ℎ2𝑓 𝑥𝑖 , 𝑦𝑗   

• Five-point stencil of the finite difference 
approximation 

5 



Natural Row-Wise Ordering  
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𝑢𝑖𝑗
(𝑘+1)

= 1 − 𝑤 𝑢𝑖𝑗
𝑘

+ 𝑤/4 ℎ2𝑓𝑖𝑗 + 𝑢𝑖−1,𝑗
(𝑘+1)

+ 𝑢𝑖,𝑗−1
(𝑘+1)

+ 𝑢𝑖+1,𝑗
(𝑘)

+ 𝑢𝑖,𝑗+1
(𝑘)

 

This is completely sequential.  



Red-Black Ordering  

• Color the alternate grid points in each 
dimension red or black 
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R/B SOR 

• First iterates on red points by 
𝑢𝑖𝑗

(𝑘+1)
= 1 − 𝑤 𝑢𝑖𝑗

𝑘
+ 𝑤/4 ℎ2𝑓𝑖𝑗 + 𝑢𝑖−1,𝑗

(𝑘)
+ 𝑢𝑖,𝑗−1

(𝑘)
+ 𝑢𝑖+1,𝑗

(𝑘)
+ 𝑢𝑖,𝑗+1

(𝑘)
 

• Then iterates on black points by  
𝑢𝑖𝑗

(𝑘+1)
= 1 − 𝑤 𝑢𝑖𝑗

𝑘
+ 𝑤/4 ℎ2𝑓𝑖𝑗 + 𝑢𝑖−1,𝑗

(𝑘+1)
+ 𝑢𝑖,𝑗−1

(𝑘+1)
+ 𝑢𝑖+1,𝑗

(𝑘+1)
+ 𝑢𝑖,𝑗+1

(𝑘+1)
 

• R/B SOR can be implemented in parallel on the 
same color grid points.   

• The renumbering of the matrix 𝐴 changes the 
iteration formula. 
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For the example just shown: 

𝐴 =
𝐷𝑟 −𝐶

−𝐶𝑇 𝐷𝑏
 

Diagonal matrices 𝐷𝑟 = 𝐷𝑏 = 4𝐼8. 
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• Using GS: 

𝐷𝑟 0

−𝐶𝑇 𝐷𝑏

𝒖𝑟
(𝑘+1)

𝒖𝑏
(𝑘+1) =

0 𝐶
0 0

𝒖𝑟
(𝑘)

𝒖𝑏
(𝑘) + ℎ2𝒇 

Here 𝒖𝑟 = (𝑢1, 𝑢2, 𝑢3, 𝑢4, … , 𝑢8)
𝑇 

𝒖𝑏 = (𝑢9, 𝑢10, 𝑢11, 𝑢12, … , 𝑢16)
𝑇 
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Parallel R/B SOR 
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P2 

P0 P1 

P3 



Algorithm 

While error > TOL, do: 

– Compute all red-points  

– Send/Recv values of the red-points at the boarder of 
the subdomain to neighboring processes 

– Compute all black-points 

– Send/Recv values of the black-points at the boarder of 
the subdomain to neighboring processes 

Compute residual error 

Endwhile 
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