AMPLE GENERICS IN POLISH GROUPS

CHRISTIAN ROSENDAL

1. BAIRE CATEGORY AND COMEAGRE ORBITS

Suppose G is a group of homeomorphisms of a topological space X. We say
that G is topologically transitive if for all non-empty open subsets U,V C X there
isg€e Gsuchthatg-UNV # Q.

Proposition 1. The following are equivalent for a group G of homeomorphisms of a
Polish space X.
(i) G is topologically transitive,
(ii) there is a dense orbit G - x,
(iii) there is a comeagre set of points with dense orbits.

Proof. That (iii)=-(ii)=-(i) is trivial. Also, if {Uy},cN is a basis for the topology
on X consisting of non-empty open sets and G is topologically transitive, then
G - Uy, is dense for every n, whereby

(NG U= ({xeX|G xNU, #2} ={x € X| G-xis dense }

nelN nelN
is comeagre, showing (i)=-(iii). O

If A is a subset of a Polish space X, we let U(A) be the union of all open sets
V C X so that A is comeagre in V, i.e., so that V' \ A is a meagre subset of X. By
Lindel6f’s Theorem, we can write U(A) = |J, Vi, where A is comeagre in each of
the V. Thus U(A) \ A = U, Vi \ A is meagre and thus A is comeagre in U(A).
It follows that U(A) is the largest open set in which A is comeagre.

Lemma 2 (S. Banach and B. ]. Pettis). Suppose G is a Polish group and A, B C G are
subsets. Then
U(A)-U(B) C AB.

Proof. We note that if x € U(A)U(B), then the open set

V =xU(B) 'NnU(A) =UXB ) NU(A)
is non-empty and so xB~! and A are comeagre in V. It follows that xB~1N A # @,
whereby x € AB. O
Lemma 3 (E. Effros). Suppose G is a Polish group acting continuously on a Polish space

X and let x € X. Then the following are equivalent:
(1) For every identity neighbourhood V, the set V - x is comeagre in a neighbourhood

of x.
(2) For every identity neighbourhood V, the set V - x is somewhere dense.
(3) The orbit G - x is non-meagre.
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Proof. (1)=(3) is trivial. Also, for (3)=-(2), suppose G - x is non-meagre and V
is an identity neighbourhood. Then we can find g, € G such that G = U, g:V,
whence G-x = U, g:V - x. So some g,V - x, and therefore also V - x, is non-
meagre and hence somewhere dense.

Finally, for (2)=-(1), suppose that V - x is somewhere dense for every identity
neighbourhood V. Suppose towards a contradiction that for some identity neigh-
bourhood U, the set U - x is meagre, whence there are closed nowhere dense sets
F, C X covering U - x. But then the sets K, = {g € G | g-x € F,} are closed and
cover U and thus, by the Baire category theorem, some K;, contains a non-empty
open set gV, where V is an identity neighbourhood and g € G. So gV -x C F;,
and V - x must be nowhere dense, which is a contradiction.

Now, if V is any identity neighbourhood, let U C V be a smaller identity
neighbourhood such that U='U C V. Then U - x is comeagre in some neighbour-
hood of a point ¢ - x, where ¢ € U, and thus ¢~ 'U-x C V - x is comeagre in a
neighbourhood of x. O

Lemma 4. Suppose G is a Polish group acting continuously on a Polish space X. Then
the following are equivalent:

(1) There is a non-meagre orbit O C X.

(2) There is a non-empty open set O C X with the following property: For all
open @ # V C O and identity neighbourhood U C G, there is a smaller open
@ # W C V such that the action of U on W is topologically transitive, i.e., for
any non-empty open Wo, Wy C W there is g € U such that gWo N Wy # @.

Moreover, if O is an orbit comeagre in an open set O C X, then (2) holds for O.

Proof. (1)=(2): If O C X is a non-meagre orbit, let O C X be a non-empty open
set in which O is comeagre. Now, if V C O is non-empty open and U C G
is a neighbourhood of 1, pick x € VN O and choose an open neighbourhood
Up € U of 1 such that UpU,, 1'C U. Then, by Lemma 3, Uy - x is dense in some
open neighbourhood W C V of x and it follows that the action of U on W is
topologically transitive.

(2)=(1): Suppose O C X is an open set satisfying the assumption in (2). Fix
a neighbourhood basis {Uy }n,en at 1 € G and a basis {V; },en for the induced
topology on O consisting of non-empty open sets. Now, for every n and m, let
Wym C V, be a non-empty open subset such that the action of U, Lon Wi,m is
topologically transitive. Then Wy, = U,, Wy, is open dense in O since it intersects
every V. Also, for any Vi € Wy, Wy N (U, - Vi) is open dense in W, ,, and
SO

Dy = Wm0 () (Upt - Vi)
Vi EWam

is comeagre in W, ;. Note also that if x € D;, ;5;, then for any Vi, C W, 1, Uy - x N
Vi # ©, showing that Uy, - x is dense in W, ;. We notice that D,, = U,, Dy, is
comeagre in O and that for any x € D;,, Uy, - x is somewhere dense. It follows
that for any x belonging to the comeagre subset (,, D,y € O, and for any k,
Uy - x is somewhere dense, which by the previous lemma implies that G - x is
non-meagre. O
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Combining Lemmas 1 and 4, we have the following characterisation of the
existence of comeagre orbits.

Proposition 5. Suppose G is a Polish group acting continuously on a Polish space X.
Then there is a comeagre orbit on X if and only if

(1) the action of G is topologically transitive, and

(2) for any non-empty open V. C X and identity neighbourhood U C G, there is a
smaller non-empty open set W C V on which the action of U is topologically
transitive.

Proof. That these conditions are implied by the existence of a comeagre orbit
is immediate from Lemma 4. Conversely, (2) implies that some orbit G - x is
comeagre in an open set O, while (1) implies that there is a comeagre set of points
with dense orbits. In particular, the orbit of x is both dense in X and comeagre in
O. But then the orbit must be nowhere meagre and therefore comeagre. O

2. AMPLE GENERICS

Suppose G is a Polish group acting continuously on a Polish space X. Then for
any positive integer #n, we can define the diagonal action G ~ X" by

g (%100, xn) =(9-%x1,...,8 Xn).
Definition 6. Suppose G is a Polish group acting continuously on a Polish space X. We
say that the action has ample generics if for every n > 1 there is a comeagre orbit in X"
under the diagonal action of G.
We shall refer to elements (x1, ..., xyn) of the comeagre orbit of dimension n as gener-
ics.

Easy examples of such actions are, for example, the natural action of S., on
Cantor space P(IN). The generic in P(IN)" is then simply a tuple (Ay,..., Ay) of
subsets of IN so that every intersection

AN DAY

is infinite and coinfinite, where ¢; € {—1,1}, A~! = N\ A and A! = A.
For more interesting examples, consider a Polish group G acting on itself by
conjugation. Then the diagonal action is given by

g' (hll" '/hn) = (ghlg_l/” '/ghl’lg_])’

If this action has ample generics, we simply say that G has ample generics itself.
We shall now present some of the main consequences of ample generics.

Lemma 7. Let G ~ X be a Polish group acting continuously on a Polish space with
ample generics and suppose A, B C X are arbitrary subsets such that

e A is non-meagre,
o B is nowhere meagre.

Then, if X = (x1,...,%n) € X" is generic and V > 1 is open, thereare g € V,y € A
and z € B such that (x1,...,%xn,y) and (xq,...,Xn,z) are generic, while

g (x1,. ., xn,y) = (X1,...,%n,2).
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Notice that the last condition implies that g € Gy, for i < n, where Gy, is the
pointwise stabiliser of x;.

Proof. Let O C X"*! be the comeagre orbit of dimension 1 + 1. Then, by Kuratowski-
Ulam,

Vue X"VyeX (my)eO.
Also, forany u € X" and g € G,
ViyeX (y) eO=vVyeX (g-u,8-y) €0
=VzeX (g-u,z) €.

So

D={ueX"|VyeX(uy) O}
is comeagre and G-invariant. Thus, D contains the comeagre orbit in X" and
hence x € D. It follows that

(%) V'ye X (xq,...,x%,y) € O.

So, as A is non-meagre, we can find y € A such that (x1,...,x,,y) € O. Notice
now that
Gr-y={zeX|(x1,...,x5,2) € O},
which is comeagre in X by (x).
Now, since (GxNV) -y covers Gy - y by countably many translates, the set
(GzNV) -y is somewhere comeagre in X and hence intersects B. So letting z €
BN (GxNV)-y, wecan find g € Gz NV, such that

8§Y=z
whereby
g ®y) =®2),
proving the lemma. O
Lemma 8. Suppose G ~ X is a Polish group acting continuously on a Polish space with

ample generics and that Ay, B, C X are respectively non-meagre and nowhere meagre.
Then there is a continuous map

we2Nn,eG
such that if a|, = B|n but a(n) = 0and B(n) =1, then
hy - Ay Nhg - By # @.
Proof. Using Lemma 7, we define by induction on the length of s € 2<N\ {@},
points xs € X and group elements f; € G such that for all s,

(1) (%1 X2, - - -, Xs) is generic,

(2) x50 € A|5| and x4 € B|5"

(3) for all & € 2N, the infinite product faj1fajpfal3 - - - converges,
@) fo=1,

(5) fSl . (xs|1/xs‘2/ I /xS/ xsl) = (xslllxs‘ZI o /xSI xSO)'
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Set ha = fyj1faj2faj3 - - - And notice also that by (5), if t T s, then fs - xy = x4 It
follows that for all «, 8 € 2N, if a|, = B|, = s, a(n) = 0 and B(n) = 1, then
ha “Xaln+1 = fa|1fa|2fa\3 s Xalntl

= fuc|1foc|2fac\3 . 'fa\n+1 “Xant1

= fs\lfspmfsfso " Xs0

= fofsjz - fs - %50

= fs\1fs\2-~-fsfs1 " Xs1

= fenSpp - fpinSpin+1 - Xpinta

= fppfpp- - Xt

=hg - Xgjui1-
Since X4, 11 € Ay and xg),, 1 € By, we have

ho - Ay Nhg - By # @
as required. O

Though we do not have any interesting applications of this lemma in the con-

text of general actions with ample generics, when applied to Polish groups with
ample generics, the consequences are quite intriguing.

Theorem 9 (Fundamental Theorem for Ample Generics). Let G be a Polish group
with ample generics and {k;A;f;}icN a covering of G, where k;, f; € G and A; C G are
arbitrary subsets of G. Then there is an i such that

ATTAATTATTAATTAAATTA,
is an identity neighbourhood.

Proof. By leaving out all terms k; A, f;, such that A; is meagre, and reenumerating,
we can suppose that

(1) for every i there are infinitely many n such that
kiAifi = knAnfn,
(2) U;kijAifi is comeagre,
(3) each in_lAl- fi is non-meagre.
Notice also that if there is some n such that
AVALALATA,

is somewhere comeagre, then by Lemma 2 we would be done. So assume towards
a contradiction that this fails. Then

By =G\ (fuy ' AnAnA Ay h)
is nowhere meagre. So by Lemma 8 there is a continuous mapping
ae2Nisn, eG
so that if |, = B|, but a(n) = 0 and B(n) =1, then
hafy ' Anfahy! NhgBuhy' # @,
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ie.,
hafy ' Anfabe ' L hpfudy AnAn Ay Aufy g
Now, the mapping
(g0) eGx2N = ¢, €G

is continuous and open, and therefore inverse images of comeagre sets are comea-
gre. So, as U;en kiAifi is comeagre in G, we have by the Kuratowski-Ulam Theo-
rem that

VigeGVae2N ¢ lh, e | kAifi
ieIN
So pick some g € G with
Via e 2N gilhlx € U kiAifi/
ieN
and find some i such that
{IX € 2]N ’ gilha € kiAifi}
is dense in some basic open set
Ny ={ae2N|tCa}.
Let now n > |t| be such that k;A;f; = k, Ay fn and find &, B € N; such that
ha,hg € gknAnfn

and a|, = |, while a(n) = 0 and B(n) = 1. Then, if hy = gknafy, and hg =
gknbf,, where a,b € A,, we have

g hafu Anfuby g = fo b aAna T bf
C fuA AL AL A AL FT
But this clearly contradicts
hafo ' Anfulit L hpfudy  AnAn Ayt Anfy !
and hence proves the theorem. g

Corollary 10. If G is a Polish group with ample generics, then any homomorphism
n: G — H from G into a Polish group H is continuous.

Proof. Suppose : G — H is a homomorphism and that V is an identity neigh-
bourhood in H. Pick a symmetric open identity neighbourhood W in H so
that W C V. Then, as W covers H by countably many left-translates, also
U = (W) covers G by countably many left-translates. It therefore follows
from Theorem 9 that U'? is an identity neighbourhood so that 7[U'0] C W10 C V.
This shows continuity of 7t at 1, whence 7 is a continuous map. U

Corollary 11. Suppose G has ample generics. If {k;H;f;}ieN is a covering of G by
two-sided translates of subgroups, then some H; is open.

In particular, every countable index subgroup is open.
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3. FURTHER RESULTS ON AMPLE GENERICS

Theorem 12 (J. Mycielski). Let X be a non-empty perfect Polish space and R C X x X
a comeagre set. Then there is a homeomorphic copy C C X of Cantor space such that
(x,y) € R forall x,y € C,x # .

Proof. Fix a compatible complete metric d on X. Note first that if Vj, V; C X are
non-empty open subsets and D C X x X is dense open, then there are disjoint,
non-empty open subsets Uy C Vp, U; C V; such that Uy x U; € D. Moreover,
by shrinking the U; further, one can ensure that the U; have arbitrarily small
diameter.

Now, suppose that R C X x X is comeagre and find a decreasing sequence
(Dn)nen of dense open subsets of X x X such that R O (,cn Dn. We then define
a Cantor scheme (Us),,<n on X satisfying

(1) each Us is a non-empty open set of diameter <
(2) UpN Uy = @ forall s € 2<N,
(3) Us x Uy C Dy, forall s, t € 2", s #£ t.

Letting f: 2N — X be defined by {f(x)} = Nypen Uy, ,, we see that f is con-

tinuous, injective and that (f(x), f(y)) € Nuenw Dn € R for all x # y. Let now
C = f[2N]. O

_1
[s|+1”

Theorem 13. Suppose G is a Polish group with ample generics and A C G is a sym-
metric subset containing 1. Then either A admits a continuum of disjoint left translates
in G or A2 is an identity neighbourhood.

Proof. Suppose A does not admit a continuum of disjoint left translates. Note
first that if A2 is meagre, then the binary relation R on G given by

xRy & x 1y € A?

is meagre too, since the mapping (x,y) € G?> — x~ 1y € G is surjective, contin-
uous and open. But, by Theorem 12, if R is meagre, then there is a Cantor set
C C G such that for distinct x,y € C, (x,y) ¢ R, i.e.,, xANyA = @, contradicting
the assumption on A. So A2 must be non-meagre.

We claim that A® must be somewhere comeagre. For if not, let A, = A? and
set B, = G\ A®, which then is nowhere meagre. Applying Lemma 8 to this
sequence of pairs, we find an injective mapping a € 2N +— &, € G such that if
aly = Bln but a(n) =0 and B(n) =1, then

haAnhy ' OVhgBuhyg! # @.
It follows that for distinct &, 8 € 2N, we have

hy'ha A%hy T hg NG\ A® # @,
and so, as A? is symmetric, hlglha ¢ A?, whereby i, AN hﬁA = @, again contra-
dicting the assumption on A.

Thus, A® is somewhere comeagre and therefore, by Lemma 2, A'? is a neigh-
bourhood of 1. O
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We notice that the above result gives rise to a notion of smallness, namely
admitting a continuum of disjoint translates, in Polish groups, which is not closed
under unions and hence does not correspond to an ideal.

Of course, ample generics is not something you are likely to find in many
groups, and, in fact, most bigger Polish transformation groups even have meagre
conjugacy classes. To see this, we can state a fairly general condition that implies
that all conjugacy classes in a non-discrete Polish group are meagre. Namely,

Proposition 14. Suppose G # {1} is Polish such that for all infinite S C IN and all
open V 31, the set

AS,V)={geG|IneSg" eV}
is dense in G. Then all conjugacy classes in G are meagre.

Proof. Let Vj © V1 D ... 3 1 be a neighbourhood basis at the identity and note
that for every infinite S C IN

C(S)={geG|3(sn) SSg™ —1}
={g€G|VkIs €S\ [Lk g €V}
=N A(S, V).

k
Then C(S) is comeagre and conjugacy invariant. So if O C G were some comea-
gre conjugacy class, we would have

oc () c(s).
SCIN
infinite
But then if ¢ € O, any sequence g"i, n; < n;11, would have a subsequence
converging to 1, and so ¢ = 1 and O = {1}. This contradicts that O is comeagre

in G # {1}. O

Among the groups that satisfy this condition are, for example, Aut([0,1],A),
Isom(U) and U (47).

The principal examples of Polish groups known with ample generics are non-
Archimedean Polish groups, i.e., automorphism groups of countable structures.
However, recent examples due independently to M. Malicki and F. LeMaitre-A.
Kaichouh are not of this sort.

Theorem 15 (LeMaitre—Kaichouh). There are connected Polish groups with ample
generics.

On the other hand, P. Wesolek was recently able to show that no locally com-
pact group has a comeagre conjugacy class, thus establishing that this is only a
phenomenon for large Polish groups.

Theorem 16 (Wesolek). No non-trivial locally compact group has a comeagre conjugacy
class.
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