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INTRODUCTION

The main goal of this paper is to state and prove the De Rham Theorem in two different
ways. We will work exclusively in the realm of smooth manifolds, and we will discuss various
different ways of associating cohomology groups to a smooth manifold. Of primary concern
for us will be the language of differential forms. At this point, we wish to give the reader
some geometric intuition for the De Rham Theorem, since the treatment in the paper will
be largely technical.

In the discussion that follows, we will consider the question of when a planar vector
field on R? is a gradient vector field. That is, we wish to decide when, for a vector field
ﬁ(x,y) = P(z,y)i + Q(z,y)j defined on a region D C R?, there exists a function f(z,v)
on D such that
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If this happens, we will say that F is ezact. We see that by the equality of mixed partial
derivatives that if F = Pg + @7 is exact, then

oP  0Q

oy  Or
In general, we say that if this condition is satisfied, then the vector field is closed. We wish
to know if a closed vector field is exact. It turns out that if we have a closed vector field F

on a convex subset D C R?, then the vector field is exact on D. Also, in this case, we have
that

/ﬁ-ddr:/Pdm‘—i—Qdy:O, r=xt+yj,
C C

for any closed path C'in D. Now, consider the vector field F (z,y) given by

- _ -y . T
F(x’y)_xz—i—y?z—i_m@—i—y

With this definition, it is easily checked that, on R? — (0,0)
oP _0Q _ y'-o
oy  O0r (22 +y?)?’

so that F is closed. However, it can be shown that F is not exact. Furthermore, if we let
S1 denote the unit circle, then we have

/ Fdr = 21
Sl

The difference between these two cases is that in the first case we had a convex subset,
and in the other case we have the set R? — (0,0). We see that this particular vector field is
not a gradient because it has strange behavior near zero. We'd like to say the problem is
that (0,0) is missing from the space, or that it is in some sense a “hole” in our space. Of
course, there are a priori many different ways to define holes as subsets of R2.

One way is to look at integrals over closed paths of closed vector fields. If we happen to
find a closed vector field with integral not equal to 0 over a closed path, then we can say
that this path surrounds a hole in our space. Similarly, we could say that if we have a closed
path which we cannot homotopically shrink to a point, then we say this path surrounds a
hole. There are of course other possible definitions.

Intuitively, in more abstract settings, the various different ways of defining holes in a
space are described by the various definitions of the cohomology of a manifold, and the De
Rham theorem says that all of these methods of measuring holes are the same. In effect,
the De Rham theorem tells us that it does not matter how we compute how many holes
there are in our manifold, we will always get the same answer.

To prove this striking theorem, we will first discuss in great detail the language of dif-
ferential forms, stating many important theorems, defining the De Rham cohomology, and
proving the Poincaré Lemma.

In section 2 we will discuss the notion of simplicial complexes, and will develop the theory
of simplicial homology and cohomology, defining many key concepts that will be used in
the proof of the De Rham Theorem.

In section 3, we will define the notion of a smoothly triangulated manifold, and we will
also define a period map which will go from differential forms on M to simplicial cochains
on the triangulation of M. Finally, we will prove that this map is an isomorphism in
cohomology, which is the first proof of the De Rham Theorem.

5J
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In section 4, we will develop the notion of singular homology and cohomology, and we
will discuss the generalized Mayer-Vietoris exact sequence, proving its exactness.

Finally, in section 5, we will build up the notion of double complexes, which we will
then use to define another period map which goes from differential forms on M to singular
cochains on M. We will then prove that this map induces isomorphisms in cohomology,
which will be the second proof of the De Rham theorem.

We offer two proofs of the De Rham theorem in this paper because the two proofs
represent two widely different views of the subject. The first proof is given in a very
classical setting, and represents the classical point of view, whereas the second proof uses
very modern machinery and represents a more modern point of view. Both of these points
of view have merit, and so we demonstrate them both.

At this point, I would like to thank all the people who made this thesis possible. I would
like to thank all the faculty of the University for their help in building up my mathematical
career and teaching me all that I know about math. Most of all, I would like to thank my
advisor, Professor Liviu Nicolaescu, without whom none of this would have been possible.
He has been there since the beginning of this project, helping me put together the paper
you see here.

1. THE BASICS

1.1. The calculus of differential forms. We want survey without proofs the basic facts
concerning the calculus of differential forms on a smooth manifold. For details we refer to
K
For any smooth manifold M we denote by Vect(M) the vector space of smooth vector
fields on M, and by QF(M) the vector space of differential forms of degree k, i.e., maps
w: Vect(M) x - -+ x Vect(M) — C*°(M),

-/

k
such that, for every Xy,..., Xx € Vect(M), fi,..., fr € C°(M) and any permutation o of
{1,...,k} we have
w(Xo(l), o 7Xa(k) ) = 6(0’)w(X1, v ,Xk),
w(fiXy, o foXe) = (fie fo)w(Xas .o, X)),
where €(0) € {£1} denotes the signature of the permutation o. By definition, Q°(M) is the

space C*°(M) of smooth real valued functions on M.
We form the graded vector space

dim M
(M) = @ (M),
k=0

We say that w € Q*(M) is homogeneous if it belongs to one of the summands QF(M). For
a homogeneous element w we denote by |w| its degree. A linear map
L:Q%M)— Q*(M)
is called homogeneous of degree ¢ if it maps any homogeneous form w to a homogeneous
form Lw and
[Lw| = |w| +q.
The space Q°*(M) is an associative R-algebra with respect to the wedge or exterior product

A QU (M) x Q*(M) — Q*(M).
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The product of any two homogeneous forms w, 1 is a homogeneous form w A 1 and
wAn| = |wl+ 0], wAng= (=D AwW.
n n n n

A differential form of degree k can also be interpreted as a smooth section of the vector
bundle A*T* M, the k-th exterior power of the cotangent bundle 7% M,

w:M — A*T*M, M3z— w, € A*T*M.
The support of w is defined as the closed set
supp w := closure {:E eM; w, #0€ AT M }

We denote by Q]g(M ) the space of smooth differential forms of degree k with compact
support.
The exterior derivative on M is the homogeneous linear operator

d: Q% (M) — Q*(M)
of degree 1 uniquely determined by the following conditions.
For every pair of homogeneous forms w,n we have
d(w An) = (dw) An+ (=1)¥lw A (dn). (P-)
d?=0. (1.1)
Vf e C®(M)=Q°M), df is the differential of f.
Any vector field X € Vect(M) determines a homogeneous linear operator of degree —1
ix : Q* (M) — Q*(M)
called the contraction with X and defined by
ixw(Xo, ..., Xp) =w(X, Xo,..., Xp), Ywe Q¥(M), Xy,..., X € Vect(M).

The operator ix satisfies the odd product rule (P_ ).
The Lie derivative along a vector field X € Vect(M) is the homogeneous linear operator
of degree 0
Lx :Q%(M) — Q*(M)
uniquely determined by the following conditions.

Vw,n e Q*(M), Lx(wAn)=(Lxw)An+wA (Lxw), (Py)
VfeC®(M), Lxf=df(X), (1.2)
Va € Q'(M), Y € Vect(M), (Lxa)(Y)=Lx(a(Y)) - a([X,Y]), (1.3)

where [X, Y] denotes the Lie bracket of the vector fields X,Y.

Example 1.1. Suppose that z',... 2", n = dim M, are local coordinates on an open

subset U C M. For every ordered multi-index
I:(i1<---<’ik), 1§ij<n

we ' '
da! == da™ A - A da € QF(U).
Any w € QF(U) is a linear combination

w = E wrdz!,

|I|=k
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where wy € C*°(U), and the summation is carried over all ordered multi-indices I such that
|I| = k. Moreover

dw = Z(dw;) Adat. 0
I

Proposition 1.2. For any X,Y € Vect(M), and any w € Q*(M) we have the following
commutation formulae

(Lxd —dLx)w = 0. (1.4a)

(LxLy — LyLx )w) = Lixyw, (ixiy +iyix)w =0. (1.4b)

(Lxiy —iyLx)w = ix y|w- (1.4¢)

Lxyw = (ixd+ dix)w. (1.4d)

The equality (1.4d) is known as Cartan’s homotopy formula. O

Any smooth map F' : M — N induces a homogeneous linear operator of degree 0
F*:Q*(N) — Q*(M)
called the pullback by F' and defined by
Frwz(vy, ... vg) = wF(l,)(F*(Ul), L Fu(vp)), Yo e M, vi,... v € TyM,
where Fy : Ty M — Tp,;)N denotes the differential of F.
Example 1.3. Suppose F' : R™ — R" is a smooth map. We denote by (2?) the coordinates

in R™ and by (u/) the coordinates in R™. Then the map F can be interpreted as a collection
of functions

W=l (zt, .. 2™), 1<) <n.
A differential form w of degree k on the target space R™ has the form
w = Z Wiy, (Ul, ceey un)dujl ARERA dujkv Wiy ...y, € COO(Rn)

1<j1 < <gkg<n

Then F*w is the differential form obtained from the above expression by thinking of the
qunatities v/ as function of z* so that

A LIPS
dul =3 aZi dzt € QL(R™)
=1

and ' ‘
Wi e eyt o) = wjy e ( .. ,uj(ajl, oz, ) e C*(R™). 0

Proposition 1.4. The pullback is a morphism of R-algebras which commutes with the
exterior derivatives commute with pullbacks. More precisely, for any smooth map F : M —
N, and any w,n € Q*(N) we have
(F*(wAn) = (Fw) A (F'n), dyF*w = F"dyw.
Moreover,
and if G : N — P is another smooth map, then
(GoF)*=F*oG". 0
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Recall that an orientation on a finite dimensional vector space V is an equivalence class
of ordered bases of V' where two bases e := (€;)1<i<dimv and f := (f;)1<j<dimv are called
equivalent if the transition matrix T o = (T;)lgi,jgdimv defined by

f] = Z,—T;e% VJ,
[

has positive determinant. We denote by Oryec(V') the set of orientations of V. For any
orientation or € Or(V) we denote by —or the opposite orientation, i.e.,

Or(V) ={or,—or}.

For any basis e we denote by [e] € Or(V') the orientation its determines.

A smooth manifold M is called orientable if it admits a volume form, i.e., a nowhere van-
ishing top degree form w € Q4™ M (M), Two volume forms wy and w; are called equivalent
if there exists f € C°°(M) such that

w1 = €fo.)().

An equivalence class of volume forms is called an orientation on M, and the set of orien-
tations is denoted by Or(M). For any volume form w we denote by or, the orientation
defined by w. For any orientation or on M we define the opposite orientation —or so that

or = or, < —or = or_,,.

If M is an orientable n-dimensional manifold, then or every point p € M we have a natural
map &, : Or(M) — Oryect(Tp(M)) defined as follows. If or € Or(M) is defined by a volume
form w, then 7,07 is described by an ordered basis {ey,...,e,} of T,M such that

wpler,...,ey) > 0.

The map i, is surjective, and if M is connected, then %, is in fact a bijection.
If M and and N are smooth manifolds then any diffeomorphism F' : M — N induces a
bijection F* : Or(N) — Or(M), where for every volume form w on N we have

F*[or,] = [or ).

If F': My — M, is a diffeomorphism, and or; is an orientation on M;, ¢ = 0,1, then F is
called orientation preserving if
F*ory = ory.

Example 1.5. (a) A vector space V can also be regarded as a smooth manifold. As such,
it is orientable, and the map

io . OI‘(V) — Orvect(V)
is a bijection. For this reason, in the sequel we will freely identify Oryect(V') with Or(V).

The Euclidean vector space R™. It has a canonical orientation given by the canonical
basis

1
9;
1 i—i
0 i#j

ej = 5; , 1<j<n, 5;:2{

L 97

We say that this is the canonical orientation on R™ and we will denote it by orgn.
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We can regard R™ as a smooth manifold. If we denote by (z!,...,2") the Cartesian
coordinates determined by the canonical basis, then
dVy :=dz' A--- A da" € QV(R")

is a volume form defining the canonical orientation.
(b) The unit sphere

n

S™ = {(;EO, ...,z e R Z(ZL‘Z)2 = 1}

i=0
is an orientable manifold. Consider the point pg = (1,0,...,0) € S™. To specify an
orientation on S™ its suffices to specify an orientation on

TpS™ = {(xo, oz eRML 20 =0 }
The canonical orientation of S™ is defined by orienting 7},,5™ using the ordered basis
e1(0,1,0,...,0),...,e,(0,0,...,0,1).

We will denote by orgr the canonical orientation of S™. O

Theorem 1.6 (Existence of integral). Let n be a positive integer. To any smooth manifold
M of dimension n, and any orientation or on M we can associate a linear map

/ LOMM) S R, OP(M) 5w o,
[M,or] [M,or]

uniquely defined by the following conditions.

(a)
/[M,or} B /[M,or] ‘

(b) For any diffeomorphism F : My — Mji, and any ory € Or(My) we have

/ F*w:/ w, Yw e Qp(Mp).
[Mo,F*or1] [M1,071]

(c) For any orientable smooth manifold M, any or € Orys, and any open subset U C M

we have
/ w|U:/ w, Yw e Qr (M), suppw C U.
[U,or|y] [M,or]

(d) For any compactly supported smooth function f : R™ — R we have

/ fdzt A - Ada™ = fdz'---dz" . O
[R™,0rgn] Rn

Riemann integral

Recall that a n-dimensional manifold with boundary is a topological space M such that
there exists a smooth n-dimensional manifold M and a smooth function f : M — R with
the following properties

0eint f(M), M={peM; f(p)<0},
df(p) =0= f(p) #0,

The interior of a manifold with boundary is the set
= {p e M; flp) < O}
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and its boundary is the set
oM :={pe M; f(p) =0}.

Both M and &M are smooth manifolds, and they are independent of the choice of M and
f-

The manifold with boundary M is called orientable if we can choose M to be orientable.
Any orientation or on M induces an orientation dor on M as uniquely characterized by
the outer-normal-first condition

Vp € OM the frame ey, ..., e,—1 of T,0M is positively oriented with respect to dor if and
only if there exists ey € TpM such that df (ep) > 0 and the ordered frame { eg,eq,...,€,-1}
of TpM is positively oriented with respect to or. (The condition df (eg) indicates that the
vector eg points towards the exterior of M.)

Example 1.7. The closed unit ball
B ={(2% ... 2") e R*"; Z(xZ)Q <1}

i
is an orientable manifold with boundary 9b"*! = S™. The canonical orientation of R"t!
induces an orientation or,1 on B" and dor, 1 = S". O

Theorem 1.8 (Stokes formula). Suppose M is an n-dimensional orientable manifold with
boundary defined by a pair (M, f). Then for every orientation or on M and for every

w € Q"1 (M) we have
/ dw :/ w. a
[MO9,or] [0M,Bor]

1.2. Elementary homological algebra. We introduce the notion of a (co)chain complex.
Recall that a graded real vector space is a real vector space equipped with a direct sum

decomposition
Ve .= @ vn.
nez

If V* is a graded vector space, then a homogeneous element of V* is an element v which
belongs to one of the summands V™. In this case we say that n is the degree of v and we
write |v| := n.

A linear map between two graded vector spaces L : U®* — V* is called homogeneous of
degree k if

VneZ, uwelU” = Luec V"F.

If V* is a graded vector space, then for every k € Z we defined its translate V*[k] to be the
graded vector space

VKl = @PVIE", VK" :=V"HE
A chain (respectively cochain) complex is a pair (A®, d) where A® is a graded vector space
and d : A* — A°® is a linear homogeneous map of degree —1 (respectively 1) such that

d?> = 0. For simplicity, in the sequel we will concentrate exclusively on cochain complexes.
Often one thinks of a cochain complex as a sequence of linear maps

dp—
o ATl gn gl

so that d,, od,,—1 =0,Vn € Z

*
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The cohomology of a cochain complex (A®,d) is the graded vector space H®*(A) =
H*(A®,d) where
ker di
imd;_q
It is convenient to rephrase the last definition in the language of cocycles. A cocycle of
degree n of (A®,d) is a degree n element a such that da = 0, i.e., a € kerd,,. Two cocycles
a',a" € A™ are called cohomologous if a’ — a” is a coboundary, i.e., there exists z € A"™!
such that

Hi(A) =

, VieZ

a —ad' =dax.
Thus, we can identify H"(A) with the set of cohomology classes of cocycles of degree n.
A morphism between the cochain complexes (A®,d4), (B®,dp) is a homogeneous linear
map of degree zero
f:A*— B*
such that, for every n € Z the diagram below is commutative

A" L Bn+1

L L (1.5)

BTL Bn+1

dp
Note that a chain morphism maps cocycles to cocycles and coboundaries to coboundaries
so that we deduce the following result.

Proposition 1.9. Any cochain morphism f : (A®,da) — (B®,dp) induces a linear map
H(f): H*(A) — H*(B) which is homogeneous of degree zero. Moreover
H(1ae) = 1pa),
and if g : (B®,dg) — (C*,d¢) is another is a cochain morphism, then
H(go f)=H(g) o H(f). O

Two cochain morphisms fy, f1 : (A®,da) — (B®,dp) are called homotopic if there exists
a cochain homotopy between them, i.e., a homogeneous linear map of degree —1

K:A*— B*
such that
f1— fo=Kds+dpK.
Proposition 1.10. If fo, f1 : (A*d4) — B®,dp) are two homotopic cochain morphisms
then
H(fo) = H(f1).
Proof. Suppose ag,a; € A® are two cohomologous cocycles, ie.e., dag = da; = 0 and there

exists x € A® such that dax = a1 — ayg.
Then

filar) = fo(a1) = dpKay
and

fola1) — fo(ao) = fo(a1 — ao) = dp fo(x)
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so that
fi(a1) = fo(ao) = dp((Ka1 + fo(x)).
The last equality shows that if ag and a; are cohomologous, then so are fy(ag) and fi(aq).
O

1.3. The DeRham complexes. To any smooth manifold M we can now associate in a
canonical fashion a cochain complex

0— QM) -5 o' () - LS ar () — 0. (DR)
We note that this is indeed a cochain complex because d? = 0. It is called the De Rham
complex.

Definition 1.11. Let w be a degree r differential form on M. The form w on M is called
closed if dw = 0. It is called ezact if there exists n € Q"~1(M) such that dn = w. O

We set d" := d|qr, Vr. We see that the space of closed r-forms coincides with the kernel
of d”, while the space of exact r-forms coincides with the image of d"~!. The cohomology
of the De Rham complex is called the De Rham cohomology of M and it is denoted by

H*(M).
The De Rham complex with compact supports is the complex
0— QM) -L i) L . —Lar (M) — o. (DR.)

We denote by H2(M) the cohomology of this complex and we will refer to it as the De
Rham cohomology of M with compact supports.

Example 1.12 (The De Rham cohomologies of R). We first compute H*(R). Clearly,
H¥(R) = 0 if k > 2. From the definitions, we have that H°(R) = ker d’. Note that
f ekerd’ — df =0 <= fis a constant function.
Therefore
H°(R) = {constant functions on R} = R.

We now compute H!(R). Clearly, kerd; = Q'(R). Let w = g(z)dz be a 1-form. Define a
function f € Q°(M) by:

Then

df = f'(z)dz = g(z)dzx = w,
by the Fundamental Theorem of Calculus. This shows im d® = Q!(R). Therefore, H!(R) =
0. Thus, we conclude H*(R) = R if £ = 0 and it is 0 otherwise. In particular,

R, k=
HER) =% K=0
0, k>0

We now compute H?(R). The above argument shows that H?(R) is equal to the constant
functions with compact support, and therefore,

HO(R) = 0.

To compute H}(R) we consider the period map,

/:Q}:(R)HR, w»—>/w.
R R



TWO PROOFS OF THE DE RHAM THEOREM 11

Clearly, this map is surjective. We then conclude that
kerd; QL(R)

= =~ R.
ker fR ker fR

We will prove that
ker/ =im (dp : Q2(R) — Q(R)),
R
and thus conclude that H!(R) = R

Assume w € im (dp : QY(R) — Q(R) ). Then there exists an f € Q(R) so w = df. Since
w and f have compact supports, we can assume supp(w) C [a,b], and f(a) = f(b) = 0. We

then have
i, [, _
/Rw—/Rdxdx—/a dxdx—f(a)—f(b)—().

im (do : Q2(R) — Q}(R)) C ker/ .
R
Conversely, let w = g(z)dz € ker([). We will prove show that there exists f € Q2(R) so
df = w. We define f by

Therefore

By the Fundamental Theorem of Calculus, df = g. Also, let supp(g) C [a,b]. Then we
have, for = < a,

f@ = [ gtupdu=o
since g(u) is zero on the interval (—oo,z). Also, if z > a, we have
f@) = [ stwin= [ gtuau=o.

since w € ker( [). Therefore, by the above, we get H}(R) = R and we conclude

R u

Proposition 1.4 implies that for any smooth map F' : M — N the pullback F* : Q*(N) —
*(M) is a cochain morphism. In particular, it induces a morphism. Therefore, by Propo-
sition [1.9, we have an induced map in cohomology

H(F*): H*(N) — H*(M),
which, for simplicity, we will continue to denote by F™.

Corollary 1.13. If M and N are diffeomorphic smooth manifolds then their De Rham
groups H*(M) and H®*(N) are isomorphic.

Proof. Let f: M — N and g : N — M be diffeomorphisms which are inverse to each other.
Then we have

FoOHS(N) — HY(M), ¢ : H'(N) — H*(N).
By above,
lgeny = (fog) =g o f" Loy =(go f) = f"og"
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Therefore, f* and g* are both isomorphisms, so that

H*(M) = H*(N).

1.4. The Poincaré lemma. To any smooth manifold M we associate the cylinder
M :=0,1] x M.

In particular, note that for all n € QF ( M ), we have a decomposition
n=dt Ano+mn,

where 1y = 9;_m is the contraction of 1 by dt. We can view 19 as a t-dependent (k — 1)-form
on M. We define an operator K : Q%( M )— QF~1(M) by the following:

K(n) = / no(t)dt.

More precisely, we can view this as saying that K (n) is the form such that

1
Kn)s = [ mla.ty.
0
We now have the following proposition.

Proposition 1.14. If we denote by i the inclusion M — [0,1] x M so that i;(z) = (¢, x),
then we have, for all n € QF(M)

i —ign = (dK + Ké)n

Proof. Clearly, the above equation is linear in 7, therefore, by using partitions of unity, we
can reduce to the case when supp(n) C [0,1] x U, where U is a coordinate neighborhood of
M. More specifically, let {U,}oca be a locally finite cover of M by coordinate charts, and
let {p} be a partition of unity subordinate to {U,}. From this, we can get a partition of
unity on M by extending each p, to be constant in the time variable. To prove our claim,
it now suffices to show
K(Z pal) = Z paK(n) = K(n).
acA acA

This can be seen easily using local finiteness. Clearly, we can break K(n) as >, K(n|v,)-
We therefore only need to check that if U is a coordinate chart and B € A = {a € A :

supp po C U},
K(Z pan) = Z paK ().
acB aceB

But this equality is obvious, since K is linear and the sum is finite. Therefore, we now
assume that supp(n) C [0,1] x U.

Fix z!,...,2™ coordinates on U. We know that any 5 with support on [0,1] x U is a
linear combination of forms of type I, which look like f(t,z)dt A dz! and forms of type II,
which look like g(x,t)dz”, where I is an index of size ¢ — 1 and J is of size ¢. Thus, the
proof reduces to checking the homotopy formula in the case where 7 is either one of these
two forms.
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We first check the case where 7 is of type I. Without loss of generality, we will say
n = f(t,z)dt Ndz' A ... Adz? 1. We conclude that in our earlier breakdown, 11 = 0 and
no = f(t,x)dz' A ... Ndxi™' = f(t,x)dx’. We therefore have:

1
4K (n) = d(( /0 £(t, 2)dt)da”)

m 1
Q(Z;I/O gx']; dt)da’ A da? + (f(1,2) = (0, 2))dt A da”

Also, we can easily compute

dn = (—1)1 Z gxz dt A dz! A da?
j=q

Taking K, we get

Lof

— dtdx’ A da?
0 8LUJ )

K(dn) = (—1)q(z
J=q

We can now clearly see that
(dK — Kd)(n) = f(1,2)dt Ada’ — f(0,2)dt A da’ = i5(n) —i5(n)

as required.

We now check the result for forms of type II. We can assume without loss of generality
that n = g(t,z)dz’ = g(t,z)dz' A...Adz?. Using our earlier breakdown, we see that 19 = 0
and 11 = g(t,z)dz’. Therefore, we have by definition of K that K(n) = 0. We have the

computation
m

dn = ggdt Adz? + ( Z 89 dx‘]da:j
Jj= q+1
We can then easily compute

/ %9 it nde” = g1, 2)da” — g(0,a)da” = i5(n) — i3 (n).
Therefore, since d(Kn) = 0, we have (Kd — dK)(n) = i*(n) — i%(n), as required. 0
We note that above implies that if we consider the maps i and 7] as maps of cohomology,
then they are equal. Using this, we can prove the following useful theorem.

Theorem 1.15. Homotopic maps induce identical maps in cohomology.

Proof. We recall that if f,g: M — N are homotopic, then there exists F': R x M — N so

that
) flx) t=1
ftz) = {g(az) t <0.

We can also say this by saying
f=Foi, g=Foi
where i; is defined as before in R x M. Therefore,

ff=1ijoF~, g" =1igo F*.
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But by the above argument, we know that if = ¢] at the level of cohomology. Therefore, at
the level of cohomology, f* = g*. O

Corollary 1.16. Two manifolds of the same homotopy type have isomorphic De Rham
cohomology
Proof. If two manifolds have the same homotopy type, we get maps

f:M—N, g:N—-M

so that f og and g o f are homotopic to the identity. Therefore, by the above theorem, we
have

goff=(fog) =1y =1geary, ffog"=(gof) =1y =1geum
Therefore, we have that the maps f* and ¢* are inverses of each other, as required. O

Finally, we can prove the Poincaré Lemma

Theorem 1.17. Let U C R™ be convex. Then

0 k£>1
Hk(U):{R k=0

Proof. Let n: R — [0,1] be a smooth map so that

n(t)={1 '

0 t<O0.
We then can define a map H : R x U — U by H(t,z) = n(t)z. Then H is smooth and

0 t<0
xr t>1.

H(t,z) = {

Therefore, we have that 1y is homotopic to the 0 map.

Now consider R?, the space of a single point. We can define maps i : R — U and
7 :U — RY by i(pt) = 0 and 7(z) = pt. Then we have 7 0i = Io and i o 7 = 0, which
is homotopic to the identity. Therefore, we have that U is homotopy equivalent to a point,
and therefore, by homotopy invariance, the desired result follows. O

The previous result implies that if we have U C R™ and 0 < k < n, then there is a map
L: Z¥U) — QF1(U) so that d o L = n for all n € Z*(U). We now seek to produce this
map explicitly. First, we define a map C': [0,1] x U — U as

H(s,x1,...,2y) = (sx1,...,5%y)

Now let 7 be a closed k-form. We know n = > ndx!. Let V be the vector field defined by
V=> 0,
We compute C*(n). We have

C*(n) = Z nr(sx)d(sz™) A ... Ad(sz™)
I

= Z nrstdz! + Z(m(sx)skilds(Vdel)
1 I
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where we have

k
Vada' =) (=1)da/ Ao ndati AL da
j=1
We can then say that
1
Ln= Z </ nI(sx)sk_lds> V adx?
7 0

We leave it to the reader to check that d o L(n) = n.

2. SIMPLICIAL COMPLEXES

2.1. Basic Concepts. First, we establish a notation. If S is any set, we define 2° as the
collection of subsets of S, and 2% as the collection of non-empty subsets of S.

A simplicial complex is a finite collection of non-empty finite sets K such that if T € K,
S CT,and S # (), then S € K. We define the vertex set of K, V(K) as

VK)= ]S

SeK
We will say that if v € V(K), v is a verter, and if S € K, S is a face of K

Example 2.1. For every set V, the collection 2Y is a simplicial complex called the standard
simplex with vertex set V. If V' = {vg,v1,v2}, we have

2) = {{vo}, {v1}, {va}, , {vo, va}, {v1,v2}, {vo, v1}, {vo, v1,v2}}
and clearly

viEeYy=v 0

Example 2.2 (The Nerve of a Cover). Any time we have a manifold M and an open cover
U = {Us}aca, we can associate a simplicial complex, called the nerve of U and denoted
N(U) as follows. The vertex set of N(U) is the set A, and we have the relation

p
{o1,...,ap} CAENU) & (\Ua, #0
i=1

Specifically, if M = I where I is a discrete set, we can consider the cover U = {U,};cs given

by
Ui=1T1\{i}.
In this case, we can see at once that
NU) = 2! 0
A morphism of simplicial complexes, Ky and K7, is a map
f:V(Ky) — V(Ky)
such that if S is a face of Ky, f(S) is a face of K;. That is to say
SeKy= f(S) e Ky

Example 2.3. Let K be a simplicial complex, and let V' = V(K). Then the natural
inclusion
K — 2V

is a morphism of simplicial complexes. O
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We now define RV to be the vector space of all functions from V to R. That is,
RV ={f:V -R}
We can find a basis of RV by defining the so-called Dirac functions d,, for all v € V:

wor={y 12

We see that the collection {4,} does indeed form a basis of RV. Indeed, if f € RY, we have
= Z f(u)dy
ucV

We note that if V' = {1,...,n}, then RV is just R and &y, ...,d, is the standard basis.
Let K be a simplicial complex with vertex set V(K) = V. Now, let S € K. We recall
S C V. Then we have

Ag:{fe]R{V:f:Ztsés, ty >0, Ztszl}
seS seS

This is called the closed simplex spanned by {Js}ses. We can similarly define the open
simplex

Ag={feR": fzzt5537 ts >0, Zts:l}
seS seS
We can also define Affg to be the smallest affine plane containing S:

Afg={feRY: f=> tds > te=1}
seS seS
We note dim Affg = |S| — 1. We now define the geometric realization of K, denoted by [K],
K== |J As= | As.
SeK SeK
Similarly, we define the m-skeleton of K, denoted by [K™] as
K™= ] Asg
SEK,|S|<m+1
We now describe the notion of a chain of subsets of K. A chain of subsets of K is a finite
collection {S;}7 ; such that S; € K for all 4, and S; C ;1. Using this, we can define the
barycentric subdivision of K as the simplicial complex K’ C 25 where K’ consists of all
chains of subsets of K.

We can define the so-called barycentric coordinate functions, b,, which are continuous
functions from [K] to R, as follows. Let v € V(K), and let = € [K]. We have

T = Ztv’(sv’a by 20, Ztv’zl
v'ev v'ev
We note that in the above expression, if v' ¢ S, then t,, = 0. Also, in the above expression

there is a t, corresponding to the vertex v, and we define b,(x) = t,,. We have the following
proposition.

Proposition 2.4. The barycentric coordinate functions b, have the following properties.
(1) by(z) > 0 for all v, and for all x € K]
(2) 2pev bu(z) =1
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(3) & =2 v bu(z)dy
(4) Fz € [K] so that by, (x) # 0 for all j = 1...k if and only if {v1,...,n} € K.

If v e V(K) is a vertex of K. We set
St(v) := U Ag

S3v
This is called the star of v. We can similarly define the star of any face of K as follows. If
S € K, then
se(S):= |J Ar

K>TDS

We have the following relation
St(S) = () St(v)
veS
We now develop the notion of an oriented simplex. As before, let K be a simplicial
complex with vertex set V(K) = V. We say an ordered simplex is a pair (S, <), where
S € K and < is a total order of S. If S = {vg,v1,...,v} and vg < v; < ... < v, then we
will say
(S, <) = [Uo, Vlyew- ,1)[]

We can define an equivalence relation, denoted ~, of the set of ordered simplices. We say
that (S1,<1) ~ (S2,<2) if S1 = Sy and if the identity map consists of an even number of
inversions as a map of ordered sets. Clearly, there are two equivalence classes, and we define
an oriented simplex 'S as a choice of equivalence class. We denote the other choice by Sop,
We also note that using this, we can get an orientation on Ag by choosing the orientation
of Affg given by the ordered basis 0y, — 0y, - - -, 0y, — 0y This will be denoted ZS

2.2. Simplicial Homology. We eventually wish to develop the theory of simplicial co-
homology, which we will then compare to the De Rham cohomology. To do this, we first
discuss simplicial homology. As discussed in the beginning of the paper, in order to get
homology, we first must produce a chain complex. To this end, we introduce the groups
C1(K) for any oriented simplicial complex K. Specifically, we will say that the group Cj(K)

is the free abelian group with generators S and ?"p, where S € K has |S| =1+ 1, with
the relations

- —
S+SP=0
. . — —
In the sequel, we will use the notation — S for S
We turn this into a chain complex by introducing the boundary operator:

§: CK) — C1_1(K)

We define 9 by its action on the generators.
l

8([vo, v1, - o)) =D (=1 [vo, 01, By, ., 0]

§=0
We note that it is necessary to check that this definition is well defined. To do this, we
must show that if ¢ € S;4,

6([”0(0)? e 7”0(1)]) = €(0)d([vo, - - -, ui]),
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where €(0) is the sign of 0. We further notice that it is sufficient to check this for all
transpositions. We first check that

6([”0, ey Ui—15Vi41, Vi Ug425 -+ Ul]) = _5([U07 cee ,Ul])
Indeed, we have
6([v0y -+« + s Vim1, Vi1, Viy Vig2, - -+, V1))

i—1
_ 1) 5. . i+1 5. i+2 e
= (=1)[vo,v1,. ., 04,y Vig1, Uiy oo, 0 H(=1)"" o, o5 D4y o0 H(=1)" o, -y Diger -, vy

j=0

l !

+ (=10 o1, Vi Vi By ] = Y (=1 vo, 01, By, o] = =6([vos - 1))

j=i+2 j=0

Using this, we have clearly that

(5([1)(), ey Vim 1, UG, Vil - e e 5 Uj—1, Uiy Ukl e e o 'Ul]) = (—1)2071’)715([’00, e ,Ul]) = —(5([1)0, e ,vl]).

It is now clear, that if o € S;41, then since o is a product of transpositions,

([Vo(0), - - - Vo)) = €(@)d([vos - - -, ui]),

as required, so that ¢ is well defined. We leave with the reader the basic exercise that
0 0 = 0. The proof is not hard, and involves rearranging sums. This shows that the pair
(C,,0) is a chain complex, and thus we can form the simplicial homology of an oriented
simplicial complex K, which will be denoted H*(K).

Example 2.5. We compute the simplicial homology of 2V, where V is a finite set, |V| = n.
Define a map ¢ : Co(2Y) — Z as follows. We recall that

CO(Q*V):@Z<U>.

We therefore define e by saying that €(v) = 1 for all v € V. We claim that the sequence
0—Z < Cp(2Y) 2 cy(2V) L& ... (2.1)

is exact. First, we note that the surjectivity of € is apparent. To see the exactness elsewhere,
we will construct a linear map

Ly : Cy(2)) = Cpa(2Y)
such that
dg+1Lg + Lg—104 = 1,

which would imply that 1 is homotopic to the zero map, which gives that sequence is exact
at all other required points. Now define

Ly([vo,v1,...,74]) = Z[v, V0, - -+, Vg
veV
One can readily check that this definition of L, has all of the required properties, so that
the sequence above is exact, as required. But the sequence being exact implies
Z n=0
0 n>1

H"(K) = {



TWO PROOFS OF THE DE RHAM THEOREM 19

We now define the notion of simplicial cohomology. We can define a cochain complex
by taking duals and adjoints of the above chain complex. That is, we have the cochain
complex (C*(K),¢*), where C* = Cf = Hom(Co(K),R). We have the map

5 : CHK) — C"Y(K)
defined as follows. If f € C!(K), then we have
0 (f)=fod
We see that §* o 6* = 0, since d 0§ = 0. We will call the cohomology of this complex the
simplicial cohomology of K.

We now seek to describe the effect of 6*. First, we define a basis of C!(K). If S e Ci(K),
then we define a function ¢5 € C'(K) by

- =
1 T=2S5
-
¢s(T)=4-1 T=-§
0 S£T

We see that if {z} is a basis of C)(K), then {¢g,} forms the dual basis of C!(K) corre-
—
sponding to {S;}. Since §* is linear, it will be enough to compute 6* of these basis vectors.

We have
5*(¢S) = Z ¢’UUS

v UES

Finally, as a piece of notation, we will denote by ¢’ the 0-cochain so that c’(v) = 1 for all
ve V(K).

3. A SIMPLICIAL APPROACH TO THE DE RHAM THEOREM

3.1. A Simplicial Approach to the De Rham Theorem. We must first establish more
language before we can discuss the De Rham theorem. In particular, we must discuss the
notion of a smoothly triangulated manifold.

We say that a smoothly triangulated manifold is a triple (M, K, h), where M is a smooth
manifold, K is a simplicial complex, and

h:[K] — M

is a homeomorphism with the following property. If S € K, the map h|lag : Ag — M has
a smooth extension hg to a neighborhood of Ag, U C Affg, hg : U — M. Additionally, we
will say that V(K) =V is the vertex set of K

Here I will provide an example with a picture.

Our general goal for the section is, for any smoothly triangulated manifold (M, K, h), to
find an isomorphism from H'(M) to H'(K). We will do this by first producing a morphism
of chain complexes from the De Rham complex to simplicial cohomology complex, and then
checking that this morphism induces isomorphisms in cohomology using two lemmas. We
will assume that dim M =n

We need to produce a sequence of maps P; : Q/(M) — C;(K) such that

0" oP; =P 0d.

We define these maps now.
We seek to define a map
P QY(M) — CYK).
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To each I-form w € QY(M), we must associate a linear function from C;(K) — R. We do
this as follows. Let S € C1(K) be an oriented [-simplex. Consider the smooth extension
hs : U — M. Taking the pullback gives us a smooth map fzg : QY (M) — QU). Thus, for
every w € Q'(M), we get a form lNl*S(w) which is an /-form on U, which was a neighborhood
of Ag in Affg. We can then define
.
< Pr(w), S >:= /_) hi(w) =: /_) w,
Ag Ag
Where <, > denotes the canonical pairing between a vector space and its dual. These maps
are called the period maps. We note that we can define all of the above terms on all of
Cy(K) by extending by linearity.
Now that we have this definition and can talk about integrating over a simplex, we will
state and prove a replacement for Stokes’” Theorem, which will be useful to us later.

Lemma 3.1. Let A,, be the standard n-simplex in R™, i.e. the oriented simplex [xo,. .., Zy)
where x; is the i-th standard basis vector of R™ and xq is the origin in R™, and let w €

Qn=Y(M). Then we have
/ dw :/ w.
n 0Ap

Proof. Let w = Z?:l widxi A ... A d/:;Z ...ANdx,. Then we have
- 1 Ow;
dw = Z(—l)lfl—%d:cl A o Ndxy,
i=1
We know by definition that

O([x0, -, mn)) = Y [0, Biy o, )

=0
Also, we have for each i, an orientation preserving diffeomorphism

¢i {(t1, o tao1) € (0, D)"Y <1} = A = [wo,. . By, 2]

Where
tl)'"7ti—1707ti7"‘7tn—1) Z#O
l—tl—...—tn_l,tl,...,tn_l) 1=20

(bi(tl: A 7tn—1) = {E

Using this, we can compute, if i = 0

/ b (w)
[0y s Biyeeeyn]

n
- R -
= E (—1) /wi(xl,...,vx1,1—3:1—...—:CZ-—...—xn,xiﬂ,...,xn)dxl...dazi...dxn
1=
And if i #0,
wi(acl,...,:r,-_l,O,aciH,...,xn)dxl...dmi...dmn
A

Using all this, we finally conclude

/ i( ) ) 1—v1—...—0j—...—Vn, 8&)( ) .
dw = —-1)" // —x1,...,xp)dxidey ... dx; ... dz,
[‘xow"vx’n] =1 A 0 axz
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Il
-
i M:
)
—~
—

71 ~ —
/wi(:rl,...,xi_l,l—:cl—...—a;i—...—xn,a:i+1,...,a:n)da:1...d:ci...da:n

— Z((—l)ifl / wi(xy, .o, 2i21,0, g1, ... xy)dTy JE'Z ...dxy

n

~

- -
=>» (1) /wi(xl,...,xi_l,l—xl—...—xi—...—xn,xi+1,...,mn)da¢1...dsci...da;n
, A

/ .’13'1,.. y Lj— 1,0 Ti41y.--y T )d.%‘l da;z .dx Ln,

Z " s =
(20,0 esZiyeerTn] Oz, n]

Proposition 3.2. The maps P; satisfy the relation 0* o Py = Piq od for all l.

Proof. Let w be a smooth [-form, and let Kg be an oriented (I 4 1)-simplex. Then we have
by Stokes’ Theorem

< Py od(w), S >= /Z, (hs)*(dw)

:/Zs d(hg(w))Z/azs hs(w)

— —
=< P(w),08 >=< " o Py(w), S >
Thus, 0* o Py = P11 od for all I, as required. O

Therefore, we get maps
P, : H(M) — HY(K)

Theorem 3.3 (De Rham Theorem). P; is an isomorphism for all l.

We will prove the De Rham theorem using two lemmas. We first state the lemmas, then
use them to prove the De Rham Theorem, then we go back and prove the lemmas.

Lemma 3.4. There exists a sequence of linear maps
o : CHK) — QY (M)
for all 0 <1 < n with the following properties.
(1) dooy = aqyq 00*
( ) ?loal—llcz( K)
(3) ao(c”) =
(4) supp az(¢s) C St(5)

Lemma 3.5. Let w € QM) be closed. Suppose Py(w) = 9*(c), for some ¢ € C'"Y(K).
Then there exists a 7 € Q=Y (M) so that dT = w and P;_1(7) = c.
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Proof. (De Rham Theorem) We first show that P; is surjective. Let z € C'(K) be a cocycle,
i.e. 9*(z) = 0. Choose a sequence o for alll =0, ...,n, as in Lemma 3.4, and let w = ay(2).
We have
do = d(a(2)) = a31(9°(2)) = @141(0) = 0
Also, we have
Pu(w) = Piu(z)) = =

Therefore, by passing to cohomology, we clearly see that P;(w) = z, so that P; is surjective
for all [.

We now show P; is injective. It is enough to show that if w € Q!(M) is closed and
Pi(w) = 0*(c) for some ¢ € C'71(K), then there exists a 7 € Q71(M) so that dr = w.
But this is exactly what we get by Lemma [3.5. Therefore P; is injective for all [, and we

conclude that P; is an isomorphism for all [.
O

Proof. (Lemma 3.4) Without loss of generality, and for notational convenience, we assume
that [K] = M and that h = 1,,.

We first construct a partition of unity subordinate to the open cover of M given by the
collection

{St(v) :v €V}
Consider the functions b, defined earlier, the barycentric coordinate functions. Consider
the sets F, and G, defined as follows for all v € V:

1
n+1

Fy:={zeM: by(x)> } (n=dim M)

1
Gy ={zreM: bv(x)§n+2

Clearly, F,, and G, are disjoint closed sets of M with
F, C St(v), M —St(v) C G,.

}

Hence, for all v € V, we can produce a function f, : M — R such that f,(z) > 0 on F,,
and fy(z) = 0 on G,. We notice that the collection {F, : v € V} forms a cover of M.
Indeed, if x € M, then there exists an S € K so that z € Ag. We conclude that b,(z) =0
if v e V\ S, and we recall that

Z by(z) =1

veV

But since S C V, |S < n| and we conclude that there exists some v € S so that b,(z) > %—H’
so that {F,} is an open cover of M. This implies that M — G, is an open cover of M. The
above also shows that for all x € M, there exists a v so that f,(z) # 0. We conclude that

for all x € M,
> folz) > 0.
veV

Therefore, we can define functions g, : M — R as

. Jo(x)
gv(x) - Zvev fv(fx)
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But then, by definition of the g, we clearly have that {g,} is a partition of unity subordinate
to the open cover {M \ G,}, and therefore it is also subordinate to the open cover
{St(v) : v € V}.
Using this partition of unity, we can define our desired sequence of maps,
oy : CHEK) — QY(M).
I_t>suﬂ"1ces to define these maps on the generators of C!/(K). If S € K, |S| = I, and
S = [vg,v1,...,v, then we say

!
a(ps) = 1! Z:(—l)igvialgv0 A Ndgy, N ... N dgy,
=0
It remains to check that these functions satisfy properties (1) — (4)
We first prove property (1). We clearly see that
doaoy(ps) = (14 1D)dgy, A ... Adgy,

We also have

Q41 © 3*(¢S) = Oél+1( Z ¢UUS)
v,oUSEK
l

=({+1)! Z Gudguy A ... N dgy, — Z(—l)igvidgvdgvo Ao ANdgy, A N dgy,
v,oUSEK =0

=+ 1) —-1I)
Where I and II are the sums of the previous line. We have the following;:
Claim. If {v,vg,...,v} is not in K, then
Gudguy N ... Ndgy, =0 on M

To see this, assume first that = is not in St(v), so that g,(z) = 0 and the claim is obvious.
Now, assume z € St(v). Then we have b,(z) # 0. Therefore, there exists a j so that

by; (z) = 0, since otherwise {v, vy, ..., v} € K. Now define a set
1
= M : b, —_—
U={ye vj(y)<n+2

Then U is open and = € U. Also, by definition, g,; =0 on U since U C G,. Therefore, we
conclude that dg,, is zero on U. Hence, dg,,(x) = 0, so that g,dgy, A ... Adgy, = 0, and the
claim is proved.

We now use this claim to rewrite the sums I and I1.

First, we consider I. Using the claim, we trivially have

I= " gudge Ao Ndgy =Y godgu, A-.. Adgy,
v,oUSEK oS

‘We now consider I1. We have

l
I = Z Z(—l)zgvidgvdgvo Ao Ndgy A N dgy,
v,oUSeK 1=0

l
=> (1" > gudgudge, A ... Ndgy, A Adg,
=0 v,oUSEK
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l
= Z(—l)i ngidgvdgv0 Ao Ndgy NN dgy,
=0 vgS

(—1)! Z Gu;AGudgeg A .. A dgy, A ... A dgy,
=0 v#£U;

l
= Z(—l)lgw Z Go; | Adgog A Adgy, A ... A dgy,
1=0 VFEV;

l
= Z(—l)zgw(—dgvi) ANdgyy A ... Ndgy, A ... \dgy,
=0

l
= - ngidgvo A...Ndgy,.
=0

Note, we have used that

Zgy:1:>2dgv:0.

veV veV
Combining, we get
a1 00" (ps) =+ I — 11 = (1 + 1)!(2 Gu)dgu, A .. A d/g; A ... Ndgy,
veV
= (L+Dldguy A ... Adgy, A ... Ndgy, = d o ay(es).

From this, property (1) follows.
We now check property (3). We note that ag(¢,) = g, We therefore have

ao(c”) = ag (Z ¢v> = gu=1

veV veV

We now check property (4). Suppose, as before, that we have
S e K,§> = [Uo,...,vl].

Then we have
l . . —_—
a(¢s) =11) (1) (=1)'go,dgey A ... Adg, A... Adgy,
=0

We note that if x € M has
1

by )
o(2) <

then z € Gy, so that g,, and dg,, are zero at z, which means oy(¢g) is zero at z. Therefore,
a;(ps) is identically zero on the set

1
M : —_— .
{z € bv(a:)<n+2,v€5'}

But we have that this is an open set containing M \ St(.5), so that
supp o (¢g) C St(S5)
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We now verify property (2). The proof will be by induction on [. If [ = 0, then we have
Py o ap(dy),v € V is the 0-cochain given by, if v/ € V
< Py oap(py), v >=< Po(gu), v >= gu(v')
We see that g,(v') = 0if v # v/, since v’ ¢ St(v) if v # v’ and ¢, = 0 outside of St(v). Also,
1= g(v)) = gu(v))

veV
for all v' € V. We conclude that

1 v=17

< Pooap(gy),v >= {0 ot

= ¢y (V')
But the above holds for all v,v’ € K, so that Py o g = 1, as required.
Now assume that property (2) holds for [ — 1. We have that if S,T € K, then

<Proa(ps), T >= /_, (ps)-

Ar

Therefore, it suffices to show that the above equals 1 if S =T and equals 0 if S # T.
We first note that if S # T, then since

Ap C M\ St(95)
and by property (4), we have that

<Proags), T >= /_, ai(¢s) = 0.

A
It remains only to check

/Z’s o(ds) =1

Now let S = [vo, V1, ..., ], and let R = [U1,...,v], with the v; € V. We have

/Zs (0" pr) = /Zs dog—1(dr) = /BZS a-1(oR).

But 8? = ]_:5 plus some sum of other oriented (I — 1)-simplices, so that by induction, we

have
/H a;—1(pr) = L a—1(¢r) =1
E)AS AR
We finally conclude that
1= L (0% pR) = L ay(¢s + terms of form ¢, with S # T)
Ag Ag

- /Z, ou(6s),

as required. Thus, the proof of Lemma, 3.4/ is complete O

With this, we now see that the proof of the De Rham Theorem will be finished by a proof
of Lemma [3.5. Before we can do this, we must introduce and prove yet another lemma.
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Lemma 3.6. Let S be a k-simplex in R™

(ar) Suppose r >0 and k > 1. Let w be a smooth, closed r-form defined “near” Fr(Ag),
i.e. in a neighborhood of Fr(Ag), where Fr(Ag) := Ag — Ag. If k =r + 1, further assume
that fazs = 0. Then there exists a smooth closed r-form T defined near Ag so that T = w

near Fr(Ag)

(by) Supposer > 1 and k > 1. Let w be a smooth closed r-form defined near Ag. Suppose
T 48 a smooth (r — 1)-form defined near Fr(Ag) so that dT = w near Fr(Ag). If k = r,
further assume that faKS T= R @ Then there exists a smooth (r — 1)-form 7’ defined
near Ag so that 7' = 7 near Fr(Ag), and d’ = w near Ag.

Proof. The proof will proceed by induction, first showing (ag), then showing that (a,_1) =
(br), and finally showing that (b,) = (a,).

(ag): r = 0, therefore, w is a smooth function defined near Fr(Ag) so that dw = 0.
Therefore, w is constant on each connected component of its domain. If k£ > 1, then Fr(Ag)
is connected, and hence we have that w is a constant finction, and therefore has an obvious
extension to a function near Ag. If k£ = 1, then let Ag =< wvg,v; >, with vg,v; € V(5).
We also have, by assumption

0= /835 =w(v1) — w(vp).

Therefore, we have w(vg) = w(v1), and once again, w is constant near Fr(Ag), so that it
has an obvious extension to a function near Ag. This proves (ap).

(ar—1) = (by): wis a closed r-form (r > 1) defined on an open set containing Ag. By
the Poincaré Lemma, we have that w is exact near Ag. That is, there exists a smooth
(r — 1)-form 7 defined near Ag so that dm; = w near Ag. In general, we will not have
71 = 7 near Fr(Ag). However, we do have that near Fr(Ag), 71 — 7 is closed. Indeed, we
have

dirp—7)=dn —dr=w—-w=0.
Also, if k = (r — 1) + 1 = r, then we have

/ (7'1—7')2/ 7'1—/ T

— — —

0Ag 0Ag 0As

—/ dﬁ—/ T_/ w—/ T=0,
— — — —
AS BAS AS SAS

where the last equality is by hypothesis. Therefore, we can apply (a,—1) to 71 — 7 to get
a smooth closed (r — 1)form p defined near Ag so that u = 7 — 7 near Fr(Ag). Let
7/ =7 — p. Then we clearly have that 7/ is a smooth closed (r — 1)-form defined near Ag,
7' =7 — 71 + 7 =17 near Fr(Ag), and, near Fr(Ag) we have

dr' =dmn —dp=w—0=w.
This completes the proof of (b,).
—
(br) = (ar): Let S = [vp,...,vg] for some vertices in K, and define a simplex 7' C S as

T = [v1,...,v]. Furthermore, define F' as Fr(Ag) \ Ar. Since w is closed, we can apply
the Poincaré Lemma to w to obtain a smooth (r — 1)-form u defined near F' so that du = w.
In particular, du = w near Fr(Ap). If £ > 1, we seek to use (a,) on p and w. We must
therefore check that if K — 1 = r, then

[ Ly
Ar OAT
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— — — — — —
Now let C = 0S5 — T, so that 0C = —0T. Then, noting that each simplex of C' is
contained in F', and that du = w near F', we have

| S S
AT 8T AT 8Ac
w/_> du
T Ac
UJ—/_) w
T At
:/_) w =0,
0Ag

Where the last equality is by hypothesis. Thus, we can apply (b,) to get a form u’ defined
near Ap so that p/ = pu near Fr(Ar) and dy’ = w near Ap. Thus, we can define a form o
near Fr(Ag) by gluing together p/ and p, which we can do because they are equal on their
common domain. Clearly, since p/ and p have the property, we also have dus = w near
Fr(Ag).

Now let k& = 1. Then Fr(Ag) consists of 2 vertices, vg and v;. Since w is closed, the
Poincaré Lemma again guarantees the existence of smooth (r — 1)-forms p; near v; for
1 =0, 1, where du; = w. Shrinking domains if necessary, we can assume that the domain of
o and the domain of p; are disjoint. This again defines a ps near Fr(Ag) with dus = w
near Fr(Ag).

Now, let f be a smooth function which is identically 1 near Fr(Ag) and is zero outside of
the domain of ps. Then we have that fus is a smooth (r — 1)-form defined near Ag. Look
at 7 = d(fue). Clearly, 7 is a closed r-form defined near Ag, and near Fr(Ag), we have

T =d(fp2) = df ANz + fdus = duz = w

since f = 1 near Fr(Ag), and therefore df = 0 near Fr(Ag). This completes the proof of
(ar), and therefore of Lemma [3.6. 0

>

T BT

o5}

We are now ready to prove Lemma/3.5, and thus finish the proof of the De Rham Theorem.

Proof. (Lemma(3.5) We shall inductively construct a sequence 79, ..., 7, = 7 of (I—1)-forms
so so that

(1) 73 is defined in a neighborhood of [K*]
(2) drp = w near [K*]

(3) 7 = Tp_1 near [K*1]

(4) fPl—l(Tl—l) =cC

We see that this will complete the proof, since for each oriented (I — 1)-simplex S of [K]
and for each k£ > (I — 1), we have

— — —
< Pra(m). S = L = L no =< Pi(n1), S >=(5).
Ag Ag

so that 7 = 7, has all the required properties.

We first construct 79. Cover [K°] by a collection of mutually disjoint balls. Since w is
closed, we get by the Poincaré Lemma that w is exact on each ball. Therefore, by gluing,
we get a form 7} defined on the union of these balls so that dry = w. If | — 1 # 0, we can
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set 70 = 7 and we are done. Now assume [ —1 = 0. We need Py(19) = c. If v € V = V(K),
we have

< ng(Té), v >= /_) 7'('] = Té(v)

v

Let a, = ¢(v) — 7(v), and define, near v,
T = T(/) + ay.

Clearly, dry = dr}y = w near [K°] and Po(m0) = ¢, as required.

Now, assume 75_; has been constructed with properties (1) — (4). We seek to construct
T, with properties (1) — (4). Assume that, for all oriented k-simplices ?, we can find a
smooth (I —1)-form 74(S) defined near Ag so d(74(S)) = w near Ag and 7 (S) = 7,1 near
Fr(Ag). By gluing them together, we then get a smooth (I — 1) form 7}, satisfying (1) — (3).

To construct 7%(.5), we seek to apply (b;) of Lemma 3.6l Note that w is a smooth closed
[-form defined near Ag and that 751 is a smooth (I — 1)-form defined near Fr(Ag) so that
dri—1 = w near Fr(Ag). Also, if k = [, we have by (4) and by hypothesis

ﬁ w=Pw)(Bs)
Ag

—0°c(Zs) = cl0Ks) = Pua(n)0Ks) = [ o,
oA g
Thus, we can apply (b;) to get a smooth (I — 1)-form 74(S) defined near Ag so that 74(S) =
Ti—1 near Fr(Ag) and d(74(5)) = w near Ag.
Thus, we have 7, satisfying (1) — (3). If k # [ — 1, set 7, = 7. Now assume k =1 — 1.
We know that 7;_, satisfies (1) — (3), and we want 7;_; to have P;_;(7_1) = ¢. Choose a
sequence «; for all I =0, ..., n, as in Lemma [3.4, and let ¢; = ¢ — P;_1(7/_;). Then define

7_1 in a neighborhood of [K!~!] by
T—1 = 7'1/71 + Oq,l(cl).

For each r and each oriented r-simplex ?, we note that «,(¢g) is identically zero in a
neighborhood of M —St(S). In particular, a,.(¢s) is zero near [K"~!]. Since each ¢ € C"(K)
is a linear combination of such ¢g, we have that a,(c) is zero near [K"~!] for all r-cochains
c.

Applying this with » = and 7 = | — 1, we get that near [K!~!],

dr1 =dr_{+doay_1(c1) =dr|_1 +a0d*(c1) =dr]_| = w,
and that near [K'~?],
o1 =71+ o 1(c) =7 = T_».

Therefore, 7,1 satisfies (1) — (3). But property (4) is also satisfied. Indeed we have by
definition of ¢; and Lemma [3.4

Pro1(mi—1) = Pioa(r]) = Pic1 o a1 (1)

=(c—c)+c=c

Therefore, we have constructed 7, satisfying properties (1) — (4), as required. O
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4. SINGULAR COHOMOLOGY THEORY

4.1. Singular Homology and Cohomology. Our goal this section is to establish the
theory of singular cohomology. In order to talk about singular cohomology, we first introduce
singular homology.

Let R be the space

R*> = é R.
i=0

We topologize R* by declaring a subset C' C R* closed if and only if C' N R"™ is closed in
R™, for any n > 0.

Let P; € R* denote the i-th standard basis element, that is the element which is 1 in
the ¢ position and 0 everywhere else. We define the standard g-simplex A, as

q q
Aq = {thpjzztj: 1,tj 20}
j=0 j=0

We see that A, clearly lies in the affine plane Aff(A,), defined as follows:

Aff(A,) = {zq:tjpj DY =1}
=0 '

J
Now let M be a smooth manifold. We clearly see that A, is not a smooth manifold, so we
cannot a priori talk about a smooth map from A, to M. Therefore, we will say that a map
f:Ay — M

is smooth if there exists a neighborhood U of A, in Aff(A,) and a smooth function f :
U — M such that f[an, = f. We now define

Sq(M) = C¥(Ag, M), Co(M)= @ R(s).
SESG(M)

The elements of Sy(M) are called (smooth) singular g-simplices. The elements of Cy(M) are
called (smooth) singular q-chains in M. They are finite linear combinations with integral
coefficients of singular g-simplices.

We define the i-th face map of the standard ¢-simplex to be the unique affine function

qg—1 i—1 q
8; : Aq—l — Aq, 6;(2 tjpj) = thpj + Z tj—lf)j
J=0 7=0 Jj=i+1

We can then further define maps 0; using these face maps. In particular, if ¢ : A, — M,
we can define

0i : Sq(M) — Sq-1(M), 8i(¢) = ¢ 00,

We can use these maps to turn Ce (M) into a chain complex by defining a boundary operator
0: Cy(M) — Cya(M), 0(¢) = (~1)'di(¢)

It can be checked that 9% = 0, but we omit the computation here. We will call the homology
of this complex the singular homology of M with integral coefficients and we denote it by

Ho(M).
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As an example, we now compute the singular homology of R". First, let s € S;(R™). We
can define the cone over s to be the (¢ + 1)-simplex Ks in Sq41(R") as

q+1 q

Ks(3t;P) = (1~ tye)s(3
§=0

J=0

t4
— ).
1 =tg11

This is the cone in R™ with vertex origin and base the simplex s. Intuitively, we can view
tq+1 as a time variable, and as it varies from 0 to 1, our cone varies from s to the origin.

Proposition 4.1. Let K : S;(R") — S441(R"™) be the cone construction, for any q. This
induces a linear map K : Cy(R™) — Cqy1(R") satisfying

OK — Ko = (—1)9"1

Proof. The proof is a simple matter writing out 0K 's and Kds and comparing the two sides.
It is left to the reader. O

We see that an immediate consequence of this proposition is that the cone construction
K is a homotopy operator between the identity map and the zero map on S,(R"). We see
that an immediate consequence of this is

n 0 ¢g=>1
Hq(R ):{Z q=20

We now discuss singular cohomology. We can define a group
CY(M) = Hom(Cy(M),R).
The elements of CY(M) are called singular q-cochains. We can also define a coboundary
operator 0* as follows. If w € CY(M), we define 0*w € Hom(Cy(M),R) by
J*w(c) = w(de)

Then it is clear that 9*w € C41(M) and that (0*)? = 0. Thus, we have that C* is a cochain
complex, and thus we can form its cohomology. We will call this the singular cohomology
of M, and we will denote it by Hg;, (M).

Any 0-cochain can be identified with a (possibly discontinuous function w : M — R. We
note that a function w on M is a 0-cocycle, i.e. J*w = 0, if and only if w(dc) = 0 for all
paths ¢ in M. Thus, w is constant on each path component of M, and we have

0 _ Vv
Hsing(M) =R ’
where v is the number of path components of M.

We now compute the singular cohomology of R™. Define the operator L : CI(R") —
C9+1(R™) to be the adjoint of the cone operator K. That is, if w € CY(R"), and ¢ €
Cy—1(R™), then

Lw(c) = w(Kc).
Then, for w € C4(R") and ¢ € Cy(R™), we have
((0L = Lo)w)(c) = (6(Lo))(c) = (L(dw))(c) = Lw(dc) — dw(Kc)
= w(Kde) — w(dKe) = w((Kd — 0K)c) = (—1) w(e),
where the last equality follows from Proposition 4.1. Therefore

1= (-1)9"Y(6L — Lf),
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so that again the identity map is homotopic to the zero map on C4(R") for ¢ > 1. Therefore,

we again have
R ¢g=0
q ny _
Hsing(R ) - {0 q >1

4.2. The General Mayer-Vietoris Principle. Let U = {U,},c4 be an open cover of M,
where A is a totally ordered set. We will define the groups CX(M), the group of so-called
U-small chains in M. This is the free Abelian group generated by the singular chains in M
that lie entirely in some open set of the cover U. More precisely, if we define

S;l(M) ={s: Ay — M; Ja € A such that s(A,) C U,},
then
CM) = & z(s).
s€SW(M)
The Excision Theorem [3, Prpp. 2.21] implies that the inclusion
i: CH (M) — Co(M)

is a chain homotopy equivalence.
Denote by N(U) the nerve of U and by N,(U) the set of p-faces of the nerve. Recall that
these are linearly ordered sets
o={a < - <op}

such that
p

Uy i=(\Ua; # 0.
=0
Following A. Weil [5] we define

Spa(W) = {(0,5) € Np(U) x Sy(M); s(Ag) C U }

and we set
Cpq(U) := @ Z{o,s).
(0,5)€Sp,q(U)
Now define
P
§: Cpq(U) = Cp1,4(W), 6o, s) = Z<5i07 s),
1=0
where
51'(0407 ey O[p) = (ao, ey O Oy e e ey ap).
We define

q
9 : Cpg(U) = Cpg-1(U), 0{o,s) = Z(‘U%Ua 9o).
i=0
For every U-small singular g-simplex s : A, — M we set
V(s):={aeA; s(Ay) CUs}.
Observe that for any B C V (s) we have

(| Us # 0= BeNU.
BeB
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This shows that Q*V(S) is a subcomplex of N(U), and moreover, for every ¢ > 0 we have an
isomorphism of chain complezes

(CogU),8)= €D (Cu(2Y),5).
s€5,(1)
Observe that we have a natural augmentation
e: Coq(U) = CIH(M), (o,5)— (s), V(0o,s) € Soq(U).
Using (2.1) we deduce that for every s € SY(M) we have a long exact sequence

0 — Z(s) < Co(2V ) L oy(2V )y L.

and thus a long exact sequence
10— B e @ G @ e
s€SH(M) s€SU(M) seSW(M)
We have thus proved the following proposition.
Proposition 4.2 (Generalized Mayer-Vietoris Exact Sequence).

€ 6 é
0 ~— C:;LL(M) h CO,q(u) - Cl,q(u) v

is an exact sequence for all ¢ > 0. O

5. ANDRE WEIL’'S APPROACH TO THE DE RHAM THEOREM

5.1. Double Complexes. We now introduce the notion of a double complex. First, let
A®*® be a doubly graded vector space. That is, we have

A% — @Am,n

Further assume we have two maps, D', and D'}, with the following properties. First, assume
that for all p, q, we have

Df4 AP ApH,q7 DZX L AP, APatl
Furthermore, assume that we have the relations
DyoD)y=DoD)y =0, D)yoDy =—-D") o D.

Under these circumstances, we say that the triple (A**, D'y, D’}) form a double complez.

We can define the notion of a morphism of double compleres in the same was as we
defined a morphism of chain complexes. We say that ¢ is a morphism of double complexes
if, for double complexes (A**, D’,, D"}) and (B**, Dy, D7)

¢ AP — pPa
for all p and ¢, and also
¢oD)y=Dyoo, poD}y=Djog.

Given any double complex (A**, D',, D)), we can associate a cochain complex called the

total complex as follows. First, we define the graded vector space Tot®(A) as follows:

Tot™(A) = P A9

ptq=n



TWO PROOFS OF THE DE RHAM THEOREM 33

We can also define a map D4 : Tot"(A) — Tot" 1 (A) by the formula
Dy = Df4 + D/fll

It is immediately clear that the relations D’y o D'y = D’y o D'y =0, D'y o D'y = —D'} o D',
give that D% = 0, so that (Tot®, D4) is a cochain complex. We see that if ¢ is a morphism
of double complexes A*® and B**®, then we get an induced cochain map

¢ : Tot*(A) — Tot*(B).

We note that since D’; and D’} are both cochain operators, we can consider the coho-
mology of columns and rows in our double complex. We set EP"® := H*(AP*,D"}). By
definition, we see that if we have

b: A% — B**
a morphism of double complexes then we get an induced morphism
b1 ¢ EY*(A) — E}*(B).
Theorem 5.1. Let
G A% — B**
be a morphism of double complexes and
b1 ¢ Y (A) — E}*(B).
be the induced morphism. If ¢1 is an isomorphism for any p, then the map
¢ : Tot*(A) — Tot*(B)
induces isomorphisms in cohomology.

Proof. We follow the approach in [2, Lemma 1.19]. Let (C**, D, D¢.) be a double complex
with total complex (Tot*(C), D¢). Define a subcomplex F7(C) C Tot*(C) by

l —
k>q
Then clearly, we have
D E; ((C)DF3(C) D Fp,(C)D ...

for all [. Also, it is clear that Do maps F7(C) to itself. From this definition, it is clear that
the quotient complex (Fy(C)/Fy, {(C), Dc¢) is isomorphic to (C*9, Di;). Thus, for our map
¢ : A>* — B**, we have that the condition that ¢1 : EV"*(A) — EY*(B) be an isomorphism
is equivalent to saying that the map

¢ F7(A)/Fg 1 (A) — FJ(B)/Fgi1(B)

induces isomorphisms in cohomology for all g. We note that we have the following commu-
tative diagram of complexes:

0 — F7 (A)/Fgiria(A) —— FF(A)/F 41 (A)

( )/ q—H“( )—>0

0 — Fg,(B)/Fiirp1(B) —— FJ(B)/Fj1(B)

( )/ q-‘r?“( )—>0
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Using this diagram, induction on r, and the 5-lemma, we can easily conclude that the map

¢: F7(A)/F, .(A) — F7(B)/F7,,(B)
induces isomorphisms in cohomology for all ¢, for all » > 0. But, if C** is a double complex
as before, then we see clearly that

Fy(C) = Tot"(C), F*(C)=0,
where r > n. But then we have that
¢ : Tot*(A) — Tot*(B)

induces isomorphisms in cohomology, as required. O

We note that by merely switching columns and rows, one can state and prove an equiva-
lent statement using the cohomology of the rows instead of the cohomology of the columns.

5.2. De Rham Theorem. Let M be a smooth manifold and let U be a good cover of the
manifold M, and let N(U) denote the nerve of U. Let

Ny(U) ={o e N(U) : [o| =p+1}
be the set of p-simplices of the nerve. As in section 4.1, we have the space S7(M), and we

can form the DeRham cohomology H?, (M). Similarly, we have the complex Q°®(M) and

sing
we can form H*(M). We define a map

Pas - QM) — S9(M) = Hom(S,(M),R)

for all ¢, called the period map, as follows. If w € Q4(M), S € Sy(M), and <, > denotes the
canonical pairing between a space and its dual, then

<33M(w),S>::/A S*(w)

It is easily shown that Pj; is a cochain map. We do not prove this here, but note that the
proof is very similar to the proof of Proposition 3.2l
Consider now the double complex

CP9(U) = Hom(Cyy(U), R) = Hom( B z{os) R),
(0,5)€5p,q(W)
as defined in Section 4.2, and also the double complex C’"'(u, 2) defined as follows.
cra,Q) = [[ QU
o€N,(U)
The elements of CP(U, ) are families (wo)sen, ), wo € QI(Uy).
The differentials
D' CP1(U, Q) — CPTH(U), D" CPY(U, Q) — CPITH(U)

are defined by the equalities .

p+1
D' (wo)oen,) = (M) ren, iy e = Z(—l)iwén\w-

=0

D"(wo)gen, 1y = (=1)Pdws)sen, -
It is easy to check that
(D/ + D/l)2 — (D/)2 — (DII)Q =0.
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Now define another period maps P : CP4(U, Q) — CP4(U) for all p, q as follows. If
(0,5) € Spq(U) and w:= (wy) € H QU(U,),
c€NR(U)

then we define

Pullos)) = [ 5" (wn)

Aq
The map P is then the natural extension of this to the direct sums. One can easily check
that P is a map of double complexes, again following the methods of Proposition [3.2, so we
leave this computation out as well.
We now recall from Section 4.2 that there is an augmentation morphism e

€:Cpq(U) — C’;LL(M).
Taking duals (Homz(—,R)), and adjoints, we then get that there exists a map
e Cf (M) — CY(W).
We recall that the inclusion
i: CH (M) — Co(M)
is a chain map and induces isomorphisms in homology, from which we conclude that
it C*(M) — CY(M)
is a cochain map and induces isomorphisms in cohomology.
Finally, we can define the restriction map
r:QIM) — C™(U, Q)

by sending w to the collection wy, where for each U € U, wy = w|y.
Putting all of this together, we get the following commutative diagram of complexes:

C* (M) —"— Of(M) —“— C** (W)

"] e

Q* (M) —" C**(U, Q)

Passing to total complexes, we get the similar commutative diagram

*

C* (M) —— S{(M) —=—~ Tot*(C(W))

Py

Q* (M) —— Tot*(C(U, Q)
Using this, we can now prove the De Rham Theorem.

Theorem 5.2 (De Rham Theorem). Let M be a smooth manifold. Then the period map
Pur: Q (M) — C*(M) induces isomorphisms in cohomology. In particular, the DeRham
cohomology of M is isomorphic with the singular cohomology.
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Proof. Let U be a good cover of M, N(U) the nerve of U, and Np(U) the set of p-simplices of
the nerve, as before. Then as shown, we get a commutative diagram of cochain complexes

*

C* (M) —— (M) —— Tot*(C(W))

P (5.1)

Q* (M) —— Tot*(C(U,Q))

We see that if we can show that in this diagram, ¢*, €*, r, and P all induce isomorphisms

in cohomology, then we can conclude that P;; induces isomorphisms in cohomology, as

required. We already noted that ¢* induces isomorphisms in cohomology. We turn to €*.
View C3 (M) as a trivial double complex A** where

AP — Cﬁ(M) = HomZ(C:Iu(M),R) p=0 _
0 p>1
We recall that by Theorem 4.2 that

CU(M) ~— Coq(U) ~2— Cpa(u) ~2

0

is an exact sequence, where € is defined in Section [4.2. But, since each term of this is a free
abelian group, we conclude by the properties of the Hom functor that

* *

0 CH(M) — "+ 01 —" v C1,q

is an exact sequence, from which it follows that the map of double complexes
€AY — C** (W)
induces isomorphisms in the cohomology of rows. Therefore, we conclude by Theorem 5.1
€ : Tot*(A) — Tot*(C(U))
induces isomorphisms in cohomology. But clearly Tot™(A) = C{;(M), which gives us that
€ Cy(M) — Tot*(C(U))

induces isomorphisms in cohomology.
We now show that r induces isomorphisms in cohomology. View Q°(M) as a trivial
double complex A®**® where

AP — QM) p=0
-0 p>1

According to [I, Prop. 8.5] the sequence below is exact.

0 — QUM) ~"— O, Q)

oL
From this, we see directly that
r: A — C**(U,Q)
induces isomorphisms in the cohomologies of rows. But then by Theorem [5.1)

r: Tot*(A) — Tot*(C(U, N))
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induces isomorphisms in cohomology. But clearly Tot"(A) = Q" (M), which gives us that
r: Q% (M) — Tot*(C(U,N))

induces isomorphisms in cohomology.
It remains only to show that P induces isomorphisms in cohomology. We see from Lemma
5.1l that if we show
P:C*(U,Q) — C**(U)
induces isomorphisms in the cohomologies of columns, then we will be done. In particular,
by passing through the direct sum, we see that it is enough to show that if p > 0, 0 € N, (U),

P QU,) — C*(Uy,)

induces isomorphisms in cohomology. Since U is a good cover, we know that for all o €
N(UW), U, is diffeomorphic to R™ for some n. In particular, we know by the Poincaré Lemma
and by computation in section 4.1 that

HY, (Us) = {R g=0
0 ¢g=>1,
R ¢g=0
HIQNU,)) = ="
0 g>1

Hence
0 q>0

EPU(Co (U, Q)) =
a ) {Hoem(u)R g=0.

Recall that a singular 0-cocycle can be identified with a constant function on U,, and
similarly a closed 0-form can also be identified with a constant function. This shows that
the period map induces an isomorphism

P EP(C(U,Q)) — B (C** (W)

=E(C**(U))

and thus the map

P Tot*(C(U), Q) — Tot*(C(U))
induces isomorphisms in cohomology, and furthermore. From our commutative diagram
(5.1) we finally conclude that

Par - Q* (M) — CI(M)

induces isomorphisms in cohomology. O
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