COMPLEXITY OF LINEAR CIRCUITS AND GEOMETRY
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ABSTRACT. We use algebraic geometry to study matrix rigidity, and more generally, the com-
plexity of computing a matrix-vector product, continuing a study initiated in [13] 11]. In
particular, we (i) exhibit many non-obvious equations testing for (border) rigidity, (ii) compute
degrees of varieties associated to rigidity, (iii) describe algebraic varieties associated to families
of matrices that are expected to have super-linear rigidity, and (iv) prove results about the
ideals and degrees of cones that are of interest in their own right.

1. INTRODUCTION

Given an n X n matrix A, how many additions are needed to perform the map
(1.0.1) x— Az,

where x is a column vector? L. Valiant initiated a study of this question in [27]. He used the
model of computation of linear circuits (see §1.2|) and observed that for a generic linear map
one requires a linear circuit of size n?. He posed the following problem:

Problem 1.0.2. Find an explicit sequence of matrices A, needing linear circuits of size super-
linear in n to compute ((1.0.1)).

“Explicit” has a precise meaning, see [I1]. Valiant defined a notion of rigidity that is a
measurement of the size of the best circuit of a very restricted type (see needed to com-
pute ((1.0.1). He proved that strong lower bounds for rigidity implies super-linear lower bounds
for any linear circuit computing , see Theorem below. This article continues the use
of algebraic geometry, initiated in [I1] and the unpublished notes [I3], to study these issues.

1.1. Why algebraic geometry? Given a polynomial P on the space of n X n matrices that
vanishes on all matrices of low rigidity (complexity), and a matrix A such that P(A) # 0, one
obtains a lower bound on the rigidity (complexity) of A.

For a simple example, let 6,.,, C Mat,, denote the variety of n x n matrices of rank at most .
(If n is understood, we write 6, = 6,,,.) Then, 6, is the zero set of all minors of size r + 1. If
one minor of size r + 1 does not vanish on A, we know the rank of A is at least r + 1.

Define the r-rigidity of an n X n matrix M to be the smallest s such that M = A + B where
A € 6, and B has exactly s nonzero entries. Write Rig, (M) = s.

Define the set of matrices of r-rigidity at most s:

(1.1.1) ﬁ[n, T, 8]0 ={M € Mat,x, | Rig-(M) < s}.

Thus if we can find a polynomial P vanishing on ﬁ[n,r, s]® and a matrix M such that
P(M) # 0, we know Rig.(M) > s. One says M is mazimally r-rigid if Rig,(M) = (n — )2,
and that M is mazimally rigid if it is maximally r-rigid for all r. (See for justification of
this terminology.)
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Our study has two aspects: finding explicit polynomials vanishing on ﬁ[n, r, 5], and proving
qualitative information about such polynomials. The utility of explicit polynomials has already
been explained. For a simple example of a qualitative property, consider the degree of a poly-
nomial. As observed in [I1], for a given d, one can describe matrices that cannot be in the zero
set of any polynomial of degree at most d with integer coefficients. They then give an upper
bound A(n) = ni"” for the degrees of the polynomials generating the ideal of the polynomials
vanishing on ﬁ[n,r, 5]°, and describe a family of matrices that do not satisfy polynomials of
degree A(n) (but this family is not explicit in Valiant’s sense).

Following ideas in [I3], [I1], we not only study polynomials related to rigidity, but also to
different classes of matrices of interest, such as Vandermonde matrices. As discussed in [11], one
could first try to prove a general Vandermonde matrix is maximally rigid, and then afterwards
try to find an explicit sequence of maximally rigid Vandermonde matrices (a problem in n
variables instead of n? variables).

Our results are described in §1.6] We first recall basic definitions regarding linear circuits
in §1.2] give brief descriptions of the relevant varieties in establish notation in and
describe previous work in §1.51 We have attempted to make this paper readable for both
computer scientists and geometers. To this end, we put off the use of algebraic geometry
until §5] although we use results from it in earlier sections, and introduce a minimal amount of
geometric language in We suggest geometers read §5] immediately after In we
present our qualitative results about equations. We give examples of explicit equations in
We give descriptions of several varieties of matrices in In 85| after reviewing standard facts
on joins in we present generalities about the ideals of joins in discuss degrees of cones
in and then apply them to our situation in

1.2. Linear circuits.

Definition 1.2.1. A linear circuit is a directed acyclic graph £C in which each directed edge
is labeled by a nonzero element of C. If u is a vertex with incoming edges labeled by Aq,..., Ag
from vertices uy, ..., uy, then L£C, is the expression \{LCy, + - -+ + A\ LCy, -

If £C has n input vertices and m output vertices, it determines a matrix Age € Maty, p,(C)

by setting
A= " ] 2

p path e edge
from i toj ofp

and LC is said to compute Agc.
The size of LC is the number of edges in LC. The depth of LC is the length of a longest path
from an input node to an output node.

Note that size is essentially counting the number of additions needed to compute x — Az, so
in this model, multiplication by scalars is “free.”

For example, the naive algorithm for computing a map A : C? — C? gives rise to the complete
bipartite graph as in Figure [I] More generally, the naive algorithm produces a linear circuit of
size O(nm).

If an entry in A is zero, we may delete the corresponding edge as in Figure

Stacking two graphs I'y and I'y on top of each other and identifying the input vertices of I'y
with the output vertices of I'y, the matrix of the resulting graph is just the matrix product of
the matrices of I'y and T's. So, if rank(A) = 1, we may write A as a product A = A; Ay where
A : C? = C! and Ay : C!' — C? and concatenate the two complete graphs as in Figure 3.

Given two directed acyclic graphs, I'1 and I'2, whose vertex sets are disjoint, with an ordered
list of n input nodes and an ordered list of m output nodes each, we define the sum I'y + I's to
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FIGURE 1. naive linear circuit for A € Matays

FIGURE 2. linear circuit for A € Matyxs with a? =0

FIGURE 3. linear circuit for rank one A € Matoys

be the directed graph resulting from (1) identifying the input nodes of I'y with the input nodes
of I'y, (2) doing the same for the output nodes, and (3) summing up their adjacency matrices,
see Figure [ for an example.

A1 K

FICGURE 4. The sum of two graphs.

In what follows, for simplicity of discussion, we restrict to the case n = m.

With these descriptions in mind, we see rigidity is a measure of the complexity of a restricted
depth two circuit computing . Namely the circuit is the sum of two graphs, one of depth
one which has s edges and the other is depth two with r vertices at the middle level. The
motivation for the restriction to such circuits is Theorem [[.5.1]

1.3. The varieties we study. Define ﬁ[n, T, S| = ﬁ[n, r, 8|9, the variety of matrices of r-border
rigidity at most s, where the overline denotes the common zero set of all polynomials vanishing
on R[n,r,s]°, called the Zariski closure. This equals the closure of R[n,r,s]? in the classical
topology obtained by taking limits, see [20, Thm 2.33]. If M € ﬁ[n, 7, ] we write @T(M) < s,
and say M has r-border rigidity at most s. By definition, Rig (M) < Rig,(M). As pointed out
in [I1], strict inequality can occur. For example, when s = 1, one obtains points in the tangent

cone as in Proposition [5.1.1J{).
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It is generally expected that there are super-linear lower bounds for the size of a linear circuit
computing the linear map z, — A,z, for the following sequences of matrices A, = (y;),

1 <4,7 <n, where y; is the entry of A in row ¢ and column j:
Discrete Fourier Transform (DFT) matrix: let w be a primitive n-th root of unity. Define the
size n DFT matrix by y§ = (=101,

Cauchy matrix: Let a?, zj be variables 1 <4, j < n, and define y§ = xliz (Here and in the
J
next example, one means super linear lower bounds for a sufficiently general assignment of the

variables.)

Vandermonde matrix: Let x;, 1 <1 < n, be variables, define y; = ()L

Sylvester matrix: Syly = (1 11>, Syl = (g’;j Sg;j1>

We describe algebraic varieties associated to classes of matrices generalizing these examples,
describe their ideals and make basic observations about their rigidity.

To each directed acyclic graph I with n inputs and outputs, or sums of such, we may associate
a variety Yp C Mat, consisting of the closure of all matrices A such that is computable
by I'. For example, to the graph in Figure [5| we associate the variety X := &9 4 since any 4 x 4
matrix of rank at most 2 can be written a product of a 4 x 2 matrix and a 2 X 4 matrix.

FIGURE 5. linear circuit for rank two A € Maty

Note that the number of edges of I' gives an upper bound of the dimension of X, but the actual
dimension is often less, for example dim 62 4 = 12 but I" has 16 edges. This is because there are
four parameters of choices for expressing a rank two matrix as a sum of two rank one matrices.

1.4. Notation and conventions. Since this article is for geometers and computer scientists,
here and throughout, we include a substantial amount of material that is not usually mentioned.

We work exclusively over the complex numbers C.

For simplicity of exposition, we generally restrict to square matrices, although most results
carry over to rectangular matrices as well.

Throughout, V' denotes a complex vector space, PV is the associated projective space of lines
through the origin in V, SV* denotes the space of homogenous polynomials of degree d on V,
and Sym(V*) = ©45%V* denotes the symmetric algebra, i.e., the ring of polynomials on V,
i.e, after a choice of basis, the ring of polynomials in dim V' variables. We work with projective
space because the objects of interest are invariant under rescaling and to take advantage of
results in projective algebraic geometry, e.g., Proposition m For a subset Z C PV, Z :=
7 1(Z)U {0} C V is called the affine cone over Z.

Let Z C PV be a projective variety, the zero set of a collection of homogeneous polynomials
on V projected to PV. The ideal of Z, denoted Z(Z), is the ideal in Sym(V*) of all polynomials
vanishing on Z. Let Zy(Z) C S9V* denote the degree d component of the ideal of Z. The codi-
mension of Z is the smallest non-negative integer ¢ such that every linear P¢ C PV intersects Z
and its dimension is dim PV — ¢. The degree of Z is the number of points of intersection with a
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general linear space of dimension ¢. Here and throughout, a general point or general linear space
is a point (or linear space) that does not satisfy certain (specific to the problem) polynomials,
so the set of general points is of full measure, and one may simply view a general point or linear
space as one that has been randomly chosen. A codimension 1 variety is called a hypersurface
and is defined by a single equation. The degree of a hypersurface is the degree of its defining
equation.

For a linear subspace U C V, its annihilator in the dual space is denoted U+ C V*, and we
abuse notation and write (PU)* C V* for the annihilator of U as well. The group of invertible
endomorphisms of V' is denoted GL(V'). If G C GL(V) is a subgroup and Z C PV is a subvariety
such that g-z € Z forall z € Z and all g € G, we say Z is a G-variety. The group of permutations
on d elements is denoted &.

We write log to mean log,.

Let f,g : R — R be functions. Write f = Q(g) (resp. f = O(g)) if and only if there exists
C > 0 and z( such that |f(z)| > C|g(z)| (resp. |f(x)| < C|g(x)|) for all x > zo. Write f = w(g)
(resp. f = o(g)) if and only if for all C' > 0 there exists xy such that |f(z)| > C|g(x)| (resp.
|f(x)| < Clg(x)|) for all x > xy. These definitions are used for any ordered range and domain,
in particular Z. In particular, for a function f(n), f = w(1) means f goes to infinity as n — oo.

For I,J C [n] := {1,2,...,n} of size r + 1, let M] be the determinant of the size r + 1
submatrix defined by (I,.J). Set Al := ML, where I and J¢ denote the complementary index
set to I and J, respectively. We often use x; to denote coordinates on the space of n x n matrices.

Write {a}} := {27 : 4,5 € [n]}.
1.5. Previous Work. The starting point is the following theorem of L. Valiant:

Theorem 1.5.1. 27, Thm. 6.1, Prop. 6.2] Suppose that a sequence A, € Mat, admits a
sequence of linear circuits of size ¥ = ¥(n) and depth d = d(n) where each gate has fan-in two.
Then for any t > 1,

Rigsiog) (An) < 2000,

log(d)
In particular, if there exist €,8 > 0 such that Rige,(A,) = Q(n'*9), then any sequence of linear
circuits of logarithmic (in n) depth computing {A,} must have size Q(nlog(logn)).

Proposition 1.5.2. ([6] for finite fields and [24] for the general case) Let v > (logn)?, and let
A € Mat,«n be such that all minors of size r of A are nonzero. Then, for all s < 4(fiil)log(%),
A& Rn,r,s]°.

Note that if one sets r = en, for n sufficiently large, the above result says A &
ﬁ[n, en, élog(%)]o which is far from what would be needed to apply Theorem as s does
not grow with n.

The matrices DF'T), with p prime, general Cauchy matrix, general Vandermonde matrix,

general Sylvester matrix are such that all minors of all sizes are nonzero (see [18] §2.2] and the
references therein). Thus Proposition implies:

Corollary 1.5.3. [0, 24, [10] The matrices of the following types: DFT,, with p prime, Cauchy,

Vandermonde, and Sylvester, are such that for all s < #jl)log(%), Ad 7@[71, r, 5.

The following theorem is proved via a theorem in graph theory from [22]:
Theorem 1.5.4. (attributed to Strassen in [27], also see [18, §2.2]) For all e > 0, there exist

n X n matrices A with integer entries, all of whose minors of all sizes are nonzero such that
A € R[n,en,n'toM]0,
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In [I1], they approach the rigidity problem from the perspective of algebraic geometry. In
particular, they use the effective Nullstellensatz to obtain bounds on the degrees of the hyper-
surfaces of maximally border rigid matrices. They show the following.

Theorem 1.5.5. [T, Thm. 7] Let p; ; > nin® be distinct primes for 1 < k,j <n. Let A, have
entries a;? = ¢2mi/Pri. Then A, is maximally r-border rigid for all 1 < r < n — 2.

See Remark for a small improvement of this result.
In [11], they do not restrict their field to be C.
Additional references for matrix rigidity are [3, [16, 17, 4], [5, 23| 15l 19].

1.6. Our results. Previous to our work, to our knowledge, there were no explicit equations for
irreducible components of R[n,r, s] known other than the minors of size r + 1. The irreducible
components of R[n,r, s| are determined (non-uniquely) by cardinality s subsets S C {x;} corre-

sponding to the entries one is allowed to change. Recall that a:; are coordinates on the space of
n X n matrices. We find equations for the cases r = 1, (Proposition |3.2.5)), 7 = n — 2 (Theorem
3.4.1), and the cases s = 1,2,3 (see §3.1)). We also obtain qualitative information about the

equations. Here are some sample results:

Proposition 1.6.1. Each irreducible component of ﬁ[n, r,s], described by some set
S C {J:;, 1<1,j <n}, has ideal generated by polynomials with the following property; if P
is a generator of degree d, then no entries of S appear in P and P is a sum of terms of the
form AQ where A is a minor of size r + 1 and deg(Q)) = d — r — 1. In particular, there are no
equations of degree less than r + 1 in the ideal.

Conversely any polynomial P of degree d such that no entries of S appear in P and P is a
sum of terms A(Q) where A is a minor of size r + 1 is in the ideal of the component of 7@[71, ]
determined by S.

See for more precise statements. These results are consequences of more general results
about cones in §5.1]

We remind the reader that A{] is the determinant of the submatrix obtained by deleting the
rows of I and the columns of J.

Theorem 1.6.2. There are two types of components of the hypersurface 7%[71, n—2,3]:

(1) Those corresponding to a configuration S where the three entries are all in distinct rows

2
1’ ]2’

and columns, where if S = {l'J } the hypersurface is of degree 2n — 3 with
equation

AZ3 A’Llle Al2 Ailyls — O

71,33 71,32

(2) Those corresponding to a conﬁguramon Where there are two elements of S in the same
row and one in a different column from those two, or such that one element shares a row
with one and a column with the other. In these cases, the equation is the unique size
(n — 1) minor that has no elements of S.

If all three elements of S lie on a row or column, then one does not obtain a hypersurface.

We give numerous examples of equations in other special cases in Our main tool for
finding these equations are the results presented in which follow from more general results
regarding joins of projective varieties that we prove in §5.2

If one holds not just s fixed, but moreover fixes the specific entries of the matrix that one is
allowed to change, and allows the matrix to grow (i.e., the subset S is required to be contained
in some ngy X ng submatrix of A € Mat,), there is a propagation result (Proposition , that
enables one to deduce the equations in the n X n case from the ng x ng case.
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When one takes a cone (in the sense of Definition below, not to be confused with the
affine cone over a variety) over a variety with respect to a general linear space, there is a
dramatic increase in the degree of the generators of the ideal because the equations of the cone
are obtained using elimination theory. For example, a general cone over a codimension two
complete intersection, whose ideal is generated in degrees di,ds will have defining equation in
degree dids. However, we are taking cones over very singular points of varieties that initially
are not complete intersections, so the increase in degree is significantly less. We conjecture:

Conjecture 1.6.3. Fix 0 < e < 1 and 0 < § < 1. Set r = en and s = n'™0. Then the
minimal degree of a polynomial in the ideal of each irreducible component of 7@[71, T, S| grows
like a polynomial in n.

Although it would not immediately solve Valiant’s problem, an affirmative answer to Conjec-
ture would drastically simplify the study.

While it is difficult to get direct information about the degrees of defining equations of the
irreducible components of ﬁ[n, 7, 8], as naively one needs to use elimination theory, one can use
general results from algebraic geometry to get information about the degrees of the varieties.

Let dy s denote the maximum degree of an irreducible component of ﬁ[n,r, s]. Tt will be
useful to set k = n —r. Then (see e.g., [2, p95] for the first equality and e.g. [8, p. 50,78] for
the fourth and fifth)

n—r—1

- (n+1i)l!
(1.6.4) dnr0 = 1}) (r+i)(n—r+i)

_ B(r)B(2n —r)B(n —r)?
B(n)2B(2n — 2r)
_ Bn—Fk)B(n+ k)B(k)?

B(n)?B(2k)
= dim 5. C"
dim[k*] B(n — k)B(n + k
(1.6.5) = kQ[! el B()n)g k)

Here B(k) := G(k + 1), where G(m) = [[";%4! is the Barnes G-function, SxC" denotes the
irreducible G L,,-representation of type (k, k, ..., k), and [k*] denotes the irreducible &2-module
corresponding to the partition (k, ..., k).
Remark 1.6.6. The shifted Barnes G-function B has the following asymptotic expansion
B(z) = <3> 0(2.51%)
e2

(see e.g. len.wikipedia.org/wiki/Barnes_G-function). Since the degree of a variety cannot
increase when taking a cone over it, one can replace the nAn’ upper bound for A(n) in Theorem
with roughly nen’ because, setting r = en, for some constant C,

B(en)B((Z — 6)”)3((1 — e)n)2 < an[%—i—%—i—(l—ef—l—ﬂl—e)?]Cn2+n _ nen20n2+n

B(n)2B(2(1 — €)n) -

Remark 1.6.7. A geometric interpretation of the equality between degd,, o and the dimension
of an irreducible GL,-module is discussed in [26].

We prove several results about the degrees d,, ;. For example:
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Theorem 1.6.8. Let s < n, Then,
S
(169) dn,r,s < dn,r,O - Zdn—l,r—l,s—j
j=1

In an earlier version of this paper, we conjectured that equality held in (1.6.9)). After we
submitted the paper for publication, our conjecture was answered affirmatively in [1]:

Theorem 1.6.10. [I] Let s < n, Then,
S
(1.6.11) s = dnyo = Y dn1-15-j
j=1

In the previous version of this paper, the following theorem was stated with the hypothesis
that equality holds in (1.6.9) for all (+',n,s") < (r,n,s) and s < n. Theorem [1.6.10| renders it
to the present unconditional form:

Theorem 1.6.12. Each irreducible component of 7@[71, n — k, s] has degree at most

(1.6.13) i <§L> (—=1)™dy—mn—m,0

m=0
with equality holding if no two elements of S lie in the same row or column, e.g., if the elements
of S appear on the diagonal.
Moreover, if we set r = n —k and s = k* — u and consider the degree D(n,k,u) as a function
of n,k,u, then, fixing k,u and considering Dy, ,,(n) = D(n, k,u) as a function of n, it is of the
form

2
D) = (8! 30

where p(n) = ”uif - 2’(“5:1‘)!71"_1 + O(n*=2) is a polynomial of degree u.
For example, when v =1, D(n,k,1) = (kQ)!gggl); (n—3(k* - 1)).

Remark 1.6.14. Note that Dy, (n) = dim[k*]p(n). It would be nice to have a geometric or
representation-theoretic explanation of this equality.

Remark 1.6.15. In our earlier version of this paper, we realized that the use of intersection theory
(see, e.g. [7]), could render Theorem unconditional, so we contacted P. Aluffi, an expert
in the subject. Not only was he able to render the theorem unconditional, but he determined
the degrees in additional cases. We are delighted that such beautiful geometry can be of use
to computer science, and look forward to further progress on these questions. We expect a
substantial reduction in degree when r = en and s = (n — r)? — 1.

We define varieties modeled on different classes of families of matrices as mentioned above.
We show that a general Cauchy matrix, or a general Vandermonde matrix is maximally 1-
rigid and maximally (n — 2)-rigid (Propositions [4.2.3| and [4.3.2]). One way to understand the
DFT algorithm is to factor the discrete Fourier transform matrix as a product (set n = 2¥)
DFTy. = S)--- S where each Sy has only 2n nonzero entries. Then, these sparse matrices can
all be multiplied via a linear circuit of size 2nlogn (and depth logn). We define the variety of
factorizable or butterfly matrices F'M,, to be the closure of the set of matrices admitting such
a description as a product of sparse matrices, all of which admit a linear circuit of size 2nlogn,
and show (Proposition [4.6.1):
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Proposition 1.6.16. A general butterfly matrix admits a linear circuit of size 2nlogn, but does
not admit a linear circuit of size n(logn + 1) — 1.

1.7. Future work. Proposition[I.6.1] gives qualitative information about the ideals and we give
numerous examples of equations for the relevant varieties. It would be useful to continue the
study of the equations both qualitatively and by computing further explicit examples, with the
hope of eventually getting equations in the Valiant range. In a different direction, an analysis of
the degrees of the hypersurface cases in the range r = en could lead to a substantial reduction
of the known degree bounds.

Independent of complexity theory, several interesting questions relating the differential geom-
etry and scheme structure of tangent cones are posed in

Acknowledgements. We thank the anonymous referees for very careful reading and numerous
useful suggestions.

2. GEOMETRIC FORMULATION
2.1. Border rigidity.
Definition 2.1.1. For varieties X,Y C PV, let

PxY) = U o)
zeX,yeY,z#y
and define the join of X and Y as J(X,Y) := J9(X,Y) with closure using either the Zariski or
the classical topology. Here, (x,y) is the (projective) linear span of the points x,y. If Y = L is
a linear space J(X, L) is called the cone over X with vertex L. (Algebraic geometers refer to L
as the vertex even when it is not just a point P°.)

Let 0, = 0y = 07(Seg(P"! x P*71)) C P(C"®C") denote the variety of up to scale n x n
matrices of rank at most r, called the r-th secant variety of the Segre variety. For those not
familiar with this variety, the Segre variety itself, Seg(P"~! x P*"~1), is the projectivization of
the rank one matrices, one may think of the first P"~! as parametrizing column vectors and
the second as parametrizing row vectors and the corresponding (up to scale) rank one matrix
as their product. The rank at most r-matrices are those appearing in some secant P"~! to the
Segre variety.

Let C"®C" be furnished with linear coordinates a:é, 1<i,5<n.LetS C {:c;} be a subset

of cardinality s and let L := span S. We may rephrase (1.1.1]) as

R[n,r, s)° = U J%0,, L)
SC{x;},|S|:s

The dimension of o, is 7(2n—r) — 1 and dim J(o,, L%) < min{r(2n—r)+s,n?} (see Proposition
5.1.1((3)). We say the dimension is the expected dimension if equality holds.

The variety ﬁ[n,r, s], as long as s > 0 and it is not the ambient space, is reducible, with
at most ("82) components, all of the same dimension r(2n — r) + s. (This had been observed
in [1I, Thm. 3.8] and [13].) To see the equidimensionality, notice that if |S;| = j and S; C
Sj+1, then the sequence of joins J; = J(o,, LSJ') eventually fills the ambient space. Moreover,
dim J;y1 < dim J; + 1, so the only possibilities are Jj;1 = J; or dim J;;1 = dim J; + 1. In
particular, this shows that for any j there exists a suitable choice of S; such that J; has the
expected dimension. Now, suppose that J(o,, L®) does not have the expected dimension, so its
dimension is 7(2n — r) + §' for some s’ < s. Let S’ C S be such that |S'| = s’ and J(o,, L)
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has the expected dimension. Then J(o,, L5") = J(o,,L%). Now let R be such that |R| = s,
S' C R and J(o,, L) has the expected dimension. Then J(o,., L¥) is an irreducible component
of R[n,r, s] that contains J(c,, L%), showing that the irreducible components of R[n, 7, s| have
dimension equal to the expected dimension of J(o,., L*). Therefore,

(2.1.2) dim R[n, r, s] = min{r(2n — r) + s, n?},
and 7%[71, r,s] is a hypersurface if and only if
(2.1.3) s=(n—r)?—1.

We say a matrix M is mazimally r-border rigid if M & R[n,r,(n — r)% — 1], and that M is
mazximally border rigid if M & ﬁ[n,r, (n—7r)2—1] for all » = 1,...,n — 2. Throughout we
assume r < n — 2 to avoid trivialities.

The set of maximally rigid matrices is of full measure (in any reasonable measure e.g. abso-
lutely continuous with respect to Lebesgue measure) on the space of nxn matrices. In particular,
a “random” matrix will be maximally rigid.

2.2. On the ideal of J(o,, L¥). Write S¢ = {xz}\S for the complement of S. The following is
a consequence of Proposition [5.2.1
Proposition 2.2.1. Fix L = L°. Generators for the ideal of J(o,, L) may be obtained from
polynomials of the form P =) 1.7 qI‘] M 5 , where the q]‘] are arbitrary homogeneous polynomials
all of the same degree and:
(1) MY is the (determinant of the) size r + 1 minor defined by the index sets I,.J (i.e.,
I,JCn], |I|=|J|=r+1), and
(2) only the variables of S¢ appear in P.
Conversely, any polynomial of the form P = ZLJ q]‘]Mj, where the M} are minors of size
r + 1 and only the variables of S¢ appear in P, is in Z(J(o,, L)).
Let E,F = C". The irreducible polynomial representations of GL(E) are indexed by parti-
tions 7 with at most dim F parts. Let ¢(7) denote the number of parts of 7, and let S;E denote
the irreducible GL(E)-module corresponding to m. We have the GL(E) x GL(F')-decomposition

SUEeF)= P  SERS:F.
|7|=d, £(m)<n

Let Ty C GL(FE) denote the torus (the invertible diagonal matrices). A vector e € F is said to
be a weight vector if [t -e] = [e] for all t € Tg.
Proposition 2.2.2. Write Mat,, = EQF. For all S C {x;}, J(o,, L) is a Tg x Tp-variety.

Thus a set of generators of Z(J(o,, L)) may be taken from GL(E) x GL(F)-weight vectors
and these weight vectors must be sums of vectors in modules S; E®S;F where {(m) > r + 1.

The length requirement follows from Proposition [2.2.1{(1).

Proposition [1.6.1)(1) is Proposition expressed in coordinates. For many examples, the
generators have nonzero projections onto all the modules S; EQS F with ¢(m) > r + 1.

Recall the notation A{, =M 52, where I¢ denotes the complementary index set to I. This will
allow us to work independently of the size of our matrices.

Let S C {z}}<ij<n and let P € Zy(oy) N SYULS)*, so P € Ty(I(o,, L)), and require further
that P be a Ty x TF weight vector. Write

V& IY
2.2.3 P=Y A} A,
(223) > adaf
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where |I}| = |J}| =: da, s0 d = fn — 3, 0a. Since we allow §, = 1, any polynomial that

is a weight vector may be written in this way. Write ZL'j &R f ;- The Tp-weight of P is

(17, ..., n*) where €; appears A; times in the union of the (I3)’s, and the Tr-weight of P is
(1#1,...,nkm) where f; appears p; times in the union of the (Jg3)“s.

Define
(2.2.4) Py € ST Matr

by (2.2.3) only considered as a polynomial on Mat, 4, and note that P = F.

Proposition 2.2.5. For P € Zy(0,,) N S4(L%)* as in ,
Pq € Id+fq(gr,n+q) N Sd—f—fq(LS)L
where S is the same for Mat,, and Mat,,. In particular, Py € Ty 14(J(0r+qntq, L))

Proof. Tt is clear Py € gy £4(0yn4q), S0 it Temains to show it is in S4+/9(L%)L. By induction, it
will be sufﬁcient to prove the case ¢ = 1. Say in some term, say v = 1, in the summation of P
in a monomial in S appears as a factor, some ;] - - -:cfg Q. Then, by Laplace expansions,

1

I}
we may write Q = A J11 .-~ A1 for some minors (smaller than or equal to the originals). Since
1

Jl 9

f
this term is erased we must have, after re-ordering terms, for v = 2,...,h (for some h),

~ I}L ~ [
xfllej(AJl Af --—i—AJl{l AJ?})—O

that is,
2.2.6 Al A g Al LA o,
() Jl. cee 4 J;ll“ J}l_

Now consider the same monomial’s appearance in P; (only the monomials of S appearing in
the summands of P could possibly appear in P;). In the v = 1 term it will appear with @

n+1)fA11 mtl AIf’"+

T it and each appearance

where @ is a sum of terms, the first of which is (z

n+l o, . .
will have such a term, so these add to zero because A Jl nyp D M atn+1, is the same minor as
1,7

1[ It n+1

AJlll in Mat,. Next is a term say ($Zi%)f_1$}l+lﬁjl mal A ! ni1 Put then there must be

~ It n+1

corresponding terms (z)71)/ "1z} 1AJH il A i i1 fOT each 2 < p < h. But these must

also sum to zero because it is an 1dent1ty among mmors of the same form as the original. One
continues in this fashion to show all terms in S in the expression of P; indeed cancel. O

Corollary 2.2.7. Fix k = n—r and S with |S| = k? — 1, and allow n to grow. Then the degrees
of the hypersurfaces J(op—j n, L%) grow at most linearly with respect to n.

Proof. If we are in the hypersurface case and P € Zy(J (0., L®)), then even in the worst possible
case where all factors A?U in the expression ([2.2.3) but the first have degree one, the ideal of
the hypersurface J(0y4u.ntu, L) is nonempty in degree (d — r)u. O
Definition 2.2.8. Let P be a generator of Z(J (o, L¥)) with a presentation of the form (2.2.3)).

We say P is well presented if P, constructed as in (2.2.4) is a generator of Z(J(0y4qn+q, L°))
for all q.

Conjecture 2.2.9. For all r,n, S, there exists a set of generators PL,..., P* of Z(J(on, L))
that can be well presented.



12 F. GESMUNDO, J.D. HAUENSTEIN, C. IKENMEYER, J.M. LANDSBERG

Remark 2.2.10. Well presented expressions are far from unique because of the various Laplace
expansions.

Remark 2.2.11. Z(J(0y4qntq, L°)) may require additional generators beyond the Py, ..., P}

3. EXAMPLES OF EQUATIONS FOR J(o,, L)

3.1. First examples. The simplest equations for J(o,, LS ) occur when S omits a submatrix
of size r 4+ 1, and one simply takes the corresponding size r + 1 minor. The proofs of the
following propositions are immediate consequences of Proposition [2.2.1] as when one expands
each expression, the elements of S cancel.

Consider the examplen =3, r=1, 5 = {x%,x%,m%}, and r = 1. Then

(3.1.1) wirsal — wdadad = MExL — MiZ2a? € T3(I (01, L)).
This example generalizes in the following two ways. First, Proposition [2.2.5implies:

Proposition 3.1.2. If there are two size v + 1 submatrices of Mat,,, say respectively indexed
by (I,J) and (K, L), that each contain some z3) € S but no other point of S, then setting
I' = I\ig, J' = J\jo, K' = K\ig, L' = L\jo, the degree 2r + 1 equations

(3.1.3) MIME — MEMY,
are in the ideal of J(o,, L°).

By Proposition (3.1.1)) also generalizes to:
Proposition 3.1.4. Suppose that there exists two size r + 2 submatrices of S, indexed by
(I,J),(K, L), such that

(1) there are only three elements of S appearing in them, say 2 i xz, ;2
and ji, jo, j3 distinct, and
(2) each element appears in exactly two of the minors.

with both i1, 9, i3

Then the degree 2r + 1 equations

INi1 5 7K \i2,i3 INig 4 K \i1 i3
(3.1.5) MJ\leL\iN.3 - MJ\szL\il,is

are in the ideal of J(o,, L°).
For example, when S = {z}, 23, 23}, equation may be written
(3.1.6) ASALZ — AZAL
Now consider the case n =4, r = 1 and S = {3, 2}, 23,23, 23,23, 23, 24}. Proposition

cannot be applied. Instead we have the equation

1,23 4 1.2
T{THX3T, — $2x3:1:4x1 M12 37351:4 + M13 w2x4 + M14 :C3ac2

This case generalizes to
Proposition 3.1.7. If there are three size r + 1 submatrices of Mat,x,, indexed by
(I,J),(K,L),(P,Q), such that
(1) the first two contain one element of S each, say the elements are x;ll for (I,J) and :v;i
for (K, L),
(2) these two elements lie in the same column (or row), and

(3) the third submatrix contains :cjl,x;i and no other element of S,
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then the degree 3r + 1 equations

(3.1.8) MIME ME + MEMEME, + MEME M,

where I' = I\ig, J' = J\jo, K' = K\io, L' = L\jo, P’ = P\i1, Q' = Q\j1, and P" = P\is, are
in the ideal of J(o,, L%).

Lemma 3.1.9. Let S’ C S with S = {x1,...,2" "} and § = &' U {«}""' ... 27}. Then
J(o,, L5) = J(o,, LY.

Proof. Clearly J(o,,L%) D J(o,, L5"). To prove the other inclusion, let A = (aé-) e J(oy, L) be
general. Let A be the 7 x r submatrix of A given by the last r rows and the last r columns. By

generality assumptions, A is non-singular. Therefore, there exist Cn—rt1,- -+ Cn € C such that
a711—7“+1 " a1j1—7”+1
A D DR
an j=n—r+1 a’

Let B = (b)) be an n x n matrix such that b5 = af if j > 2 and b} = Y7 | ¢;b5. Then
Beé,and A e J([B],L%) c J(o,, L%). O

It will be useful to represent various S pictorially. We will use black diamonds 4 for entries
in S and white diamonds ¢ for entries omitted by S. For example, S = {x%,m%,,x?} is
represented by

¢
¢
¢
¢
¢
while S = {x;}” ~ {xi, 23, ..., 22} is represented by
O
O
O
O
O
3.2. Case r = 1.
Lemma 3.2.1. Let S be a configuration omitting z1, . . ., x’,g, T3 ,x],z_l and x’f for some k > 2.
Then T;,(J (01, L)) contains the binomial
x%-..xi—x%'-.xlf

Moreover, if the complement S¢ = {x%, .. ,xi,x%, e xi_l,x'f}, then J(oq, LS) is a hypersur-

face.

Proof. Let f = xf---af —al-- 2}, It suffices to show that f € Z(o7), namely that it can be
generated by 2 x 2 minors. If k = 2, then f is the 2 x 2 minor M{2. Suppose k > 3.
Define fo = ziz3 — 2123 = M{2. For any j = 3,..., k define

N S | J=23ri—1J
fj—azjf]_l Ty (M

Thus ﬁzx%---:v?—m%---x{éI(aQ forall j =3,...,k and fr = f.
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The last assertion follows because for any S’ 2 S, iterated applications of Lemma implies
J(o1, L) = Mat . O

Lemma 3.2.2. Let S be a configuration omitting at least two entries in each row and in each
column. Then there exists k > 2 such that, up to a permutation of rows and columns, S¢ 2

{x%,...,mﬁ,x%,...,az’f}.

Proof. After a permutation, we may assume z} € S¢, and, since S omits at least another entry
in the first column, 22 € S¢. Since S omits at least 2 entries in the second row, assume x3 € S°.
S omits at least another entry in the second column: if that entry is 1, then k = 2 and S omits
a 2 x 2 minor; otherwise we may assume z3 € S¢. Again S omits another entry on the third
row: if that entry is 23 (resp. z3), then k = 3 (resp. k = 2) and S omits a set of the desired
form. After at most 2n steps, this procedure terminates, giving a k x k submatrix K with one
of the following configurations, one the tranpose of the other:

o 0 O 9
A o
O O o 0
K and its transpose are equivalent under permutations of rows and columns because K = PK P
where P is the k x k permutation matrix having 1 on the anti-diagonal and 0 elsewhere. g

Lemma 3.2.3. Let S be a configuration of n?> — 2n entries. Then there exist k € [n] and a
k x k submatrix K such that, up to a permutation of rows and columns, at least 2k entries of
the complement S¢ of S lie in K in the following configuration

o 0

(3.2.4) o 5

Moreover, if J(o1, L) is a hypersurface then these are the only omitted entries in K and the

ideal of (o1, L”) is generated by (x1---af —z}---ak).

Proof. To prove the first assertion, we proceed by induction on n. The case n = 2 provides s = 0
and k = 2 trivially satisfies the statement.

If S omits at least (and therefore exactly) 2 entries in each row and in each column, then we
conclude by Lemma

Suppose that S contains an entire row (or an entire column). Then S¢ is concentrated in a
(n — 1) x n submatrix. In this case we may consider an (n — 1) x (n — 1) submatrix obtained
by removing a column that contains at most 2 entries of S¢. Thus, up to reduction to a smaller
matrix, we may always assume that S omits at least one entry in every row (or at least one
entry in every column).

After a permutation, we may assume that the first row omits x1. If the first column omits at
most one more entry, then S omits at least 2(n — 1) entries in the the submatrix obtained by
removing the first row and the first column. We conclude by induction that there exists a k and
a k X k submatrix with the desired configuration in the submatrix.
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If the first column omits at least 2 entries other than x1, then there is another column omitting
only 1 entry. Consider the submatrix obtained by removing this column and the first row: S
omits exactly 2(n — 1) entries in this submatrix, and again we conclude by induction.

To prove the last assertion, if other omitted entries lie in K, then they provide another
equation for J(o1, L). O

Theorem 3.2.5. The number of irreducible components of R[n,1,n% — 2n] coincides with the
number of cycles of the complete bipartite graph K, ,,. Moreover, every ideal of an irreducible
component is generated by a binomial of the form

Al...l‘kfl',l k

x ! X
J1 Jk Jr(1) Jr(k)’

for some k, where 7 € &, is a cycle and I, J C [n] have size k.

Proof. R[n,1,n? — 2n] is equidimensional and its irreducible components are J(o7, LS ) where S
is a configuration of entries providing a join of expected dimension.
By Lemma there exists a k such that, up to a permutation of rows and columns, S omits

the entries x%,...,xﬁ,x%,...,x’f and the equation of J(al,Ls) is x%xﬁ — a:%x’f =0. In
particular, entries in S¢ that do not lie in the submatrix K are free to vary. Let F' be the set
of entries whose complement is {1, ... ,xi,x%, ..., z¥}; we obtain J(oq, L) = J(oq, LF). This

shows that the irreducible components are determined by the choice of a k x k submatrix and
by the choice, in this submatrix, of a configuration of 2k entries such that, after a permutation
of rows and columns, it has the form of .

Every configuration of this type, viewed as the adjacency matrix of a (n,n)-bipartite graph,
determines a cycle in the complete bipartite graph K, ,. This shows that the number of irre-
ducible components of R[n,1,n? — 2n] is the number of such cycles O

Remark 3.2.6. The number of cycles in K, ,, is

Z": <Z>2k!(k2— n!

k=2
Example 3.2.7. Examples of generators of ideals of J(o1, L°):
(1) If s = 1, the ideal is generated by the 2 x 2 minors not including the element of S and

the degree is deg(o1) — 1 = [Ein:l;)]; _q

(2) If s = 2, the ideal is generated by the 2 x 2 minors not including the elements of S.
If the elements of S lie in the same column or row, the degree is deg(o1) — (n — 1) =
% — (n — 1) and otherwise it is deg(o1) — 2 = % -2

(3) If s =3 and there are no entries of S in the same row or column, the ideal is generated
in degrees two and three by the 2 X 2 minors not including the elements of S and the
difference of the two terms in the 3 x 3 minor containing all three elements of S and the

. —2)!
degree is % - 3.

(4) If s = 3 and there are two entries of S in the same row or column, the ideal is generated

in degree two by the 2 x 2 minors not including the elements of S.

(5) If s < n and there are no elements of S in the same row or column, then deg(J(oy, L) =

% — 5. (See Theorem [5.4.7)

3.3. Case r = 2. The following propositions are straight-forward to verify with the help of a
computer with explicit computations available at www.nd.edu/~jhauenst/rigidity.
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Proposition 3.3.1. Let n = 5, r = 2 and let S = {z},2%,...,23}. Then J(02,5,LS) has 27
generators of degree 5 of the form (3.1.3)), e.g., Mi23 M5 — M35 M2, and 5 generators of degree
6 with 6 summands in their expression, each of the form Mges M3 MMy :

- MMM + MEEMEMIMS — MMM

+ Mgy My MM — M My My MY — Mg My MMy

Proposition 3.3.2. Let n =6, r =2, s = 15 and let S be given by

=R NoNoi o)
=Nek & d=je]
cCoe e oo
@ O O@eO
P NaR VeNai 3
S OO Oe®

Then J(oa6, L°) is a hypersurface of degree 9 whose equation is:
(3.3.3)  — M3gs Mg My§ My + M3ss Mog Myg Miy + Mygg Mi3 M32 My} — Myig M5 M32 M7y
+ Mais Mg MES MYy — My My M35 Mg + Myjg Myi M3 Mis — Myjg Mg M33 M3s
— M6 My M32 My + Mis¢ My MEZ M7y
The weight of equation is (12,22,32,4,5,6) x (12,2232 4,5,6). (This weight is hinted

at because the first, second and third columns and rows each have two elements of S in them
and the fourth, fifth and sixth rows and columns each have three.)

Proposition 3.3.4. Let n =6, r =2, s = 15, and let S be given by

cCe®e O oo
Y NoNoNaR e
cCe e oo
@ O e OO
=Nl Nl 28 2
@ S OO OC@

Then, J(o26, L%) is a hypersurface of degree 16.

We do not have a concise expression for the equation of J (0276,LS ). Expressed naively,
it is the sum of 96 monomials, each with coefficient +1 plus two monomials with coefficient
+2, for a total of 100 monomials counted with multiplicity. The monomials are of weight
(14,23,33 42 52 62) x (14,23,33,42 52 6%). (This weight is hinted at because the first, second
and third columns and rows each have two elements of S in them, but the first is different
because in the second and third a column element equals a row element, and the fourth, fifth
and sixth rows and columns each have three.)

3.4. Case r = n — 2. Proposition implies:

Theorem 3.4.1. In the hypersurface case r = n — 2, s = 3, there are two types of varieties up
to isomorphism:

(1) if no two elements of S are in the same row or column, then the hypersurface is of degree

2n — 3 and can be represented by an equation of the form (3.1.6). There are (g)z such
components.
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(2) If two elements are in the same row and one in a different column from those two, or
such that one element shares a row with one and a column with the other, then the
equation is the unique size (n — 1) minor that has no elements of S in it. There are n?
such components.

If all three elements of S lie on a row or column, then J(o,—2, LS ) is not a hypersurface.

Corollary 3.4.2. Let M be an n x n matrix. Then M is maximally (n — 2)-border rigid if and
only if no size n — 1 minor is zero and for all index sets {i1,i2,i3} C [n], {j1,j2,j3} C [n], the

equation A“A;ZE‘; A” A;llzi does not vanish on M.

4. VARIETIES OF MATRICES

4.1. General remarks. Recall the construction of matrices from directed acyclic graphs in
To each graph I' that is the disjoint union of directed acyclic graphs with n input gates and n
output gates we associate the set Zlq C Mat,, of all matrices admitting a linear circuit (see §l)
with underlying graph I'. We let Yp := Z% C Maty, the variety of linear circuits associated to I

For example R[n,r, s]® = ULY where the union is over all I' = I'y +T'y (addition as in Figure 4
where I'y is of depth two with r vertices at the second level and is a complete bipartite graph
at each level, and I's is of depth one, with s edges.

Proposition 4.1.1. Let ¥ C Mat,, be a variety of dimension §. Then a general element of 3
cannot be computed by a circuit of size 6 — 1.

Proof. Let I be a fixed graph representing a family of linear circuits with v edges. Then I' can
be used for at most a y-dimensional family of matrices. Any variety of matrices of dimension
greater than v cannot be represented by I', and since there are a finite number of graphs of size
at most ~, the dimension of their union is still ~. O

4.2. Cauchy matrices. Let 1 < i, j, < n. Consider the rational map
(4.2.1) Cauy, : C" x C" --» Mat,

(27, (2))) = (y}) =

The variety of Cauchy matrices Cauchy, C Mat, is defined to be the closure of the image
of . It is 6, x G, invariant and has dimension 2n — 1. To see the dimension, note
that Cauchy,, is the Hadamard inverse or Cremona transform of a linear subspace of Mat,, of
dimension 2n — 1 (that is contained in 03). The Cremona map is

Crempy : cN >V

(wl,...,wN)._><1’_”71>

1

rt+ zj

wq WN

which is generically one to one. The fiber of Crem,,2 o Cauy, over (z' +z;) is ((z° + \), (2 — \)),
with A € C.

One can obtain equations for Cauchy, by transporting the linear equations of its Cremona
transform, which are the (n — 1)? linear equations e.g., fori,j = 2,...,n, yf + yé -y - yjl
(More generally, it satisfies the equation y 4 y]2 — y]1 — yjl for all 41, j1,42,j2.) Thus, taking
reciprocals and clearing denominators, the Cauchy variety has cubic equations

i1, 42,11 +y11 2,41 1, 91,11 11,41, 12

y32y31y32 ]ly.]ly.]Q y]ly]2y]2 y]lyJQyjl
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Alternatively, C'auchy, can be parametrized by the first row and column: let 2 < p,0 < n,

and denote the entries of A by aé. Then the space is parametrized by a%,a’i’ ,al, by setting
p_fl 1 1741
aa*[aﬂ‘i‘al al] .
1 o 1
Any square submatrix of a Cauchy matrix is a Cauchy matrix, and the determinant of a
Cauchy matrix is given by

Hi<j(xi —f) Hi<j(zi —27)
Hzg(xz + 25)

In particular, if 27, —z; are all distinct, then all minors of the Cauchy matrix are nonzero.

(4.2.2)

Proposition 4.2.3. A general Cauchy matrix is both maximally r = 1 rigid and maximally
r=mn — 2 rigid.

Proof. For the r = 1 case, let o be a k-cycle in &, and say there were an equation
i1 ik 01 Lotk
Yo Y5 = Yo Yiow
Cauchy, satisfied. By the &,, x &,, invariance we may assume the equation is
1 k 1 k
Y1 Yk — Y1) Yo (k)

which may be rewritten as
1 1

1 k1 k
Yi-Y Yoy Yo
The first term contains the monomial z! - - - 2712, but the second does not.
For the r = n — 2 case, we may assume the equation is AJAZ — A2Al3 because for a general

Cauchy matrix all size n — 2 minors are nonzero and we have the &,, x &,, invariance.
1 13
Write our equation as A 2% Then using (4.2.2)) and canceling all repeated terms we get

3= Ao
Al AIS
(22 — 23) (21 — 2z3) (2! + 23) (23 + 29) B

(2t — x3) (29 — 23) (22 + 23) (23 + 21)

which fails to hold for a general Cauchy matrix. O

4.3. The Vandermonde variety. In [I1, p26], they ask if a general Vandermonde matrix has
maximal rigidity.
Consider the map

(4.3.1) Van, : C"1 = Mat,
(yo)”*l . (yo)nfl
(Wo)"2y1 - (%0)" *un
Wos gt - sym) > | W) (10)" P (n)? | = ()
()" (yn)""

Define the Vandermonde variety Vand, to be the closure of the image of this map. Note that this
variety contains n rational normal curves (set all y; except yo, s, to zero), and is &,-invariant
(permutation of columns). The (un-normalized) Vandermonde matrices are the Zariski open
subset where yp # 0 (set yo = 1 to obtain the usual Vandermonde matrices). Give Mat,xy,
coordinates x; The variety Vand,, is contained in the linear space {z{ —z3 =0,...,z{ —z} =0}
and it is the zero set of these linear equations and the generators of the ideals of the rational
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normal curves Vanlyo,0,...,0,y;,0,...,0]. Explicitly, fix j, the generators for the rational
normal curves are the 2 x 2 minors of
I R
see, e.g., [9, p. 14], and thus the equations for the variety are, fixing j and i < k, the quadratic
polynomials :U; ;"’ :ci-H:c?*l.

To see the assertion about the zero set, first consider the larger parametrized variety where
instead of yo appearing in each column, in the j-th column, replace yo by a variable yo;. The
resulting variety is the join of n rational normal curves, each contained in a P*~! Cc PMat,,
where the P"~1’s are just the various columns. In general, given varieties X jCPV;,i=1,...,q,
the join J(X1,...,X,) CP(Vi&---@V,) has ideal generated by I(X;,PV1),...,1(X,,PV,), see,
e.g. [9L 18.17, Calculation III]. The second set of equations exactly describes this join. Now
intersect this variety with the linear space where all entries on the first row are set equal. We
obtain the Vandermonde variety.

Proposition 4.3.2. Vand, ¢ R[n,1,n? —2n] and Vand, ¢ R[n,n — 2,3], i.e., Vandermonde
matrices are generically maximally 1-border rigid and (n — 2)-border rigid.

Proof. Say we had Vand, in some component of R[n,1,n% — 2n]. Using the &,-invariance, we
may assume the equation it satisfies is 3 - - - z}} — xlal(l) . (k
k-cycle. Assume ij, = max{i;}. Then the first monomial is divisible by (y)*~! but the second
is not.

For the n — 2-rigidity, since no minors are zero, by Corollary .4.2 and the &,-invariance, it
suffices to consider equations of the form A] A Ak A12, where S = {1, z, a:3} First consider
the case that 2 ¢ {7, j, k}. The yso-linear coefﬁment of AJAM — AEAY is AJAR2 — ARZAY, . This
expression is nonzero, because as a polynomial in gy it has linear coefficient AQIA’{%, which is
a product of minors and hence nonzero. Now for the other case let i = 2, j # 2, k # 2. But the

yo-linear coefficient of A A% AkAn is AIP‘)”%A%, which is also nonzero. O

) for some k, where o € G, is a

4.4. The DFT matrix. The following “folklore result” was communicated to us (indepen-
dently) by A. Kumar and A. Wigderson:

Proposition 4.4.1. Let A be a matrix with an eigenvalue of multiplicity k > +/n. Then
Ace€ 7@[71, n — k,n)°.

Proof. Let A be the eigenvalue with multiplicity k&, then A — AId has rank n — k. To have the
condition be nontrivial, we need 7(2n —r)+s = (n—k)(2n— (n—k))+n <n? ie,n < k? O

Equations for the variety of matrices with eigenvalues of high multiplicity can be obtained
via resultants applied to the coefficients of the characteristic polynomial of a matrix.

Corollary 4.4.2. Let n = 2%, then DFT,, € R[n, 22 n]°.

n, 4 ’
Proof. The eigenvalues of DF'T;, are &1, £+/—1 with multiplicity roughly 7 each. O

Proposition 4.4.3. Any matrix with Zy symmetry (either symmetric or symmetric about the
anti-diagonal) is not maximally 1-border rigid.

Proof. Say the matrix is symmetric. Then ziz3 .- 27 1% — 2223 ... 2" |zl is in the ideal of the

hypersurface J(o1, L°) where S is the span of all the entries not appearing in the expression. [
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4.5. The DFT curve. We define two varieties that contain the DFT matrix, the first corre-
sponds to a curve in projective space.
Define the DFT curve CDFT, € Mat, to be the image of the map

(4.5.1) C? - Mat,
" xnfl mnfl xnfl
T -1 xn—2,w xn—3w2 .. w -1
(z,w) =
xn—l ,wn—l xlwn—Q xn—Qw

This curve is a subvariety of Vand,, where yo = y1 = x and y; = w/~!. From this one obtains
its equations.

Proposition 4.5.2. For general w, and even for w a fifth root of unity, the matrix

1 1 1 1 1
1 w w? w wt
Mw):= |1 w?* w'* w w
1w w wt w?
1 w* w w? o w

satisfies M(w) ¢ R[5,3,2], M(w) € R[5,3,3]°, M(w) € R[5,1,12], and M (w) € R[5,1,13]°.
This is proved by explicit calculation at www.nd.edu/~jhauenst/rigidity. For a more
general DFT matrix we have:

Proposition 4.5.3. Let p be prime, then the DF'T curve CDF'T), satisfies, or all A € CDFT,
Rigi(A) < (p—1)* +1—(p—1).
In other words, CDF'T, C ﬁ[p, 1,p% —3p+3)°

Proof. Change the (1,1)-entry to w~' and all entries in the lower right (p—1) x (p—1) submatrix
not already equal to w to w. The resulting matrix is

w1 1 - 1
1 w w w
1 w w w

O

4.6. The variety of factorizable matrices/the butterfly variety. The DFT algorithm may
be thought of as factorizing the size n = 2¥ DFT matrix into a product of k matrices Si, ..., Sk
with each S; having 2n nonzero entries.

If Sj, 1 < j < d are matrices with s; nonzero entries in S;, with s; = fjn for some natural
numbers f;, then 5152 has at most f; fan nonzero entries. Consider the set of matrices A such
that we may write A = S1---Sg with s; = f;n and f1--- f; = n. Then A may be computed
by a linear circuit of depth d and size (fi + --- + fq)n. In the DFT case we have f; = 2 and
d = log(n).

This space of matrices is the union of a large number of components, each component is the
image of a map:

Bfty - f)sl X -0 X ﬁsd — Mat,xn
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where ﬁsj C Maty,xp is the span of some S C {xé} of cardinality s;. In the most efficient
configurations (those where the map has the smallest dimensional fibers), each entry y}- in a

matrix in the image will be of the form y} = (:cl);»l (w2)7) (a:d);-d_l where the j,’s are fixed
indices (no sum).

If we are not optimally efficient, then the equations for the corresponding variety become
more complicated, and the dimension will drop.

From now on, for simplicity assume n = 2¥, d = k and sj =2n for 1 < j < k. Let FMY?
denote the set of factorizable or butterfly matrices, the set of matrices A such that A = 5;--- S
with S; as above, and let F M, := F M} denote its Zariski closure. The term “butterfly” comes
from the name commonly used for the corresponding circuit, e.g., see [14, §3.7]. By construction
every A € FMY? admits a linear circuit of size 2nlogn, see, e.g., Figure @ the graph has 48 edges
compared with 64 for a generic 8 x 8 matrix, and in general one has 281k = 2nlog n edges
compared with 2% = n? for a generic matrix.

FIGURE 6. linear circuit for element of F MY, support is the “butterfly graph”

Proposition 4.6.1. A general factorizable matrix does not admit a linear circuit of size
n(logn + 1) — 1.

Proof. We will show that a general component of F'M,, has dimension n(logn+1), so Proposition

applies.
First it is clear that dim F'M,, is at most n(logn + 1), because dim(L; @ --- @ L) = 2nk
and if Dj,...,Dp_q are diagonal matrices (with nonzero entries on the diagonal), then

Bfty(S1D1,D171S2Ds, ..., Dp_17'Sy) = Bfly(S1,S52,,...,S5%), so the fiber has dimension at
least n(k — 1). Consider the differential of Bfly at a general point:
d(Bfty)|(s,....50) : L1 &+ ® L, = Matpxn
(Z1s.- s Zi) = Z1S2 -+ Sk + 512253+ S+ -+ + 81+ Sp—1 2y,

The rank of this linear map is the dimension of the image of F'M,, as its image is the tangent
space to a general point of FM,. We may use Z; to alter 2n entries of the image matrix
y = S1---Sg. Then, a priori we could use Zs to alter 2n entries, but n of them overlap with
the entries altered by Z7, so Zs may only alter n new entries. Now think of the product of the

first two matrices as fixed, then Z3 multiplied by this product again can alter n new entries, and
similarly for all Z;. Adding up, we get 2n + (k — 1)n = n(logn + 1). O

5. GEOMETRY

5.1. Standard facts on joins. We review standard facts as well as observations in [11], [13].
Recall the notation J(X,Y’) from Definition The following are standard facts:

Proposition 5.1.1.
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FIGURE 7. Secant lines limiting to a tangent line

(1) If X, Y are irreducible, then J(X,Y') is irreducible.
(2) Let X,Y C PV be varieties, then Z(J(X,Y)) C Z(X)NZ(Y).
(3) (Terracini’s Lemma) The dimension of J(X,Y) is dim X 4 dimY + 1 —dim 7, X NT,Y,
where x € X, y € Y are general points. In particular,
(a) the dimension is diim X +dim Y +1 if there exist x € X, y € Y such that T,XNT,Y =
0. (dim X + dimY + 1 is called the expected dimension.)
(b) If Y = L is a linear space, J(X, L) will have the expected dimension if and only if
there exists v € X such that T,X N L = 0.
(4) If z € J(X,p) and z & (z,p) for some x € X, then z lies on a line that is a limit of secant
lines (x, p), for some curve x; with o = p.

Proof. For assertions (), (3), (4) respectively see e.g., [9, p157], [12, p122], and [12, pl18].
Assertion holds because X,Y C J(X,Y). O

To gain intuition regarding Terracini’s lemma, a point on J(X,Y) is obtained by selecting a
point z € X (dim X parameters), a point y € Y (dimY parameters) and a point on the line
joining z and y (one parameter). Usually these parameters are independent, and Terracini’s
lemma says that if the infinitesimal parameters are independent, the actual parameters are as
well.

In the special case (3b), since Y is a linear space, it is equal to its tangent space.

To understand (4), consider Figurewhere a point on a limit of secant lines lies on a tangent
line.

5.2. Ideals of cones. Define the primitive part of the ideal of a variety Z C PV as
Zorimda(Z) = Ty(2)/(Z4-1(Z) o V*). Here, if A C S and B C S°V, Ao B = {pq | p €
A,q € B}. Note that Z,.i, 4(Z) is only nonzero in the degrees that minimal generators of the
ideal of Z appear and that (lifted) bases of I 4(Z) for each such d furnish a set of generators
of the ideal of Z.

Proposition 5.2.1. Let X C PV be a variety and let L. C PV be a linear space.
(1) Then
Ta(X)NSYLt C Ty(J(X, L)) C Ty(X) N (L* o STV,
(2) A set of generators of Z(J(X, L)) may be taken from Z(X) N Sym(L").
(3) In particular, if Tj;(X) is empty, then Z;(J(X, L)) is empty and

T (X) NS = Tiy prinn (J(X, L)) = Tpsr (J(X, L)),
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(a) | (b)

FIGURE 8. (a) is graph of 22° — 23 + 2%y + 2y — y® = 0 and (b) is the graph
with the tangent cone at the origin.

Proposition says that we only need to look for polynomials in the variables of L+ when
looking for equations of J(X, L).

Proof. For the first assertion, P € Zy(J(X, L)) if and only if Py 4_x(z,¢) = 0 for all [z] € X,
[(] € L and 0 < k < d where P4 € S¥V*®S97%V* is a polarization of P (in coordinates,
Py 41 is the coefficient of tk in the expansion of P(tx + y) in t, where z,y are independent sets
of variables and ¢ is a single variable, see [12, §7.5] for more details). Now P € S?Lt implies
all the terms vanish identically except for the k = d term. But P € Z4(X) implies that term
vanishes as well. The second inclusion of the first assertion is Proposition .

For the second assertion, we can build L up by points as J(X, (L', L")) = J(J(X, L"), L"), so
assume dim L = 0. Let P € Zy(J(X,L)). Choose a (one-dimensional) complement W* to L+
in V*. Write P = Z;-lzl qjud_j where ¢; € SiL+ and w € W*. Then

i
(5.2.2) Pia (@ 077) =3 (@) ei-e (@ 07 ()i (@ 0T

=0 t=0
(5.23) =3 ul@) () (2 1)

=0
Consider the case j = 1, then (5.2.3)) reduces to ¢; (z)u?"'(¢) = 0 which implies ¢; € Z;(X)NL*.
Now consider the case j = 2, since ¢i(x) = 0, it reduces to ga(x)u?"2(¢), so we conclude
g2(7) € To(X) N S2L+. Continuing, we see each ¢; € Z;(X) N S/L+ c Z(J(X,L)) and the
result follows. 4

5.3. Degrees of cones. For a projective variety Z C PV and z € Z, let TC.Z C V denote
the affine tangent cone to Z at z and TC,Z = PTC.Z C PV the (embedded) tangent cone.
Set-theoretically 7'C.Z is the union of all points on all lines of the form limy_,0(z, z(t)) where
z(t) C Z is a curve with [2(0)] = z. If Z is irreducible, then dim T'C,Z = dim Z.

To gain some intuition regarding tangent cones, we compute the tangent cone to 2z° —w?z3 +
w?a?y + wlry? — w?y? =0 at [(w,z,y)] = [(1,0,0)].

Figure [8|depicts this curve in the affine space w = 1. The line {z+y = 0} has multiplicity one
in the tangent cone, and the line {x — y = 0} has multiplicity two because two of the branches
of the curve that go through the origin are tangent to it. We will need to keep track of these
multiplicities in order to compute the degree of the tangent cone as a subscheme of the Zariski
tangent space. That is, we need to keep track of its ideal, not just its zero set. To this end, let
m denote the maximal ideal in Oz . of germs of regular functions on Z at z vanishing at z, so
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the Zariski tangent space is T,Z = (m/m?)*. Then the (abstract) tangent cone is the subscheme
of T, Z whose coordinate ring is the graded ring EB;?‘;Omj /mitL

To compute the ideal of the tangent cone in practice, one takes a set of generators for the
ideal of Z and local coordinates (w,y®) such that z = [(1,0)], and writes, for each generator
PeZI(Z), P=(w—1)Q(y) + O((w — 1)T1). The generators for the ideal of the tangent cone
are the lowest degree homogeneous components of the corresponding Q(y). See either of [9, Ch.
20] or [20, Ch. 5] for details. The multiplicity of Z at z is defined to be mult,Z = deg(TC,Z).

In our example, (y!,4%) = (z,y) and we take coordinates with origin at [(1,0,0)] so let
W = w — 1 to have the expansion P = —w?(z + y)(z — y)? — 20(z + y)(z — y)* — (z + y)(z —
y)? + 22° = @°[—(z + y)(z — y)? + 22°] + O(@) and the ideal of the tangent cone is generated
by (z+y)(x —y)%. So in Figure 8| the multiplicity at the origin is three. We will slightly abuse
notation writing T'C,Z for both the abstract and embedded tangent cone. While TC,Z may
have many components with multiplicities, it is equi-dimensional, see [21] p162].

Proposition 5.3.1. Let X C PV be a variety and let x € X. Assume that J(X,z) # X. Let
pz : PV\z — P(V/%) denote the projection map and let m := py|x\,. Then

deg(J(X,x)) = delgw[deg(X) — deg(TC,X)].

To gain intuition for Proposition [5.3.1] assume 7 has degree one, which it will in our situation
and let PW C PV be a general linear space of complementary dimension to J(X,x), so it
intersects J(X,x) in deg(J(X,z)) points, each of multiplicity one. Now consider the linear
space spanned by PW and z. It intersects X in deg(J(X,x)) + 1 points ignoring multiplicity
but it may intersect x with multiplicity greater than one. The degree of X is the number of
points of intersection counted with multiplicity, so the degree of J(X, x) is the degree of X minus
the multiplicity of the intersection at . If z € X is a smooth point, the multiplicity will be one,
in general the multiplicity will equal the degree of the tangent cone, which can be visualized by
considering a horizontal line through the curve in Fig. (zab)7 and moving the line upwards just
a little. The three physical points of intersection become five on the moved line. Here is the
formal proof:

Proof. By [20, Thm. 5.11],

deg(m(X\z)) =

deg(X) — deg(TC,X)].
o 7 deB(X) — deg(1C, )
Now let H C PV be a hyperplane not containing = that intersects J(X, z) transversely. Then

m(X\z) C P(V/2) is isomorphic to J(X, z)NH C H. In particular their degrees are the same. [

Note that the only way to have deg(w) > 1 is for every secant line through x to be at least a
trisecant line.

Proposition 5.3.2. Let X C PV be a variety, let L C PV be a linear space, and let x € X.
Then we have the inclusion of schemes
(5.3.3) J(TC.X,L) C TC,J(X, L)

where L C T,PV is the image of L in the projectivized Zariski tangent space, and both are
sub-schemes of T, PV .

Proof. Write x = [v]. For any variety Y C PV, generators for TC,Y can be obtained from gen-
erators Q1,...,Qs of Z(Y), see e.g., [9, Chap. 20]. The generators are Qq(v/1,-),..., Qs(v’,")
where f; is the largest nonnegative integer (which is at most deg@; — 1 since x € Y) such that
Q;(vfi,-) # 0. Here, if deg(Q;) = dj, then strictly speaking Q;(v/,-) € SL=iT}Y, but we may



COMPLEXITY OF LINEAR CIRCUITS AND GEOMETRY 25

consider T, Y C T,PV and may ignore the additional linear equations that arise as they don’t
effect the proof.

Generators of J(X,L) can be obtained from elements of Z(X) N Sym(L‘).  Let
Pi,...,P, € I(X) N Sym(L*) be such a set of generators. Then, choosing the f; as above,
Pi(v11,2), ..., Py(vfs, ) generate Z(TC,(J (X, L))).

Note that Pi(v/1,-),..., P,(vfs,) € Z(TCLX) N Sym(L*), so they are in Z(J(TC,X, L)).
Thus Z(TC,(J(X, L)) C Z(J(TC,X, L)). O

Remark 5.3.4. The inclusion may be strict. For example J(T'Clq, gp1107, [a1 @ b2))) #
TC, 51 (0r, [ar ®b?]), where a;®b is the matrix having 1 at the entry (4, j) and 0 elsewhere. To
see this, first note that [a1®b?] C T'Cly, @107, 50 as a set J(T'Cly, gp1)07, [a1®@%])) = TCly, 1107,
in particular it is of dimension one less than J(o,, [a; ® b%]) which has the same dimension as
its tangent cone at any point.

Proposition [5.3.2] implies:

Corollary 5.3.5. Let X C PV be a variety, let L C PV be a linear space, and let v € X.
Assume TC,J(X, L) is reduced, irreducible, and dim J(T'C, X, L) = dim TC,J(X, L). Then we
have the equality of schemes

J(TC,X,L)=TCI(X,L).

5.4. Degrees of the varieties J(o,, L°).

Lemma 5.4.1. Let S be such that no entries of S lie in a same column or row, and let x € S.
Assume s < (n—r)2, and let $' = S\z. Let 7 : J(o, L) -=» P"*~2 denote the projection from
[a ® b], where a ® b is the matrix having 1 at the entry x and 0 elsewhere. Then deg(m) = 1.

Proof. We need to show a general line through [a ® b] that intersects J(o,., LS"), intersects it in
a unique point. Without loss of generality, take S to be the first s diagonal entries and z = z1.
It will be sufficient to show that there exist A € 6, and M € L5 such that are no elements
B € 6,, F € L such that u(A + M) +va; ® b = B + F for some u,v # 0 other than when
[B] = [A]. Assume A has no entries in the first row or column, so, moving F to the other side
of the equation, in order that the corresponding B has rank at most r, there must be a matrix
D with entries in S’, such that A + D with the first row and column removed has rank at most
r—1.

If r < [3] — 1, take A to be the matrix > 7, ajz 1145 @ b1 Then the determinant of a
size r submatrix in the lower left quadrant of A is always 1.

IE[2]-1<r<n-2 take A= Y02 apn 1y, @64 4 0 21 g @bl3 14, Then the
size r minor consisting of columns {2,3,...,7+1} and rows {[§] +2,[5|+3,...,1,2,3,...,7—
[%] + 2} is such that its determinant is also always 41, independent of choice of D. O

Let A = C™ with basis aq,...,a,, and let A’ = (as,...,a,), and similarly for B = C". Let
x = [z}]. Tt is a standard fact (see, e.g. [9, p 257]), that

TC,o.(Seg(PA x PB)) = J(PT,01(Seg(PA x PB)),0,_1(Seg(PA’ x PB'))),
so by Proposition [5.3.2
TC,(I(o,(Seg(PA x PB)), L)) D J(PTpo1(Seg(PA x PB)),J(o,_1(Seg(PA’ x PB'), L%)).

Since PT,01(Seg(PA x PB)) is a linear space and J(o,_1(Seg(PA’ x PB'), L) lies in a linear
space disjoint from it,

deg J(PT,01(Seg(PA x PB)), J(co,_1(Seg(PA' x PB'), L%")) = deg I (0r—1(Seg(PA’ x PB'), L)
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because if L is a linear space and Y any variety and LNY = (), then deg J(Y, L) = degY’.
Thus if
(5.4.2) dim(TC, (I (0,(Seg(PA x PB)), L)) = dim J(T'Cpo,(Seg(PA x PB)), L"),
we obtain
(5.4.3) deg TC,(I(0,(Seg(PA x PB)), L)) > deg J(o,—1(Seg(PA’ x PB'), LY.
Recall the notation d(n,r,s) := deg J(o,, L°) where L® is general with |S| = s. In particular
d(n,r,0) = deg(a,(Seg(P"~1 x P~1)).

Proposition 5.4.4. Let S be such that no two elements of S lie in the same row or column.
Then

S
(545) dn,r,s < dn,T,O - Z dn—l,r—l,s—j
j=1
Proof. In this situation the equality (5.4.2]) holds, and Lemma says the degree of 7 in
Proposition equals one, so apply it and equation (5.4.3)) iteratively to obtain the inequalities
dn,r,t < dn,r,tfl - dnfl,rfl,tfl- U

As mentioned in the introduction, P. Aluffi [I] proved that equality holds in (5.4.5). This has
the following consequence, which was stated as a conjecture in an earlier version of this paper:

Proposition 5.4.6. Let S be such that no two elements of S lie in the same row or column and
let x € S. Then )
TCJ(0y, L°) = J(TCho,, LY.
In particular T7C,J(o,, L°) is reduced and irreducible.

Theorem 5.4.7. Each irreducible component of R[n,n — k, s] has degree at most

(5.4.8) Z <;> (=1)"dr—mn—m,o0

m=0
with equality holding if no two elements of S lie in the same row or column, e.g., if the elements
of S appear on the diagonal.
Moreover, if we set 7 = n — k and s = k? — u and consider the degree D(n, k,u) as a function
of n,k,u, then, fixing k,u and considering Dy, ,,(n) = D(n, k,u) as a function of n, it is of the
form

B(k)?
= (k2)!
where p(n) = % — Z?j:i‘)!n“_l + O(n*~2) is a polynomial of degree u.

For example:
(k*)\B(k)? 1

D,k 1) = =g (= (K = 1),
C)BE? 1, 1 134 11
D(n, k,2) = W(iﬁ = 5 (K =20+ S(Tk! = ok +2).
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Proof. Apply induction on all terms of . We get
dpys = dpgs—1 — dn—1r-1,5-1
= (dnyrs—2—dn-1r-15-2) = (dn-1,r-15-2 —dn—2,-252)
=dprs—3—3dn-1r-1,5-3+3dp—2,-2s-3+dpn_3,-3 53

J4
14
- E (_1>m <m>dnm,rm,s£a
m=0

for any ¢ < s, in particular, for £ = s.
To see the second assertion, note that

> () 1atm =0

m=0

where g(m) is any polynomial of degree less than s and

m=0
ZS: ° (—1)™mst = s—1 (—1)%.
= \m 2
(See, e.g. [25], §1.4], where the relevant function is called S(n, k).)

Consider

)3 @) (~1)"dr om0

m=0

B ° /s W B(k)?B(n—m+k)B(n —m — k)
B n;) <m> (=1) B(2k)B(n — m)?

B(k)?2 & S mBn—m+k)B(n—m—k
- o 3 (3o B bl n
2 s s
- ggll) z:o <m> (=)™ (n—m) Tt —m+ k=) (n—m —k+1)*
Write (n —m)* [[F= (n—m+k—t){(n—m—k+1) = 5, Chnym?, then all values of j less than

2
k“—u_ Now

s = k* — u contribute zero to the sum, the j = s case gives ¢y, 12, (k% — u)!(—1)
consider the highest power of nin ¢y, , p2_,,- Zj ck7n7]~mj is a product of k‘+2(§) = k? linear forms,
if we use k2 —u~+t of them for the m, there will be u—t to which n can contribute, so the only term
with n can come from the case t = 0, in which case the coefficient of n¥m** =" is (—1)F*~u (’jj)
Putting it all together, we obtain the coefficient. The next highest power, n a priort could
appear in two terms: ¢y ,, x2_,,, but there the coefficient is (lf)[ Fle—t)+3X - (—k+t)] =0,
and ¢y, ,, p2_y41, Where the total contribution is

2 2 2 2
k k¥ —u+1 (k2 — )l = k2 k —u
u—1 2 (u—1)! 2

u—1
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