2 Initials:

1.(6pts) Let A be an n x n matrix satisfying A”A = I. Let u, v be vectors in R" such that
u-v =4. Find (Au) - (Av).

(a) 1/4 (b) —1/4 (c) 0 (d) —4 (o) 4

Solution:
AT A = I means A is unitary so (Au) - (Av) =u-v = 4.

([ 1 1 1 1
-1 -1 1 . 2
2.(6pts) Let W = Span N . Compute proj 3
(| -1 1 -1 4
—1 [ 2 -3 —1 1
1 1 0 1| -1 -1 1 3
(a) 5 -1 (b) 0 (') 5 1 (d) 1 (e) 5 -3
1 | -2 3 1 -1
Solution:
orution Note that the vectors in W are orthogonal so
1 1 1 1 1 1
2 . -1 2 . -1 2 . 1
1 3 1 1 3 —1 1 3 —1
‘ 2 4 -1 1 4 1 1 4 -1
PoOTw 3 1 1 1 1 1 —1 1 1
4 —1 —1 -1 -1 |,] -1 1 1 1
1 1 -1 -1 -1 -1
-1 -1 1 1 -1 -1
1 1 1 -3
-2 -1 0 —1 —4 1] 1] -1
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3 Initials:

J .
3.(6 Classify the differential equation & _ M
dr  cos(z) +y

(a) 2nd order (b) autonomous (c) separable (o) exact linear

Solution:

It appears to be neither lineax, separable or auton s. It is first order, not second. We

can write it as

Jsin(x)y

But
u Dy

=sin(z) a

4.(6pts) Solve the differential equation y' 4+ 3vty = V1.
1 1

(a) y =224 C (b) y = Ct™3/? (c) y = 3 +C (o) y = 3 L Cem2Vi
(e)y = CVte*V?
Solution: »
t
Equation is linear 1st order in standard form. / 3Vtdt = 33/_2 L Csopu= 229 5 doice

of integrating factor. Need to do / Ve’ dt. Substitute v = 2632 so du = 3vtdt so
62t3/2

9 1 u 2¢3/2 + C
/\/1_56%3/ dt = g/e“du: %—l—C: ¢ 5 + C and the solution is y = —2

3/2 °
621:/
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: dy 14y’ : .
5.(6pts) Let ¢(z) be a solution to il that satisfies ¢(1) = 0. Find ¢(2).
x x
O (o) tan(1/2 © (@) tan™(2)
a) —————— o) tan €) —————— an
1 —tan(1/2) 1 —tan=1(2)

(e) tan(2)
Solution: J J

Equation separates as A arctan(y) = —z~' + C. The initial condition is

1+ y? x?
x—1

. Hence

y(1) = 0 so arctan(0) = —1 4+ C' so C' = 1 and the solution is arctan(y) =
T

y = tan (9’7_1) and y(2) = tan(1/2).

~(6pts) Find the general solution to 3y” + 1y — 2y = 0.

_ +C2€3t/2 (b) y = Cle—t/3 —|—02€t/2

(8) y = cre™t + cpe?/?

Solution:

d order linear with constant c cients so e’ is a solution whenever

2)(r+1) =0so

This equation is

2
3r*+r—2=0or (37 roots are —1 and 3 The general solution is

—t 2t
cie "+ cges
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Initials:

etermine an interval where the solution to the initial value problem i

(t* =4y =3 —ty+In(l+1),

y(0

(e) =2 <t

Solution:
he equation is linear and the sta

y(0) =0

The problem asks forfhe biggest open interval containing 0 over which the two functions of

t are continuous. e need t < 3 for the square root; t >~<1 for the log function; and ¢ # 2,
—2 for the diyigion by t* — 4. Hence —1 < t < 2.

Solution:

as Y Crosses .
Crossing 0, y(y—1
The same thi

e term is negative if y is a bit bigger than 1 so 1 is stable.
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9.(6pts) A large tank contains 500 gallons of a water/sugar mixture. Liquid is _erffering the
tank at.a rate of 15 gallons/minute and contains 1 pound of sugar per gallefi. The mixture
is kept well stirred and drains off the tank at a rate of 10 gallons/mipute.
If the tankNnpitially has 100 pounds of sugar, determine a differertial equation satisfied by
s(t), the amountof sugar in pounds in the tank at time ¢ (at-feast until the tank is full).

ds S ds 2s ds S
— =30— 15— i 2
@) % =3 s0ran. Y@ P (© G =50~ 5
ds S ds S
d) —=15—— o) — = B — ——
(d) dt 50 dt 500 + 20¢
Solution:
d_j measures the change in th¢ amount of sugar. If time is measured from the beginning of
the process, s(0) = 100. The amount of sugar tschanging because of two things. Liquid is

entering at a constangfate if 15 gals/min which adds lbs/gal x 15 gals/min = 15 lbs/min.
of sugar to the tank.

Liquid is draifiing out at a rate of 10 gals/min so sugar is Teaying at a rate of 10 gals/min
x s(t)/V(ty1bs/gal where V (t) = 500 + 5t is the volume of theNiquid in gallons. Hence

1
_10s(t)_ Ibs/min.
600 + 5t

S 10s 2s
Hence & — 15— ——2°  _ 15— .
e 500 + 5t 100 + ¢

sugar i$ leaving at a rate of
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1 2 3
10.(14pts) Let A= | 1 2 1
1 -1 -1

(a) (10pts) Use the Gram-Schmidt process to find an orthogonal basis for col (A).
(b) (4pts) Use the result of (a) to find the @ in the Q) R-decomposition of A, A = QR,

where () is an orthogonal matrix and R is an upper-triangular matrix.
DO NOT find R.

Solution: )
Vi = 1
1
2 1
2 1e |1 - -
2 _1 1 1 2 3 1 1
vo=| 2| - 1= 2/=2]|1]=| 1
-1 ! 1 1 -1 3|1 —9
1 [e] 1 - -
1 1
3 1 3] [ 1]
1 (e 1 1 |e 1
3 ~1 1] ! ~1 —2 1
V3 = 1] - = 1] —= — = = 1| =
1 1 1 1 1 1 _9
1 e 1 1 |e 1
1 1 -2 -2
3 1 1 1
1 —§ 1 —§ 1=1]-1
1| 31| O -2 0
Y2 1V
HenceQzT V2 1 =3
lva 2 o
You were told not to find R but if you had been required to find it, proceed as follows.
Since R = QT A,
L [v2 o v2 V2l o2 3 L [3v2 3v2 3v2
R=— 1 1 -2 1 2 1| =— 0 6 6
Volvs vz o |1 -1 <1 VG 0 0 2V3
Check
Y2 1 VB T3v2 3v2 3v2 12 3
5 V2 1 -3 0 6 6|=[1 2 1
V2 =2 0 0 0 2V3 1 -1 -1
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11 2
11.(14pts) If A = _; (1) and b = (2) find the least squares solution to Ax = b.
0 1 5
Solution:
AT = 1 _(1) ? (1) so ATA = g g } and ATb = { 8 } Hence the least squares

solution is the vector x which satisfies

6 3]. [6

331 19
6 3|6 6 3 | 6 11| 3 1 1] 3 11 3
33109 11| 3 6 3|6 0 -3 | —12 01 | 4
10
0 1

051

SO [ _411 } is the least squares solution.
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12.(14pts)}Determine an explicit solution to (e® + e™¥) dx + e” dy = 0 that satisfies y(0) =40
(a) (7pts) Find an integrating factor.
(b) (7Tpts) Give amsplicit solution to the original initial value problem.

Solution:
M=e"4+e% N=¢€"soM,— N, = e_y—exsou:—lso :—uor,u:ey
’ voor M dy '
x+ x+ aez+ x4+ 8 T+ T+
Check (e +1) dz+€e*™ dy = 0 and gy < Y= 9 5 (e*+1)dx+e" Y dy =
Yy x

0 is exact.
L =" lsop ="V 424y

ox

0

8_15 ="t + ¢'(y) = e"T¥50 g(y) is a constant and the solutions aresghe level curves of
Y = e 4+ x. The-Turve passes through (0,0) so e**¥ + z = 1 is the implicit~orm of the
solution.

Explicitty, "t =1 -z, 2 +y=In(1 —x) soy = In(l — z) — .
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