A Graduate Course in Probability

Liviu I. Nicolaescu
University of Notre Dame
Last revised 2024-11-18, 10:39:15 .



Copyright (©) 2019, All rights reserved
Liviu I. Nicolaescu'

IStarted December 11, 2018. Completed October 19, 2021 . Last modified on 2024-11-18.



Introduction

In no other branch of mathematics is it so easy for experts to blunder as in
probability theory.

Martin Gardner

I have to confess that my mathematical formation is not that of a probabilist. I am a
geometer /analyst by training. About fifteen years ago I stumbled on some probabilistic ge-
ometry questions. The ad-hoc methods I used were producing encouraging but unsatisfactory
answers. A chance encounter with a trained probabilist led me to a pretty advanced mono-
graph dealing with related problems from a probabilistic view point. I spent a sabbatical
year learning probability so I could understand that book.

I eventually did understand that book, I was able to phrase the original questions in a
better language and I even offered answers to questions I could not conceive before. A “side
effect” of this effort was that I got a taste of probability.

To the geometer in me, the probabilistic thinking looked (and still looks) like mathematics
with a bit more, somewhat similar to classical mechanics, that is mathematics with a sprinkle
of physical intuition. I find this subject fresh, full of of interesting and enticing questions.
This is how my probabilistic journey began and I have been enjoying it since. In the meantime
I matured a bit more by teaching probability, both at undergraduate and graduate level. This
book partially reflects this personal journey.

Probability theory has grown out of many concrete examples and questions and I firmly
believe that probabilistic thinking can only be grasped through examples. Compared to other
mathematical areas I am familiar with, probability contains an unusually large number of
counterintuitive results. To me, these represent one of the attractive features of the subject.
So a substantial part of this book is devoted to examples, some truly fundamental and quite a
few more esoteric but which are aesthetically very pleasing and pedagogically very revealing.
Some of these examples are recurring, appearing in many places in the text and, as we develop
more and more sophisticated technology, we dig a deeper and deeper into them.

While teaching probability I discovered that probabilistic simulations enhance the under-
standing of probabilistic thinking. That is why I have included a brief introduction to R and
a few of the simple codes that allows one to do basic Monte-Carlo simulations. I hope I can
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ii Introduction

tempt the reader to try a few of these and be amazed, like myself and my students, of the
remarkable agreement between practice and theory.

I have divided the book into five chapters. The first one concentrates on the measure
theoretic foundations of probability and its theoretical part. It is essentially the content of
Kolmogorov’s foundational monograph. I assume that the reader is familiar with the measure
theory and integration. I survey this subject and I present complete proofs only of results
that have important probabilistic applications or significance.

The first genuinely probabilistic concept is that of independence and I prove early on
Kolmogorov’s zero-one theorem. It is a striking all-or-nothing result and its deeper impli-
cations are gradually revealed in the later parts of the book. The ubiquitous concept of
random variable and its numerical characteristics are discussed in detail. Along the way I
discuss the various modes of convergence of random variables. I made sure the reader has the
opportunity to see these ideas at work so I present many classical random variables and some
of their probabilistic occurrences. Among the classical problems/themes I discuss I should
mention, the inclusion-exclusion principle, sieves and Poissonization, Poisson processes, the
coupon collector problem, the longest common subsequence problem.

Section 4, one of the largest of this chapter, is devoted to the concept of conditional
expectation, a central probabilisitic concept that takes some getting used to. Analytically, the
existence of conditional expectation is a simple consequence of the Radon-Nicodym theorem.
This however hides its probabilistic significance. I opted for the more involved approach that
reveals the meaning of this object as the best predictor given certain information.

To get to the heart of the rather subtle concept of conditional expectation I tried to present
many examples, from simple computations to more sophisticated applications to stochastic
optimization problems such as the classical secretary problem. I spend considerable time
on the concept of kernels a.k.a. random measures, regular conditional distributions and
disintegration of measure describing the various connections between them. I opted to only
sketch the proof of the existence of regular conditional distributions since I felt that the
missing details add little to the understanding of this important concept. Instead, I have
included a large and varied number of concrete examples to give the reader a better feel of
this concept.

The last section of this chapter is an introduction to stochastic processes. The central
result of this section is Kolmogorov’s existence/consistency theorem that guarantees that
various objects discussed in the previous sections do indeed have a mathematical existence.
I decided to present a complete proof of this result so the reader can see the source of this
existence, namely Tikhonov’s compactness theorem, a result that is deeply rooted in the
foundations of mathematics.

Chapter 2 is devoted to a major theme in probability, the law of large numbers and its
relatives. To quote Gnedenko and Kolmogorov, [78], “all epistemological value of the theory
of probability is based on this: that large-scale random phenomena in their collective action
create strict, nonrandom reqularity”.

The first section is devoted to the Strong Law of Large Numbers. I present Kolmogorov’s
proof that reduces this result to the convergence of random series with independent sum-
mands. I find the Law of Large Numbers philosophically surprising since it extracts order
out of chaos. The Monte Carlo method is one convincing manifestation of the order-out-chaos
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phenomenon. I could not pass the opportunity to introduce the concept of entropy and its
application via the law of large numbers to coding/compression of data. The second section
is devoted to the central limit theorem.

The third section is devoted to concentration inequalities. We describe the basics of Cher-
noff’s estimates and produce a few fundamental concentration inequalities. As an application
we discuss Lindenstrauss-Johnson lemma stating that the geometry of a cloud of points in
a high-dimensional vector space is, with high confidence, little disturbed by an orthogonal
projection onto a random subspace of much smaller dimension.

Section 4 is devoted to more modern considerations, namely uniform limits of empirical
processes. The Glivenko-Cantelli is the pioneering result in this direction. I also discuss
more recent results showing how this uniform convergence can be obtained by combining the
concentration results in the previous section and the concept of VC-families/dimension. I
briefly describe the significance of such results to PAC-learning, a concept central in machine
learning.

The last section of this chapter is a brief introduction to the theory of Brownian motion. I
used it as an opportunity to discuss more concepts and results involving stochastic processes
such as Gaussian processes and Kolmogorov’s continuity theorem.

Chapter 3 is devoted to the castle that J. L. Doob built, namely the theory of (sub)martingales,
discrete and continuous. I present in detail the theoretical pillars of this edifice: stop-
ping/sampling, asymptotic behavior, maximal inequalities and I discuss a large and diverse
collection of examples: occurrence of patterns, Galston-Watson processes, optimal gambling
strategies, Azuma and McDiarmid inequalities and their application to combinatorial op-
timization problems, backwards martingales, exchangeable sequences, de Finetti’s theorem,
and asymptotics in Polya’s urn problem, Brownian motion.

Chapter 4 is an introduction to Markov chains. This beautiful and rich subject is still
actual, growing, and has many applications and ramifications. The first three sections are
devoted to the “classical” part of this subject and culminates with the law of large numbers
for such stochastic processes. Section 4 is devoted to a more recent (1950’s) point of view,
namely the connection between reversible Markov chains and electrical networks. I adopt a
more geometric approach based on the old observations of H. Weyl and R. Bott (see [18])
that Kirckhoff’s laws have a Hodge theoretic description. The last section is devoted to finite
Markov chains I describe various ways of estimating the rate of convergence of irreducible
recurrent Markov chains. The chapter ends with brief discussion of the Markov Chain Monte
Carlo methods.

The last chapter of the book is the shortest and is devoted to the classical ergodic the-
orems. I have included it because I felt I owed it to the reader to highlight a principle that
unifies and clarifies the main limit theorems in Chapters 2 and 4.

As the title indicates, this book is meant as an introduction to the modern, i.e., post
Kolmogorov’s axiomatization, theory of probability. The reader is assumed to have some
familiarity with measure theory and integration and be comfortable with the basic objects
and concepts of modern analysis: metric/topological spaces, convergence, compactness. In a
few places, familiarity with basic properties of Banach spaces is assumed.
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This book could serve as a textbook for a year-long basic graduate course in probability.
With this purpose in mind I have a included a relatively large number of exercises, many of
them nontrivial and highlighting aspects I did not include in the main body of the text.

The book grew up from notes for a one-semester graduate course in probability that
I taught at the University of Notre Dame. That course covered Chapter 1, the classical
limit theorems (Sec.2.1-2.3) and discrete time martingales (Sec. 3.1-3.2). Some of the proofs
appear in fine print as a suggestion to the potential student/instructor that they can be
skipped at a first encounter with this subject.

Work on this book has been my constant happy companion during these improbable
pandemic times. I hope I was able to convey my curiosity, fascination and enthusiasm about
probability and convince some readers to dig deeper into this intellectually rewarding subject.

Notre Dame, May 2022



Notation and
conventions

We set N :=Z~o, Ny :=Z>.

For n € N we set I, := {1,2,...,n}.

For n € N we denote by &,, the group of permutations of I,,.

We set Ry := [0, 00).

For x € R we set |z] := maxZ N (—o0, x|, [z] ;= minZ N [z, 00).

x Ay :=min(z,y), z Vy = max(x,y).

i=+/-1

Given a subset A of a set X we denote by A° its complement (in X).
For any set X we denote by 2% the collection of all the subsets of X.
For any set X we denote by 25( the collection of all the finite subsets of X.
We will denote by |S| or #S the cardinality of a set S.

For natural numbers n > k we denote by (n); the falling factorial,

Mg :=nn—-1)---(n—k+1)=

(n— k)"
If T is a topological space, then we denote by Br the g-algebra of Borel subsets of
T.

We denote by A the standard Lebesgue measure on R and by A, the standard
Lebesgue measure on R™.

If (©Q,%) is a measurable space and (A;);er is a collection of subsets of F, then
o(A;,i € I) is the smallest sub-o-algebra of F containing all the collections A;.

For a collection (X;);er of random variables defined on the same probability space
we denote by o(X;;i € I) the sub-o-algebra generated by these variables.
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Notation and conventions

e Given an ambient set Q and a subset A C  we denote by I4 : @ — {0,1} the
indicator function of A,

1, weA,
IA(OJ)Z{O Wi A

e We denote by w,, the volume of the unit ball in R™ and by o,_1 the “area” of the
unit ((n — 1)-dimensional) sphere in R™.

1 2I°(1/2)"
Wn = Eo'n—l’ On-1= M
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Chapter 1

Foundations

At the beginning of the twentieth century probability was in a fluid state. There was no clear
mathematical concept of probability, and ad-hoc methods were used to rigorously formulate
classical questions. Probability at that stage was a collection of interesting problems in search
of a coherent setup. According to Jean Ville, a PhD student of M. Fréchet, in Paris probability
was viewed among mathematicians as “an honorable pastime for those who distinguished
themselves in pure mathematics”.

The whole enterprise seemed to be concerned with concepts that lie outside mathemat-
ics. Henri Poincaré himself wrote that “one can hardly give a satisfactory definition of
probability”. As Richard von Misses pointed out in 1928, the German word for probability,
“wahrscheinlich”, translates literally as “truth resembling”; see [176]. Bertrand Russel was
quoted as saying in 1929 that “Probability is the most important concept in modern science,
especially as nobody has the slightest notion of what it means”. The philosophical underpin-
nings of this concept are discussed even today. For more on this aspect we refer to the recent
delightful book [50].

In his influential 1900 International Congress address in Paris D. Hilbert recognized this
state of affairs and the importance of the subject. In the sixth problem of his famous list of
23 he asked, among other things, for rigorous foundations of probability. These were laid by
A. N. Kolmogorov in his famous 1933 monograph [100]. According to Kolmogorov himself,
this was not a research work, but a work of synthesis. A brilliant synthesis I might add. His
point of view was universally adopted and modern probability theory was born. The theory
of probability can now be informally divided into two eras: before and after Kolmogorov.

The present chapter is devoted to this foundational work of Kolmogorov. The pillars of
probability theory are the concept of probability or sample space, random variables, inde-
pendence, conditional expectations, and consistency, i.e., the existence of random variables
or processes with prescribed statistics.

So efficient is his axiomatization that to the untrained eye, probability, as envisaged
by Kolmogorov, may seem like a slice of measure theory. In a 1963 interview Kolmogorov
complained that his axioms have been so successful on the theoretic side that many mathe-
maticians lost interest in the problems and applications that were and are the main engines of
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2 1. Foundations

growth of this subject. I understand his criticism since I too was one of those mathematicians
that was not interested in these applications. Now I know better.

In this chapter I present these pillars of probability theory and prove their main properties.
I have included a large number of detailed examples meant to convey the subtleties, depth,
power and richness of these concepts. No abstract theorem can capture this richness.

I want to close with a personal anecdote that I find revealing. A few years ago, at a
conference, I had a conversation with J. M. Bismut, a known probabilist whose mathematical
interests were becoming more and more geometric. He noticed that I was in the middle
of a mathematical transition in the opposite direction and asked me what prompted it. I
explained my motivation, how I discovered that probability is not just a glorious part of
measure theory and how much I struggled to truly understand the concept of conditional
expectation, a concept eminently probabilistic. He smiled and said: “Probability theory
is measure theory plus conditional expectation”. I know it is an oversimplification, but it
contains a lot of truth.

1.1. Measurable spaces
1.1.1. Sigma-algebras. Fix a nonempty set (2.

Definition 1.1.1. (a) A collection A of subsets of € is called an algebra of Q if it satisfies
the following conditions

(i) 0,2 € A.

(ii) VA,Be A, AUB € A.

(ili) VA e A, A° € A.
(b) A collection 8§ of subsets of Q is called a o-algebra (or sigma-algebra) of Q if it is an
algebra of 2 and the union of any countable subfamily of § is a set in 8, i.e.,

V(An)nen € 8%, | An €38. (1.1.1)

n>1

(¢c) A measurable space is a pair (£2,8), where 8 is a sigma-algebra of subsets of 2. The
subsets S € § are called (8-)measurable. O

Remark 1.1.2. To prove that an algebra § is a o-algebra is suffices to verify (1.1.1) only for
increasing sequence of subsets B, € 8. Indeed, if (Ay,),en is an arbitrary family in 8 the the
new family of sets in 8

n
B, = UA"’ n €N,
k=1

is increasing and its union coincides with the union of the family (A, )nen. O

Example 1.1.3. (a) The collection 2% of all subsets of € is obviously a o-algebra.

(b) Suppose that 8 is a (o-)algebra of a set Q and F : Q- Qisa map. Then the preimage
FY8)={F(S); Ses}
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is a (0-)algebra of subsets of ). The o-algebra F~1(8) is denoted by o(F) and it is called the
o-algebra generated by F or the pullback of 8 via F. We will often use the more suggestive
notation
(FeSt:=F1S)={wecQ; F@es}.
(c) Given A € Q we denote by 84 the o-algebra generated by A, i.e.,
Sa={0,A,A°Q}.

We will refer to it as the Bernoulli algebra with success A. Note that 84 is the pullback of
2101} via the indicator function I4 : Q — {0,1}.

(d) If € C 2% is a family of subsets of 2, then we denote by o(€) the o-algebra generated by
G, i.e., the intersection of all o-algebras that contain C. In particular, if 81,82 are o-algebras
of €, then we set

81V 8y = 0’(81 U 82)

More generally, for any family (8;);e; of o-algebras we set

\/si:=a<Us¢>.

iel icl
(e) Suppose that we are given a countable partition { Ay, },en of
Q= | A
neN

The sets A, are called the chambers of the partition.Then the o-algebra generated by this
partition is the o-algebra consisting of all the subsets of {2 who are unions of chambers. This
o-algebra can be viewed as the o-algebra generated by the map

X:Q=N, X=) nla,
neN
so that A, = X~ ({n}).
(f) If (8;)icr is a family of (o-)algebras of €, then their intersection

ﬂSiCQQ

is a (o-)algebra of Q.

(g) If (©1,81) and (Q2,82) are two measurable spaces, then we denote by 8; ® 83 the sigma
algebra of {21 x 9 generated by the collection

{S1x Sy: S1 €81, Spe€ 8y} C2Ux

(h) If X is a topological space and Tx C 2% denotes the family of open subsets, then the
Borel o-algebra of X, denotes by By, is the o-algebra generated by Tx. The sets in By
are called the Borel subsets of X. Note that since any open set in R" is a countable union of
open cubes we have

Brn = BF". (1.1.2)

Any finite dimensional real vector space V can be equipped with a topology by choosing
a linear isomorphism L : V — RV This topology is independent of the choice of the
isomorphism L. It can be alternatively identified as the smallest topology on V such that all
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the linear maps V' — R are continuous. We denote by By, the sigma-algebra of Borel subsets
determined by this topology.

We set R = [—00,00]. As a topological space it is homeomorphic to [—1, 1]. For simplicity
we will refer to the Borel subsets of R simply as Borel sets.

(i) If (2, 8) is a measurable space and X C €2, then the collection
Slx ={SNX: SGS}CQX
is a o-algebra of X called the trace of 8 on X. a

Remark 1.1.4 (Nedoma’s pathology). Suppose that (€2,8) is a measurable space. The
product € x 2 contains a distinguished set, the diagonal

Q={(ww); weQ}cCcOxq.
Then A is not measurable measurable with respect to the product sigma-algebra § ® § if
Card Q@ > X, = Card R. For a proof we refer to [151, Sec. 21.8].

Suppose that Q is a Hausdorff topological vector space, and § = By is its associated
Borel sigma-algebra. The diagonal A is closed with respect to the product topology. In
particular it belongs to the Borel sigma-algebra defined by the product topology. However,
if Card Q > X, then the diagonal it is not measurable with respect to the the product 8 ® 8!
In other words the product of Borel sigma-algebras is strictly smaller than the Borel sigma-
algebra By« x determined by the product topology! This phenomenon is referred to as the
Nedoma’s pathology. a

Definition 1.1.5. Let € be a collection of subsets of a set 2. We say that C is a w-system
if it is closed under finite intersections, i.e.,

VA, BeC: ANBEeC.
The collection C is called a \-system if it satisfies the following conditions.
(i) 0,Q € €.
(ii) if A,B€ Cand A C B, then B\ A € C.
(iii) If A; C Ay C --- belong to C, then so does their union.
O

Note that a collection € is a o-algebra if it is simultaneously a 7 and a A-system.! Since
the intersection of any family of A-systems is a A-system we deduce that for any collection
€ C 2% there exists a smallest A-system containing €. We denote this system by A(C) and
we will refer to it as the A-system generated by C. .

Example 1.1.6. Suppose that JH is the collection of half-infinite intervals
(—o0,z], z€R.

Then H is w-system of R. The A\-system generated by H contains all the open intervals. Since
any open subset of R is a countable union of open intervals we deduce that A(P) coincides
with the Borel o-algebra Bg.

LCheck this.
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If X is a topological space and Tx is the collection of open subsets, then Tx is a w-system.
g

Theorem 1.1.7 (Dynkin’s 7 — A\ theorem). Suppose that P is a w-system. Then
A(P) = o(P).

In other words, any \-system that contains P, also contains the o-algebra generated by

P.

Proof. Since any o-algebra is a A-system we deduce A(P) C o(P). Thus it suffices to show
that

a(P) C A(P). (1.1.3)
Equivalently, it suffices to show that A(P) is a o-algebra. This happens if and only if the
A-system A(P) is also a m-system. Hence it suffices to show that A(P) is closed under (finite)
intersections.

For any subset A C 2 we define
La={Be2?: ANBeA?)}.
It suffices to show that
A(P) C La, YA A(P). (1.1.4)
Observe that £ 4 is a A-system if A € A(P). Indeed, 2 € £ 4 since A € A(P). The properties

(ii) and (iii) in the definition of a A-system are clearly satisfied since A(P) is a A-system.
Thus, to prove (1.1.4), it suffices to show that

PCLa, VAeEADP). (1.1.5)

Note that since P is a w-system
PcLlp, VBeD.

In particular, since £ is a A-system, we deduce

A(P)cC Lp, VBeP.
Thus, if A € A(P) and B € P, then AN B € A(P). In other words, B € L4, VB € P,
VA € L(P), i.e.,

PC Ly, VAeAD).
This proves (1.1.5) and completes the proof of the 7 — A-theorem. O

1.1.2. Measurable maps.

Definition 1.1.8. A map F : Q; — 9 called measurable with respect to the o-algebras §;
on €, i = 1,2 or (81, 8s)-measurable if F~1(83) C 81, i.e.,

F_I(SQ) € 81, VS, € 8o.
Two measurable spaces (£2;,8;), i = 1,2, are called isomorphic if there exists a bijection

F : Q01— such that F~1(83) = 8; or, equivalently, both F and its inverse F~! are
measurable. O
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Definition 1.1.9. Suppose that (€, 8) is a measurable space. A function f : Q — R is
called 8-measurable if, for any Borel subset B C R we have f~1(B) € 8. O

Example 1.1.10. (a) The composition of two measurable maps is a measurable map.

(b) A subset S C Q is 8-measurable if and only if the indicator function I'g is a measurable
function.

(c) If A is the o-algebra generated by a finite or countable partition
0=||A, ICN,
el
then a function f: Q — (R, Br) is A-measurable if and only if it is constant in the chambers
A; of this partition. O

The measurability of a map F : (21,81) — (€9,82) imposes infinitely many constraints
on F', one constraint for each measurable set Sy € 8o. It is very impractical to decide the
measurability of such a map since very often 89 has a very complicated description. The next
result is extremely useful in practice since it shows that often the measurability of a map is
decided by a lot fewer and more transparent constraints.

Proposition 1.1.11. Consider a map F : (21,81) — (€2, 82) between two measurable spaces.
Suppose that Co is a w-system of Qg such that o(Co) = S8o. Then the following statements are
equivalent.

(i) The map F is measurable.

(ii) Fﬁl(C) S 81, VC € Csy.

Proof. Clearly (i) = (ii). The opposite implication follows from the 7 — X\ theorem since the
set

{Ces8y FHC)eSi}

is a A-system containing the m-system C, that generates So. O

Corollary 1.1.12. If F': X — Y is a continuous map between topological spaces, then it is
(Bx,By) measurable.

Proof. Denote by Ty the collection of open subsets of Y. Then Ty is a w-system and, by
definition, it generates By . Since F is continuous, for any U € Ty the set F~1(U) is open in
X and thus belongs to Bx. O

O

Corollary 1.1.13. Let (2,8) be a measurable space. A function X : Q@ — R is (8,Br)-
measurable if and only if the sets X ~1((—o0,z]) are §-measurable for any x € R.

Proof. It follows from the previous corollary by observing that the collection

{(~o0,2]; zeR} c 2k
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is a m-system and the o-algebra it generates is Bg.
O

Remark 1.1.14. In measure theory and analysis, sigma-algebras lie in the background and
rarely come to the forefront. In probability they play a more important role having to do
with how they are perceived.

One should think of € as the collection of all the possible outcomes of a random exper-
iment. A o-algebra of 2 can be viewed as the totality of information we can collect using
certain measurements about the outcomes w € ). Let us explain this vague statement on a
simple example.

For example, suppose that the set of possible outcomes is [0, 1), but our measuring devices
detect with certainty only the first digit of the decimal expansion of a number in [0,1). We
say that a subset S of [0, 1) is measurable if using our device we can conclude with absolute
certainty that an outcome w belongs or not to S. In this case the only measurable subsets
are unions of the intervals [kl—_ol, % ), k=1,...,10.

Suppose now we are given a measurable space (£2,8) and a function X : 2 — R. Can we

measure the value of X at an outcome w using the same measurements that determine 8?7

Suppose that we can absolutely confirm about the outcome w of an experiment is whether
X (w) < x for any given x € R. In other other words, we can detect by measurements the
collection of sets
{X <z} := X_l((foo,x]), r € R.
In particular, we can detect whether X (w) > x, i.e., we can detect the sets {X >z} = {X < z}°.
More generally, we can determine the sets

{a <X <b} ={X >a}N{X <b}.

Indeed, we can do this using two measurements: one measurement to decide if X < a and
one to decide if X < b. Moreover, we are allowed to perform countably many measurements.
In particular, we can decide if

we ﬂ {z—1/n<X(w)<z+1/n},
neN
or, equivalently, if X (w) = x.
We say that a set S is X-measurable if given w € {2 we can decide by doing countably many

measurements on X whether w € S. If 51,...,5,,... C Q are known to be X-measurable,
then their union is X-measurable. Indeed,

w € USn<:>EIn€N: w € S,.
neN

Let us observe that the set theoretic conditions imposed on a sigma-algebra have logi-
cal/linguistic counterparts. Thus, the statement
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translates into the formula 3 € I, w € 5.

Conversely, statements involving the quantifiers 3,V can be translated into set theoretic
statements.

The information we can collect by doing such measurements of the function X is collected
into the sigma-algebra o(X) = X !(Bg) generated by the map X : Q — (R, Bg). O
Corollary 1.1.15. Consider a pair of maps between measurable spaces

F: (Q,S) — (Qz,Sz), 1=1,2.
Then the following statements are equivalent.
(i) The maps F; are measurable.
(ii) The map
F1 X Fg Q- Ql X QQ, w = (Fl(w),Fg(w))

is (8,81 ® 82)-measurable.

Proof. (i) = (ii) Observe that if the maps F1, F» are measurable then

F7H(S1), Fy'(S2) €8, VS1 €81, Sy€8

= (F1 x Fy)71(S1 x S9) = Fy Y (S1) N Fy 1 (Sa) €8, VS; € 81, Sy € 8a.
Since the collection S7 x Sz, S; € &;, i = 1,2, is a w-system that, by definition, generates

31 ® 89 we see that the last statement is equivalent with the measurability of F} x F5.

(ii) = (i) For ¢ = 1,2 we denote by 7 the natural projection Q; x Qs — Q;, (w1, ws2) — w;.
The maps m; are (81 ® 82, 8;) measurable and F; = m; o (F} X F3). O

Definition 1.1.16. For any measurable space (£2,8) we denote by £%(8) = L_O(Q,S) the
space of 8-measurable random variables, i.e., (8, Bg)-measurable functions 2 — R.

The subset of £%(€2,8) consisting of nonnegative functions is denoted by £9 (€, 8), while
the subspace of £%(€2,8) consisting of bounded measurable functions is denoted £>(12,8).

O
Remark 1.1.17. The algebraic operations on R admit (partial) extensions to R.
c+ too=t00,00+ 00 =00, c-00=00, Vec>0.
As we know, there are a few “illegal” operations
o0 —o00, 0-00, Qetc. O

Proposition 1.1.18. Fiz a measurable space (§2,8). Then the following hold.
(i) For any X,Y € £°(Q,8) and any ¢ € R we have
X +Y, XY, cX € £%(Q,8),

whenever these functions are well defined.
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(i) If (Xp)nen is a sequence in £°(§2,8) such that, for any w € ) the limit
Xoo(w) = lim X, (w)

n—o0
exists. Then Xoo : Q@ — R is also 8-measurable.

(iii) If (Xn)nen is a sequence in £°(£2,8). For any w € Q we set
Yoo(w) = inf X, (w), Zp(w) = sup X, (w).
neN neN

Then Yoo, Zoo € L9(9, 8).

Proof. (i) Denote by D the subset of R? consisting of the pairs (z,y) for which z + y is well
defined,

D= R2 \ { (007 —OO), (_007 OO) }
The set D is obviously a Borel subset of R? since it is open. Observe that X + Y is the
composition of two measurable maps

Q->DCRY we (Xw),Y(W), D=R, (z,9) ~»z+y.

Above, the first map is measurable according to Corollary 1.1.15 and the second map is Borel
measurable since it is continuous. The measurability of XY and cX is established in a similar
fashion.

(ii) Observe first that the set {Xo > —oo} is measurable because
Xoo(w) > —c0<=3IM €Z, AN € N, Vn > N, X,(w) > M.
We will show next that for any 2 € R the set { Xoo(w) > x } is S-measurable. Note that
Xow)>z<—= I eN, AIN=Nw)eN: Vn>N: X,(w)>z+1/v.

Equivalently
{Xoo(w) >x} -Jun {Xn>x—i—1/1/} es.
veNNeN n>N
(iii) The proof is very similar to the proof of (ii) so we leave the details to the reader. 0

Corollary 1.1.19. For any measurable function f € £°(€2,8), its positive and negative parts,
f+ = ma‘x(f7 0)7 fﬁ = maX(_fv 0)
are also measurable.

Proof. The function f7 is the composition of the continuous function z* = max(x,0) with

f. O

Definition 1.1.20. A function f € £°(€,8) is called elementary or step function if its range
is a finite subset of R. We denote by Elem((,8) the set of elementary functions. O

More concretely, a function f : 2 — R is elementary if there exist finitely many disjoint
measurable sets Ai,...,Axy € 8, and constants c1,...,cy € R such that

N
flw) = chIAk(w), Yw € Q. (1.1.6)
k=1
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The decomposition (1.1.6) of an elementary function f is not unique. Among the various
decompositions there is a canonical one

f = ZTIf*l(T)'
reR

The above sum is finite since f~!(r) is empty for all but finitely many 7’s.

Let us also observe that Elem(f2,8) is a vector space. Indeed if fy, f1 are elementary
functions with ranges Ry and respectively Ri, then their sum is measurable and its range is
contained in Rg + R;. This is a finite set since Ry, R1 are finite. Clearly the multiplication
of an elementary function by a scalar also produces an elementary function.

Any nonnegative measurable function is the pointwise limit of an increasing sequence of
elementary functions. To see this, for each n € N we define

n2" E_1
Dy, 1 [0,00) = [0,00), Dy(r) =Y 5 L1z 2 (1)-
k=1

Let us observe that if € [0, n], then D,,(r) truncates the binary expansion of r after n digits.
E.g.,if r €[0,1) and

o0
€
r:0.6162...en...:222—]]z, er € {0,1},
k=1

then
Dy (r) =0.€1 ... €.

This shows that (Dy,)nen is a nondecreasing sequence of functions and

lim D,(r)=r, Vr>0.

For f € £9(£,8) and n € N we define D,[f] : (€2,8) — [0, 0)
n2" E—
DlfI) = D7) = 3 o i (F@) 4 sy (1)) (LLT)
k=1

We deduce that the sequence of nonnegative elementary functions D,,[f] converges increas-
ingly to f.
Definition 1.1.21. Let (£2,8) be a measurable. A collection M of 8-measurable functions is
called a monotone class of (€, 8) if it satisfies the following conditions.
(i) Iq e M.
(ii) If f,g € M are bounded and a,b € R, then af + bg € M.
(iii) If (fy) is an increasing sequence of nonnegative random variables in M with finite

pointwise limit foo, then foo € M.
O

Theorem 1.1.22 (Monotone Class Theorem). Suppose that M is a monotone class of
the measurable space (2,8) and C is a mw-system that generates 8 and such that Ic € M,
VC € C. Then M contains £°(82,8) and all the nonnegative 8-measurable functions.
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Proof. Observe that the collection
A::{AES: IAGM}

is a A-system containing the m-system € so A = o(C) = 8, by the m — A theorem. Thus
M contains all the elementary functions. Since any nonnegative measurable function is an
increasing pointwise limit of elementary functions we deduce that M contains all the nonneg-
ative measurable functions. Finally, if f is a bounded measurable function, then f*, f~ are
nonnegative and bounded measurable functions so f*, f~ € M and thus

f=fr—fem
O

Definition 1.1.23. The o-algebra generated by a collection (X;);es of real-valued functions
on a set () is
o(Xpiel):=\/X;"(Bp).
i€l
O

The next result provides an interpretation of the concept of measurability along the lines
of Remark 1.1.14 .

Theorem 1.1.24 (Dynkin). Suppose that F : (,8) — (€, 8') is a measurable map. Let
X :Q — R be an 8-measurable function. Recall that o(F) = F~1(8'). Then the following are
equivalent.

(i) The function X is (o(F), Br )-measurable.
(ii) There exists an (8, Br)-measurable function X' : Q' — R such that X = X' o F.
Proof. Clearly, (ii) = (i). To prove that (i) = (ii) consider the family M of o(F')-measurable

functions of the form X'o F', X’ € LO(Y, 8'). We will prove that M = £°( €, o(F) ). We will
achieve using the monotone class theorem.

Step 1. I € M.

Step 2. M is a vector space. Indeed if X,Y € M and a, b € R, then there exist §’-measurable
functions X’,Y”’ such that

X=X0oF Y=Y0oF, aX+0bY =(aX'+bY')oF.
Hence aX + bY € M.
Step 3. I4 € M, VA € o(F). Indeed, since A € o(F) there exists A" € 8 such that
A=F14)
so I4 =14 oF. Hence M contains all the o(F)-measurable elementary functions.

Step 4. Suppose now that X € LO(Q,U(F)) is nonnegative. Then there exists an in-
creasing sequence (X, )nen of o(F')-measurable nonnegative elementary functions that con-
verges pointwise to X. For every n € N there exists an 8-measurable elementary function
X/ : Q' — R such that

Xp(w) =X, (F(w)), YweQ
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Define
b= {w' € Q5 the limit lim, . X, (w') exists and it is ﬁnite}
Let us observe that (Y is 8'-measurable because
JeQe=VY>1 AIN>1, Vm,n>N: |X, (W) - X (W) <1/v,

i.e.,
=NU N {Ix) - xne) <1y}
veNN>1mmn>N
Clearly, F(2) C €. For any o’ € Q' we set
lim, 00 X, ('), w' € Qy,
X () =
0, W e\ Q.

Arguing as in the proof of Proposition 1.1.18(ii) we deduce that X/  is 8’-measurable. For
any w € Q the sequence X}, ( F(w)) = X, (w) is increasing and the the limit

lim X, (F(w))

n—oQ

exists and it is finite. Hence
X (Fw)) =X(w), VweQ.

This proves that M is a monotone class in LO(Q,J(F)) that is also a vector space so it
coincides with £°%(Q,0(F)). O

Corollary 1.1.25. Suppose that X1, ..., X, : (£2,8) — R are 8-measurable random variables.
The the function X : Q — R is o(X, ..., X,)-measurable if and only if there exists an Brn-
measurable function u : R™ — R such that

X =u(X1,..., X,).

Proof. Apply the above theorem with (€/,8") = (R, Bgn) and
Flw) = (X1(@) .. Xn()).
O

Remark 1.1.26. We see that, in its simplest form, Corollary 1.1.25 describes a measure
theoretic form of functional dependence. Thus, if in a given experiment we can measure
the quantities X1,..., X, and we know that the information X < ¢ can be decided only by
measuring the quantities X7, ..., X, then X is in fact a (measurable) function of Xy, ..., X,.
In plain English this sounds tautological. In particular, this justifies the choice of term
“measurable”. a
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1.2. Measures and integration

1.2.1. Measures. Throughout this section (€2, 8) will denote a measurable space. Given a
function f : X — R we will use the notation {f < ¢} to denote the subset f~'((—o0,d]).
The sets {a < f < b} etc. are defined in a similar fashion.

Definition 1.2.1. A measure on (€2, 8) is a function p : § — [0,00], S+ p[S] such that
the following hold.

° N[(Z)] =0, and

e it is o-additive, i.e., for any sequence of pairwise disjoint 8-measurable sets (A, )nen

we have
U 4
neN

=> u[An]. (1.2.1)

n>1

7

The measure is called o-finite if there exists an increasing sequence of S-measurable sets
A CAyC -

such that

J 4n =9 and p[A,] <oo, ¥neN.

neN
The measure is called finite if ,u[Q] < 00. A probability measure is a measure P such that
P[Q] = 1. We will denote by Prob(£, 8) the set of probability measures on (2, 8). 0

Remark 1.2.2. The o-additivity condition (1.2.1) is equivalent to a pair of conditions that
are more convenient to verify in concrete situations.

(i) p is finitely additive, i.e., for any finite collection of 8-measurable sets Aj,..., A,

we have
U4k =D nl4].
k=1 k=1

(ii) p is increasingly continuous i.e., for any increasing sequence of S8-measurable sets

Ay CAyC---
U 4
neN

I

1 = lim p[Ay]. (1.2.2)

If n[Q] < oo and p is finitely additive, then the increasing continuity condition (ii)
is equivalent with the decreasing continuity condition, i.e., for any decreasing sequence of
S-measurable sets By D By D - -

p| () Ba| = lim pu[By]. (1.2.3)

nen
Indeed, the sequence BS = Q\ B, is increasing and M[Bg] = M[Q] — M[Bn]- This last
equality could be meaningless if ,u[Q] =0 O

Definition 1.2.3. (a) A measured space is a triplet (€2, 8, 1), where (£2,8) is a measurable
space and p : 8 — [0, 00] is a measure. 0
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Our next result shows that a finite measure is uniquely determined by its restriction to
an algebra generating the sigma-algebra where it is defined.

Proposition 1.2.4. Consider a measurable space (§2,8) and two finite measures py, s : 8 — [0, o0
such that py [Q] = ,ug[Q] < 00, then the collection

g = {SGS; ,ul[S] :,ug[S] }
is a A-system. In particular, if [C] = ,ug[C’] for any set C that belongs to a mw-system C,

then uy and s coincide on the o-algebra generated by C.

Proof. Clearly ), e &. If A,B € & and A C B, then
p[A] =pa[A] <oo, m[B]=p2[B] <oo
SO
pi[B\A] = [B] —m[A] =p2[B] — e[ A] = 2B\ A],

so B\ A € C. The condition (iii) in the Definition 1.1.5 of a A-system follows from the
o-additivity of the measures u1, uo. a

Definition 1.2.5. A probability space, or sample space, is a measured space (2, 8,P), where
P is a probability measure. In this case we use the following terminology.

e The subsets S € 8 care called the events of the sample space.

An event S € 8 is called almost sure (or a.s.) if P[S] = 1. An event S is called
improbable if IP’[S] =0.

The measurable functions X : (Q,8,P) — R are called random variables.
A random variable X : (€, 8,P) — Ris called a.s. finite if

P[|X|<oo] =1.

A random variable on (2, 8,P) is called deterministic if there exists ¢ € R such that
X =cas.

O

# Traditionally the random variables have capitalized names X,Y, Z etc to distinguish them
from deterministic quantities that are indicated in small caps. We will try to adhere to this
convention throughout this book

Example 1.2.6. (a) If (£2,8) is a measurable space, then for any wy € , the Dirac measure
concentrated at wg is the probability measure

1, wy€eS,

buo 18— [0,00), du,[S] = {O w0 d S

(b) Suppose that S is a finite or countable set. A measure on (S, 2%) is uniquely determined
by the function

w: S —[0,00], w(s)=pn[{s}].
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We say that p[{s}] is the mass of s with respect to u. The function w is referred to as the
weight function of the measure. Often, for simplicity, we will write

pls]=mul{s}].
The associated measure i, is a probability measure if

Zw(s) = 1.

seS
When S is finite and

w(s) = Vs €S,

1
S|’
then the associated probability measure p,, is called the uniform probability measure on the
finite set S.

(c) Suppose that F : (©2,8) — (£/,8') is a measurable map between measurable spaces. Then
any measure ;4 on €2 induces a measure Fiup on € according to the rule

Fup[S'] =pn[F1(S)].
The measure Flyp is called the pushforward of p via F'.

(d) Fix a set T' with two elements, 7" = {0,1}. For any p € (0,1) the probability measure
By : 21— [0,00) defined by
Bp[1]=p, Bpl0] =qi=1-p
is called the Bernoulli distribution with success probability p. We abbreviate it by Ber(p).
(e) Given finite or countable sets Q, ..., ,, and probability measures p; : 2% — [0,1], we
obtain a probability measure
= ® - @ iy : DX 10 ]
by setting
,u[(wl,...,wn)] :;Ll[wl] '--,un[wn], V(wi, . oywn) € Q1 X oo X Q.
In particular, there exists a probability measure ﬁl‘?" on {0,1}"™.

Note that we have a random variable
N :{0,1}" — Ny, N((el,...,en)) =€+ +e€n, Ver,...,e, €{0,1}.

The push-forward P = P, ,, := N#ﬁl‘?” is a probability measure on {0,1,...,n} called the
binomial distribution corresponding to n independent trials with success probability p and
failure probability ¢ = 1 — p. It is abbreviated Bin(n,p). Note that Bin(1, p) = Ber(p). For
any k € {0,1,...,n} we have

n

P=> P[k]6,
k=0
where

Plk] =5 IN=k= >  B"[(c,... )]

€1+“'+€n:k

_ kn—k_ (" k nk
= > 1 —<k>pq :
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(f) The Lebesgue measure A defines a measure on Bg. For any compact interval [a,b] the
uniform probability measure on [a, b] is

mI[a’b]A. EI

Definition 1.2.7. Let X be a topological space. As usual B x denotes the o-algebra of Borel
subsets of X. A measure on X is called Borel if it is defined on Bx. O

The Lebesgue measure on R is a Borel measure.

Definition 1.2.8. Suppose that X € L£9(Q,8,P). Tts distribution is the Borel probability
measure Px on R defined by

Px[B]=P[X € B], VB € Bg.
In other words, Py is the pushforward of P by X, Px = X4P. a

Definition 1.2.9. Suppose that u is a measure on the measurable space (£2,8).
(i) A set N C Q is called p-negligible if there exists a set S € 8§ such that
N C S and ,u[S] =0.
We denote by N, the collection of p-negligible sets.

(ii) The o-algebra § is said to be complete with respect to p (or p-complete) if it
contains all the p-negligible subsets.

(iii) The p-completion of 8 is the o-algebra 8# := o (8, N,,).
O

Remark 1.2.10. (a) It may be helpful to think of a sample space (2,8, P) as the collection
of all possible outcomes w of an experiment with unpredictable results. The observer may
not be able to distinguish through measurements all the possible outcomes, but she is able
to distinguish some features or properties of various outcomes. An event can be understood
as the collection of the all outcomes having an observable or measurable property. The
probability P associates a likelihood of a certain property to be observed at the end of such
a random experiment.

Take for example the experiment of flipping n times a coin with 0/1 faces. One natural
sample space for this experiment is based on the set 2 = { 0,1 }n

If we assume that the coin is fair, then it is natural to conclude that each outcome w € €
is equally likely. Suppose that we can distinguish all the outcomes. In this case

§ = 28,

Since there are 2" outcomes that are equally likely to occur we obtain a probability measure
P given by

5]
A random variable on a sample space is a numerical attribute X that we can assign to each
outcome w of a random experiment with the following feature: for any ¢ € R the property

X(w) < c is observable, i.e., the set X~ ((—o0,c]) belongs to the collection 8 of observable
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properties. For example, in the situation of n fair coin tosses, the number N of 1’s observed
at the end of n tosses is a random variable.

(b) Often one speaks of sampling a probability distribution on R. Modern computer systems
can sample many distributions. More concretely, we say that a probability measure p on
(R, Bgr) can be sampled by a computer system if that computer can produce a random?
experiment whose outcome is a random number X so that, when we run the experiment a
large number of times n, it generates numbers x1,...,x, and, for any ¢ € R, the fraction of
these numbers that is < ¢ is very close to u[ (—o0,c]].

When we speak of sampling a random variable X, we really mean sampling its probability
distribution Py. O

Clearly 8* is the smallest u-complete o-algebra containing 8. The proof of the following
result can be safely left to the reader.

Proposition 1.2.11. Suppose that u is a measure on the o-algebra 8 C 2.
(i) The completion 8" has the alternate description
$¢={SUN; Se8, NeN,}c2?

(ii) The measure p admits a unique extension to a probability measure fi : 8# — [0, 00).
More precisely

vSeS8, NeN, a[SUN]|=pu[S].
O

Definition 1.2.12. A set S C R is called Lebesgue measurable if it belongs to the A-
completion of Bg. O

The most versatile method of constructing measures is Carathéodory Extension Theorem.
We need to introduce the appropriate concepts.

Definition 1.2.13. Fix a set Q and an algebra F C 2

(i) A function p : F — [0, 00] is called a premeasure if it satisfies the following condi-
tions.

(a) u[0] =0
(b) pis finitely additive, i.e., for any finite collection of disjoint sets Ay,..., 4, € F

we have
UAs | =2 nl4].
k=1 k=1

(¢) p is conditional countably additive, i.e., for any sequence (A, )pen of disjoint
sets in F whose union is a set A € F we have

ulA] =2 n[An].

n>1

I

2The precise term is pseudo-random since one cannot algortitmically simulate randomness.
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(ii) The premeasure p is called o-finite if there exists a sequence of sets (£2,)pen in F
such that
Q= p[] <o, VneN.
neN
O

Remark 1.2.14. Suppose that u: F — [0,00) is a finitely additive function on an algebra
F of subsets of a set 2 such that ,u[Q] < 00. Then u is a premeasure if and only if, for any
decreasing sequence (Fy,)nen of sets in F with empty intersection we have

lim p| F, | =0.

n—o0

Indeed, if (A, )nen is a sequence of disjoint sets of F whose union A is also a set in F, then
the sequence

Fo=A\ LnJAk
k=1

is a decreasing sequence in F with empty intersection and

LB = 4] = Lo nl )

O

The (conditional) countable additivity condition in the definition of a premeasure could
be challenging to verify. The next result whose proof is left to you as an exercise give a
simpler sufficient condition guaranteeing this countable additivity.

Theorem 1.2.15 (Alexandrov). Suppose that that K is a compact topological space, F is
an algebra of subsets of K and p : F — [0,1] is a finitely additive function satisfying the
following reqularity property: for any F € F and any € > 0 there exists a set F_ € F such
that

cd(F_)CF, p[F\F_]<e.

Then p is a premeasure. O

Proof. Let us introduce a convenient terminology. For € > 0 we define an e-squeeze of a set
F € F to be a set G € F such that cl(G) C F and pu[F\ G| <e.

Lemma 1.2.16. Suppose that Fy, Fs € F, F5» C F1, and fori = 1,2, G; is an €;-squeeze of
F;. Then G1 NGy is an (g1 + €2)-squeeze of Fy.
Proof of Lemma 1.2.16. Clearly
Cl(Gl N Gg) - Cl(Gg) C Fy,
Fy \ (Gl N GQ) =N (Gl N Gg)c =N (G'i U G%) = (FQ N Gi) U (F2 N Gg),
and
p[ P\ (GiNG2)] = p[(F\G1) U (F2\ Gy) |
Sp[F\Gi]+u[Fo\Go] Sp[Fi\Gi]+p[F\Ga] <ei+eo.
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To prove that u is a pre-measure it suffices to show that if (F},),en is a decreasing sequence
in F with empty intersection, then

i pFu] =0
Fix ¢ > 0. For n € N, fix an g7-squeeze G, of F,. Define
n n c
Hn::ﬂGn, En::ZQ—kze(l—2_n).
k=1 k=1

Applying Lemma 1.2.16 iteratively we deduce that H,, is an ,-squeeze of F},. By construction
the sequence H,, is decreasing and thus the sequence of closures c¢l(H),) is decreasing as well.

Note that
(el(Hy) C () Fn=0.

n

Since K is compact we deduce that there exists N = N(g) € N such that el(Hy) = (). Hence
Hy = 0 and since Hy is an ey-squeeze we deduce that, Vn > N

plF.] Sp[Fn]=p[Fy\Hy] <ey<e.
O

For a proof of the next central result we refer to [6, Sec. 1.3], [56, Chap. 3] or [99,
Thm.1.53, 1.65].

Theorem 1.2.17 (Carathéodory Extension Theorem). Suppose that F is an algebra of sub-
sets of Q and p : F — [0,00] is a o-finite premeasure on F. Then the following hold.

(i) The premeasure p admits a unique extension to a measure i : o(F) — [0, 00].

(ii) For any A € o(F) and any € > 0 there exist mutually disjoint sets Ay, ..., Ay € F
and B1,...,B, € F such that

ACGAj,ﬁ OAJ\A <eg,

j=1 =1
and
n
i|AA B <e.
k=1

O

Example 1.2.18. Let F denote the collection of subsets of R that are union of intervals of
the type (a,b], —oo < a < b < oo. This is an algebra of sets. Any F' can be written in a
(non)unique way as a union

n
F = U(ai,bi], ai<bi§a,~+1<bz~+1, Vi=1,...,n—1.
J=1

While this decomposition is not unique the sum

n

A[F]=> (b — a)

i=1
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depends only on F' and not on the decomposition. It is not very hard to show that the
correspondence
FoF = A[F] €10,q]

is finitely additive. The fact that X is a premeasure, i.e., it is (conditionally) sigma-additive,
is much more subtle, and it is ultimately rooted in the compactness of the closed and bounded
intervals of R. More precisely if we denote by F,, the trace of F to [—n,n] and by A, the
restriction of A to F,, then Alexandrov’s Theorem 1.2.15 implies that A,, is a premeasure for
any n € N. A simple argument then implies that A itself is a premeasure. For details we
refer to [6, Sec. 1.4] or [56, Chap. 3]. The resulting measure on B is called the Lebesgue
measure on R and we continue to denote it by A . O

Definition 1.2.19. A distribution function is a right-continuous nondecreasing function
F:R—[0,1]
such that F'(—oo) =0 and F(c0) = 1. 0

Example 1.2.20. Suppose that X is a random variable defined on the probability space
(€2,8,P). The function

Fx:R— [O, 1], Fx(x) :]P)[X < l‘]
is a distribution function called the cumulative distribution function or cdf of the random
variable X. O

Example 1.2.21 (Lebesgue-Stieltjes measures). Suppose that F R [0, 1] is a distribution
function. Then there exists a unique Borel probability measure p = g on By such that

pl(z,yl] = F(y) — F(z), Yo <yeR. (1.2.4)

The uniqueness follows from the fact the collection of intervals (—oo, x| is a m-system that
generates the Borel algebra of R. The existence follows from Caratheodory’s extension theo-
rem; see [6, Sec. 1.4] or [56, Chap 3.]. Below we will describe another existence proof that
relies only the existence of the usual Lebesgue measure.

The above measure pp is called the Stieltjes probability measure associated to the dis-
tribution function F. Its extension to the completion Bf is called the Lebesgue-Stieltjes
measure associated to the distribution function F'.

Conversely, if y is a Borel probability, measure on R, then p is the Stieltjes measure
associated to its cumulative distribution function (cdf) F : R — [0,1], F(z) = p[(—o0,]].
O

Example 1.2.22 (Quantiles). Here is an alternate description of this measure based on
a construction frequently used in statistics. Suppose that F' : R — [0,1] is a cumulative
distribution function. The quantile function of I is a generalized inverse of the nondecreasing
function F'. Here is a geometric description of Q.

The non-decreasing function F' has at most countable many discontinuities, all of jump
type. Graph F' in the xy plane and the fill in the gaps at its discontinuities by vertical
segments; see Figure 1.1. The result is the completed graph of F'. It ”continuous” curve in
the plane that may contain vertical segments. Given p € (0,1), the horizontal line y = p
intersects this curve at a point or along a closed horizontal segment. The quantile Q(p) is
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Figure 1.1. Visualising a cdf and its quantile.

the leftmost /smallest abscissa of a point on this intersection. For example, for F' as in Figure
1.1 we have Q(0.3) = 1.

Formally
Q:[0,1] =R, Qp):=inf{z: p<F(x)} 125
=inf 7' ([p,1]). o
Since F' is right-continuous the above definition is equivalent to
FY([p,1]) = [Q(p), o).
Suppose that zq is a point of discontinuity of F' and we set
Py = lim F(x) < F(x9) =: po.
x T
Note that Q(pg) = zo and if p € (py, po], then Q(p) = xo.
Note that for any x € R we have
0<y< Fa)«Q(y) <, (1.2.6)
Q_l( [—o00,z]) = [0, F(z)]. (1.2.7)

Indeed, ¢ € Q_l( [—oo,a:]) if and only if Q(¢) < z, i.e., £ < F(z). In particular,
Q' ((z,9]) = (F(z), F(y)], ¥—oo <z <y< oo,
The quantile is left continuous. Indeed, let p,  po. We will show that
lim Q(pn) = Q(po)-

Note that lim, Q(p,) < Q(po) since @ is nondecreasing. To prove that we have equality we
argue by contradiction. Set z,, := Q(pn), To = Q(po). Suppose

lmz, = e < xg = inf{x; F(x) > po }
n
From the definition of inf as the greatest lower bound we deduce that there exists =, € (z0, Zo)

such that F(x.) < po. Thus F(x,) < F(z,) Since p, / po we deduce p,, > F(z*) for all n
sufficiently large. This implies

o ¢ {x; F(x)>pn}=[Q(pn),0)

ie., z, = Q(pn) > x4, for all n sufficiently large. This contradicts the fact that x,, — Too < Z4.
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If Ajp,1] denotes the Lebesgue measure® on [0, 1], then

QuXp[(@,y]] =A[Q ' ((z,9])] = F(y) — F(x).

Hence the pushforward measure QAo ] satisfies (1.2.4) since it coincides with pp on the
m-system consisting of the the intervals of the form (a, b] it coincides with pp on the sigma-
algebra of Borel sets.

When F' is the cumulative distribution function of a random variable, the associated
quantile function is called the quantile of the random variable X and it is denoted by Q) x.

The intersection of the horizontal line y = % is a, possibly degenerate, horizontal segment.
The abscissas of points on this segment are called the medians of X. O

1.2.2. Independence and conditional probability. The next concepts are purely prob-
abilistic in nature. They have no natural counterpart in the traditional measure theory.

Definition 1.2.23. (a) The events A, Ag,..., A, of a sample space (2,8,P) are called
independent if, for any nonempty subset {i1,...,i} C {1,...,n}, we have
]P)[Ail m'”mAik} :P[Ah] P[Alk]

(b) The families of events Aj,..., A, C 8 are called independent if for any A; € A,
i=1,...,n, the events Aq, ..., A, are independent.

(c) The (possibly infinite) collection of families of events (A;);er is called independent if for
any ii,...,i, € I the finite collection A;,,...,A;, is independent.

in
(d) An independency is an independent collection (8;);c; of sigma-subalgebras of 8.

(e) The collection of random variables X; € £%(Q,8), i € I, is called independent if the
collection of o-algebras (o (X;) ), ¢ is independent. O

1w We will use the notation X 1LY to indicate that the random variables X,Y are indepen-
dent.

Remark 1.2.24. (a) We want to emphasize that the independence condition is sensitive to
the choice of probability measure involved in this definition.

(b) It is possible that n 4+ 1 events be dependent although any n of them are independent.
Here is one such instance, [163, Ex. 3.5]. Suppose we flip a fair coin n times. In this case a
natural sample space is

Q=2"={0,1}",

with the uniform probability measure. (Above, 1= Heads.) For k = 1,...,n we denote by k
the event “Heads at the k-th flip”, i.e.,

E, = {w: (Wiy.. . wp) €Q; w = 1}.
Denote by FEy the event “the number of heads in these n flips is even”, i.e.,

Eoz{wEQ; w1+---+wn622}

3The proof of the existence of the Lebesgue measure is based on Caratheodory’s extension theorem.
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Clearly
P[Ey] = % Vk=1,...,n.

Since the probability of flipping an even number of Heads is equal to the probability of flipping
an odd number of Heads, we deduce that

1
For any subset I C {0,1,...,n} we set
E[ = ﬂ EZ
el
The events E1, ..., F, are independent. Observe that for any subset I C I, |I| = k < n, we

have
P[EOmEI} :P[{weg; wi=1Viel, Y w=1I mod2}]

il
—Pl{we® wi=1Viel}|-P[{we® Y w=[mod2}]
~ Z il

2
1
= o7 =P[Eo] [ [P[E:].

i€l
Thus, any n of the events Ey, F1, ..., E, are independent. Finally, note that

L 1 0 n odd
P[E;|=—— and P[EgNnE N---NE,] =4 ’
ZHO [ Z] gnt1 A [ of L0 n] {217” n even.

This shows the events Fy, E1, ..., E, are dependent.

(c) If Q is contained in each of the families of events Aj,...,A,, then these families are
independent if and only if
Pl[AiN---NA, | =P[A]---P[A,], VA, € Ay, k=1,...,n. O

Proposition 1.2.25. Let (2,8,P) be a sample space and that Py, ..., P, C 8 are w-systems
each containing 2. The following statements are equivalent

(i) The families Py, ..., P, are independent
(ii) The collection of o-algebras o(P1),...,0(Py) is independent .

Proof. Clearly it suffices to prove only (i) = (ii). Fix S; € P;, i =2,...,n. Let
J:={5€8: P[SNS;N---NS, | =P[S]|P[S;]---P[Sn] }.
Note that P; C J. Next let us observe that J is a A-system. Indeed if A,B € Jand A C B
then
P[(B\A)NS;N---NS, | =P[(BNS2N---NS,)\(ANS2N---NS,)]

=P[B|P[Sy]---P[S,]| —P[A]|P[S2]---P[Spn] =P[B\A|P[S2]---P[S5y].

If Ay c Ay C--- C A, C is an increasing sequence of events in J and
A=lm4, =] A,

v>1
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then
P[ANS;N---NS, ] = lim P[4, NS2N---NS,]

V—00

= lim P[A, |P[Sz]---P[Sn,] =P[A]P[S2]---P[Sn].

vV—00

The m — A theorem implies that o(P1) C J so that
Pl[AiNSaN---NS, | =P[A1|P[Sz]---P[Sn],
for all A; € 0(P1), S; € Pi, i =2,...,n. Repeating the above argument we deduce
P[AINAN--NA | =P[A [P[As] - P[A,], VAL €a(Py), k=1,...,n.
Remark 1.2.24 shows that the o-algebras o(P1),...,0(P,) are independent. O

Corollary 1.2.26. Consider the random variables X1, ..., X, : (2,8,P) — R. The following
statements are equivalent.

(i) The random wvariables X1, ..., X, are independent.
(ii) For any x1,...,x, € R
]P)[Xl <z,...,X, < -’En] = P[Xl < ‘Tl} e P[Xn < SUn]

Proof. It follows from Proposition 1.2.25 applied to the m-systems

P iZ{{XkSUCk}Z xke(—oo,oo]}, k=1,...,n.

O

Corollary 1.2.27 (Partition of independencies). Suppose that (8;);cr is an independency of
(Q,8,P). For any partition (In)aca of I we set

Foi=\/ 8, a€A
i€l

Then the collection (Fq)aca is also an independency.

Proof. Denote by C, the m-system obtained by taking intersections of finitely many events

from (J;c;, 8i- Note that

U Fica(ea)
1€ly
The m — A\ theorem implies
Fo =0(Cy), Va € A.
The family (C,)aca is clearly independent. The conclusion now follows from Proposition
1.2.25. O

Corollary 1.2.28. Suppose that the random variables X1, ..., X, € L_O(Q, S,_]P’) are z'ndepen_—
dent. Then for any 1 < k < n and any Borel measurable functions f : R¥ - R, g : R** 5 R
the random variables

f(Xla" . an)v g(X/C+17' . aXn)

are independent. a
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Definition 1.2.29 (Tail algebra). Consider a sequence (8,,),en of sub-o-algebras of (2,8, P).
The tail algebra of this sequence is o-algebra

T=TG8n) =) Tm: Tm:=\ Sn (1.2.8)
meN n>m
The events in T are called tail events. O

Remark 1.2.30. (a) An event S is a tail event of the sequence (8;,)nen if
VmeN; Se \/ s,

n>m
The sequence of o-algebras (8,,)nen can be viewed as an information stream. The tail events
are described by a stream of information and are characterized by the fact that their occur-
rence is unaffected by information at finitely moments of time in the stream.

(b) To a sequence of random variables X,, : (©2,8,P) — R we associate the sequence of o-
algebras 8, = 0(X,,) and the event C:= " the sequence (Xn(w) ) converges” is a tail event
since is belong to T, for any m. Indeed, for any m we have

n>1

C’::{weQ; Vv eN, 3N >m, Vki, ks >N }Xkl(w)—sz(w)|<%}

NU N {Ix@-xu@]< ).

v N>mky,ki>N

=Cmv
Next, observe that for k1, ke > N > m and r > 0 the event

{‘Xkl(w) —XkQ(w)‘ < 7’}

is Tp,-measurable since Xy, and Xy, are T,,-measurable and so is their difference. Hence
Cwmp € T and thus

C=()Crmw € T, Vm.
Heence C € 7. O

Theorem 1.2.31 (Kolmogorov’s 0-1 law). If A is a tail event of the independency (8y)nen,
then IP’[A] =0 or IP)[A} =1.

Proof. Let T, as in (1.2.8). According to the principle of partition of independencies the

collection 81, ...,8,,, T is an independency and, since T C T,,, the collection 81,...,8,,, T
is also an independency, Vm € N. We deduce that the o-algebras
T,81,892,...

are independent. The principle of partition of independencies implies so {7, Ty} is an inde-
pendency. Hence, for any A € T, and any B € Ty, we have

P[ANB] =P[A|P[B].
If above we choose B = A € T C Ty we deduce
P[A] =P[A]?, VAeT=P[A] €{0,1}, VAET.
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Definition 1.2.32. Let (2, 8,P) be a probability space. A zero-one event is an event S € §
such that ]P’[S] € {0,1}. A zero-one algebra is a sigma-subalgebra F C 8 consisting of
zero-one events. O

Corollary 1.2.33. Suppose that (X, )nen is a sequence of independent random variables on
the probability space (2, 8,P). Then the series

> X
neN

1s either almost surely convergent, or almost surely divergent. In other words, the almost sure
convergence is a zero-one event. O

Definition 1.2.34. Suppose that A, B are events in the sample space (2,P,8) such that
IP’[B] # 0. The conditional probability of A given B is the number

P[A|B] = M. O
P[B]
Note that we have the useful product formula
P[ANB] =P[A|B|P[B]. (1.2.9)

In particular, we deduce that A, B are independent if and only if IP[A] = }P’[A|B ] Note
that the map

P[ —|B]:8—10,1], S~ P[S|B]
is also a probability measure on 8. We say that it is the probability measure obtained by

conditioning on B.

Remark 1.2.35. Observe that n events Ay,...,A,, n > 2, are independent if and only if,
for any nonempty subset I C {1,...n} of cardinality < n, and any j ¢ I we have

P[Aj|A1] = Aj, where Aj ::ﬂAi. O
el
Suppose we are given a finite or countable measurable partition of (€2, 8, P)
Q=||A, ICN, P[A]#0, Vi
1€l
The law of total probability states that
P[S] =) P[S|A/|P[A;], VS€S. (1.2.10)
i€l
Indeed,
P[S] =S P[sna] "2 S P[s| AP 4.
il i€l
Example 1.2.36. Suppose that we have an urn containing b black balls and 7 red balls. A

ball is drawn from the urn and discarded. Without knowing its color, what is the probability
that a second ball drawn is black?
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For k = 1,2 denote by By the event “the k-th drawn ball is black”. We are asked to find
P[By]. The first drawn ball is either black (B;) or not black (B{). From the law of total
probability we deduce

P[ By | =P[Ba|B1 |P[ By ] + P[ Bs| B |P| Bf |.
Observing that

b r
]P)B == ¢ = —
Bi] =gy and PLBL =5
we conclude
b—1 b b r b(b—1)+br
P| By | = . : =
[ B ] b+r—1 b+r+b+r—1 b+r  (b+7r)(b+r—1)
b(b+r—1 b
_ U ) =P[B].

(b+r)b+r—1) b+r
Thus, the probability that the second extracted ball is black is equal to the probability that
the first extracted ball is black. This seems to contradict our intuition because when we
extract the second ball the composition of available balls at that time is different from the
initial composition.

This is a special case of a more general result, due to S. Poisson, [35, Sec. 5.3].

Suppose in an urn containing b black and r red balls, n balls have been
drawn first and discarded without their colors being noted. If another ball
s drawn drawn next, the probability that it is black is the same as if we
had drawn this ball at the outset, without having discarded the n balls
previously drawn.

To quote John Maynard Keynes, [97, p.394],

This is an exceedingly good example of the failure to perceive that a
probability cannot be influenced by the occurrence of a material event
but only by such knowledge as we may have, respecting the occurrence of
the event.

This example hides an even subtler phenomenon, namely exchangeability. We discuss this
phenomenon in greater detail in Subsection 3.2.8. O

Example 1.2.37 (The ballot problem). This is one of the oldest problems in probability.

Suppose that during an election between candidate H and T votes were cast successively.
In the end H obtained a votes and 7' obtain votes and a > b so H won. Denote by B the
event that H was always in the lead while the voting took place. The ballot problem asks to
find the probability of B given a and n.

We can visualize the voting process as a random walk on Z. At the initial moment we
are at the origin. A vote for H would move us a unit size step to the tight, while a vote for
T would move us one step to the left. The event B occurs if during this walk we always stay
to the right of the origin,

Think of voting as flipping a fair coin with two sides, Heads and Tails. We denote by
Sy its location after n coin flips. The sequence of random variables (S,)n,cn is called the
standard (or unbiased) random walk on Z.
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Formally we have a sequence of independent random variables (X, )nen such that
1
P[X,=1] =P[X, =—1] =g vneN
The random variables with this distribution are called Rademacher random variables. Then
So=0, S, =85 +X1+ -+ X,.
Define a zig-zag to be a finite sequence of points or nodes in Z?

w = {(no,yo),(no+1,y1),...,(no+k)}

such that |y; —y;—1| = 1. We can visualize a zig-zag as the graph of piecewise linear function
obtained by connecting by line segments the succesive nodes of the zig-zag; see Figure 1.2.

The node (ng,yp) is called the initial node of the zig-zag and (ng + k,yx) is called the
final node of the zig-zag. We will refer to the natural number k as the length of the zig-zag.
We will denote by ((ng.40),(n1,y) the set of zig-zags that start at (ng,yo) and end at (n1,y1).
We set An =n1; —ng, Ay = y1 — yo. Then An > 0 and

An An+ Ay
Ay = An mod 2, #(Q(no,yo),(m,yl) = < L ), h = f

It is convenient to visualize the random walk as a zig-zag obtained by successively connecting
by a line segment the point (n — 1,5,_1) to the point (n,S,), n € N. The connecting line
segment has slope X,;

Figure 1.2. A zig-zag describing a random walk started at So = 0

The sample space in this problems is the space €2, , of zig-zags w that start at the origin

and end at (n,y). There are
n a+b
Qn = = )

equally likely zig-zags in this sample space. The event B occursift S, > 0,Vk =1,...,n = a+b.

Denote by Qj{jy the set of zig-zags, w € (2, , that touch the horizontal axis only at (0, 0).
Thus
_ #y

P[B] T
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Note that all but the first node of a zig-zag in Qj{jy is strictly above the horizontal axis. Thus,
the first step of such a zig-zag is upwards, so Qa Y) is in bijection with the space Q(l 1),(ny)
consisting of zig-zags from (1,1) to (n,y) that do not touch the horizontal axis so that

+ + _ 0
##Slnqy - ##52(1,1)(7uy) - ##S](l,l)(ruy) - ##S)(l,l)iruy)'
where Q(()l D(ny) Q1,1),(n,y) consists of zig-zags that touch the horizontal axis.

For each zig-zag w € Q?l 1),(n.) denote by k(w) the first moment it touches the horizontal
axis. Denote by w” the zig-zag obtained from w by reflecting in the horizontal axis the part
of w from k(w) to n; see Figure 1.3. The end point of w" is (n, —(a — b)).

_24

Figure 1.3. The zigzag w" traces w until w hits the horizontal axis. At this moment the
zigzag w" follows the opposite motion of w (dashed line).

The transformation w — w” produces a bijection
0
Q(lvl)v(nv_y) - Q(l,l),(n,—y)~

Indeed, any zig-zag w’ : (1,1) — (n,b—a) must cross the horizontal axis. After the first touch
we reflect it in this axis and obtain a zigzag (1,1) — (n,a — b) such that w” = w’. Clearly w
touches the horizontal axis. Hence

0 _(n—1\ _(fa+b-1
#Q(l,l)y(nﬁy) - (b _ 1) = < a ) (1.2.11)
a+b—1 a+b—1
#Qal),(n,y) = #2010, (0) — FUL1),(n,—y) = ( a—1 > - ( a ) (1.2.12)

Note that
a+b—1 B a+b—1
a—1 a

(a+b—1)! (1 1)_a—b (a+b)!_a+b<a—|—b>

T @-D6-DI\b a/ a+b  ald
L G e G B e I
P[B] - #me - (az—b) - CL+b E (1213)
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Proposition 1.2.38 (Bayes’ formula). Suppose we are given a finite or countable measurable
partition of (2,8, P)
Q=||A, TCN, P[A]#0, Vi

1€l
Then, for any S € 8 such that ‘P[S] # 0 and ig € I we have
P[S|Aqi, |P[ Aj |
P|A; |S| = . 1.2.14
Al TSR A S

Proof. According to the law of total probability, the denominator in the right-hand-side of
(1.2.14) equals P[ S ]. Thus, the equality (1.2.14) is equivalent to

P[Aio‘S]P[S] = P[S’Aio ]P[Aio]'
The product formula shows that both sides of the above equality are equal to ]P’[Aio ns ]
O

Remark 1.2.39. We should mention here a terminology favored by statisticians.
e The events A, are called hypotheses.

The probability IP’[Ak} is called prior (probability).

The probability IP’[AHS ] is called posterior (probability).

The probability P[ S|Ay ] is called likelihood.

Here is one frequent application of Bayes’ principle. Suppose that we observed a random
event S we know that it can be caused only by one of the random events A;. To decide
which of the events A; is more likely to have caused S we need to find the larges of the pos-
teriors IP)[AZ-|S } Bayes’ formula shows that the most likely cause maximizes the numerator

Example 1.2.40 (Biased coins). We say that a coin has bias # € (0,1) if the probability
of showing Heads when flipped is 6. Suppose that we have an urn containing c¢; coins with
bias #; and cy coins with bias 6. Let n := ¢; + ¢o denote the total number of coins and set
pi = 7, i =1,2. We assume that

c1 <cy and 61 > 6, (1.2.15)
i.e., there are fewer coins with higher bias. We draw a coin at random we flip it twice and we
get Heads both times. What is the probability that the coin we have drawn has higher bias.

If § denotes the (unknown) bias of the coin drawn at random, then we can think of 6 as
a random variable that takes two values 61,62 with probabilities

P[6;] :=P[0=106;] =p;, i=1,2.
Denote by E the event that two successive flips produce Heads. Then
P[E|6;] :=P[E|0=0;] =07.
Bayes’ formula shows that
P[E|61]P[6; ] _ ombr 1
[E|6,|P[61] + P[E|6:]P[62]  p167 + pab3 e <%)2

p1

P[6:| E] =5
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Our assumption (1.2.15) shows that

o
252
P 01
Observe that if ca03 > ¢16%, then
1
P[@l‘ E] < 5

Thus, in this case, if we observe two Heads, then the coin we randomly drew from the urn is
less likely to be the one with bigger bias. For example if 8; = % and 6y = % and co > 8¢y,

then )
P[61| E] < 3
so the randomly drawn coin is less likely to be the one heavily biased towards Heads. O

1.2.3. Integration of measurable functions. We outline below, mostly without proofs,
the construction and the basic facts about integration of measurable functions. For details
we refer to [56, 109, 167].

Fix a measured space (£, 8, 1). Recall that Elem(€2,8) denotes the vector space of elemen-
tary 8-measurable functions (see Definition 1.1.20). We denote by Elemy(€2,8) the convex
cone of Elem(€2,8) consisting of nonnegative elementary functions. Define

s Blem (2.8) > [0.0c], 1> ulf] = [ Fenlaw].
as follows. If

M
f= ZaiIAw Ay, ..., Ay disjoint,
k=1
then

M
plf] Z/Qf(w)u[dW] = aiplAi].
i=1
Note that if
N
f=> biIp, Bi,...,B,disjoint,
j=1

then a; = bj if A; N B; # (). Hence
D[ Al =3 > au[AinB;] =3 % bu[AinB;| =) biu[B;]
( T ] Jj ot J

This shows that the value of [, f(w)u(dw) is independent of the decomposition of f as a
linear combination of indicators of pairwise disjoint measurable sets.

The above integration map satisfies the following elementary properties.

Vf,g € Elem(Q,8) f<g=pu[f] <n[g] (1.2.16a)
Va,b >0, f,g€Elem(Q,8): pulaf+bg]=aulf]+bu[g]. (1.2.16b)
For f € £9.(,8) we set
¢l :={ge€Elem(Q,8); g<f}.
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The set Efr is nonempty since 0 € 8i. Define

wlf] :/Qfd,u,:/gf(w),u[dw] ;= sup /Qg(w)u[dw] € [0,00) |. (1.2.17)

f
968+

Definition 1.2.41. A measurable function f € £°(€,8) is called u-integrable if
a7, uls] < oo

In this case we define its Lebesgue integral to be

| pau= [ feulds] =uls]=ul 1] = ulr-)

We denote by L£!(€2,8, 1) the set of p-integrable functions and by £1(Q,8,u) the set of

u-integrable nonnegative functions. O
Note that
VfgeLh(Q,8) f<g=u[f]<n[g] (1.2.18)
Moreover,
Vfe L (,8): p[f>0]:()<:>/fdu:0. (1.2.19)
Q

The integral L(J)r Sf—u [ f ] € [0, oo] enjoys the following key continuity property which
is the “workhorse” of the Lebesgue integration theory.

Theorem 1.2.42 (Monotone Convergence theorem). Suppose that (fn)nen is a sequence
in L9 (€2, 8) that converges increasingly to f € £9.(Q,8). Then

ulfa] 7 uf] asn— oo

O

Proof. The sequence u[ fn} is nondecreasing and is bounded above by ,u[ f } Hence it has a, possibly infinite, limit
and

lim pffn] <ulf].

n— oo
The proof of the opposite inequality
lim pffo]>plf]-

n— 00

relies on a clever a clever trick. Fix g € ef ,c€(0,1), and set

Sn = {W € fn(w) > cg(w) }

Since f = lim fn and (fn) is a nondecreasing sequence of functions we deduce that S, is a nondecreasing sequence of
measurable sets whose union is 2. For any elementary function h the product Ig, h is also elementary. For any n € N
we have fn > fnlgs, > cglg, so that

ulfn] ZulIs, fn] > cnlols, |-

If we write g as a finite linear combination
9=>_09ila,
J

with A; pairwise disjoint, then we deduce

ulfn] = eulgls, ] =3 gin[A;08n].

The sequence of sets (A; N Sy)nen is nondecreasing and its union is A; so that

Jdim plfa] > e gs lim p[A;08n] =D gin[4;] =enlg].
J J
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Hence
nlgmwu[fn] >culg], Vg€ Sf_, Ve € (0,1),
so that
Jim [ fn] > eu[f], Vee (0,1).
Letting ¢ 1 we deduce lim,_ u[fn} > ,u[f} ]

Corollary 1.2.43. For any f € £9(Q,8) we have
plf]= lim u[Dnlf]]. 0

Corollary 1.2.44. For any f,g € £L1(2,8, 1) and a,b € R such that af + bg is well defined
we have af +bg € L1(,8, 1) and

/Q(af + bg)dp = a/ﬂ fdp + b/diu. (1.2.20)

Moreover, if f,g € LY(,8, 1) and f(w) < g(w), Vw € Q then

/Qfduféjggdu-

a
Since |f| = f* + f~ we deduce the following resullt.
Corollary 1.2.45. Let f € £9(Q,8). Then
f et (9,8, u) = |fl € £1(Q,8, ). O

Corollary 1.2.46 (Markov’s Inequality). Suppose that f € L} (Q,8,u). Then, for any
C >0, we have

pl{f>cCy] < é fdp. (1.2.21)
Q

In particular, f < oo, p-a.e..
Proof. Note that

Cl>cy < f= Cul{f>C}] :/QCI{f>C}</QfdM-

Corollary 1.2.47. If f € £Y(, 8, n), then p[{|f| = o0} | =0.

Proof. Note that
pl{lfl =00} ] = () u[{f >n}].
neN
On the other hand, Markov’s inequality implies

— 0.

pl{f>n}] <

ullfl]
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Proposition 1.2.48. Suppose f,g € £L°(2,8) and f = g, p-a.e.. Then
feLtQ,8,p)<ge LM, ).
Moreover, if one of the above equivalent conditions hold, then u[f] = u[g]. a

Remark 1.2.49. The presentation so far had to tread carefully around a nagging problem:
given f, g in £1(Q, 8, 1), then f(w) + g(w) may not be well defined for some w. For example,
it could happen that f(w) = oo, g(w) = —oo. Fortunately, Corollary 1.2.47 shows that the
set of such w’s is negligible. Moreover, if we redefine f and g to be equal to zero on the set
where they had infinite values, then their integrals do not change. For this reason we alter
the definition of £1(£2,8, 1) as follows.

L4, 8, 1) = {f:(Q,S) — R; f measurable /Q|fydﬂ<oo}.

Thus, in the sequel the integrable functions will be assumed to be everywhere finite.

With this convention, the space £(2, 8, 1) is a vector space and the Lebesgue integral is
a linear functional

pe LN, 8, 1) = R, f=ulf]. O

Remark 1.2.50 (Daniell-Stone integral). A Daniell-Stone integral is a triplet (2, €&, L),
where 2 is a set, € is a vector space of bounded functions 2 -+ R and L : € — R is a linear
map satisfying the following properties.

(i) Vf,g € €, max(f, g), min(f,g) € &.
(i) Vf € & min(f,1) € €.
(iii) If f,g € € and f < g then L[f] < L[g].
(iv) If (fn)nen is a sequence if € such that f, N\, 0 as n — oo, then L[fn] N 0.
For example, if (£2,8, u) is a sigma-finite measured space and & = (€2, 8, ) is the sub-

space of elementary functions spanned by indicators of sets of finite measure, then the triplet
(Q, &, u[—]) is a Daniell-Stone integral.

The Daniell-Stone theorem states that there is only one way of producing Daniell-Stone
integrals. More precisely, if 8 denotes the sigma-algebra of subsets of {2 generated by the
functions f € &, then there exists a unique measure g on 8 such that

€eLl(Q,8,u) and p[f] =L[f], VfeE.
For a proof we refer to [56, Sec.4.5] or [117, Chap.III]. O

Recall that for any sequence (x,,)nen of real numbers we have
liminfz, = lim 2} := inf x,.
n—00 k—o0 n>k
The sequence (z}) is nondecreasing. The Monotone Convergence Theorem has the following
useful immediate consequence.

Theorem 1.2.51 (Fatou’s Lemma). Suppose that (fn)nen is a sequence in £9.(€2,8). Then

/ liminf f,,(w) pfdw] < liminf/ fndp|.
Q n—oo Q

n—oo
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Proof. Set
gk = inf fin.

n>k
Proposition 1.1.18(iii) implies that g € Lg(Q,S). The sequence (gx) is nondecreasing and
liminf f, = lim gg.
n— o0 k—oo
The Monotone Convergence Theorem implies that
lim inf dw| = 1li dpu.
/Q iminf fr, (w) p[ dw | kggo/ngk 1

Note that gx < frn, Vn > k, and thus
/ gy < / fudpt, V>,
Q Q

< inf .
/ngdu_;gkfﬂfndu

i, [ o < i [ = timint [ o

Letting k£ — oo we deduce

The next result illustrates one of the advantages of the Lebesgue integral over the Riemann
integral: one needs less restrictive conditions to pass to the limit under the Lebesgue integral.

Theorem 1.2.52 (Dominated Convergence). Suppose (fn)nen is a sequence in £1(€2,8, i)

satisfying the following properties
(i) There exists f € £L9(Q,8) such that
nl;rrgo fo(w) = f(w), Ywe Q.
(ii) There exists g € L1(£2, 8, 1) such that
|frn(w)] <g(w), VweQ, neN.
Then f € LY, 8, 1) and
Jim frdp = /Q fdu,
Jmn [ 1) = F)ld =

Proof. Set g, = |f| — fn. Then g, >0 and limg, = |f| — f. Fatou’s Lemma implies

/Q(\fl—f)dusnminf/Q(lfl—fn)du:/Qlf\du—hmsupfﬂ Fudp,

We deduce
lim sup/ fndp < / fdu.
Q Q
Arguing in the same fashion using the sequence fn, — |f| we deduce
/ fdp < lim inf/ fndp.
Q Q
Hence

/fdu < liminf/ fndu < limsup/ Sfndp < / fdu.
Q Q Q Q

This proves (1.2.22a). The equality (1.2.22b) follows by applying (1.2.22a) to the sequence gn = |frn — f|.

(1.2.22a)

(1.2.22b)
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Theorem 1.2.53 (Change in variables). Suppose that (0,80), (21, 81) are measurable spaces
and
P . (90,80) — (91,51)
is a measurable map. Fiz a measure pig : Sg — [0, 00] and a measurable function f € £°(,81).
Then
fe Ll(Ql,Sl, <I>#,u0)<:><b*(f) = fod e ﬁl(Qg,So,,u,o)

and

| o= [ v (1.2.23)
QO Q1

Proof. Note that it suffices to prove the theorem in the case f > 0. The result is obviously
true if f € Elemy (£21,81). The general case follows from the Monotone Convergence Theorem
using the increasing approximation D, [f] /' f of f by elementary functions; see (1.1.7). This
has the property that D, [®*(f)] = ®*( D,[f]). O

Remark 1.2.54. Unlike the well known change-in-variables formula, the map 7" in (1.2.23)
need not be bijective, only measurable.

If T is bijective with measurable inverse, then for any measure p; on ( Q4,81) then (1.2.23)
applied to the map T~ reads

/Ql f(wl),ul[dwl] = /QO f(TwO)T#lul[dwo], (1.2.24)

Vfe LNy, 81, ).
In particular, if €; are open subsets of R™, T : Qg — € is a C'-diffeomorphism onto,
and pq is the Lebesgue measure on €, then (1.2.24) reads

fy)A[dy] :/ f(Tz)| det Jp(z) | A[dx], (1.2.25)
Q1 Q

0

where Jr(z) is the Jacobian of the C' map x — T. O

Proposition 1.2.55. Let f € £9(Q,8). Suppose that p : 8§ — [0,00] is a sigma-finite
measure. Define

y 8= (0,00, prlS] = /S fu = /Q Isfdp.
Then, py is a measure. Moreover

Ky = pf = fo = f1, p— almost everywhere. a

The above result has an important converse. To state it we need to introduce the concept
of absolute continuity.

Definition 1.2.56. Suppose that u, v are two measures on the measurable space (£2,8). We
say that v is absolutely continuous with respect to p, and we write this v < p if

VS esd: M[S]=0:>V[S]. O
For a proof of the next result we refer to [17, 37, 167].

Theorem 1.2.57 (Radon—Nikodym). Suppose that p,v are two o-finite measures on the
measurable space (§2,8). The following statements are equivalent.
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(i) v < p.
(ii) There exists p € £9.(Q,8) such that v = p,, i.e.,

V[S]:/Spu[dw], VS e 8.

The function p is not unique, but it defines a unique element in LS]F(Q,S,M) which we

denote by j—z and we will refer to it as the density of v relative to pu. O

1.2.4. LP spaces. We recall here an important class of Banach spaces. For proofs and many
more details we refer to [56, 109, 167]. We define an equivalence relation ~, on £°(£2,8)
by declaring f ~,, g iff ,u[f #* g] = 0. Note that

fetl @8 mandgnyf +ge @8 wand [ gdu= [ fin

We set
Lo(Q,8, 1) := L%, 8, 1)/ ~py LNQ, 8, 1) := L1, 8, 1)/ ~p -

For p € [1,00) we set

(@,8,1) 1= {f € L2280 I € £1(2.8,) },

LP(Q,8, ) = LP(Q,8, 1)/ ~u
We will refer to the functions in LP(2, 8, u) as p-integrable functions. For p € [1,00) and

feLr(Q,8,u) we set
— P g
1= ([ 157"

L(Q,8,p) := { [f] € L%(Q,8,p); g € LX(X,8), gr~u f}.
For f € £%(Q,8) we define
[ flloo = ess sup |f| := inf {a@ > 0; u[|f| >a]=0}.
Note that this quantity only depends on the ~ -equivalence class of f and
In this fashion we obtain for every p € [1, co] maps

H - HP : LP(Q7SHU’) — [0700)

Define

Theorem 1.2.58 (Holder inequality). Let p,q € [1,00] such that

1 1
S =1
p q
Then for any f € LP(, 8, 1) and g € LY(Q, 8, 1) we have fg € LY(Q, 8, 1) and
[ 1fkdu < 171, (12:26)
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Theorem 1.2.59 (Minkowski’s inequality). Let p € [1,00], Then,
Vf,g € LP(8, 1) [[f +glp < Ifllp + llgllp-

Theorem 1.2.60. Fiz a sigma-finite measured space (2,8, ).
(i) For any p € [1,00], the pair (LP(, 8, 1),|| — ||p) is a Banach space.

(ii) If p € [1,00), the vector subspace of p-integrable elementary functions is dense
in LP(2,8,P). In particular, if 8 is generated as a sigma-algebra by a countable
collection of sets, then LP(Q, 8, u) is separable. O

The above density result follows from a combined application of the Monotone Class
Theorem and the Monotone Convergence Theore; see Exercise 1.9.

Suppose that (2,8, 1) is a measured space and p € [1,00]. Denote by ¢ the exponent

conjugate to p, i.e.,
1 1
—+-=1l<=q= P
P q p—1
If g € L9(%,8, i), then Holder’s inequality shows that fg € L', Vf € LP(Q,8, ) and the
resulting linear map
LP(Q,8, 1) 3 f = §(f) = /ngdu €R

is continuous.

Theorem 1.2.61. Suppose that (2,8, 1) is a sigma-finite measured space and p € (1,00).
Then the map

LI(Q,8, 1) 3 g & € LP(Q, 8, u)* = the dual of the Banach space LP(2, 8, 1)

s a bijective isometry of Banach spaces. a

1.2.5. Measures on compact metric spaces. Up to this point we have indicated how one
can use a measure to define an integral. The integral is a linear functional on an appropriate
space of measurable spaces.

On certain measurable spaces one can invert this process. Suppose that X is a topological
space and B = By is the sigma algebra of Borel sets. We denote by Cy(X) the vector space
of bounded continuous functions on X. This is equipped with the sup-norm

1/ lloo = sup | f() .
zeX

Any finite Borel measure 1 on B defines via integration a continuous linear functional

I, : Cy(X) - R, L[ f] = /Xf(:c)u[das].
This linear functional satisfies the positivity condition
I.[f] >0, VfeCy(X), f>0. (Pos)

On metric spaces the measure p is uniquely determined by the associated functional . More
precisely we have the following fact.
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Proposition 1.2.62. If X is a metric space and u,v are two finite Borel measures such that

Iu[f] :I,u[f]a VfECb(X),
then ,u[B] :I/[B] for any subset B C X.

Proof. Since the Borel sigma-algebra of X is generated by the m-system Cx of closed subsets it suffices to show that
p[C]=v[C], VC €eEx.
To see that this indeed the case fix C' € Cx and, for any n € N denote by D,, the closed set
Dy :={z € X; dist(z,C) > 1/n}.

Define fn € Cp(X)
dist(z, Dy,)
fn(x) = — - .
dist(z, Dy) + dist(z, C)
The function f, is identically 1 on C' and identically 0 on D,,. Moreover

lim fn(z) = Ic(z), V€ X.
n—oo
Using the Dominated Convergence Theorem we deduce

We want to include a useful consequence of the above proof.

Corollary 1.2.63. Suppose that X is a metric space and i is a finite Borel measure on X.
Then the space Cy(X) is dense in L' (X, Bx, ). 0

We have the following remarkable result.

Theorem 1.2.64 (Riesz Representation). Suppose that X is a compact metric space and L
is a linear functional on C(X) satisfying the positivity condition (Pos). Then there exists a
unique finite Borel measure  on X such that

LIf]=L[f], ¥feC(X).

Idea of proof. Observe that the triplet (K, C'(K), L) is a Daniell-Stone integral; see Remark
1.2.50. Indeed, observe that L is continuous since

[ LA < L[] - Niflloer ¥F € C(E).
If (fn)n>o0 is a sequence of continuous functions converging decreasingly to 0, then Dini’s
theorem implies that f, converge uniformly to 0, so L[ fm] N\, 0. Moreover, the sigma-
algebra generated by the continuous functions on K coincides with the Borel sigma-algebra
since any closed set S C K is the zero set of the continuous function = — dist(x, C). Theorem
1.2.64 is now obviously a special case of the Daniell-Stone theorem; see Remark 1.2.50. O

For a details we refer to [58, Sec. IV.6, Thm.3] or [167, Thm. 13.5].

Example 1.2.65. We can use the above result to construct probability measures on a smooth
compact manifold M of dimension m. As shown in e.g. [134, Sec. 3.4.1] a Riemann metric
g on M, defines a continuous linear functional

C(M)afH/Mde;eR,
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usually referred to as the integral with respect to the volume element determined by ¢.The
Riesz Representation Theorem shows that this corresponds to the integral with respect to a
finite Borel measure Vol, on M called the metric measure. The metric volume of M is then

Volg [M ] = / IydVy,.
M
We can associate to it the metric probability measure PP,

1
PQ[B] = WVOIQ [B],
for any Borel subset B C M.

In particular, if M is a compact submanifold of an Euclidean space RY, then it comes
equipped with an induced metric and as such, with a finite metric measure up; and thus
with a probability measure Pj;. We will refer to this probability measure as the Fuclidean
probability measure.

Suppose for example that M = S™ is the unit sphere in R™
S™ = {(zo,xl...,xm) e R x%—i—---—l—zm = 1}.
The Euclidean volume of S™ is (see e.g. [134, Eq. (9.1.10)])

op(m+1)/2
Om = T( mtl
("3+)
and the Euclidean probability measure is
1

om
For example, if m = 1, then pg1 is expressed traditionally as df, where 6 is the angular
coordinate. Hence .
Psi[df] = —db. (1.2.27)
27
If we use spherical coordinates (¢, f) on S?, where ¢ denotes the Latitude and 6 the Longitude,
then X
Pg2 [dpdf | = yym sin pdpd?. (1.2.28)
T
O

1.3. Invariants of random variables

We have defined the random variables as measurable functions on a probability space. In
concrete examples this probability space is not specifically mentioned. In fact there could be
different looking random variables describing essentially the same random quantity.

Consider for example the simplest example of rolling a fair die and observing the number
N that shows up. The possible values of N are {1,...,6}. We equip I with the uniform
probability measure and then we can view N as the map

N :Ig — R, N(k‘):k, vk € L.

Consider now a different experiment. Pick a point z uniformly random in (0, 1]. We receive
a reward R(x) = k € I if [6z] = k. The functions N and R are obviously different but
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the random quantities they described are very similar and they should have many things in
common.

This is analogous to the situation we encounter in geometry or physics when the same
physical or geometric object can be given different descriptions using different coordinates.
The laws of physics or geometry are however independent of coordinates. Technically, this
means they are described in terms of tensors.

In this section we explain a few basic techniques for describing the behavior of random
variables that capture the similarities we observe intuitively.

1.3.1. The distribution and the expectation of a random variable. Fix a probabil-
ity space (£2,8,P). For any random variable X € £°(€2,8) the most basic invariant is its
probability distribution or the law of X, i.e., the pushforward

]P)X = X#P (131)

Thus Py is a Borel probability measure on R and, as such, it is uniquely determined by
the cumulative distribution function (cdf)

F(z)=Fx(z) :=P[X < z].
More precisely, Px can be identified with the associated Lebesgue-Stieltjes measure,
Px = dFx.

When the random variable X is discrete, i.e., the range of X is a finite or countable discrete
subset X C R, then Px is completely determined by the “mass” of each x € X,

Px[{z}] =P[X =z].
For this reason in this case the probability distribution of X is often referred as the probability

mass function (or pmf) of X.

The quantile of X is the quantile of its cdf; see Example 1.2.22. More precisely, the
quantile is the function

QRx :[0,1] =R Qx(p) :inf{:n €eR; P[X <z Zp}. (1.3.2)

# Given a Borel probability measure 1 on R, we will use the notation X ~ u to indicate that
the probability distribution of X is u, i.e., Px = pu.

Any probability measure p on (R, Bg) tautologically defines a random variable with
probability distribution p. If we denote by 1z the identity map R — R, then the random
variable

X:ﬂR:(R,BR,M)%R

has probability distribution Px = u. Because of this fact random variables are often identified
with their probability distributions. We will use the notations

XLy or X~Y

to indicate that X and Y have the same distribution.
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Definition 1.3.1 (Expectation). The expectation or the mean of the integrable random
variable X € £1(€,8,P) is the quantity

E[X]=Ep[X] ::/QX(w)IP’[dw]. O

We deduce from the Change in Variables Theorem 1.2.53 that

/x]PX[dx} :/JLR(x)X#]P’[dx] :/ 1Ig(X(w))P[dw] =E[ X ]
R R Q
so that obtain the useful formula
E[X] :/RxIP)X[dJ:]. (13.3)

If F(z) = Fx(z) is the cdf of X, F(z) = P[X < =], then the distribution Px is the
Lebesgue-Stieltjes measure dF' determined by F' and (1.3.3) takes the classical form

E[X]= / zdF (). (1.3.4)
R
The above equality shows that
XLy S E[X]=E[Y]

More generally, for any Borel measurable function f : R — R such that f(X) is integrable or
nonnegative we have*

E[f(X)] :/Rf(ac)}P’X[dx]. (1.3.5)

In other words, the expectation of a random variable is determined by its probability distri-
bution alone, and not on the precise nature of the sample space on which it is defined.

For example, the random variables N and R described at the beginning of this section
have the same distribution and thus they have the same mean
I+ +6 7
B 6 S 2
Remark 1.3.2 (Bertrand’s paradox). More often than not, in concrete problems the sample
space where a random variable is defined is not explicitly mentioned. Sometimes this can
create a problem. Consider the following classical example.

E[N]=E[R]

Pick a chord at random on a unit circle. What is the probability that its length is at
least /3, the length of the edge of an equilateral triangle inscribed in that unit circle?

The answer depends on the concept of “at random” we utilize.

For example, we can think that a chord is determined by two points 61,602 on the circle
or, equivalently, by a pair of numbers in [0, 27]. The corresponding chord has length < /3 if
and only if |6 — 0| > 2F. The region in the square [0, 27] occupied by pairs (61, 02) satisfying
|01 — 02| > 2 consists of two isosceles right triangles with legs of size 2F with vertices (0, 27)
and (27,0). By gluing these triangles along their hypothenuses we get a square one third the
size of [0, 27]. Assuming that the point (01, 62) is chosen uniformly inside the square [0, 27]
we deduce that the probability that the chord has length at most v/3 is %.

4 undergraduate probability classes this formula is often referred as LOTUS: the Law Of The Unconscious
Statistician.
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On the other hand, a chord is uniquely determined by the location of its midpoint inside
the unit circle. The chord has length at least V3 if and only if the midpoint is at distance at
least % from the center. Assuming that the midpoint is chosen uniformly inside this circle,
we deduce that the probability that the chord is at least v/3 is % since the disk of radius %
occupies i of the unit disk.

We can try to decide empirically which is correct answer, but any simulation/experiment
must adopt a certain model of randomness. Things are even more complex. The set of chords
has a natural symmetry given by the group of rotations about the origin. Any “reasonable”
model of randomness ought to be compatible with with this symmetry. In mathematical
terms this means that the underlying probability measure ought to be invariant with respect
to this symmetry.

As a set, we can identify the set of chords with the unit disk: we can describe a chord
by indicating the location of its midpoint. The problem boils down to choosing a rotation
invariant Borel measure on the unit disk. The quotient of the disk with respect to the group
of rotation is a segment. In particular, any probability measure i on the unit interval defines
a rotation invariant probability measure P, defined on the unit disk, determined by the
requirements

6, —0
P[0<r<r, o<0<6:]="=u[0,r]].

Hence, there are infinitely may geometric randomness models. In our first model of random-
ness, the measure p is the distribution the Lebesgue measure on [0,1] and P, = drdf. In
the second model of randomness the measure p is 2rdr and P, = %rdrd@, the normalized
Lebesgue measure on the unit disk. O

If X,Y € £Y(Q,8,P) and a,b € R, then aX + bY € £1(Q,8,P) and
ElaX +bY ]| =aE[X ]| +VE[Y] (1.3.6)
The above linearity of the expectation is a very powerful tool. Here is a simple illustration.

Example 1.3.3. Suppose that n > 3 birds are arranged along a circle looking towards the
center. At a given moment each bird randomly and independently turns his head to the left
or to the right, with equal probabilities. After they turn their heads, some birds will be visible
by one of their neighbors, and some not. Denote by X,, the number of birds that are invisible
to their neighbors. We want to compute E[Xn ], the expected number of invisible birds. We
leave the reader to convince herself/himself that X, is indeed a well defined mathematical
object.

For k =1,...,n we denote by Bj, the event that the k-th bird is invisible to its neighbors.
Then

Xn_ZIBk and E[X ZE Ip,] ZIP’ By ] =nP[Bi].

k=1
The probability that the first bird is 1nv151ble to is nelghbors is computed by observing that
this happens iff its right neighbor turns his head right and its left neighbor turns his head
left. Since they do this independently with probabilities % we deduce

1 1 1
PlBi]=55=7
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Hence
n

E[X,] =7

To appreciate how efficient this computation is we present an alternate method.

We will determine the expectation by determining the probability distribution of X7, or equivalently its probability
generating function (pgf)
Gx, () =E[t*"] =D P[X, =k]t".
k>0
I learned the argument below from Luke Whitmer, a student in one of my undergraduate probability courses.

Assume the birds sit on the edges of a convex n-gone P,,. Orienting an edge corresponds to describing in which
direction the corresponding bird is looking. We will refer to a choice of orientations of the edges of P, as an orientation
of P,,. We denote by €2, the collection of orientations of P,,. Note that |Q,| = 2.

Fix a cyclic clockwise labelling of the vertices of n-gon, v1,v2, ..., v, and define v, for m € N by requiring v; = v;
if 4 = 7 mod n. The i-th bird sits on the edge E; := [vi,v;+1]. The i-th bird, or equivalently the edge E;, is invisible to
its neighbors if F;_1 is oriented from v; to v;—1 and Ej;41 is oriented from v;41 to v;42. Given an orientation w of P,
we denote by zp(w) the number of invisible edges in this orientation. Thus

_ #{Weﬂn§ In(w):j}
on '

P[Xn =]
We distinguish two cases.

1. n = 2k. Denote by P; the polygon obtained from P, by collapsing the edges E1, E3, Es, . ... As vertices of the new
polygon we can take the collapsed edges. The edges of the new polygon are

Ef = Ey, Ef = Ea,...,E = Eg.

Similarly, we denote by P;, the polygon obtained from P, by collapsing the edges Ea2, E4,.... We can take the collapsed
edges as vertices of the new polygon. Its edges are

Ef =By, Ey =Es,...,Ey = Eaj_1.

Note that an orientation of P, induces orientations of Tf and conversely, orientations T,jf determine an orientation of
Prn. We denote by QF the set of orientations of P}y, We thus have a bijection
Qn dw (Wi, w_) € QT x Q.

Suppose now that we have an oriented m-gon Q,,. If q1,...,¢mn are the vertices Q,, we say that v; is an out-vertex if
both edges at v; are oriented away from v; and it is an in-vertez, if both edges at v; are oriented towards v;. A neutral
vertex is a vertex with an incoming edge and one outgoing edge. For an orientation w of Q,, we denote by ym (w) the
number of out-vertices.

Fix an orientation on P,. An edge F; is an invisible in this orientation if and only if the corresponding vertex in

_1é
(Psl D is an out vertex. More explicitly, if ¢ is even/odd, then the corresponding vertex in (P,ﬁl: is an out-vertex. Note
that,

Do (@) = i (wr) + y (). (13.7)
We denote by x, ; the number of oriented n-gons with j invisible edges and we set
Po(t) = an t' = D ),

i=>0 wEQ,

Note that 1
Gix, (1) = 5 Pa(0).
We denote by ¥,,; the number of oriented m-gons with j out-vertices and we set
Q) =D ymt! =y @

>0 WEQM
From (1.3.7) we deduce

Pok(t) = Qr(1)*. (1.3.8)
2. n =2k + 1. Fix an orientation of P,,. Consider a new oriented n-gon Q,, with edges, in clockwise order

Bl BB,

y M

where E/ carries the orientation of the edge E(2i-1) mod n 0f Prn. Denote the vertices of Qn by g1, g2, ..., qn, so the two
edges that meet at ¢; are E;_; and EJ.
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Imagine stepping in a clockwise fashion on the edges of P, and skipping every other edge and labelling by E! the
i-th edge we stepped on. Observe that the edge Eg; mod n Of Pn is invisible iff the vertex g;41 (where E] <+ Ez;_1 and
E! 11 ¢ B2t meet) is an out-vertex. Thus, the number of invisible edges of P, is equal to the number of out-vertices
of Q,. Hence

Pop11(t) = Qary1(%). (1.3.9)

To determine Qp(t) fix an orientation w of an m-gon Qp,. As we travel clockwise from one vertex to the next,
the out- and in-vertices alternate: once we leave an out-vertex, the first non-neutral vertex we meet is an in-vertex
and similarly once we leave an in-vertex the first non-neutral vertex we encounter is an out-vertex. In particular this
shows that there is an equal number of in and out-vertices. Fix a cyclic labelling {1,2, ..., m} of the vertices of Qp,. If
ym (w) = j then zp, (w) = j so the set S of locations of in-/out-vertices has cardinality 27,

S={1<t1<ly < <ly; <m,}.

The above discussion shows that if ¢; is an out/in- vertex, then all vertices 3, 5, ... are out/in-vertices while the even
vertices f2, /4, ... are in/out-vertices. This shows that
n n .
vy =2(,) @ =3 (\)¥.
2j 550 2

Qm(t?) = (1+)™ + (1 -t
Hence
Po(f) = (1+ 0P+ (1= 0%)* = A+ 0% + (1 - +20 - )F,
Pogy1(t7) = (1 — )M 4 (1 4 1)+,
‘We conclude that
(1 —\/f)2k+1 T (14_\/2)2/94&7 n=2k+1,

1
Gx, (t) = 5n X
Pl e v = VD) 21— 1), n=2k

The mean of X, is
E[Xn] = G’Xn(l).

O

Theorem 1.3.4. Suppose that (2,8,P) and F,G C § are two independent sigma-subalgebras.
If X € LY(Q,TF,P), Y € LY(Q,G,P), then XY € L1(Q,8,P) and

E[XY]=E[X]E[Y]. (1.3.10)
Proof. Observe that the equality (1.3.10) is bilinear in X and Y. The equality holds for

X=1Ip, FeFandY = I, G € § and thus, by bilinearity, it holds for X € Elem(, F)
and Y € Elem(€, 9).

If X,Y are nonnegative, then D, [X]|D,[Y] / XY and the Monotone Convergence The-
orem shows that (1.3.10) holds for X,Y > 0. 0

Corollary 1.3.5. Suppose that X,Y € L£1(Q,8,P) are independent random variables such
that XY € LY(Q,8,P). Then
E[XY]=E[X]E[Y]. (1.3.11)

Proof. Use Theorem 1.3.4 with F = ¢(X) and § =o(Y). 0

Corollary 1.3.6. Suppose that the random variables X1,..., X, : (2,8,P) — R are inde-
pendent. Then, for any Borel measurable functions fi,..., fn : R = R such that

fi(X:) € £1(9,8,P)
we have f1(X1) -+ fn(X,) € LYQ,8,P) and
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Proof. Follows inductively from Corollary 1.3.5 by observing that for any k = 2,...,n the
random variables f1(X7) - fr—1(Xgx—1) and f(X})) are independent. O

Corollary 1.3.7. Let X € L*(Q,8,P) and suppose that F C § is sigma-subalgebra. Then the
following are equivalent.

(i) For any Borel measurable function f : R — R such that f(X) € L' and any F € F
E[f(X)Ir] =P[F]E[f(X)].
(ii) The random variable X is independent of F.

Proof. The implication (i) = (ii) follows by using f = I_ 4, * € R. The converse follows
from Theorem 1.3.5. U

The following is not the usual definition of a convex function (see Exercise 1.30) but it
has the advantage that it is better suited for the applications we have in mind.

Definition 1.3.8. Let I be an interval of the real axis. A continuous function ¢ : I — R is
called convex if for any xq € I there exists a linear function £(x) such that®

(z0) = ¢(x0), l(x) <p(z), Vrel.
The convex function is called strictly convex if for any xg € I there exists a linear function

¢(x) such that
l(xo) = p(x0), L(z) < p(x), Ve el\{z}. O

For example, if ¢ : I — R is C?, then ¢ is convex (resp. strictly convex) if ¢”(z) > 0
(resp. ¢'(z) >0), Vx € 1.
Theorem 1.3.9 (Jensen’s Inequality). Suppose that (2, 8,P) is a probability space, X € £*(Q,8,P),
and ¢ : I — R is a convex function defined on an interval I that contains the range of X.
Then B[ ¢(X) ] is well defined (possibly infinite )and
P(E[X]) <E[p(X)]. (1.3.12)
Moreover, if ¢ is strictly convez, then cp(E[X} ) = E[@(X)] iff X is a.s. constant.

Proof. Observe that when ¢ is linear theorem is valid in the stronger form

p(E[X]) =E[e(X)].
We can find a linear function ¢ : R — R such that ¢(z) > ¢(x), Vo € I and it is clear that if
the theorem is valid for the nonnegative convex function g := ¢ — ¢, then it is also valid for
¢. Note that E[ g(X)] € [0, 0] and thus the addition E[g(X) ]+ ¢(E[ X ] ) is well defined
and yields a well defined E[ ¢(X) ], when ¢(X) is integrable or nonnegative. Moreover ¢(X)
is integrable if and only if g(X) is so. Because of this, we set

E[¢(X)] := oo if ¢(X) is not integrable.

Set p:= E[X] and observe that u € I since X € I a.s.. Choose a linear function £ : R — R
such that
U(z) < p(x), Yo el and L(p) = o(p).

5The graph of such an £ is tangent to the graph of ¢ at zg.
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Then
P(E[X]) =¢(n) =) =E[{(X)] <E[¢(X)].

If ¢ is strictly convex, then we can choose ¢(x) such that

U(z) <p(x), Yo el\{u} and L(n) = p(n).
If X is not a.s. constant neither is the nonnegative random variable p(X) — ¢(X) so
E[o(X) — ()] = E[@(X) —£(X)] > 0.
O

For any convex function ¢ : R — R we define the p-entropy of an integrable random
variable X to be the quantity

H,o[X] :=E[p(X)] -~ »(E[X]). (1.3.13)
Jensen’s inequality shows that H, [X } > 0.
1.3.2. Higher order integral invariants of random variables. On a probability space
(Q,8,P) we have the inclusions
LPY(Q,8,P) C LP°(2,8,P), V1 < py < p1 < oo.
Indeed, let X € LP1(Q,8,P). Set
_ b
Cpo
Since p; > pg the function ¢ is convex and we have

(IXT)" = E[IXE] = o(B[Y]) €7 BloV)] = (1X )"

In particular, if pp = 1 < p we deduce
E[|1X|]" <E[|X7]. (1.3.14)
Given k € N and X € £*(Q,8,P) we define the k-th momentum of X to be the quantity
e[ X ] =E[X*].

pla) =a¥, x>0, Y =X,

Note that y [ X | = E[X].

Definition 1.3.10 (Variance). Let (£2, 8, P) be a probability space. Suppose that X € £2(Q, 8,P)
is a random variable with mean p := E[X]. The variance of X is the real number

Var [X | =E[(X — p)?].
The standard deviation of X is the quantity

U[X]::\/Var[X]. O

Var [ X]| =0<= X =E[X ] as..

Observe that

The quadratic function



48 1. Foundations

achieves its minimum at ¢ = u so that

Var [X] :Itrg[élE[(X_t)q'

Thus the standard deviation is the distance from X to the 1-dimensional space of deterministic
quantities. The variance can be given the alternate description

Var [X] =E[X?] =2 = o[ X ] — [ X ]2 (1.3.15)
Indeed, if we set p := E[X], then
Var [ X | =q(p) =E[X?] — p*.
This shows that the variance is a special case of p-entropy. More precisely,
Var [ X ] = Hy[X] =E[¢(X)] - ¢(E[X]), ¢(z) =2
Note that
Var [aX +b] =a®Var [ X ], Va,b€eR. (1.3.16)
Indeed, set X := X —pand Z :=aX +b. Then
Var [X | =E[X?], Z-E[Z] =a(X —E[X]) = aX,
Var [Z] = E[aQXz] = a® Var [X]

Theorem 1.3.11 (Chebyshev’s inequality). Let X € £2(1,]8,P) Set uu := E[X] and o = o[X].
Then

1
P[|X — p| > co] <5 Ve>0. (1.3.17)
Equivalently
Var[X] o2
P||X —pul > < =—, V . 1.3.1
(X —nulzr]<—3 5 >0 (1.3.18)
Proof. Set Y :=|X — u/?. Then
(1.2.21) 1 X
P[IX —pl>r] =P[Y >r’] < SE[Y]= Va;[ |
Chebyshev’s inequality (1.3.17) now follows from (1.3.18) by setting r = co. O

Definition 1.3.12. Let (£2,8,P) be a probability space and X,Y € £2(Q,8,P). We set
Bx = E[X], By = E[Y]
(i) The covariance of X,Y is the quantity
Cov [ X, Y] :=E[(X — pux)Y — py)].

(ii) If X,Y are not deterministic we define the correlation coefficient of X and Y to be
Cov [ X,Y[
XY= oy
Proposition 1.3.13. Let X,Y € £2(Q,8,P). Then the following hold.

(i) Cov [X,Y ]| =E[XY | —-E[ X |E[Y].
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(ii) If X,Y are independent, then Cov [X,Y] =0.
(iii) Var [X +Y ]| =Var [X ] + Var[Y] +2Cov [ X,Y].
(iv) If X,Y are independent, then Var [X —I—Y} = Var [X] + Var [Y]
Proof. Set
px =E[X], X=X —pux, py =E[Y], Y =Y — py.
(i) We have
Cov [ X, Y] =E[XY ]| =E[XY ] —E[uxY ]| -E[py X | +uxpy

—_—
XY XY

—E[XY] — pxpy.
(ii) Corollary 1.3.5 shows that if X, Y are independent, then IE[XY] = uxpy,ie., Cov [X, Y} =0.
(iif) Next
Var [ X+ Y] =E[(X+Y)*| =E[X?]| +E[Y?] + 2E[ XY ]
=Var[X ]+ Var [Y ] +2Cov [X,Y].

(iv) This follows from (ii) and (iii). 0
Corollary 1.3.14. If X1,..., X, € £L2(Q,8,P) are independent, then

Var [Xl 4 —|—Xn] = Var [Xl} 4.4+ Var [Xn] (1.3.19)

0

Example 1.3.15. Consider a probability space (£2,8,P) and two events A, B € 8. We have
Cov[I4,I5] =P[ANB] —P[A]P[B].

Thus A, B are independent iff Cov [IA, IB] =0. O

Definition 1.3.16 (Moment generating function). Let X be a random variable defined on a

probability space (2, 8, P) such that !X € £1(Q, 8,P) for all ¢ in an open interval I containing
0. The moment generating function or mgf of X is the function

My : I =R, Mx(t) =E[]. O

The proof of following result is left to you as an exercise.

Proposition 1.3.17. Let X € £°(,8,P) be a random variable.

(i) If Mx (t) = E[ €] is well defined for all t € (—to,to), then all the momenta of X
of X are well defined and

tn

Vit <to. (1.3.20)

MX(t) = Z,un[X]
n=0
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(ii) If all the momenta of X are well defined and power series

oo tn
n=0 )
converges Vt € (—to, to), then its sum is Mx (t), V|t| < to .
O

Corollary 1.3.18. Suppose that X1, ..., X, € £L°(Q,8,P) are independent random variables
such that etXr € LYQ,8,P) for any k = 1,...,n and any t in an open interval I C R that
contains the origin. Then

Mx, 44, () = Mx, () - - - Mx, (¢), Vtel

Proof. This is a special case of Corollary 1.3.6 corresponding to the choices

fl(qj):"':fn(x):emv tel.
O

Remark 1.3.19 (The moment problem). Denote by Prob the set of Borel probability mea-
sures on the real axis and by Prob™™ the subset of Prob consisting of probability measures
p such that

/ lo[Fplda] < oo, VE € .
R

For p € Prob®™ and k € Ny we set

,uk[p] = / xkp[dx].
R
We denote by RN the set of sequences of real numbers s = (Sn)n>0. We have a map

g Prob™” = RY, plp] = (pn[p] )50
The moment problem asks the following.

(i) Describe the range of p, i.e., given a sequence of real numbers s = s, s1, ..., decide
if there exists p € Prob®~ such that p,[p] = s,, Vn > 0.

(ii) Is it true that the moments uniquely determine a probability measure, i.e., given
s in the range of w is it true that there exists a unique p € Prob®~ such that

plp) = s?

Party (i) of the moment problem is completely understood in the sense that there are known
several necessary and sufficient conditions for a sequence s to be the sequence of momenta of
a probability measure on R. We refer to [153, Chap. 3] for more details.

As for part (ii), it is known that a sequence s can be the sequence of momenta of sev-
eral probability measures; see Exercise 1.37. On the other hand, there are known sufficient
conditions on s guaranteeing the uniqueness of measure with that sequence of momenta; see
[153, Chap. 4] for more details. In particular, if X is a random variable such that eX is
integrable for any t in an open interval containing 0, then Px is uniquely determined by its
moments, [153, Cor. 4.14]. O
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We formulate for the record the last uniqueness result mentioned above. In Exercise 2.53
we outline a proof of this special case.

Theorem 1.3.20. Let X,Y € £9(Q,8,P) such that there exist v > 0 with the property that
E[eX], E[e¥] < 0o, V|t| <
Then
X LY e My(t) =My(t), V[t| < O

Corollary 1.3.21. Suppose that Pg, Py are Borel probability measures on R supported on
[0,1], i.e.,
Po[R\[0,1]] =P[R\ [0,1]] = 0.

Then
Py =P <— /x",ug[dx} :/xn,ul[da:], V¥n € N.
R R
g
Proof. Note that
/mnIP’i[dx] <l= / emPi[dx} <oo, VtER
R R
and
/ ethP’o[dac] = / €txﬂ]>1[d$], vVt € R
R R
“— /:U”IP’o[d:L‘] = / :L‘"IP’l[dx], Vn € Np.
R R
g
To a random variable X with range contained in No = {0,1,2,... } we can associate its
probability generating function (or pgf)
Gx(t)=) P[X =n]t"=E[t"].
n>0
Note that
Gx(1)=1, Gx(1)=E[X], G5(1)=E[X(X-1)]. (1.3.21)

Similarly, if X, Y are two independent Ny-valued random variables, then

Gxiy(t) =E[t*TY ] =E[t* |E[t" ]| = Gx(t)Gy (D).

1.3.3. Classical examples of discrete random variables. The theory of probability
has grown mostly from concrete intriguing examples. In this process people encountered
various frequently occurring patterns encoded by some ubiquitous random variables. We
describe a few of them in the following subsections. These examples are part of the theory
of probability and have many and varied uses. Their knowledge is absolutely necessary for a
genuine understanding of probability.

Before Kolmogorov (and currently in most undergraduate probability courses), the world
of random variables was divided into three categories: discrete, continuous and neither, or
mixed. The discrete random variables are those whose ranges are discrete subsets of R.
A random variable X is called continuous if its probability distribution Px is absolutely
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continuous with respect to the Lebesgue measure on R. We throw in the third category
the random variables that do not fit in these two categories. We want to describe a few
classical example of discrete and continuous random variables that play an important role in
probability. Throughout our presentation we will frequently assume that given a sequence
(ttn)nen of Borel probability measures on R there exists a probability space (£2,8,P) and
independent random variables X,, : (£2,8,P) — R such that Px, = uy,, Vn € N. The fact
that such a thing is possible is a consequence of Kolmogorov’s existence theorem, Theorem
1.5.6.

We begin by introducing some frequently occurring discrete random variables by describ-
ing the random experiments where they appear.

Example 1.3.22 (Bernoulli random variables). Suppose we perform a random experiment
aiming to observe the occurrence of a certain event S, p := IP[S ] When S has occurred we
say that we have registered a success. Traditionally such an experiment is called a Bernoulli
trial with success probability p. When the event .S is not observed we say that the experiment
was a failure. The failure probability is ¢ := 1 — p. The Bernoulli trial is encoded by the
random variable I's which takes the value 1 when we register a success, and the value 0
otherwise. We also say that Ig is a Bernoulli random variable . Observe that

2
E[Is]=p, Var[Is]=E[I5] - (E[Is])" =p—p" =pa.
Note that any random variable with range {0, 1} is a Bernoulli random variable since
X == I{le}. O

Example 1.3.23 (Binomial random variables). Suppose that we perform the experiment in
the above example n times, and the results of these experiments are independent of each
other. We denote by N the number of successes observed during these n trials.® We say that
N is a binomial random variable corresponding to n trials with success probability p and we
indicate this N ~ Bin(n, p).

For k =1,...,n we denote by Sk the event “the k-th trial was a success”. Then
n n
N =) Is, and E[N] =) E[Is, | =np.
k=1 k=1

Since the events (Sj)1<k<pare independent we deduce from Corollary 1.3.6 that

n
Var [N] = ZVar [ng] = npq.
k=1

Next observe that

Gn(s) = q+ps, Mn(t) =g+ pe,
SO

Gn(s) = Grs, ()" = (¢ +ps)", Mn(t) = Mrg ()" = (g +pe')". o

This string of Bernoulli trials can be realized abstractly in the probability space

(10,177,207 g0)

6Think for example that you roll a pair of dice 10 times and you aim to count how many times the sum of the
numbers on the dice is 7. In this case success is when the sum is 7 and it is not hard to see that the probability of

success is é .
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described in Example 1.2.6(e). The events
Spi={(e1,...,en) €{0,1}"; g =1}, k=1,...,n,
are independent and ]P’[Sk] =p,Vk=1,...,n. Then
Is, (e) =¢€x, Ye=(e1,...,ey) € {0,1}"
As explained in Example 1.2.6(e), the probability distribution of NV is given by the equalities
P[N=k]= <Z>pkq”_k, k=0,1,...,n.
Equivalently,

n n -
Py = <k>pkqn * .
=0

O

Example 1.3.24 (Waiting for successes). Suppose that we perform independent Bernoulli
trials until we register the first success. We denote by 7} the moment we observe the first
success, T1 € NU {oo}. The random variable T} is a geometric random variable with success
probability p. We write this 77 ~ Geom(p).

Observe that 77 = n iff the first n—1 trials where failures and the n-th trial was a success.
Thus

P[Ty=n]= " p.
In particular, IP’[Nl = oo] = 0. We deduce that the probability distribution of T} is
Pr, =) pq" '
n>1
Moreover
_ _ d 1
E[Ti] =) mpg" ' =p) ng"=p-> q" = (1_p w (1.3.22)
n>1 n>1 9.0 q p

Here is a simple plausibility test for this result. Suppose we role a die until we first roll a 1.
The probability of rolling a 1 is % so it is to be expected that we need 6 rolls until we roll
our first 1.

We have
[e.e] o0
E[Tf] -E[T1] = Zn(n — Dpg" ! = Zn(n — D)pg™ 1
n=1 n=2
oo
d? 1 2pq 2q
2
=pq ) n(n—1)pg —qu( )- =
nz:;( ) dg®\1—q/ (1—¢q)* p°
We deduce that ) ) L1
q q q
E[T?|=Z+2, Var [Ty | =S5 + - - = = .
[77] = 2 n] =211 1

Note that
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Consider now a more general situation. Fix k € N and perform independent Bernoulli trials
until we observe the k-th success. Denote by T; the number trials until we record the k-th
success. Note that

Ty=T1+ (T —T)+ (T3 —T2) + - + (T — Tg—1)-

Due to the independence of the trials, once we observe the i-th success it is as if we start
the experiment anew, so the waiting time 7;j,; — T; until we observe the next success, the
(7 + 1)-th, is a random variable with the same distribution as T}

T —Ti 2Ty, VieN.
Hence E[ﬂ_ﬁrl —Ti] :E[Tl] = % SO

E[T,]| =kE[T}] = ’;. (1.3.23)

The probability distribution of T}, is computed as follows. Note that T}, = n if during the first
n — 1 trials we observed exactly k — 1 successes, and at the n-th trial we observed another
success. Hence

n—1\ .1 ._ n—1 e
P[Tr=n]= (k_1>p’“ Yl p = (k_l)p’“q 5, (1.3.24)

i = ()"

Since the waiting times between two consecutive successes are independent random variables
we deduce

and

k

Var [Ty ] =k Var [T ] = —2.
p

The above probability measure on R is called the negative binomial distribution and T}, is
called a negative binomial random variable corresponding to k sucesses with probability p.

We write this T}, ~ NegBin(k, p). O

Let us describe a classical and less than obvious application of the geometric random
variables.

Example 1.3.25 (The coupon collector problem). The coupon collector’s problem arises
from the following scenario. Suppose that each box of cereal contains one of m different
coupons. Once you obtain one of every type of coupons, you can send in for a prize. Ann
wants that prize and, for that reason, she buys one box of cereals everyday. Assuming that the
coupon in each box is chosen independently and uniformly at random from the m possibilities
and that Ann does not collaborate with others to collect coupons, how many boxes of cereal
is she expected to buy before she obtain at least one of every type of coupon?

Let N denote the number of boxes bought until Ann has at least one of every coupon.
We want to determine E[N] For ¢ = 1,...,n — 1 denote by N; the number of boxes she
bought while she had exactly ¢ coupons. The first box she bought contained one coupon.
Then she bought N7 boxes containing the coupon you already had. After 1 + Ny boxes she
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has two coupons. Next, she bought Ny boxes containing one of the two coupons you already
had etc. Hence”

N=1+N+ -+ Np-1.

Let us observe first that for : = 1,--- ,m — 1 we have
m—1 )
N; ~ Geom(p;), p; = s Gi=1—pi=—.
m m

Indeed, at the moment she has i coupons, a success occurs when she buys one of the remaining
m — 1 coupons. The probability of buying one such coupon is thus % Think of buying a
box at this time as a Bernoulli trial with success probability % The number N; is then
equal to the number of trials until you register the first success. This argument also shows
that the random variables N; are independent. In particular,

1 m
Pi m (3

From the linearity of expectation we deduce

E[N]=1+E[Ni]+E[No] + - +E[Np1 ]

Asymptotically H,, differs from log m by the mysterious Euler-Mascheroni constant v ~ 0.5772,
ie.,

lim (H,, —logm) = .

m—00

Thus the expected number of boxes needed to collect all the m coupons is about m log m—+m-y.
O

Remark 1.3.26. We can ask a more general question. For £ > 1 we denote by X = Xy,
the number of boxes Ann has to buy until she has at least k of each of these m coupons. We
have seen that that E[lem] = mH,,. One can show that as m — oo we have

E[ Xpm | =m(logm + (k — 1)loglogm +~ — log(k — 1)! + o(1) ),

where 7 is the Euler-Mascheroni constant. For details we refer to [61, 132]. O

Example 1.3.27 (The hypergeometric distribution). Suppose that we have a bin containing
w white balls and b black balls. We select n balls at random from the bin and we denote
by X the number of white balls among the selected ones. This is a random variable with
range 0,1,...,n called the hypergeometric random variable with parameters w, b, n. We will
use the notation X ~ HGeom(w,b,n) to indicate this and we will refer to its pmf as the
hypergeometric distribution. For example, if A is the number of aces in a random poker
hand, then A ~ HGeom(4,48,5).

THere we tacitly assume that we can describe quantities N; as measurable functions defined on the same probability
space. In Exercise 1.13 we ask the reader to do this. It is more challenging than it looks.
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To compute IP’[X = k] when X ~ HGeom(w, b,n) note that a favorable outcome for the
event X = k is determined by a choice of k white balls (out of w) and another independent
choice of n — k black balls (out of b) so that the number of favorable outcomes is

(0"

The number of possible outcomes of a random draw of n balls (w:{b). Hence

() (a2s)
P[X =k] = k(w+b)’“
Its probability generating function is

w

Gx(s) = (i,)z <7:> <nﬁk>8k’ N :=w+b.

n/ k=0
We can identify Gx(s) as the coefficient of 2™ in the polynomial

Qs,7) = ——(1+ s2)"(1 + 2)".

(W)

oQ ~wz(l+a2)°
0T

The mean of X is G’ (1) and it is equal to the coefficient of 2™ in

We have
(1+ sz)v L.

oQ _ wx N-1_ w(zlel) _wn _ wn
Hence
E[ HGeom(w,b,n) | = wL—i—b ‘n. (1.3.25)

O

Example 1.3.28 (Poisson random variables). These random variables count the number N
of random rare events that occur in a given unit of time. E.g., N could mean the number
of computers in a large organization that die during one fiscal year. They depend on a
parameter A and we indicate this using the notation N ~ Poi(\). If N ~ Poi()\), then

P[N:n] :ef)‘ﬁ, ie., PN:Zef/\%én
n=0
Then )
_\nA” _ AT
E[N]:Ze AW:)\e AZﬁ:)\
n>0 n>1

The moment generating function of N is

MN(t) _ E[etN] _ 67)\ Z (Aet)n _ e)\(effl)'

We have
Mlzv(t) = Aetek(et_l)’ Myv(t) — )\ete)\(et_l) + ()\et)2€)\(et_1)
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SO
E[N?] =M% (0) = A+ A%, Var[N] =\
O

Example 1.3.29 (The inclusion-exclusion principle). Suppose that (€2, 8,P) is a prob-
ability space and Ai,..., A, € 8. We want to compute the probability distribution of the

random variable
n
N=> I,
k=1

If the events Ay were independent and had identical probabilities, then N ~ Bin(n,p). Set
I, :z{l,...,n}.

For m =0,1,...,n we denote by §2,, set of points w € €2 that belong to exactly m of the sets
A1, ..., A,. In other words Q,, = {N = m}. Note that

Qf = A U-- U A,

For I C I,, we set

For k € {0,1,2,...n} we define

sp=sp = Y P[A[]. (1.3.26)
ICly,
|I|=k

The inclusion-exclusion principle states that

n—

P[N = m] =P[0,] = f(q)k(

=0

m+k

m >sm+k, Vm =0,1,...,m. (1.3.27)

Using the above equality with m = 0 we obtain the better known formula

P[AjU--UA,]=1-P[Q] = an(—nk*l SOP[A] =) (D) (1.3.28)

k=1 ICl,, k=1
\I|=k
To prove (1.3.27) we set
Se=051:= Y Ia,. (1.3.29)
ICIy,
T|=k
Note that
We will prove that
n—m
m+k
Ig, = Z(—l)k< o >Sm+k. (1.3.30)
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Indeed, using the equality I sng = I 4 - I p we deduce

o= > (112a 11 Zag ) = > (1124 IT (1-14))

ICl, \i€l JEIN\I ICl, \:i€l JEIN\T
[7|=m [I|=m

n—m
= (_1)k Z () a4,
k=0 |T|=m-+k
Now observe that for any subset J C I, of cardinality m + k there are (m;;k) different way
of writing I 4, as a product

Iy, =1Ia14,, |I|=m.

Thus ¢(J) = (mTJnrk) for |J| = m + k. We deduce

> etnta, = (") s

|J|=m+k

Using the linearity of expectation we deduce from (1.3.30) that

(0] =E[1n,) = 3 -0 (" )l S ).

m
k=0

where E[Serk} = Smk-

Associated to the equality (1.3.27) there is a sequence of inequalities called the Bonferroni

inequalities. For £ € N and ”_Zm >/

20—-1 20

> (-1)F (m;; k) Smik S P[Q] <) (-1)* (m;: k> Stk (1.3.31)

k=0 k=0

The above inequalities follow from the “motivic” Bonferroni inequalities

201
k
0 (") S < T
h=0 (1.3.32)
2 m—+k n—m
< (_1)k< )Sm—i-ka 1</l< 2
k=0
To prove this we fix w € 2. We have to show that
201 20
m+k m+k
S (") St < Fa) < S0 (M) snt) 13
k=0 k=0
for k < 5™ Define

Iw = {Z S Hn, w e AZ }7 T(W) = |Iw| = ZIAk(w)
k=1

Note that I'4,(w) = 0 if |I| > r(w). In particular, this shows that all the terms in the
inequality (1.3.32) are equal to zero if r(w) < m.
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Suppose that r(w) > m. Then, for any k < r, we have

Thus, the inequality (1.3.33) evaluated at w is equivalent to

%Z_l(—l)k<m;r k) (m: k) <Ig, (w) < :Z;(—l)k (m;— k) (m: k) (1.3.34)

k=0

The inclusion-exclusion identity (1.3.27) shows that the inequalities become equalities for
20 > r —m so we assume 2/ < r —m.

For r = m the inequality (1.3.34) is obvious since the sums in the left and right-hand
sides consist of a single term equal to 1 = I  (w). Assume r > m. In this case (1.3.34) is
equivalent to

20—1

> (-Dfap <0< :Z;(—l)’“ak, ay, == (m;; k) (m: k) (1.3.35)

k=0
[T\ (p o
ap = ) p=r—m.

The inequality (1.3.35) reduces to

Y A
o< () () 6) (7))

where 2¢ < p. These inequalities are immediate consequences of two well known properties
of the binomial coefficients, namely their symmetry

P\ _( P
k p—k)’
and their unimodality

@ : @ =S <Lp];2J) B <L(p+p1)/2j> - <Lp/2]j+1> S @

For m = 0 we obtain the inequalities

anp[Ak] - Y PlANA]<P[AU---UA,] < anp[Ak].

1<i<j<n k=1

Observe that

The right-hand-side inequality is referred to as the union bound. O

Remark 1.3.30 (Binomial inversion). Consider the upper triangular matrices

(=D)"H (), £<m,

A= (aém)0§&ma A, = {0, £>m,
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and

(" k<n
B:bn n;bn: k)7 -
(brn)o<k<n, br {0, .

The collections ((x — 1)m)m>0 and (x”)n>0 are bases of the space R[x] of polynomials
with real coefficients. Newton’s binomial formula implies

(x—1)" = Zagmxg, 2" = Zbkn(m — 1)k,
14 k
Hence A~! = B, B~! = A. This fact is known as binomial inversion. Note that (1.3.27)

reads
P[] = Z ApmSm,

m>{

Sk =3 bemP[Qm .

m>k
Weset X =14, +--- 4+ 14,. In Exercise 1.23 we ask the reader to prove that

-e[(2)]

Example 1.3.31 (Sieves and poissonization). Suppose now that we have an upper triangular
array of measurable sets (Ay, ;)icr,, n € N.

We deduce that

O

A
Ay, Az
An,la An,27 An,3 An,n

For n > q we denote by 27, the set of points in 2 that belong to exactly m of the sets

Api..., Apy, te., QF = {X,, = m}. Using Bonferroni’s inequalities we deduce that for fixed
¢ and n > 2¢ + m we have
201 20
m+k m+k
Z(—1)k< N )s%% <P[On] < Z(—1)k< . )SQM. (1.3.36)
k=0 k=0
Suppose now that there exists A > 0 such that, for any ¢ € N we have
¢
oM
nh—>1208q = (1.3.37)

If we let n — oo in (1.3.36) we obtain

| 2! N ‘ ;2 A
ml kzo(_l) T Slanig.}fp[ﬁm] < 1171gs01ipP[Qm] < EHH) o

If we now let ¢ — oo we deduce

—-Ay\m
lim B[] = &
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We can rephrase this in an equivalent way. Set

n
Xpi=> Ia,,.
k=1

Then Q' = {X,, = m} and thus we showed that if (1.3.36) holds, then
lim P[ X, =m] =P[ Poi(\) =m],

n—oo
where we recall that Poi(\) denotes a Poisson random variable with parameter A.
The phenomenon depicted above is referred under the generic name of poissonization
or Poisson approximation. Let us observe that if the events A, ; are independent and

P[A,;] =2, then
n) (A" A
SZ:(k)(n) ~ g @ n oo

In this case X,, = Bin(n, A/n). The success probability % is small for large n and for this
reason the Poisson distribution is sometimes referred as the law of rare events.

The estimation techniques based on various versions of the inclusion-exclusion principle
are called sieves. We refer to [160, Chap. 2, 3| for a more detailed description of far reaching
generalizations of the inclusion-exclusion principle and associated sieves. ]

Example 1.3.32 (Fixed points of random permutations). Let us show how the above argu-
ments work on the classical derangements problem . Denote by &,, the group of permutations
of I,,, We equip it with the uniform probability measure so each permutation ¢ has probability
1. For each o € &,, we denote by F(0) = F,,(0) its number of of fixed points, i.e.,

F(o)=#{kel,; olk)=k}.
Thus F': S, — {0,1,...,n} can be viewed as a random variable.

A derangement is a permutation o with no fixed points, i.e., F'(c) = 0. A concrete oc-
currence of a derangement can be observed when a group of n, slightly inebriated, passengers
board a plane and pick seats at random. A derangement occurs when none of them sits on
his/her preassigned seat.

We want to compute the probability distribution of F},, i.e., the probabilities
P[F,=m], k=0,1,...,n.

For j € I, we denote by E; the event o(j) = j. The set of permutations that fix j can be
identified with the set of permutations of I, \ {j} so
(n—=1)! 1
P E|=—*>=—.
[ J] n! n
Observe that

n
Fn:ZIEk7
k=1

SO
n n

E[F,]=> E[Ig]=) P[E]=1 (1.3.38)

k=1 k=1
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Thus the expected number of fixed points is rather low: a random permutation has, on
average, one fixed point.

Let us compute the probability distribution of F'. For each I C I,, we set
Er=JE.
el
Thus o € Ej if and only if the permutation o fixes all the points in I. We deduce that if
|I| = k, then

P[EI] _ (n —'ki)! and s, :sz = Z P[EI] _ <n>(n_k)' — l

n! k n! k!
=

Note that if F,(0) = m, then o fixes exactly k points and (1.3.27) yields
n—m n—
m+k 1 1
P[F,=m] = Z(—l)’“( - )sm+k =— D (D
k=0 k=0
In particular, the number of derangements is

n

1
k
P[F,=0] =) (-1
k=0
The equality E[Fn] =1 yields an interesting identity
—_— — — — ki
1= mP[F,=m]=>_ T ( ( 1)kﬂ>.
m=1 m=1 k=0
Note that .
. e

£&Mm_my;m: (1.3.39)

The sequence %, m > 0 describes the Poisson distribution Poi(1). O

1.3.4. Classical examples of continuous probability distributions. We want to de-
scribe a few example of random variables whose probability distributions are absolutely con-
tinuous with respect to the Lebesgue measure on the real axis. They all have the form

P[dz] = p(z)A[dz], pe LL(R, Bg,A), jézxx)k[dx} =1.

The function p is called the probability density of the Borel probability measure on R. To
ease the notational burden we will use the simpler notation

p(z)dz = p(z) | dz |

Such distributions are classically known as continuous probability distributions. The proba-
bilistic significance of the examples discussed in this section will gradually be revealed in the
book.

Example 1.3.33 (Uniform distribution). A random variable X is said to be uniformly
distributed or uniform in the interval [a,b], and we write this X ~ Unif(a,b), if

1
]PX [d.’L‘] = m[[mb]d.%’.
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When X ~ Unif(a,b) we have

1 b etb —_ cla b — g™ tn—l
Mx (t) = Yy = = .
x(®) b—a/ae YT b —a) ;n(b—a)(n—l)!

In particular we deduce
1 bn+1 _ an+1

= 1.3.4
} n+1 b—a (1.3.40)

Figure 1.4. The graph of v, , for 0 = 1 (dotted red curve) and o = 0.1 (continuous blue curve).

Example 1.3.34 (Gaussian random variables ). The Gaussian or normal random variables
form a 2-parameter family N(u,0?), p € R, 0 > 0 where X ~ N(u,o?) iff

1 _ow?
Px | dx] = Vo2 (T)dz, v, .2(T) = mge 207

We will use the simpler notation 7,2(z) := ¢ ,2. The measure
T, ,2[dz] = Vo2 (T)dx
is called the Gaussian measure on R with mean p and variance o2. Let us observe
1
X ~ N(N702) — 7(X - M) ~ N(07 1)
o

Indeed if we set 1

Y = E(X—,LL),
then S
P[Yﬁy]:P[($—u)/0§y]zp[m§0y—l—u]:/ Vo2 (T)dx
y y
:O'/ 7M702(0t+ﬂ)dt:/ 70,1(t)dt
Thus

E[X]=E[Y]+p, Var[X]=0Var[Y].
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We have
E[Y]= lﬁ/ye‘ywdyz 0,
27 Jr

1 2 2 & 2
Var [Y] =E[Y? :/ 2¢7v /2 :/ 2¢7v/2g
o [¥] = E[v?] = o [ ey = [ ety
(s =y/2, y = V2s)
2 1

2 > 1/2 _—s 2
= ds=—=I'(3/2) = — - =I'(1/2) =1
= [ setas= v/ = — T/ =1,
where at the last two steps we used basic facts about the Gamma function recalled in Propo-
sition A.1.2. We deduce that

and

X ~N(p,0?) = E[X]=p, Var[Y] =0 (1.3.41)

A variable X ~ N(0,1) is called a standard normal random variable. Its cdf is

1 z 2
Ox) =P X<z|=—— e " 2dg, 1.3.42
@=Plx<a]=— [ (13.42)
plays an important role in probability and statistics. The quantity
P[X >z]
Y1(2)
is called the Mills ratio of the standard normal random variable. It satisfies the inequalities
1

In Exercise 1.32 we outline a proof of this inequality.
Observe that if X ~ N(0,1), and o € R, then ¢ X € N(0,0?%) and

M, x (t) = E[ ™ | = Mx[ot].
On the other hand, if X ~ N(0, 1), then

]. 2 1 2 2 2
My () = tr—x /2d — / (2tz—z*—t2)/2 t /2d
x({) \V2r /Re v V2T Re © o

_ et2/2 ) —(m—t)2/2dx _ et2/2.

s

=1

Thus

ﬂQm[X] ~ (2m)!

= mp = (2m— 1)”, ,u,gm_l[X] =0, YmeN. O

Example 1.3.35 (Gamma distributions). The Gamma distributions with parameters v, A
are defined by

Loyl dz] = gu(z; N)de.
where the densities g, (x; \), A,v > 0 are given by

A v—1_—Az
gz N) = mx Lg=A I (1.3.44)
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From the definition of the Gamma function we deduce that g, (x; \) is indeed a probability
density, i.e.,

[o.¢]
/ gu(x; N)de = 1.
0
We will use the notation X ~ Gamma(r, \) to indicate that Px =T', ).

The Gamma(1, \)-random variables play a special role in probability. They are called
exponential random variables with parameter A\. We will use the notation X ~ Exp()\) to
indicate that X is such a random variable. The distribution of Exp(\) is

Exp(\) ~ Ae Mg oyda.
We will have more to say about exponential variables in the next subsection.

The parameter v is sometimes referred to as the shape parameter. Figure 1.5 may explain
the reason for this terminology.

257
|
|

21|
|

|

154\

0.54 \

Figure 1.5. The graphs of g, (z;\) forv > 1 and v < 1.

For n =1,2,3,... the distribution Gamma(n, ) is also known as an Erlang distribution
and has a simple probabilistic interpretation. If the waiting time T for a certain event is
exponentially distributed with rate A, e.g., the waiting time for a bus to arrive, then the
waiting time for n of these events to occur independently and in succession is a Gamma(n, \)
random variable. We will prove this later.

The distribution g, /»(7;1/2), where n = 1,2, ..., plays an important role in statistics it
also known as the chi-squared distribution with n degrees of freedom and it is traditionally
denoted by x%(n). One can show that if X1, ..., X,, are independent standard normal random

variables, then the random variable
Xi 4+ X7
has a chi-squared distribution of degree n.

If X ~ Gamma(r, \) is a Gamma distributed random variable, then X is s-integrable for
any s >1. Moreover, for any k € {1,2,...} we have

X1 = AY > k+v—1 —)\md
mel X =gy fy o
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(=AY, dz = A7ldt, Ax = ¢, b= = A-(kv=Dghtv-l)
_ 1 /°° =1ty _ L+ V)
0

AT (v) MT(v)
We deduce Pw+l) v
E[X]:MI[X]:T(V):X,
I'(v v? v(v —v? v
Var [ X ] ZMQ[X]_“I[X]QZA(?FE?W?:(K?:V

Finally, if X ~ Gamma(v, \), then for ¢ < A we have

)\I/ o
Mx (t) = F(V)/O ' lem ATy

“mrd, e (55)

Example 1.3.36 (Beta distributions). The Beta distribution with parameters a,b > 0 is
defined by the probability density function

5a,b(iﬁ) = B(olz,b)

r=y/(-1)

O

.’I}a_l(l — .fL')b_lI(OJ) .

The normalizing constant B(a,b) is the Beta function (A.1.2),
[(a)I'(b)
B(a,b) = =——~.
We will use the notation X ~ Beta(a, b) to indicate that the pdf of X is a Beta distribution
with parameters a, b.
Suppose that X ~ Beta(a,b). Then
1 ! B(a+1,b)
ElX|=—-— ©1 —z)tde = ———
X B(a,b>/o P =) = TR0
(Ar4) I'(a+1)I'(a + b) a

F(a)T(a+b+1) a+b

1 v 1, Tla+2)l(a+b) ala+1)
BN = gy ) 700 = R ) = e s 0
Hence
v (3] =E (3 -BlxT = 4 (- o)
a (a+1)(a+b)—ala+b+1) ab
a+b (a+b)(a+b+1) ~(a+b)2(a+b+1)

Note that Beta(1,1) = Unif ([0,1]). The distribution Beta(1/2,1/2) is called the arcsine
distribution. In this case ) )

51/2,1/2(95) = ;ma
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and
ds = = i )
/0 Bi/2,1/2(s)ds —arcsin vz
We refer to Exercise 1.43 for an alternate interpretation of Beta(1/2,1/2). 0O

In Appendix A.2 we have listed the basic integral invariants of several frequently occurring
probability distributions.

1.3.5. Product probability spaces and independence. Suppose (£2;,8;), i = 0,1, are
two measurable spaces. Recall that §y®38; is the sigma-algebra of subsets of g x 1 generated
by the collection R of “rectangles” of the form Sy x S1, S; € §;, i = 0, 21.

The goal of this subsection is to show that two sigma-finite measures measures p; on 8;,
1 =0, 1 induce in a canonical way a measure pg ® p1 uniquely determined by the condition

po ® pr [ So x S1] = po[So pi[Si], VSi€8i, i=0,1.
The collection A of subsets of €0y x €21 that are finite disjoint unions of rectangles is an
algebra. This suggests using Carathéodory’s existence theorem to prove this claim.

We choose a different route that bypasses Carathéodory’s existence theorem. This alter-
nate, more efficient approach, is driven by the Monotone Class Theorem and simultaneously
proves a central result in integration theory, the Fubini-Tonelli Theorem. For every measur-
able space (€, 8) we denote by £°(€2,8), the space of § measurable functions f : Q — R.

Lemma 1.3.37. Suppose that
£ e L%y x 0,80 ®81)« UL (Q x ,8 @ 81).

Then, for any wy € 0y the function fBl : Qo — R,

1 (wo) = f(wo,w1)

is Sg-measurable and, for any wy € Qo, the function ful)o (Q1,81) = R,

fho(w1) = flwo,wr)
is 81-measurable.

Proof. We prove only the statement concerning fBl. For simplicity will write f.,instead of fgl. We will use the
Monotone Class Theorem 1.1.22.

Denote by M the collection of functions f € LO(QO x Q1,80 X 81)« such that f., is Sg-measurable, Vw; € Q.
Clearly is f,g € M are bounded then af + bg € M, Va,b € R

The collection R of rectangles is a m-system. Note that for any rectangle R = Sp X S1 the function f = I g belongs
to M. Indeed, for any w; € Q1 we have
Is,, wi€ S,
fo.)l = { So

0, leQl\Sl.

If (fn) is an increasing sequence of functions in M so is the sequence of slices fy ., so the limit f is also in M. By
the Monotone Class Theorem the collection M contains all the nonnegative measurable functions. Since M is a vector
space, it must coincide with £%(0 x Q1,80 ® 81)8-

When f € Li, but f is allowed to have infinite values, the function f is the increasing limit of a sequence in M.
Hence this situation is also included in the conclusions of the lemma. [}

Theorem 1.3.38 (Fubini-Tonelli). Let (€;,8;, i), i@ = 0,1 be two sigma-finite measured
spaces.
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(i) There exists a measure j1 on 8y @ 81 uniquely determined by the equalities
,u[SO X Sl] = MO[SO],ul[Sl], VS0 € 8o, S1 € 81.
We will denote this measure by g & 1.
(ii) For each nonnegative function f € L9 (Qy x Q1,80 ® 81) the functions

wOHIl[f](wo) ::/Q f(wo,wl)m[dw1] € [0, oo],

w1 — Io[f](wl) = o f(wo,wl)uo[dwg] S [0, OO]

are measurable and

/Qo ( o f(“’“"‘“)“l[dwlo o[ dewo]

= / fwo,w1)p0 @ pa [ dwodwr | (1.3.45)
QoXQl

:/Ql < o f(W07W1)M0[dW0]>H1[dW1]'

In particular, if only one of the three terms above is finite, then all three are finite
and equal.

(iii) Let f € L1(Qg x Q1,80 @ 81, 1o @ p1). Then each of the three terms in (1.5.45) is
well defined, finite and the equalities (1.3.45) hold.

Proof. We will carry the proof in several steps.

Step 1. We will prove that for every positive function f € £2(Qp x Q1,80 x 81) the nonnegative function
wo = I [ f](wo) = /Q F(wo,w1)p [ dwr ]
1
is measurable so the integral
nolr)i= ([ sennmaon] ) ol dan] € 0.00]
0 1

is well defined.

This follows from Dynkin’s m — A Theorem arguing exactly as in the proof of Lemma 1.3.37. For S € §g ® 81 we
set
po[S]=Tio[Is]
Note that
In[Igyxs, ] = / Igyxa, (wo,wi)pr [dwr ].

1931
If wo € Qo \ So the integral is 0. If wg € Sy the integral is

/ Ig dpy =p[S1].
Q1

Hence
I [Isyxs, | =pmi[S1]1s,.
We deduce
I o[ So x S1] :Nl[sl]/ Igydpo = po[So] - p1[S1]

Qo
Clearly if A, A’ € 8 are disjoint, then I 4,4 = I4 + I 4/ so that

Lio[Tauar ] =To[Ta]+ T[]

and
pro[AUA | =pio[A] +u10[A].



1.3. Invariants of random variables 69

If
Al CAxC -

is an increasing sequence of sets in 8§ and

A= An,

n>1

then invoking the Monotone Convergence Theorem we first deduce that I [I An] is a nondecreasing sequence of
measurable functions converging to I1 o [IA} and then we conclude that p10 [An] converges to 1,0 [A} Hence p1,0
is a measure on 8§ = 8¢ ® 81.

Step 2. A similar argument shows that

/Lo,l[s]:/ﬂl (/Qo Is(wmwl)uo[dwo])ul[dm]

is also a sigma-finite measure on § = §g ® §;. Note that
#1,0[So x S1] = po,1[So x S1], VSo € 8o, S1 € 81.

Thus ,ul,o[R] = 10,1 [R}, VR € R.

We want to show that if v is another measure on 8 such that V[R] = p1,0 [ R] for any R € R, then I/[A] = 1,0 [A] ,
VA € S.

To see this assume first that pp and @ are finite measures. Then Qg x 1 € R
/141,0[90 X Q1] ZV[QO ><Q1] < oo

and since R is a w-system we deduce from Proposition 1.2.4 that 1,0 = v on 8.

To deal with the general case choose two increasing sequences E, € 8;, i = 0,1 such that
pi BL] <oo, Vn and Q; = | J E}, i=0,1.
n>1
Define
E, = E?L X E}L,uf[SZ] = /Li[SiﬁEﬁ], S; €8;, i=0,1,
V”[A} = Z/[AﬂEn], VA € 8.
Using the measures pj* we form as above the measures “711,0 and we observe that
ufo[A] =wo,i[ANE.], Vn, VAES.
For any rectangle R, the intersection RN E,, is a rectangle and
pio[R] =v"[R], Vn.
Thus
M?YO[A} = ,u,”[A}, vneN, AeSs.

If we let n — oo in the above equality we deduce that p11,0 = v on 8.

We deduce that po,1 = p1,0. Thus the measures 10,1 and p1,0 coincide on the algebra of sets generated by the
rectangles and thus they must coincide on the 89 ® 81. This common measure is denoted by pp ® p1 and it clearly
satisfies statement (i) in the theorem

Step 3. From Step 2 we deduce that (1.3.45) is true for f = Ig, VS € 8o ® 81. From this, using the Monotone Class
Theorem exactly as in the proof of Lemma 1.3.37 we deduce (1.3.45) in its entire generality. The claim in (iii) follows
from the fact that any integrable function f is the difference of two nonnegative integrable functions f = f* — f~ and
the claim is true for f*. O

The above construction can be iterated. More precisely, given sigma-finite measured
spaces (Q, Sk, k), K = 1,...,n, we have a measure p = p; ® -+ ® p,, uniquely determined
by the condition

/L[Sl XSQ ><-~><Sn] :m[Sl]ug[Sg} -'-Mn[Sn], VSkESk, k::1,...7n.
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Remark 1.3.39. Recall that A denotes the Lebesgue measure on R. The measure A®" on
Brn is called the n-dimensional Lebesgue measure and will denoted by A, or simply A, when
no confusion is possible. A subset of R™ is called Lebesque measurable if it belongs to the
completion of the Borel sigma-algebra with respect to the Lebesgue measure.

One can prove that if a function f : R™ — R is absolutely Riemann integrable (see [133,
Chap.15]), then it is also Lebesgue integrable with respect to the Lebesgue measure on R"”

and, moreover
f@ldel = [ fta
Rn

where the left-hand-side integral is the (improper) Riemann integral.

We recommend the reader to try to prove this fact or at least to try to understand why a
Riemann integrable function defined on a cube is Lebesgue measurable. This is not obvious
because there exist Riemann integrable functions that are not Borel measurable.

For example, if C' C [0, 1] is the Cantor set, then there exists a subset A of C' that are
not Borel because the cardinality of the set 2¢ is bigger than the cardinality of the family
of Borel subsets of C'. The subset A is Lebesgue measurable since C' is Lebesgue negligible.
The indicator function I 4 is Riemann integrable but not Borel measurable.

The change in variables for the Riemann integral shows that if U,V are open subsets of
R" and F : U — V is a C'-diffeomorphism onto V, then

Fy'Av[da] = |det Jp(x)| Ay [ dz].

Let us present a few useful consequences of Fubini’s theorem.

Proposition 1.3.40. Suppose that X is a nonnegative random variable defined on the prob-
ability space (2,8, P). For any p € [1,00) we have

E[X?] :p/ P IPX > x)dx. (1.3.46)
0
In particular,

E[X]= /OOO P[X > z]dz. (1.3.47)

Proof. We have

p/ooo 2P IPIX > a]de = /OOO (/Q I{X>x}(w)P[dw]> pa?~ldx

= -1
= Jwa)cax(omn PP PO A[dwdz ]
0§Z‘<X(w)

(use Fubini-Tonelli)

:/£2</0X(w)pxp—1dx>ﬂ’>[dw] z/QX”(w)IP’[dw] =E[X"].
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We want to point out that when p = 1 the equality

(wa)ecaxfoos) EE Aldwdz | =E[ X |
0<z< X (w)

simply says that E [ X ] is equal to the “area” below the graph of the function X :  — [0, c0).
Example 1.3.41. Suppose that X is a random variable that takes only nonnegative integral
values. Then

Px =Y P[X =n]d,,

n>0
and

E[X] (1'3:'46)/0 P[X > z]da

:Z/:HP[X >z)de =Y P[X >n].

n>0 n>0

(1.3.48)

Let us apply this identity to a geometric random variable with success probability p, T ~ Geom(p).
Note that P[T > n] is the probability that the waiting time for a success is > n or, equiva-
lently, the probability that the first n trials are failures. Hence

1 1
P[T>n]=¢" so E[T] =Y ¢"= — =
[T>n]=q" so E[T] %q e
Similarly
p2[T]) =E[T?] =2) nP[T >n]
n>0
:Zan":2anq"*1:72q :E.
=i = 1-9?* p°
In particular
Var[T]zE[TQ]—E[T]%]%. 0

Example 1.3.42. Suppose that T is an exponential random variable with parameter A, i.e.,
a random variable with the exponential probability distribution

Pr[dt] = e Mg o dt

This random variable describes the waiting time for an event to happen, e.g., the waiting
time for a laptop to crash, or the waiting time for a bus to arrive at a bus station. The
quantity Ae~*dt is the probability that the waiting time is in the interval (¢, ¢ + dt]. Then

o0 oo 1
P[T >t] :/ e Mdr =e™?, E[T] :/ e Mdt = .
¢ 0 A
We see that % is measured in units of time. For this reason A is called the rate and describes
how many rare events take place per unit of time.

Similarly

pe[T] =E[T?] :2/ ﬂP[T>t]dt:2/ te Mdt = 22/ se”*ds
0 0 A 0
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= 5T = -

The function S(t) := ]P’[T > t] is called the survival function. For example, if T denotes the
life span of a laptop, then S(t) is the probability that a laptop survives more than g units of
time.

The exponential distribution enjoys the so called memoryless property
P[T>t+s|T>s]=P[T>t]. (1.3.49)

For example, if T' is the waiting time for a bus to arrive then, given that you’ve waited more
that s units of time, the probability that you will have to wait at least ¢ extra is the same as
if you have not waited at all. The proof of (1.3.49) is immediate.

P[T>t+s] e Mt+s)

P[T>t+s|T>s]= P[Tss] o =eM=P[T>t]. O
S

Example 1.3.43 (Integration by parts). Suppose that pg, 1 are two Borel probability mea-
sures on R supported on [0, ), i.e.

We set
Fy(x) = uk[(—oo,x]], k=0,1,
so that py is the Lebesgue-Stieltjes measure determined by Fj. Note that

F.(0) = [ {0} ].
Classically, the integral

/ u(w)py | d |
[0,a]
was denoted by
0
This classical notation is a bit ambiguous due to the following simple fact
/[ ]u(x)uk[dx] = u(0)Fy(0) —f—/( ]u(l‘)uk[dw].
0,a 0,a

We want to prove a version of the integration by parts formula. Namely, we will show that
if one of the functions Fpy, Fj is continuous, then

/Oa F0($)dF1($) == Fo(a)Fl(a) - Fo(O)Fl(O) - Aa Fl(l')dFo(fL') (1350)

Assume for simplicity that F; is continuous so F1(0) = 0. Set p := pp ® p1. Observe that
since
Fy(a)Fi(a) — Fy(0)F1(0) = Fy(a)Fi(a) = p] [0,a] x [0,4d] |.
S

Using the Fubini-Tonelli theorem we deduce

| A@ar@ - /[0 } ([ Fma@]mlan] ) ol ]
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(Fy is continuous)

- /[O,a] (/[O?a] T10.)(y) ul[dy]> poldz] = p[Ro],

RO::{(aj,y)eR2; 0<y<z<a, y<z}.

[ mwarn= [ ([ swmlac] ) imlan] =l

Ry ::{(m,y)GRQ; nggyga},
Observe that the regions Ry, R are disjoint.

where

Similarly

The region Ry is the part of the square S, = [0,a] x [0, a] strictly below the diagonal
y = x, while R; is the part of this square above or this diagonal. Hence S, = Ry U Ry and
thus
plBo] +p[Ri] = p[Sa]
Let us observe that the integration by parts formula is not true if both Fy, F7 are discontin-
uous. Take for example the case g = 1 = %((51 + (53). Then

0, z<1.
Fy(z)=F(@)=F)=q3 1<z<3,
1, x2>3.

In this case we have

/2 ( ) ( ) / ( ) [ ] ! (1) (2)2
o f xr d.l:’ ) = [072} .l:’ X))o dCC = 2.[’ = 4, f = 4
SO 5

T T 2.

The reason for this failure has a simple geometric origin: the diagonal {y = x} may not
be po ® pp-negligible. The continuity assumption allowed us to discard the diagonal of the
square because in this case it is indeed negligible. O

Definition 1.3.44. Fix a probability space (2,8, P).

(i) Suppose that V is a finite dimensional vector space. We denote by By the sigma-
algebra of Borel subsets of V. A V-valued random vector is a measurable map

X :(Q,8,P) — (V,By).
Its probability distribution is the pushforward measure Px := X 4P. By definition,
Px is a Borel probability measure on V.
(ii) The joint probability distribution of the random variables
X1y, X0 (,8,P) >R
is the probability distribution of the random vector

X = (X1,...,Xpn) : (Q,8,P) - R".
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We will denote by Py, . x, the joint distribution.
O

Observe that joint probability distribution Py, . x, is uniquely determined by the prob-

n

abilities

IP’[Xl <z1,...,Xn Swn], Ti,...,Tn € R,
Note also that if 7; : R™ — R denotes the natural projection (x1,...,z,) — ;i =1,2,...,n,
then

Px, = (m:)#Pxy,..x,,-
The probability distributions Py, are often referred as the marginals (or marginal distribu-
tions) of the joint probability distribution Px, . x,.
Proposition 1.3.45. Suppose that (2,8, P) is a probability space and
X1,..., X, € L%, 8,P)
are random variables with probability distributions Px,,...,Px,. The following statements
are equivalent.
(i) The random wvariables X, ..., X, are independent.

Xn:PX1®"‘®PXn-

-----

Proof. The random variables X1, ..., X,, are independent iff for any Borel sets By,..., B, C R
we have

P[ Xy € By,...,Xn € B, | =P[X; € Bi]---P[X,, € By
< Px,, . x,[BixxBy| =Px, @ ®@Px, [B1 x -+ x By].
Thus the random variables X1,..., X, are independent iff the measures Px, . x, and
Px, ® --- ® Py, coincide on the set of rectangles By X --- X By, i.e.,

Px,..x,=Px, ® - ®Px,.

This set of rectangles is a w-system that generates the Borel algebra of R™. The conclusion
follows from Proposition 1.2.4. O

1.3.6. Convolution of Borel measures on the real axis.

Definition 1.3.46. Let u, v be two finite Borel measures on (R¥, Bpr). The convolution of
p with v is the Borel measure p * v on (R¥, Bgi) defined by

M*V[B] :/Rku[B—y]u[dy}, VB € Bpek. (1.3.51)
O

For y € R* we denote by S, the shift S, : R¥ — Rk S, (z) = 2 +y and set p, == (S,)4u.
Note that for any Borel set B C RF we have

py[B] =u[STH(B)] =n[B-y],

so we can rewrite(1.3.51) in the form

pev[=1= [ wl=Jvla].
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A simple argument based on the Monotone Convergence Theorem shows that u * v is indeed
a Borel measure on R. By letting B = R in (1.3.51) we see that p * v is indeed a finite
measure. It is a probability measure if both p and v are.

Note that p* v is a mizture in the sense that it is obtained by averaging of the family of
probability measures (fiy),er With respect to the probability measure v[dy]. For example, if

|
VvV = Z ﬁ(sxz,
=1
then

1 n
,U«*V:n;ﬂxi'
i

In the remainder of this section I will concentrate exclusively on the one-dimensional case,
k=1.
Proposition 1.3.47. Let u,v be probability measures on (R, Br) and
®:R? >R, &(z,y)=x+y.
Then pxv =®u(p@v) =v* 4.

Proof. Let B € B and set B = & (B). Set
B, = { z; (:c,y)EB}:B—y.
Then

Pyu(p@v)|[B] :/]RQ Ipp@v|dedy]

(use Fubini-Tonelli)

:/R</Rféyu[dx}>u[dy] :/Ru[B—y]V[dy] =pxv[B].

The equality u * v = v * u follows by changing the order of integration in the Fubini-Tonelli
theorem. O

Corollary 1.3.48. Let X,Y € £L%(Q,8,P) be two independent random variables with distri-
butions Px and Py. Then

]:PX+Y =Px x Py.

Proof. Since X,Y are independent we have Pxy = Px ® Py. Note that Pxy = ®4Px y.
The conclusion now follows from Proposition 1.3.47. O

Remark 1.3.49. (a) Suppose that F), is the cdf of the probability measure p, i.e.,
Fu(c) = p[(—o00,d], VceR.
Then the cdf F,., of pu* v satisfies

FM*V(C):/RFM(C—.T)V[d.T], Ve € R.

We write this equality as
Flw = F *v. (1.3.52)
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If 1 is absolutely continuous with respect to the Lebesgue measure A on R so
pldr] = pu(z)de, v[dz] = py(z)dz, pu, py € L'(R,N),
then p* v < A and

Mo V[dzﬂ] = pus(@)dx, s () = pp* py(a) = /Rpu($ - y)l/[dy].

To see this it suffices to check that for any ¢ € R we have

Cc

pxv](—oo,d] :/ Pusv(T)dx.

—0o0

We have

wevl(ood] = [ulooe—allolan = [ ([ puteris ) vian

R 00

:/R<[.:_ypu(:ﬂ)dl‘> v(dy] :/R(/O:p(z—y)d2> v(dy]
:/; </Rpu(2—y)y[dy]) dz:/;pw(z)[dd‘

(b) Any Borel probability measure p on R is the probability distribution of the random
variable

(use Fubini)

Ig: (R,'BR,/L) — R, :[].]R(l’) =.
If 1, po, s are diferent Borel probability measures on R, then we can define three indepndent
random variables
X1, Xo, X350 (R, Bys, p1 @ po ® p2 ) — R,
Xi(z1,22,23) = 28, kK =1,2,3.
Note that Px, = p , Yk =1,2,3. Since (X; + X2) L X3 and X7 L (X2 + X3) we deduce

(k1 # p2) * 3 = P4 X0)+ X5 = Py (x4 Xa) = H1 % (2 * p3).-
Similarly
pa ok p2 = Pxypx, = Pxox, = p2 o g
Note that u * V[R] = M[R] . V[R]. In particular, the space Prob(R) of Borel probability

measures on R has a structure of commutative semigroup with respect to the convolution.
The Dirac measure dg is the identity element of this semigroup. a

1.3.7. Poisson processes. Suppose that we have a stream of events occurring in succession
at random times S; < Sy < S3 < --- such that the waiting times between two successive
occurrences

=5, T5=5-5,....T, =S5, — Sp_1,...
are i.i.d. exponential random variables T,, ~ Exp(\), n =1,2,.... We set Sp := 0.

It may help to think of the sequence (7},) as inter-arrival times for a bus. The first bus
arrives at the station at time S7 = T7. Once the n-th bus has left the station, the waiting
time for the next bus to arrive is an exponential random variable 7T},41, independent of the
preceding waiting times. From this point of view, S, is the arrival time of the n-th bus.
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For ¢ > 0 we denote by N(¢) the number events that of occurred during the time interval
[0,¢]. In terms of streams of busses, N (t) would count the number of buses that have arrived
at the station in the interval [0,¢]. In other words

N(t)zmax{nZl; Sngt}:#{nZL Sngt}.

This is a discrete random variable with range {0,1,2,3,...}. The collection of random
variables {N (t), t> O} is called the Poisson process with intensity A. Note that

N(t) = Ti4(Sn).
n=1

Let us find the distribution (pmf) of N(t). We have
P[N({t)=0]=P[T1 > t] = e~ = the survival function of Exp()\).

If n > 0, then N(¢) = n if and only if the n-th bus arrived sometime during the interval [0, ¢],
i.e., S, <t, but the (n + 1)-th bus has not arrived in this time interval. We deduce

P[N(t)=n] = IP’[ {Sn <t} \ {Sns1 <t} } =P[S, <t] —P[Sny1 < t].
If we denote by F,(t) the cdf of S,,, then we can rewrite the above equality in the form
P[N(t) =n] = Fy(t) — Foya(t).

We have
Ps, = Exp(\) *--- x Exp(})

n

= Gamma(A, 1) % - - x Gamma(A\, 1) (1.8.64) Gamma(A,n).

n

An+1 t An+1 t
Fra(t) = )/ s"e Mds = ' / s"e "M ds.
0 0

Hence, for n > 0

F'n+1 n!
For n > 0, we integrate by parts to obtain
s=t
AT AT t tA)"
Frupi(t) = — [ Zse™ + / s lemMds = —Qe*)‘t + E,(t).
n! (n—=1!Jy n!
s=0
Hence
(A"
P[N(t)=n] = F,(t) — Foa(t) = e n> 0. (1.3.53)

This shows that N(¢) is a Poisson random variable, N (t) ~ Poi(At).

The family of random variables (N (¢) is nondecreasing and thus there exist right and left
limits
N({t—-0)=lmN N(t = lim N (s).
(t=0) =lim N(s), N(t+0)=limN(s)
It is not difficult to see that
YVt >0, N(t)=N(t+0), N(t)— NN —-0)e{0,1} as. (1.3.54)

The Poisson process plays an important role in probability since it appears in many situations
and displays many surprising phenomena. One such interesting phenomenon is the waiting
time paradoz, [65, 1.4]. To better appreciate this paradox we consider two separate situations.
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Suppose first that buses arrive at a bus station following a Poisson stream with frequency
A. Bob arrives at the bus station at a time ¢t > 0, the bus is not there and he is waiting for
the next one. His waiting time is

Wt = SN(t)+1 —t

We want to compute its expectation w; := E[Wt] There are two possible heuristic argu-
ments.

(i) The memoryless property of the exponential distribution shows that w; should be
independent of ¢ so w; = wg = %
(ii) Bob’s arrival time ¢ is uniformly distributed in the inter-arrivals interval
(S N(t)» S N(t)+1) of expected length % and, as in the earlier deterministic compu-
tation, the expectation should be half its length, %
We will show that (i) provides the correct answer. However, even the reasoning ( ii) holds

a bit of truth. To see what is happening we compute the expectations of Sy ;) and Sy (41-
We have

t
E[SN(t)} :/0 P[SN(t)>I]d$.

Note that
]P[SN(t) > .%'] = ZP[SN(t) >, N(t) = n]

n>0
On the other hand,
P[Snw >z, N(t)=n]=Plz<S,<t, Sp+Th1>t].

The random variables S,, and T},41 are independent and the joint distribution of (S, Ty+1)
is
s"le™MNe™N dsdr

/

]P)Sn,TrH—l [dsdt] = m

~~

p(s,m)
SO
IP’[J: <Sp<t,Sp+Thy1 > t] = Jocoet p(s, T)dsdr
s+1>t
t o] t A"
= /x </tsp(s,7')dr> ds :/x ]P’[Tn_H >t — s]msnfle—)\sds
t A" e~ At\n t e~ M\
_ “At—s) N n—1 -Xsy._ & AN n—1;. n_ .m
—/xe (n—l)!s e ds_(n—l)!/xs ds = ] (t x)
We deduce
P[S >LE] —Ze_)\t)\n(tn_xn)_1_6—>\(t—:p)
N(t) - n' - 9
n>0
t ‘ ot
E[SN(t)] = /0 (1 — e At2) )dx =t— eAt/O eMdt =+ — T(e)‘t —1).
Hence

e—)\t

oty m 1 IR
B[Sy ] =t—y+—— =3E[N@®) - 1+e]. (1.3.55)
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Let us compute IE[S N(t)+1 ] Again, we have

]P)[SN(t)+1 > QZ] = ZP[SN(t)+1 > x, N(t) = n],
n>0
and
P[Snw+1 >, N(t)=n] =P[5, <t Spy1 > max(t, )]

CP[S, <t Sy + Ty >t], x<t,
O\ P[Sa <t S+ Thsr > 2], x>t

For any ¢ >t we have

]P)[Sn <t, Sp+Thy1 > C] = p(s, t)dsdr

s<t,

s+1>c

t © A\ t —Ac( \f)P
= / / p(s,7)dr | ds = / e~ Me=s)gn—1o=As s &_
0 \Je—s (n—=1)!Jo n!

Observing that

3 e )" _ o Ae—)
n!
n>0

we deduce that

1, xr <t
P[Sn@ > ] = {ek(xt) et
Hence
! [T 1 1
E[Sn@1] = ; dr+e e dx:t+X:XE[N(t)+l], (1.3.56)
¢
and .
wy =E[ Sy ] —t= b%

In fact much more is true. One can show (see [145, Sec. 3.6]) that the waiting time W}
is an exponential random variable, W; ~ Exp()), in agreement with the conclusion of the
argument (i).

The above computation show that the expectation of Ly = Sy ()41 — Sn() 18

92 67)\t

E[Lt] =y = ; for ¢ large.
We have reached counterintuitive conclusions. The expected waiting time from the moment
bus N(t) left the station until bus N(¢) + 1 arrives in the station is twice the expected
inter-arrival times E [Tn ] !

On the other hand, the actual expected time w; from epoch ¢ until the arrival of bus
N(t) + 1 is the usual expected inter-arrival time. This shows that even the argument (ii)
captures a bit of what is going on since w; is close to half the expected length of the inter-
arrival interval ( SN () SN(£)+1 )

The number of busses arriving during a time interval [0,¢] is N(¢). The busses arrive
with a frequency of % per unit of time, so we should expect to wait ¢ = %E[N (t)] units of
time for N (¢) busses to arrive. However, formula (1.3.55) shows that we should expect less
than ¢ units of time for N(¢) busses to arrive. On the other hand, formula (1.3.56) shows
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that we should expect t +1 = +E[ N(¢) + 1] units of time for N(t) + 1 busses to arrive! We
refer to Remark 3.2.34 for another (technical) explanation for this paradoxical divergence of
conclusions.

The Poisson processes are special cases of renewal processes. For an enjoyable and highly
readable introduction to renewal processes we refer to [65] or [145, Chap. 3|. For a more
in-depth presentation of these processes and some of their practical applications we refer to
[7]. O

1.3.8. Modes of convergence of random variables. Fix a probability space (2,8, P).
Definition 1.3.50 (Almost sure convergence). We say that the sequence of random variables
X, € £°%(Q,8,P), neN,
converges almost surely (or a.s.) to X € £°(£2,8,P) if there exist (g € § such that

P[Q] =1, Jim X (w) = X (w), Yw € Q.

We will use the notation X,, == X to indicate the a.s. convergence. a

Tautologically, the a.s. convergence is well defined in LY. To describe a useful criterion
for a.s. convergence we need to rely on a very versatile classical result.

Definition 1.3.51. For any sequence of events (A )neny C 8 we denote by A, i.0. the event
“A, occurs infinitely often”,
Apio= () | 4n.

m>1n>m

Thus
weA,lo<—=VmeN In>m: weA,. O

Theorem 1.3.52 (Borel-Cantelli Lemma). Consider a sequence of events (An)nen C 8.
(i) If
Z]P’[An] < 00.

n>1
Then P[ Ay i0.] = 0.
(ii) Conversely, if the events (Ap)nen are independent then P[ A, i.0.]| € {0,1}, and
P[Apio.] =0<= > P[A,] < oc. (1.3.57)

n>1

Proof. (i) We set

N:=> 14,

n>1
Note that {4, i.0.} = {N = oo}. From the Monotone Convergence Theorem we deduce
E[N] =) E[I4,] =) P[4,] <o0
n>q n>1

so P[N =o00] =0.
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(ii) Kolmogorov’s 0-1 theorem shows that when the events (A,),>1 are independent we have
P[ Ay io.] €{0,1}.
To prove (1.3.57) we have to show that if
Z P[An] = 00,
n>1

then P[An i.o.] = 1. We have

P =1-P

U 4

n>m

(4%

n>m

(use the independence of A,,)

~1- T (1-Bl4d))

n>m

(1-—z<e® VzreR)

Hence

P[Apio0.] = lim P

m—o0

= 1.

U 4

n>m

O

Remark 1.3.53. Statement (i) in Theorem 1.3.52 is usually referred to as the First Borel-
Cantelli Lemma while statement (ii) is usually referred to as the Second Borel-Cantelli
Lemma. Exercises 3.12 and 3.19 present refinements of the Borel-Cantelli lemmas. g

Observe that X,, — X a.s. if and only if, for any v € N
P[{|X,—X|>1/v}io.] =0.
The Borel-Cantelli Lemma now implies the following result.

Corollary 1.3.54. Suppose that there exists X € L°(€2,8,P) such that the sequence X, € L($, 8, P)
satisfies

Y P[1X, - X|>¢e] < o0, Ve>0.

n>1

Then X,, =2 X. 0

Proof. The Borel-Cantelli Lemma implies that
P[| X, — X| > € i0.] =0, Ve >0.
Hence, for any £ > 0 there exists a negligible set S € 8 such that, for any w € Q\ S. we have

lim sup ‘Xn(w) - X(w) ‘ <e.
n—oo

Set

Seo = | Sty
keN
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We deduce that for any w € Q\ Ss we have
limsup | X, (w) — X (w) | < 1/k, Vk€eN.
n—0o0
O

Definition 1.3.55. We say that the sequence X,, € £°(2,8,P) converges in probability to
the random variable X € £%(Q, 8, P) if, Ve > 0, we have

lim P[|X, — X|>¢] =0.

n—oo

We will use the notation X,, — X to indicate convergence in probability. a

Observe that if X,, — X in probability and, for any n € N, we have X,, = X/, a.s.,
then X/ — X in probability. Thus the convergence in probability is correctly defined in
LO(9, 8, P).

The convergence in probability is equivalent to the convergence defined by a metric on
LY(£,8,P). For X,Y € £°(£,8,P) we set

dist(X,Y) := E[ min(]X — Y[, 1)] (1.3.58)
Clearly dist(X,Y) = dist(Y, X) and
dist(X, Z) < dist(X,Y) + dist(Y, Z2).
Note that dist(X,Y) =0 iff X =Y a.s. so “dist” is a metric on L°({, 8, P).
Proposition 1.3.56. Let X, X,, € £L%(Q,8,P). Then the following statements are equivalent.
(i) Xp, — X in probability as n — oo.
(i) dist(X,, X) — 0 as n — co.
Proof. Set
p(x) = min(|z[,1), Y, =X, — X.
Using Markov’s inequality we deduce that for any n > 1 and any ¢ € (0,1) we have
eP[ V| > ] =€eP[p(Yn) > ] <E[p(Yy)] = dist(Yy,0).
This shows that (ii) = (i).

Conversely, observe that, for any € > 0, we have

E[p(Y,)] = /|Y e /| PP Sk PITa] > <]

This proves that 0 < lim inf dist(Y},,0) < limsupdist(Y;,0) <e, Ve > 0. 0

The next result describes the relationships between a.s. convergence and convergence in
probability.

Theorem 1.3.57. Let X, X,, € L%, 8,P). Then the following hold.
(i) If X, — X a.s., then X,, — X in probability.

(ii) If X;, — X in probability, then (X,) contains a subsequence that converges a.s. to
X.
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(iii) The sequence X,, converges in probability to X if and only if any subsequence con-
tains a further subsequence that is a.s. convergent to X.

Proof. (i) Set Y,, := X,, — X. Since Y;, — 0 a.s. we have min(|Y,|,1) — 0 a.s.. From the
Dominated Convergence Theorem we deduce

dist(Xn, X) = E[[Y,]] — 0,

so that Y, 2.

(ii) Suppose that Y;, — 0 in probability. We deduce that for any k& € N there exists ny € N
such that
Vn >ng: PV, > 1/k] < ok
Now observe that for any m > 0, the series
> P[¥o] > 1/m]
E>1

is convergent since, for k > m we have
1
P[|Yy,| > 1/m] < P[|Yy,| > 1/k] < 7
The desired conclusion now follows from Corollary 1.3.54 .

(iii) Recall that a sequence in a metric space converges to a given point if and only if any
subsequence contains a sub-subsequence converging to that point. The properties (i) and (ii)
show that the seqeunce (X,,) satisfies this condition with respect to the metric dist defined
by p. O

Corollary 1.3.58. If the sequence (X,,) in L°(Q,8,P) converges in probability to X, then
for any continuous function f : R — R the sequence f(X,,) converges in probability to f(X).

Proof. The sequence (X)) satisfies the necessary and sufficient conditions (iii) in Theorem
1.3.57. Since f is continuous, the sequence f(X,,) satisfies these necessary and sufficient
conditions as well. O

The next result is also an immediate consequence of Theorem 1.3.57(iii).

Corollary 1.3.59. Suppose that (X,,) and (Y,,) are two sequences of a.s. finite random vari-
ables converging in probability to the a.s. finite variables X and respectively Y. Then X, +Y,
converges in probability to X +Y . O

Definition 1.3.60. Let p € [1,00). We say that the sequence (X, )neny C L°(€2, 8, P) coverges
in p-mean or in LP to X € L°(Q, 8, P) if

X, X, € L’(Q,8,P), VneN,
and
lim E[|X, — X[P] =0.
n—oo

The convergence in the L°°-norm is rerred to as a.s. uniform convergence. O
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Proposition 1.3.61. If X,, — X in p-mean, then X,, — X in probability. In particular, X,
admits a subsequence that converges a.s. to X.
Proof. Set Y,, := X,, — X. Then

(1.2.21) 1
P[|Yn]| >e] =P[|VoP >eP] < g—pE[\YnPD] — 0 asn — 0.

Example 1.3.62. For each n € N and each 1 < k < n we set
A = [(k=1)/n,k/n], Xpn=14,,:[0,1] =R
Then the sequence of random variables
X11, X1,2, X292, X13, X23,X33,...

converges in mean and in probability to 0. It does not converge a.s. to 0 because for any
x € [0, 1] infinitely many of these random variables are equal to 1 at .

The related sequence Y}, = nXj, converges in probability to 0 but not in mean since
Yinllpr =1. O

Example 1.3.63 (Bernoulli). Suppose that (X;,),>1 is a sequence of i.i.d. Bernoulli random
variables with wining probability p = % Set
1
Sp = X1+ + Xy ~ Bin(n,1/2), M, = —Sh.
n
Then ) ) )
Var [ M, | = ﬁVar 1S ] = EVar [ Ber(1/2)] = i
Hence

1
| My, —1/2||;2 = —= — 0 as n — oo,

o/
1

so that M, converges in 2-mean to 5 and thus, in probability to % Intuitively, M,, is the

fraction of Heads in a string on n independent fair con flips. From Chebyshev’s inequality

we deduce that )

P[|M, - 1/2 > ][ < —.
It turns out that this deviation probability is much smaller. In (2.3.12a) we will show that
P[|M, —1/2| > e] < 2¢ 2",
For example if e = 1072, n = 10° then
P[[Mps —1/2] > 0.01] < 2e2° ~ 4.2 x 1077 O

Example 1.3.64 (Longest common subsequence). Consider a finite set A, |A| = k, called
alphabet. A word of length n in the alphabet A is a finite sequence of the form

= (T1,...,2,) € A™.
A subsequence of such a word is a word of the form

(:L’f(l), .. .:Ef(g)) S .Ae,
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where f an increasing function f : {1,...,¢} — {1,...,n}. The natural number ¢ is called
the length of the subsequence.

A common subsequence of two words z,y € A" is a word w € Af that is a subsequence
of both. For example, if A = {H,T}, then H, T, H,T,T is a subsequence of both words
H, T, T,HHT,T and T,H, T,H,T,T,H

We are interested in the length of the longest common subsequence of two random words of
length n on the alphabet A. Such a problem arises in genetics. In that case the alphabet
is {A,C,T,G}. The DNA molecules are described by (very long) words in this alphabet.
The existence a long common subsequence of two such words is an indication of a common
ancestor of two living organisms with those DNAs.

From a mathematical point of view, we fix a probability measure 7 on an alphabet A and
we choose independent random variables

{Xn,Yn; neN}
where X,,,Y, are A-valued and have common distribution 7.

One can think that these random variables are obtained as follows. Two individuals in-
dependently roll identical ”dice” with faces labeled by A and whose occurrences are governed
by 7. The first individual generates the sequence (X,,) while the second individual generates
the sequence Y,,. We denote by L, the length of the longest common subsequence of the
words

(X1,...,X,) and (Y1,...,Y,).

We want to prove at a.s. and L' we have
lim = = R(w) := sup — (1.3.59)

In particular, this shows that

L
lim =% > L; > 0.

n—oo n

Note that L; is a Bernoulli random variable with success probability
2
p=Y n[a]’
acA

The equality (1.3.59) is due to Chvétal and Sankoff [36], but we will follow the presentation
in [161, Chap. 1].

The key observation is that the sequence (¢, )nen is superadditive, i.e.,
by + Loy < lpan, Ym,n € N. (1.3.60)

The proof is very simple. We set Z,, = (X, Y},) and we observe that the random variable L,,
is an invariant of the sequence of pairs (Z1,...,2,), L, = L(Z1,...,Z,). Clearly

Lo =L(Zpi1,..., Zpsm), ¥m,n € N.

If we concatenate the longest common subsequence of (Z1, ..., Z,) with the longest common
subsequence of (Z,,11, ..., Zn+m) We obtain a common subsequence of (Z1, ..., Zn, Znt1,- -y Zntm)
of length

L(Zy, ..., Z0) + L(Zni1s - - -, Zim)
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showing that
L(Zy,....Z0) + L(Zps1y -+ oy Znkm) < L(Z1y .o oy Znyy Zn 1y -+ - s Znkm) s
ie.,
Ly + Ly < Ly, Ym,n € N. (1.3.61)
Taking the expectations of both sides in the above inequality we obtain (1.3.60).
The conclusion (1.3.59) is now an immediate consequence of the following elementary

result.

Lemma 1.3.65 (Fekete). Suppose that (x,)n>1 is a subadditive sequence of real numbers,

1.€.,
Tmtn < T + Ty, Vm,n € N.
Then . .
lim == =y := inf ==
n—oo 1 n>1 n

Proof. Then, for any ¢ > p we can find & = k(c) > 0 such that z; < c¢. The subadditivity
condition implies zg, < nxi, Vn € N, so that

MSLT;:<C, Vn € N.
n

Hence

x
p < liminf “* < ¢, Ve > p,
n—oo N

ie.,

. . o Tn
@ = liminf —.
n—oo n

Now observe that for any n > k(c) > 0, there exist m € N and r € {0,1,...,k(c) — 1} such
that n = mk(c) + r. Hence
T, < M) + T < MCH+ Ty

so that ( ) \

x n—r)c

LN A R Mc:sup{|:c1|+'~+|:ck(c)]}.

n n n
Hence

lim sup In < limsup —— r)e =c, Ve> p.
n—oo N n—00 n
This completes the proof of the lemma. O
The conclusion (1.3.59) follows from Fekete’s Lemma applied to the sequence x,, = — L.

The inequality (1.3.61) show that
L L
— — R:=sup—.
n n n

Set 7 =r(m) := E[ R]. We deduce from the Cauchy-Schwartz inequality that

r>E[L] =Y wla]®> % <Z7r(a)>2: >0

acA a€eA

| =

The Dominated Convergence Theorem implies that

r= lim l]E[Ln]

n—oo N



1.3. Invariants of random variables 87

The exact value of r(7) is not known in general. In Example 3.1.35, using more sophisti-
cated techniques, we will show that the limit R(7) is constant, R(7w) = r and % is highly
concentrated around its mean r,,. O

The concept of convergence in probability is weaker than the concepts of convergence a.s.
or in p-mean. In many applications it is useful to know sufficient additional assumptions that
will guarantee that a sequence convergent in probability is also convergent in p-mean. The
a.s. convergence does not guarantee convergence in mean. The next elementary example is
typical of what can go wrong.

Example 1.3.66. Consider the interval [—1, 1] equipped with the uniform probability mea-
sure %dx. Consider the sequence of nonnegative random variables
Xp=2"I|_3-n3-n].
Note that X,, — 0 a.s. but
on 2"
E[Xn] = 2/2n de =1, Vn.

As we will see later in Chapter 3, the reason why the convergence in mean fails is the high
concentration of X, on sets of smaller and smaller measures. O

Our next result is an example of a sufficient condition for a sequence converging in
probability to also converge in the mean. It is a stepping stone towards the more refined
results that we will discuss in Chapter 3.

Theorem 1.3.67 (Bounded Convergence Theorem). Suppose that (X,) is a sequence in
LY(,8,P) that converges in probability to X € L'(Q,8,P). If the sequence (X,) is bounded
in L>(Q,8,P),i.e.,

M :=sup || Xp||co < 00,
neN

then X,, — X in L' and
lim E[ X, ]| =E[X | (1.3.62)

n—oo

Proof. We follow the approach in [174, Thm. 1.4]. Since
[E[Xa] -E[X][ <E[|X: - X]],

and |X,, — X| — 0 in probability, it suffices to consider only the special case X = 0, and
X, >0 a.s.. In such an instance it suffices to prove only the equality (1.3.62).

For any € > 0 we have
E[Xn] =E[XaT(x,<c} | + B[ Xul(x,5e) ] < e+ MP[X; > ¢].
Letting n — oo taking to account that X, > 0 and X,, — 0 in probability we deduce

0§limianE[Xn] §limsupE[Xn] <eg, Ve>D0.
n—+00 n

—00
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Remark 1.3.68. The Bounded Convergence theorem does not follow immediately from the
Dominated Convergence Theorem which involves a.s. convergence. However, using Theorem
1.3.57(iii) we can use the Dominated Convergence Theorem to provide an alternate proof of
the Bounded Convergence Theorem. O

1.4. Conditional expectation

The concept of conditioning is a central pillar of the theory of probability. It has a genuinely
probabilistic origin and very rich and subtle ramifications. Also, it takes some time getting
used to it. This concept is one important reason why in probability sigma-algebras play a
much more important role than in analysis.

Fix a probability space (€, 8,P).

1.4.1. Conditioning on a sigma subalgebra. The main formal constructions of this
section are best understood if we first consider a special but very useful example.

Example 1.4.1 (Conditioning on a partition). Suppose that (2,8,P) and (F,)aca, A CN,
is a finite or countable partition of 2 with measurable and nonnegligible chambers, i.e.,

F,€8, P[F,] >0, Vace A

We denote by F the sigma-algebra generated by this partition. In other words, F' C ¥ if and
only if it is a union of chambers F,,. This means that 3B C A such that
F=J Fs
BeB
Observe that a function Y : @ — R is F-measurable if and only there exist real numbers
(Ya)aca such that
Y=Y yola, Io:=1Ip,.
acA

Moreover
Y el <= ) |yalP[Fa] < 0.
«

Suppose now that X € £1(Q,8,P). We define the expectation of X given the event F, to
be the the expectation of X with respect to the conditional probability IP’[ — ‘ F, ], i.e., the
number

L . 1 B 1

o =E[X|F,] = r[Fa]E[XIa] Al FaX(w)}P’[dw]. (1.4.1)
We obtain an F-measurable random variable

X = Z:z»aIa.
Note that .
7al < 57, }E[\Xua}
SO o
E[IX]] <) E[|X|I.] =E[|X]] < o

Since
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we deduce _
E[XIp|=E[XIp]|, VFe9F. (1.4.2)

X =) dul,
«
is another F-measurable, integrable random variable that satisfies (1.4.2), then

P[Folea =E[XI,]| =E[XI,] =P[F,]ia, Ya€ A,

Note that if

so that #4 = Za, Va, i.e., X is uniquely determined by (1.4.2).

As a special case, suppose that Y € £°(£2,8,P) that has finite or countable range Y. We
obtain a countable measurable partition of Q (Fy),ecy, Fy = {Y = y}. In this case

=l
Ty=———— X(w)P|dw|.
FPHY =y} Sy L]
If, additionally, the range of X is also finite or countable, then X coincides with the random
variable E[ X || Y] defined in Exercise 1.16.
If in (1.4.2) we set F' = we deduce

E[X]=E[X] =) 2.P[Fa] =) E[X|F.|P[F,]. (1.4.3)
When X = Ig, then
CB[SnR]
E[Is|Fo] = NTAR =P[S| F.].
In this special case the equality (1.4.3) becomes the law of total probability
P[S]=> P[S|F.|P[F.]. (1.4.4)

The next result explains why the condition (1.4.2) is key to our further developments.

Proposition 1.4.2. IfJ C 8§ is a sigma-subalgebra and Yy, Yy € LY(Q, F,P) are two F-measurable
random variables such that

E[YoIr]| =E[V1Ip], VF €T, (1.4.5)
then Yo = Y7 a.s..

Proof. Set Z =Yy —Y;. Then Z is F-measurable, integrable and satisfies
E[ZIp] =0, VF e J. (1.4.6)

If we let F'={Z >1/n}, n € N, we deduce that

1
ﬁP[Z> 1/??,] SE[ZI{Z>1/n}] =0, YneN.

Thus
P[Z>1/n] =0, VneN=P[Z>0] =0.
A similar argument shows that IP’[Z < 0] =0. O
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Definition 1.4.3. Let (©2,8,P) be a probability space, F C 8 a sigma subalgebra, and
X € LI(Q,S,IP’)._A version of the conditional expectation of X given F is an F-measurable
random variable X € £1(Q, F,P) such that

E[XIr]=E[XIp], VF €T (1.4.7)
O

According to Proposition 1.4.2, any two random variables Xo, X, € L1(Q, F,P) satisfying
(1.4.7) are a.s. equal. Their equivalence class in L'(Q,F,P) is denoted by E[ X || F] and it
is called the conditional expectation of X given F. Also, if X =Y a.s. and E[ X || F] exists,
then E[Y || F] also exists and E[ X || F| = E[Y || F] as..

# About the notation. I am using different notations, one for the conditional expecta-
tion given and event, IE[X ‘ F], and another for the conditional expectation given a sigma-
subalgebra, IE[X | F ], for a simple reason: I want to emphasize visually that the first is a
number and the latter is a function.

Remark 1.4.4. Using the Monotone Convergence Theorem and the Monotone Class Theo-
rem we deduce that the following are equivalent.

(i) The random variable X € £1(Q, F,P) is a representative of E[X|F]
(ii) For any Y € L>(Q,F,P)

E[XY] =E[XY]. (1.4.8)
(iii) There exists a m-system A C F that contains (2, generates &, and
E[XI4]=E[XI,], VA€ A. (1.4.9)
From Corollary 1.3.7 we deduce that
X is F measurable, E[ X —)_(] =0and (X —X) L F = X = E[X|F]. (1.4.10)
O

We will soon prove (Theorem 1.4.8) that the conditional expectation of an integrable
random variable given a sigma-subalgebra exists.

Definition 1.4.5. Given random variables X € L%(Q,8,P), Y € L(Q,8,P) we write
E[Y[|X]:=E[Y|o(X)]]

where o(X) denotes the sigma-subalgebra generated by X. This random variable is called
the conditional expectation of Y given X. a

Remark 1.4.6. A function Y € £1(Q,0(X),P) represents E[Y || X] if, for any z € R we
have

/{Xs:v} Y{wRlde] = / Y(w)P[dw].

{X <z}
Since E[Y || X ] is o(X)-measurable we deduce from Dynkin’s Theorem 1.1.24 that there
exists a Borel measurable function f : R — R such that

f(X)=E[Y|X] as.
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This is equivalent to the statement
E[YIix<yy | =E[f(X)I{x<s}], Yz €R. (1.4.11)

“The value f(z) of the function f at z”® is called the conditional expectation of Y given
X = z and it is denoted by E[Y! X = :1:} Think of it as the conditional expectation of Y
given the possible negligible event {X = z}. The graph of z — E[Y || X = 2| was classically
referred to as the regression curve.

Note that _
E[Y] =E[Y] =E[E[Y|X]| =E[/(X)].
Thus
E[Y] =E[f(X)] —/Rf(x)IPX[dx].

We can rewrite the last equality as
E[Y] :/E[Y|X =z |Px[dx]. (1.4.12)
R

This approach to computing the expectation of Y by relying on the above identity is referred
to computing the expectation of Y by conditioning on X. This generalizes the elementary
situation in Exercise 1.16. O

Example 1.4.7. Suppose that X, Y : (©2,8,P) — R are two random variables such that their
joint probability distribution Pxy € Prob(R?) is absolutely continuous with respect to the
Lebesgue measure on R2. This means that there exists a Lebesgue integrable function

PXY - R? — [0, 00)
such that
P[(X,Y) e B] = / pxy(z,y)dzdy, VB € Bga.
B

We denote by Px and respectively Py the probability distributions of X and respectively Y.
Note that the cumulative distribution function F'x of X is

Pyl =[x <c] = [ ( / px,y<x,y>dy) do= [ pxds

—o0 R —00

=px (x)
This shows that Px is absolutely continuous with respect to the Lebesgue measure on R and
Px[dz] = px(z)dz.
Similarly

PY[dy} —pY(y)dy—/RpX,y(x,y)dx.

Classically, the probability distributions Px and Py are called the marginal distributions of
the random vector (X,Y). We define

P px(@) #0,
pY|X:J:(y) =

0, px(x) :=0.

8We used quotes since “the value at a point” is not a precise concept for a function defined almost everywhere.
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Assume that Y is integrable. Define

e Jrvpxy (@ y)dy, px(x) #0,
fiR=R, f(z)= /Rypnx:x(y)dy =
0, px(z) = 0.
Using the Fubini-Tonelli theorem and the integrability of Y we deduce that the above integrals
are well defined and the resulting function f is Borel measurable. Note that

f(@)px () = /R ypxy (¢, y)dy, Vo € R.

We want to show that f(z) = E[Y| X =z], ie, f(X) is a version of E[Y || X ]. We will
show that it satisfies (1.4.11).

Let ¢ € R. We have
BLf(0Txe] = [ Jpx)is = [ ( / ypx,ydy) I y(a)ds

= / RS (z)px,y (z,y)dedy = E[YIx<.].
R

The function f(z) is the conditional expectation E[Y|X = z | discussed in Remark 1.4.4.

Note that the event {X = x} has probability zero so this nomenclature should be taken
with a grain of sand since we cannot apply (1.4.1). Intuitively
(1.4.1) E[YTx_y<]

E[Y|X =z] :ii\%E[Y‘{\X—ﬂ <e}] = ii{%P[yX—m\ <]’

(1.4.13)

O

One issue we need to address is the existence of the conditional expectation. There is a
fast proof based on the Radon—Nikodym theorem. We will use a more roundabout approach
that sheds additional light on probabilistic the nature of conditional expectation. As an
aside, let us mention that this approach leads to an alternate proof of the Radon—-Nikodym
theorem that does not rely on the concept of signed-measure.

Theorem 1.4.8. For any X € L'(Q,8,P) and any sigma subalgebra F C § there exists a
conditional expectation E[ X || F] € LY(Q,F,P).

Proof. We follow the approach in [182]. We establish the existence gradually, first under
more restrictive assumptions.

Step 1. Assume X € L?(,8,P). Then L%(Q,F,P) is a closed subspace of L2(),8,P).
Denote by PyX the orthogonal projection of X on this closed subspace. We claim that

PrX =E[X ||F], (1.4.14a)
X>0= E[X]|TF]>0. (1.4.14b)
Set Y := Py X. Since X — Y | L?(Q,F,P) we deduce
E[(X -Y)Z] =0, VZ € L*(Q,F,P).

In particular,
E[(X -Y)Ip] =0, VFeJ.
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This proves (1.4.14a). Now suppose that X > 0. For any n € N we have

1
0<E[XIyy<i/m] =E[YIy<_1/m] < —gP[Y < —1/n],
SO
P[Y < -1/n] =0, VneN.
This proves (1.4.14b). Clearly, the resulting map
L*(,8,P) > X » E[X || F] € L*(, F,P)
is linear.
Step 2. Assume X € L'(2,8,P). Decompose X = XT — X~ and, for n € N, set
Xni = min(Xi,n).
Note that X € L>(Q,8,P) and, as n — oo, XF » XT a.s.. From Step 1 we deduce that
the random variables X;© have conditional expectations given F. Choose versions
VE=E[XF|T].
Since X;& — X£ > 0 a.s. if m < n we deduce from (1.4.14b) that
0< Ynf < Yni, a.s., Vm <n.
We set
Y+ := lim Y .
n—oo
From the Monotone Convergence Theorem we deduce that
+ . + . + +
00 >IE[X ] :nh—{goE[X” ] :JLIEOE[Y” ] :E[Y ]
This shows that the random variables Y1 are integrable and in particular a.s. finite. We set
Y =Yt-Y".
We will show that Y is a version of the conditional expectation of X given F. Let F' € J.
Then

E[XIp] =E[XIp] -E[X Ir]= lim E[X/Tr] - lim E[X, Ir]
= lim E[Y, Ip] - lim B[V, Tp] =E[Y Ip| -E[Y Ir] =E[YIF].
This proves that Y is a version of E[ X || F]. 0

Remark 1.4.9. (a) The sigma-subalgebra F should be viewed as encoding partial informa-
tion that we have about a random experiment. Following a terminology frequently used in
statistics, we refer to the F-measurable random variables as predictors determined by the
information contained in F.

Step 1 in the above proof shows that the conditional expectation X of a random variable
X, given the partial information &, should be viewed as the predictor that best approximates
X given the information F. The missing part X — X is independent of F so it is unknowable
given only the information encoded by J.

Intuitively, suppose we perform a random experiment with space of outcomes 2. The

result of one experiment is an outcome w. We have at our disposal a “dsemon”® who can

9Use the concept of deemon in Socratic sense



94 1. Foundations

only give yes or no answers to questions of the type: given F' € &, does w belong to F'? Then
X(w) is the best guess about X (w) using the “dsemonic information”available to us.

Note that when F = {0, Q}, then
E[X ]| =E[X |Iq.

To put it differently, if the only information we have about a random experiment is that there
will be an outcome, then the most/best we can predict about a numerical characteristic of
that outcome is its expectation.

(b) There is an alternate approach to proving the existence of conditional expectation. A
random variable X € L!(2, 8, P) defines a signed measure

px : F—[0,00), px[F] :/FX(w)IP[dw], VF 3.

This measure is absolutely continuous with P (restricted to F). The Radon-Nikodym theorem
implies that there exists an F-measurable integrable function px € L'(Q,7,P) such that

px[dw] = px (W)P[dw], ie.,
/X(w)IP’[dw] :/px(w)P[dw], VF € F.
F F

This shows that px = E[ X || F] a.s..

Conversely, one can show with considerable effort and ingenuity that the existence of
conditional expectations implies the Radon-Nicodym Theorem. We refer to [182, Sec. 14.15]
for details. O

Definition 1.4.10. Given a sigma subalgebra ¥ C §, and an event S € §, we define the
conditional probability of S given F to be the random variable

P[S|F] :=E[Is|TF]. O
Example 1.4.11 (Conditioning on an event). Suppose that S € 8 is an event such 0 < P[S] < 1.
Let Y € L'(,8,P). Then
E[Y |[Is] =E[Y|S]Is+E[Y|S°]Is-,
where we recall that (see (1.4.1))

1

E[Y]S] :W

E[YIg]. O

Our next result lists the main properties of the conditional expectation.

Theorem 1.4.12. Suppose that F C S is a sigma subalgebra. Then the following hold.

(i) Let X € LY(Q,8,P). IfY is any version ofIE[XHEF], then E[Y] = E[X] In
other words

E[E[X 5] ] =E[X]. (1.4.15)
(i) If X,Y € L'(Q,8,P) and X <Y as., then E[ X ||F] <E[Y || F] as..
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(iii) The map
L',8,P) 3 X —»E[X||F] € LYQ,TF,P)
18 a linear contraction, i.e., it is linear and satisfies
IE[X | F] ][0 <X, VX € LNQ,8,P).
(iv) If X € LY(Q,8,P) and Y € L>=(2,F,P), then
E[XY |F] =YE[X | F].
(v) If § C T is another sigma subalgebra, then for any X € L*(Q,8,P) we have
E[X|$] =E[E[X|F]]S].
(vi) If0< X,, /' X as., X € LY(Q,8,P), then
E[X,[|F] /"E[X|F], as. and L'
(vii) If X,, € LY(Q,8,P), n €N, X,, >0 a.s., liminf X,, € L! a.s., then
E[ liminf X, [| F] <liminf E[ X, | F] a.s..
(viii) If X, — X a.s. and there exists Y € L'(2,8,P) such that | X,| <Y a.s., then
E[X,|F] = E[X[|F] as.

(ix) If X € L'(2,8,P) and ¢ : R — R is a convex function such that p(X) is integrable,
then
(E[X117]) <E[¢(X)F] as.

In particular, if we choose p(x) = |z|P, p > 1 we deduce that the conditional
expectation defines a linear map

E[ — ||F] : LP(Q,8,P) — LP(Q,F,P)
that is linear contraction, i.e.,
|E[x 15|, < 1X]en.
(x) If G is another sigma-algebra that is independent of o(X) V F, then
E[X[5V§] =E[X|5].
In particular, if X € L*(2,8,P) is independent of G, then
E[X|S]=E[X].
Proof. (i) Follows by choosing F' = Q in (1.4.7). (ii) Follows from the proof of Theorem
1.4.8.

(iii) The linearity follows from the fact that the defining condition (1.4.7) is linear in X. Now
let X € L'(Q,8,P). We have X = X — X~. Choose versions Y= of E[ X* || F]. Then
YL >0 and

[E[X 5] |=|¥y* =y~ | YT +Y~ =E[X*+X||T] =E[|1X] | F].

Hence
|E[x115] |, <E[E[IXI1F]] =E[IX]] = | X]|0.
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(iv) Choose a version Z of E[ X || F]. Let Y € L>=(Q,F,P). We have to show that YZ is a
version of E[ XY || F], i.e.,
E(XYIp|=E[ZYIp], VF €. (1.4.16)
Let F € F. Since Z is a version of E[ X || F]| we deduce from (1.4.8) that
E[XU]=E[ZU], VU € L*(Q,5,P).
In particular, VF' € F we have

EXYIr | =E[ZU] =E[ZYIr].
U

Thus ZY satisfies (1.4.16).

(v) Choose a version Y of E[ X || F], and a version Z of E[Y || §]. We have to show that Z
is also a version of E[ X || §]. Let G € §. We have
E[YIz] =E[ZIg],

E[XI¢] € E[YIg] =E[2I3].

(vi) Choose versions Y, of E[ X,, | F] and Y of E[ X || F]. Note that Y, is increasing. The
Monotone Convergence theorem implies that || X — X[ ,1 — 0. From (iii) we deduce

1Yo =Yl < [[ X0 =YL,
Proposition 1.3.61 implies that Y,, admits a subsequence that converges a.s. to Y. Since the
sequence Y,, is increasing we deduce that the whole sequence converges a.s. to Y.
(vii) Set
Y, = inf X,,.
The sequence of random variables (Yj) is increasing and converges a.s. to X := liminf X,.
We deduce from (vi) that
E[Y 5] ~E[X|F].
Note that since Y < X,,, Vn > k, we have
ElY | F| <Zp:=infE|X,||F

[YillT] < Zy = f E[ X, || F]

SO
E[X|F] =lmE[Y} || F] < lim Z; = liminf B[ X, || F].
(viii) Set Y, := X, +Y. Then Y, > 0 and Y;, = X + Y a.as. We deduce from (vii) that
E[X||F]+E[Y||F] <lminfE[ X, |F] +E[Y || F]

ie.,

E[X I fﬂ < limianE[Xn I 3"].
Similarly, we set Z, =Y — X,,. Then Z,, > 0 and Z,, — Y — X a.s.. Applying (vii) to Z,, we
deduce

limsupE[ X, || F] <E[X || F].
(ix) We need to use a less familiar property of convex functions, [6, Thm.6.3.4]. More

precisely, there exist sequences of real numbers (a,)nen and (by,)pen such that

o(x) = sup(anx + by), VzeR.
neN
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Set £,(x) = anz + b,V Clearly
6 (E[X[F]) =E[(X) | F] <E[o(X) || F].
Hence

o(E[X|F]) = ilégen(ﬂz[x 15]) = S [ £0(X) | T] < E[9(X) ] 5],
(x) Let G € G and F in J. Then, the random variables I and X1 are independent so
E[XIpne| =E[XIplg| =E[XIp|P[G].
If Y is a version of E[ X || F], then Y is F-measurable and thus independent of G, so
E[YIpng] =E[YIpIc] =E[YIp|P[G]
=E[XIp|P[G] =E[XIpnc], YFeF, GeG.

Since the collection
{FNG; Fed, Ge§}
is a w-system generating ¥V G, we deduce from Dynkin’s (7 — A) theorem that
E[YIs] =E[XIg], VSeTFVEG,
sothat E[ X |FVG] =Y, ie,E[X|F]=E[X||FVG]. O

1.4.2. Some applications of conditioning. To give the reader a taste of the power and
uses of conditional expectation we describe some nontrivial and less advertised uses of con-
ditional expectation.

Example 1.4.13. Suppose that a player rolls a die an indefinite amount of times. More for-
mally, we are given a sequence independent random variables (X,),en, uniformly distributed
on I :={1,2,...,6}.
For k € N, we say that a k-run of length k& occurred at time n if n > k and
Xpn=Xp1=-= n—k+1 = 6.
We set
R =R := {n; a k-run occurred at time n} C NU{oo}, T =T} = inf Ry,
where inf () := oco. Thus 7" is the moment when the first k-run is observed. We want to show
that E[T'] < oo.

Note that for each n € N the event {T" < n} belongs to the sigma algebra F,, generated
by Xi,...,X,. The explanation is simple: if we know the results of the first n rolls of the
die we can decide if a k-run was occurred. Consider the conditional probability

BT <n+k} | Fa] = E[ Igrcnrny | .

This conditional probability is a random wvariable. Since the sigma-algebra JF,, is defined by
the partition

Si17---,in = {Xl =11,...,Xp = in}, ij S {1, R ,6},

10When ¢ is C! the family £, coincides with the family of tangent lines (£q)4cq, £q(z) = ¢'(¢)(z — @) + ¢(q).
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we see that P[T' < n+ k| F,] has the form

6
PIT<n+k|Fn]= D piinpls. .

i15ein=1
where
Pivoine =P[T <n+k| X1 =i1,..., X =in].
Note that, irrespective of the i;-s, we have

1
Diy,..inlk = G =T

Hence
P[T<n+k|F,]>r, Vn.
In particular,
P[T>n+k|F]<(1-7)<1, VneN.
Now observe that for any n € N, £ € Ny we have {T' > n + (k € F, 14 }. Hence

P[T>n+(+ k] =E[ I peni@rvmd ronton ]
ZE[I{T>n+ek}E[T>n+(f+1)k‘l| ?n—&-ﬁk]}

< (1 =rE[Igpspimy | = A =r)P[T > n+lk].

Iterating, we deduce that for any i € {1,...,k} and any ¢ € N we have
P[T>i+0k] <(1-7)P[T>i] <(1-7r)"

Now observe that
k k
E[T] =) P[T>n]=> > P[T>i+lk] <ZZ(1—T)£:ﬁ<oo.
n&eNp =1 £eNg i=1 £eNy r

This proves that E [ T] is finite. In Example 3.1.32 we will use martingale techniques to show

that

6k+1_6
BTl =——

O

Example 1.4.14 (Optimal stopping with finite horizon). Let us consider the following ab-
stract situation. Suppose we are given N random variables

X1,..., Xy € LO(Q,8,P).
For n € Iy := {1,2,..., N} we denote by F, the sigma-algebra generated by Xi,..., X,.
Suppose that we are also given a sequence of rewards

R, € LY(Q,F,,P), nely.

A stopping time is a random variable T": (2, 8,P) — I such that {T' < n} € F,, ¥n € Iy.
Equivalently, T" is a stopping time if and only if {T" = n} € F,, Vn. Note that if T is a
stopping time, then {T'>n} = Q\{T' <n -1} € F,_;.

One should think of the collection Xi,..., Xy as a finite stream of random quantities
flowing in time, one quantity per unit of time. The reward R,, depends only on the observed
values X1,..., X,, i.e, R, = R,(X1,...,X,). A stopping time describes a decision when to
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stop the stream based only on the information accumulated up to the decision moment. After
we observe the first quantity X, we can decide if T" = 1. If this not the case, we observe a
second quantity and, using the information about X, and Xy we can decide to stop, i.e., if
T = 2 or not. We continue until we either observe all the random quantities or at the first n
such that T = n.

We set
Ry =Y Rulir_p.

nely

In other words Rp is the reward at the random stopping time 7. We denote by T the
collection of all possible stopping times. Note that

N
E[|Rr|] <> E[|Rn|] <o, VT € 7.

n=1

We want to show that there exists T, € T such that

E[RT*] =r.= SupE[RT}
TeT
Such a T, is called an optimal stopping time. To prove the existence of an optimal time

we establish a Fermat-like optimality condition that the optimal stopping times satisfy. We
follow [32, Chap. 3].

For n € Iy we set
Tn::{TET; TZn}.
Note that
T=T712T2D---DTn.

A stopping time T belongs to T, if and only if the decision to stop comes only ofter we have
observed the first n random variables in the stream, Xy,..., X,,.

We will detect an optimal stopping strategy using a process of “successive approxima-
tions”. The first approximation is the simplest strategy: pick the reward only at the end,
after we have observed all the N variables in the stream. In this case the reward is Yy = Rn.
This may not give us the largest expected reward because some of the up-stream rewards
could have been higher. We tweak this strategy a bit to produce a better outcome.

We wait to observe the first NV — 1 variables in the stream, and then decide what to do.
At this moment our reward is Ry_1. To decide what to do next we compare this reward
with the expected reward Ry given that we observed X1,..., Xy_1, i.e., with the conditional
expectation IE[YN I ?N,l] = E[RN | Fn-1 } This is an Fy_1-measurable quantity, i.e., a
quantity that is computable from the knowledge of X1,..., Xy_1.

If the reward Ry_; that what we have in our hands is bigger than we expect to gain
given our current information, we choose it and we stop. If not, we wait one more step
to stop. More formally, we stop after N — 1 steps if Ry_1 > E[RN ||3"N_1] and we
continue one more step otherwise. The decision is thus based on the random variable
YN_1 — max (RN_l,E[YN H ?N—l] )

This heuristic suggests the following backwards induction.
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YN = RN, Yn = maX{R’na E[Yn+1 ||9jnj| }’

Tn::min{iZn; RizYi}:min{izn; Ri:Yi}. (14.17)
Note that T,, > n and, for any k& > n,
{To>k}={Ri <E[Yip1|Fr] } € Fp.
Hence T,, € T,,. We claim that for any n =1,..., N we have
Y, >E[Rr||F,], VT € T,. (1.4.18a)
E[ Rz, | Fn] = Ya. (1.4.18b)
Hence
E[ Ry, [|Fn] > E[Y,] =E[Rr || F,], VT € T.
By taking expectations we deduce
E[Rr, | = sup E[Rr]. (1.4.19)

TET,
In particular, this shows that the stopping time 77 is optimal.

The optimal stopping strategy 717 has a natural description: stop at the first moment when
the reward at hand is not smaller than the expected future reward, given the information we
have at that moment. The stopping strategy T,, is similar, but delayed for n units of times.

We will prove (1.4.18a) and (1.4.18b) by backwards induction on n.

The inequality (1.4.18a) is clearly true for n = N. Assume it is true for n. Let T' € T,,_;
and set 7" = max{T,n}. Then 7" € T,,. For A € F,,_1 we have

[0 P
A AN{T=n—1} An{T>n}

{T >n} e Fp)

:/ Rn—1+/ E[RT’ "S:n—l]
AN{T=n-1} AN{T>n}

_/ Rn_1+/ E[E[ Ry | 5] || Fot
An{T=n—-1} An{T>n}

(use the induction assumption E[ Ry || F,, | < Y5,)

S/ Rn—l + E[Ynngjn—l] S/Yn—l-
AN{T=n—1} ?Y/—’ AN{T>n} e~ — A
SIn—1

SIn—1
This proves the inequality (1.4.18a

).
To prove the equality (1.4.18b), we run the above argument with 7" = T,,_1. Observe
that in this case

Uy = {T =n-—= 1} = {Rnfl > E[Yn || i}'nfl]} = {Ynfl = Rnfl}a (1420&)
YV, = {Tnfl >n— 1} = {Rnfl < E[Yn H 3:”71]}

=Y, =E[Y || Foor ]} (1.4.20b)
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We have T,,_1 =n—1on U, and T,,_1 = T}, on V,, so that

/RTnl =/ Rn1+/ R,
A AN, ANV,

:/ Rn1+/ E|E[ Rz, | F0] T |
ANUy, ANVy

(Yo =E[ Ry, || &, ] by induction)

ANUy, ANV,

(use (1.4.20a) and (1.4.20b))

:/maX{Rn_l, E[Ynna‘n_l]}:/yn_l.
A A

(Vn S gfnfl)

O

Remark 1.4.15. The procedure for determining the optimal time T} outlined in the above
example is a bit counterintuitive. The maximal expected reward is E[Yl } By construction,
the random variable Y] is Fj-measurable, by construction, and thus has the form f(X;) for
some Borel measurable function f : R — R. Thus we can determine Y; knowing only the
initial input Xj. On the other hand the definition of Y7 by descending induction used the
knowledge of the entire stream X7,..., Xy, not just the initial input Xj.

What it is true is that we can compute the maximal expected reward without running
the stream. On the other hand, the moment we stop, and the actual reward when we stop are
random quantities. It is conceivable that if we do not stop when T3 tells us to stop we could
get a higher reward later on. However, on average, we cannot beat the stopping strategy 77.

We will illustrate this process on the classical secretary problem. O

Example 1.4.16 (The secretary problem). Suppose we have a box with N prizes with values
v < --- < vy. Bob would like to pick the most valuable item but he does not know the
actual values v,. He is allowed to sample them successively without replacement. At the
J-th draw he is told the value Vj of the j-th prize. He can either accept the j-th prize or he
can decline it and ask to sample another one. A prize once declined cannot be accepted later
on. We are interested in a strategy that maximizes the probability that Bob picks the most
valuable prize.!!

Consider the relative rankings
Xp=#{j<n; V;2V,o}. (1.4.21)

Thus, X,, counts how may gifts unveiled up to the moment n are at least as valuable as
the n-gift revealed. In particular, if X,, = 1, then V,, is the largest of the observed values
Vi,ooiy Va.

M Think of N secretaries interviewing for a single job and the values vy, ..., vy rank their job suitability, the higher
the value the more suitable. The interviewer learns the value v only at the time of the interview.
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We might be tempted to set the reward R, = Iy, but this is not JF,-measurable.

We can fix this issue by setting

=un}>s

Ry = E[I{Vn:UN} | X”]

Observe that for any stopping time 71" we have
N N
B[] =3 [ Re=Y [ I
n=17T=n n=17T=n

N
=> P[Va=Vy,T=n]=P[Vr=uy].
n=1
We want to find a stopping time 7' that maximizes E[RT], i.e., the probability that Bob
pick the biggest prize. Let us make a few remarks.

1. Observe that rankings (X,,)nen defined in (1.4.21) are independent and
1
P[X,=j]=—, V1<j<n<N. (1.4.22)
n

Indeed, the random vector (V1,..., Vx) can be identified with a random permutation ¢ € Sy
of ]IN

(Vi, ey VN> = (Utp(l)7 “eey UL,D(N))'
The rank X, is then a function of ¢

Xn(p) =#{j <n; ¢(j) > ¢(n) }.
To reach the desired conclusion observe that the map

X6y =D xIyx - xIy, o (X1(9),..., Xn(p))
is a bijection.'?

2. We have
n n

R, = NI{anl} = NI{VTL:UN}'
Indeed, the conditional expectation R,, = E[I{Vn:vN} I Xn] is a function of z,, € I,, and we
have
Rn(l'n) = E[I{Vn:vN}‘ Xn = :L‘n] = ]P[Vn = UN } Xp = l‘n]
This probability is zero if X,, > 1. Now observe that
IP’[VHZUN} (N —1)! n

P[Vo=un|X,=1]= B =1 - (v N

n
Following (1.4.17) and (1.4.18a) we set y, = E[Yn]. The quantity y, is the probability of
Bob obtaining the largest prize among the strategies that discard the first (n — 1) selected
prizes. We have

1
Vv =Ry =Tiyy=oyy, YN = N
Since {Vx = vy} = {Xn = 1} is independent of Fy_; we deduce
(1.4.22) 1
E[Tyy=on) [ Fn-1] =E[Lyy—uny] =7 57 =

2Fvom the equality o~ 1(N) = max{j, X;(¢) =1} we deduce inductively that X is injective. It is also surjective
since & and ngl I, have the same cardinality.
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Yn_1= maX{RN—b E[Tiyy—oyy | Fn-1] }

N -1 1
= maX{RNfla yN} = TI{XNA:l} + NI{XN—1>1}’
1, )
YnN—1 = N (N_l)yN-

Similarly
E[Yno1||Fn—2] =E[Yn_1] =yn—1
Yn—2 =max {Rn_2,yn—1}
=max{(N — 2)/N,yn-1} (xy_,=1} +Yn-1L{xy_5>1}5

(1.4.22) B 1 N-3
= maX{(N 2)/N7yN—1}N_2+N_2yN_

YN—-2 1

Iterating we deduce
Y, = max { Rp, yny1 } = max{n/N,yns1} (x, =1} + ynt11{x, 51}

n—1

1
Yn = max{n/N, yn+1}ﬁ + Yn+1-

While it is difficult to find an explicit formula for y,, the above equalities can be easily
implemented on a computer. The optimal probability is py = y1. Here is a less than optimal
but simple R code that computes y; given N.

optimal<-function(N){
p<-1/N
m<-N-1
for (i in 1:m){
p<-max ((N-i)/N,p)/(N-1)+((N-i-1)/(N-1i) ) *p
}

P
}

Here are some results. Below, py denotes the optimal probability of choosing the largest
among N prizes.

N | 3 4 5 6 8 100 200
pn || 0.5 0.458 | 0.433 | 0.4277 | 0.4098 | 0.3710 | 0.3694

Note that y, 1 < y, with equality when y,, 11 > §. We deduce that
n

Ynt1 = N Yntl = Un ==y
We set

N, :=max{n; y, > (n— 1)/N}.
SO YN, +1 < YN, = YN,—1 = - -- = y1. The optimal strategy is given by the stopping time T, :
reject the first IV, — 1 selected gifts and then pick the first gift that is more valuable than
any of the preceding ones.

N ||3|4|8|10]| 50| 100 | 1000
N, ||3]3]5] 5 (20| 39 | 370
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For example, for N = 10 we have

nl 1 2 3 4 6 | 7] 8] 9 |10
yn | 0.3987[0.398 | 0.398 | 0.398 | 0.398 | 0.372 | 0.32 ] 0.26 | 0.18 | 0.1

In this case N, = 5 and the optimal strategy corresponds to the stopping time T5: reject the
first four gifts and then accept the first gift more valuable then any of the previously chosen.
In this case the probability of choosing the most valuable gifts is p1g ~ 0.398.

Let us sketch what happens as N — oo. Consider the sequence AN o= (2n)1<n<N+1
defined by backwards induction
n—1 1
zn+1 =0, Zn:Tznﬂ-i-N, 1<n<N.

One can show by backwards induction that z, < y,, Yn < N and z, = y,, Vn > N,.

Denote by fn : [0,1] — R the continuous function [0, 1] — R that is linear on each on the
intervals [(¢ — 1)/N,i/N] and such that

fN(Z/N) = ZN+1—i» 1= 0,1,...,N.

Note that
1 1
N - N — Z.ZN—z'Jrl

= % (1—111,/NfN(i/N)>.

We recognize here the Euler scheme for the initial value problem

;o 1 -
['=1= 11 [0)=0 (1.4.23)

In((E+1)/N) = f(i/N) = 2y—i — z2N—it1 =

corresponding to the subdivision i/N of [0, 1].

The unique solution of this equation is f(t) = —(1 —¢)log(1l —¢) and fn(t) converge to
f(t) uniformly on the compacts of [0,1). In fact, (see [28, Sec. 212]) for every T € (0,1),
there exists C = Cr > 0 such that

sup | () — f(t)] < =L

te[0,7] - N

Set gn(t) = fn(1 —t); see Figure 1.6.

y
0.0 0.3
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.6. The graph of gio0-
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Note that z, = 22 = gy ((n—1)/N),n =1,...,N+1. We deduce that if n/N — 7 € (0, 1]
as N — oo we have

2N g(r) = —7logT, %zn — —logT.
From the equality
N(zp —zpy1) =1— %znﬂ, vVi<n<N
we deduce that

lim N(z, —zp41) =1+1logT =

N/n—t >0, 7< 1/6

{< 0, 7>1/e,

This implies that as N — oo we have

N, 1 1
_— = = 0.368, YN, = ZN, — —
N e e

as N — oo. For details we refer to [32, Sec.3.3] or [75].

As explained in [75] a (nearly) optimal strategy is as follows. Denote by m the largest
integer satisfying

N-1/2 1 N—1/2
N1z 1Ntz 8
e 2 e 2
Reject the first m prizes and accept the next prize more valuable than any of the preceding
ones. 0

1.4.3. Conditional independence. Suppose that (£2,8,P) is a probability space.

Definition 1.4.17. Fix a sigma-subalgebra G of 8. The family (F;);c; of sigma-subalgebras
of 8 is said to be conditionally independent given G if, for any finite subset J C I and any
events I; € ¥, j € J, we have

E[ [11- ||9} - HE[IFJ. ”9} a.s..
Jj€J jeJ
Given sigma algebras J,5,H C 8§ we use the notation F L ¢ to indicated that JF is
independent of H given G. O

The next proposition generalizes the result in Exercise 1.10.

Proposition 1.4.18 (Doob-Markov). Given sigma algebras Fy,Fy, C 8 the following are
equivalent.

(i) E[ X |F-VFo] =E[ X4 Fo]| as.., VX4 € LYQ, Fy,P).
(i) Fy L 4,F_.
Proof. The condition (i) is equivalent to
E[XX,]= JE[XE[)@ 150] } VX € LO(Q, Fo v T_, P). (1.4.24)
The condition (ii) equivalent to

E[ Xy X_||Fo] =E[ X4+ [|Fo|E[X_||Fo], VXs € L®(Q, T4, P).
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Note that since E[ X || Fo | is an Fo-measurable random variable we have
E[ X4 || F0|E[ X ||Fo] = E| X-E[ X | 5] 1| T .
Thus, (ii) is equivalent to
E[ X, X_||Fo] = E[ X_-E[X, | o] | Fo],
i.e., for any nonnegative, bounded, Fy-measurable random variable Xy we have
E[XoX-X1] = E[ XoX-E[ Xy || Fo] |-

Since Fy V F_ coincides with the sigma-algebra generated collection of random variables
XoX_, Xog € L*(Q,Fy,P), X_ € L™(Q,F_,P) we deduce that the last equality is equivalent
to (1.4.24), i.e., (i) is equivalent to (ii). O

Remark 1.4.19. You should think of a system evolving in time. Then Fy collects the present
information about the system, F_ collects the past information and F,; collects the future
information. Roughly speaking, the above proposition shows that the information about an
event given the present and the past coincides with the information given the present if and
only if the future is independent of the past given the present. O

1.4.4. Kernels and regular conditional distributions. Suppose that (o, Fo) and (€1, 81)
are two measurable spaces.'® A kernel from (€9, o) to (Q1,81) is a function

K : Qo X 81 — [0,00], (wo,Sl) — Kw[Sl]
with the following properties.
(K1) For each wy € g, the map

813551 ’—)KWO[Sl] S [0,00]

is a measure. We will denote this measure by K, [dwl ]
(K2) For each S; € 81 the function

Qo D wp — KwO[Sl] S [0,00]
is Fy-measurable. We will denote this random variable by KD[Sl]
The kernel K is called a probability kernel or a Markovian kernel if KWO[ — ] is a

probability measure on (€21, 81), for any wy € Q.

We will use the notation K : (Qq,Fo) ~ (€1,81) to indicate that K is a kernel from
(Q(), Fo) to (Q1,81)

The condition (Kj) above shows that a kernel is a family (K,,[—])w,eq, of measures on
(Q1, 81) parametrized by €. Condition (K2) is a measurability condition on this family. For
this reason kernels are also know as random measures.

131 the story of kernels, the sigma-algebras Fp, 8§; play rather different roles and, for this reason, we chose to
indicate them using visually distinctive notation.
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Example 1.4.20. Consider the Bernoulli measure
Bp := qdp + pd1 € Prob(R), pe[0,1], ¢=1—p.

To obtain a random measure we let p be a random quantity. More precisely, if f : (£2,8) — [0, 1]
is a measurable function, then

Brw) = (1= f(w))do + f(w)dr
defines a Markov kernel K : (£2,8) ~ (R, Br),
KM[B]:(1—f(w))50[B]—I—f(w)él[B]. g

Given a measure u on the measurable space (2, F) and a nonnegative measurable function
feL%Q,F) we set

o f) =l 1] = [ Finldw] € 0.x].

Theorem 1.4.21. Suppose that K : (29, Fp) ~ (©,81).
(i) For any f € £9.(Q1,81) we define its pullback by K to be the function

K*f : QO — [0, OO}7 K*f(wo) = o f(wl)Kwo [dwl]

Then K*f € L9 (Q0, Fo).
(ii) For any measure p : Fo — [0, 00] we define its push-forward by K to be the function
Ko : 81 — [0,00] defined by

K| Fy ] ::/Q Koo [ S1]p[dwo] €10,00], Sy € 8. (1.4.25)

Then K.p is a measure on (21,81).

(iii) The pullback and push-forward by K are adjoints of each other. More precisely, for
any measure p on (o, Fo) and any measurable function f € £9.(Q,81) we have

(1, K f) = (K, ). (1.4.26)

Proof. (i) For any S € 8; we have K*Ig(wg) = KwO[S] so K*Is € £°%(9,F). Clearly
the correspondence f +— K*f is monotone and the conclusion follows from the fact that
a nonnegative function is measurable iff it is the limit of an increasing sequence of simple
functions.

The statement (ii) follows from the Monotone Convergence theorem and (K;). For part
(iii), fix the measure p. Observe that for S € 8; we have

</§21 Is(w1) Ky, | dwr | ) [ duo ]

(1, K*Ts) = | K*Ts(wo)u[dwo] :/
Qo %

:/Q Koo [S]pldw] = Kup[S] = (Kup, Is).

Thus (1.4.26) holds for f = Is, S € 8;. The general case follows by invoking the Monotone
Class Theorem. O
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When K is a Markovian kernel and p is a probability measure, then the pushforward
K, is also a probability measure. For any S7 € 8§; the measure K, u [ Sl] is the expectation
of the random variable wy — K, [Sl] with respect to p. The measure K, pu is said to be a
mazture of the random measure wp — Ky, [ — ] driven by pu.

Example 1.4.22. (a) Suppose that (Qo, %), (21,F1) are two measurable spaces and
T : (90,0) = (,51)
is a measurable map. Then T defines a kernel K7 : (Qg, Fo) ~ (21, F1)
T
Ky [ F1] = Or [ F1 ],

where 4, denotes the Dirac measure on (£21,F)) concentrated at w;; see Example 1.2.6(a).

Observe that for any measure p on F and any f € £9(Q1,F1) we have
Klp=Typ, (K')f=T"f:=foT.
Thus, (1.4.26) contains as a special case the change in variables formula (1.2.23).

(b) Any measurable function f : (£2,8) —— [0, 1] defines as in Example 1.4.20 the random

Bernoulli measure
Ko[ =] = (1= f(w))do+ f(w)d

Given a probability measure p on (£2,8) we have
Kip=Ber(f) = (1—f)do+ fo1, f=E,[f].
(c) Suppose that X is a finite or countable set. A kernel (X,2%) ~ (X,2%) is defined by a
function (matrix) K : X x X — [0, o0], via the equality
= ZK(LE,S), Vee X, SCX.
s€S

The kernel is Markovian if
Z K(z,2') =1, Vz € X.
z'eX
(d) Suppose that f : R? — [0, 00) is an integrable function such that

/f(:v,y)dy: 1, Vz e R.

It defines a Markovian kernel K : (R, Bg) ~ (R, Bg)

/fxydy,

Vz € R and any Borel subset B C R. The measurability of the map =z — K, [B] follows
from Fubini’s theorem. We can rewrite this as Kx[dy] = f(z,y)dy.

(e) Suppose that v is a finite Borel measure on R. It defines a kernel
K, : (R, Bg) ~ (R,Br), K,y[B]=v[B-y].

In Exercise 1.60 we ask the reader to prove that the map y — K, [ B] is measurable for any
Bores set B C R. Then, for any finite Borel measure u on R we have (K, ). = p* v. O
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Suppose that (€2, 8,P) is a probability space and F C 8 is a sigma subalgebra. For every
event S € § the random variable

P[S| ] =E[Is|F]

is called the conditional probability of S given F. The random variable P[S | F ] is unique
up to equality off a negligible set.

Note that for any increasing family (S, ),>1 C 8 there exists a negligible set N C € such
that
HmP[S, || F](w) =P[limS, || F](w), Vwe Q\N.

A priori, the negligible set N depends on the family (S,),>1, and there might not exist one
neglible set that works for all such increasing families. When such a thing is possible we
say that the conditional probability IP[ — || F ] admits a regular version. Here is the precise
definition.

Definition 1.4.23. Let (€2,8,P) be a probability space and F C 8§ a sigma-subalgebra. A
regular version of P[ — || F] is a kernel Q : (Q,F) ~ (€2, 8) such that, for any S € 8, the
random variable Q 5 w — Q[ S] is a version of P[ S || F]. In other words,

e the map w +— QW[S] is F-measurable and
e for any S € 8, F' € F we have

P[SNF] :/ Qu[S]P[dw].
" g
Proposition 1.4.24. IfQ : (2, F) ~» (€, 8) is a regular version of P[ — | F], then VX € L}(2,8,P),
E[X|F]=0QX,
.

E[X|F], = /QX(n)Qw[dn] =Q*X(w) as.. (1.4.27)

Proof. Note that (1.4.27) holds in the special case X = I'g because
Q' Is(w) = Qu[S] =P[S[|T](w) =E[Is]| T ](w).

The general case follows from the Monotone Class theorem. O

The equality (1.4.27) can be written in the less precise, but more intuitive way
E[X|F]= /QX(n)IP’[dn 1F]. (1.4.28)

More generally, consider a measurable map T : (ﬁ,g) — (9,8). Let P be a probability
measure on (ﬁ, 8) and suppose that F C § is a sigma subalgebra. For every S € § we set
Pr[S||F] :=P[TeS||F] =Es[T"Is|F] =Ez[Ip1(5) | T]. (1.4.29)

We will refer to Pp[ — || F | as the conditional distribution of T given F. Observe that when

(2,8) =(2,8), P=P and T = 1,
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then ~ _
Pig[ = 1F] =P[ - F].
Note that for any increasing family (S,),>1 C 8 we have

lim Py [ S, || C;"] =Pr[limS, || g’] a.s..
n—oo n

We say that IP’T[ — | g] admits a regular version if we can choose representatives for each
Pr[F| g], F € F so that the above equality holds for any increasing sequence (S;,). Here is
a more precise definition.

Definition 1.4.25. Let (ﬁ,g,ﬁ’) be a probability space and T : ((Z,g) — (€, 8) be a mea-
surable map. Fix a sigma-subalgebra FcC8. A regular version of the conditional probability
distribution Pr[ — || F] of the map T conditioned on F is a kernel Q : (Q,F) ~ (Q,8) such
that, for any S € §, the random variable QD[S] is a version of IP’T[S I 5"] In other words,

e the random variable Q[ S] (on Q) is F-measurable and

° foranyﬁegr,SESwehave
P[ENT(S)] :/Q@[S]ﬁ’[dw}. (1.4.30)
F
O

A conditional probability distribution need not admit a regular version. For that to
happen we have to impose conditions on 8, the sigma algebra in the target space. This
requires a brief topological digression.

Definition 1.4.26. A Lusin space is a topological space homeomorphic to a Borel subset of
a compact metric space. O

Remark 1.4.27. (a) The above is not the usual definition of a Lusin space but it has the
advantage that emphasizes the compactness feature we need in the proof of Kolmogorov’s
existence theorem.

There are plenty of Lusin spaces. In fact, a topological space that is not Lusin is rather
unusual. We refer to [17, 39, 44| for a more in depth presentation of these spaces and their
applications in measure theory and probability. To give the reader a taste of the fauna of
Lusin spaces we list a few examples.

e The Euclidean spaces R™ are Lusin spaces.

A Borel subset of a Lusin space is also Lusin space.

e The Cartesian product of two Lusin spaces is a Lusin space.

A less obvious example is that of Polish spaces, i.e., complete separable metric
spaces. More precisely every Polish space is homeomorphic to a countable intersec-
tion of open subsets of [0, 1]Y; see [20], Chap, IX, Sec.6.1, Corollary 1.

A Hausdorff space is Lusin iff it is the image of a continuous bijection from a Polish
space.

A Hausdorff space is Lusin if and only if it is homeomorphic to a Borel subset of a
Polish space.
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(b) From a measure theoretic point of view the Lusin spaces are indistinguishable from the
Polish spaces. More precisely, for any Lusin space X, there exists a Polish space Y and a
Borel measurable bijection ® : X — Y such that the inverse is also Borel measurable; see
[39, Prop. 8.6.13].

The Polish spaces have another important property. More precisely, a Polish space
equipped with the o-algebra of Borel subsets is isomorphic as a measurable space to a Borel
subset E of [0, 1] equipped with the o-algebra of Borel subsets. For a proof we refer to [139,
Sec.1.2]. Moreover, any two Borel subsets of R are measurably isomorphic if and only if they
have the same cardinality, [139, Ch.I, Thm.2.12].

On the other hand, it is known that the continuum hypothesis holds for the Borel subsets
of a Polish space; see [44, Appendix I11.80] or [104, XIL.6]. In particular, any Borel subset of
R is either finite, countable or has the continuum cardinality. We deduce from this a theorem
of Kuratwoski that a Lusin space is isomorphic as a measurable space with either a finite set,
N, or [0, 1] equipped with their natural Borel sigma-algebra. Hence any Lusin space is Borel
isomorphic to a compact metric space! O

We have the following general existence result.

Theorem 1.4.28 (Existence of regular conditional probabilities). Suppose that
e (Q,8,P) is a probability space,
e Y is a Lusin space and

o By is the sigma-algebra of Borel subsets of Y.

Then, for every measurable map Y : (©,8) — (Y, By), and every o-subalgebra F C § there ex-
ists a regular version @ : (2, F) ~ (Y, By), (w, B) — Q. [B] , of the conditional distribution
Py [ — | F]. This means that

Qu[B] =P[Y € B||F] as., VB C By.

Moreover, for any measurable function f : (Y, By) — R, we have

E[foY|F](w /fy [dy], Vwe Q. (1.4.31)

Ideea of proof. For a complete proof we refer to [37, Th. IV2.10], [44, II1.71], [45, IX.11]
or [149, 11.89)].

We can assume that Y is a compact metric space. Fix a dense countable subset U C C(Y)
such that 1 € U and U is a vector space over Q. We can find representatives ®(u) of
E[u(Y)||F] such that the map

UDurs @(u) € L1 (Q,F,P)
is Q-linear, ®(1) = 1 and ®(u) > 0 if u > 0. For every nonnegativef € C'(U) we set
d*(f) == sup{@(u); uel, 0<u< f},

One can show that
O*(f) :==inf { ®(u); uel, u>f}.
For arbitrary f € C(Y) we set

*(f) = (f7) =" (f7).
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One can show that the resulting map
CHY) > f— @*(f) € L' (Q,TF,P)

is R-linear, ®*(1) = 1 and ®*(f) > 0 if f > 0. The Riesz Representation Theorem 1.2.64
implies that for ay w € € there exists a probability measure p,, : By — [0, 1] such that

= / F@)pe [ dy].
Y
One then shows that for any B € By the map Q 5 w > p,[ B] € [0,1] is F-measurable and
thus it is a regular version of the conditional distribution of Y given J. O

In the special case case when F is the o-algebra generated by a measurable map X : 2 — X,
X some measurable space, we use the notation

Py [dy || X ] =Py [dy| o(X)]

to denote a regular version for the conditional distribution of Y given X. This is a random
Borel measure on Y.

Example 1.4.29. Consider the special case of Theorem 1.4.28 where Y = Rand Y € L!((Q,§,P).
For any sigma subalgebra F C 8 there exists a kernel @ : (Q2,F) ~» (R, Bg) such that

P[Y <y)|%] = Qa[(~sc.4l].
Moreover
JE[YHZ}'} = / yQD[dy], P — a.s. on €.
R
O
Example 1.4.30. Suppose that Xo, Yy, X1,Y; are random variables and T : R? — RF is a

Borel measurable map. Denote by P the joint probability distribution of (Xo,Yy). Suppose
that the joint distribution of (X1, Y1) has the form

P! [d:zdy] = g(T(x, Y) )Po[dxdy]
for some nonnegative measurable function g : R¥ — [0, 00).

We denote by P*[ — || T'] the regular conditional probability P*| — [[¢(T)]. In other
words, for any bounded nonnegative measurable function f : R*¥ — [0, 00) and any Borel set
B C R? we have P'[B||T'] € £Y(R? ¢(T))) and

/ Igf(T(z,y))P'[dedy] :/ PB|T]f(T(z,y))P[dedy], i=0,1.
R2 R2
Note that

[ 155(T @) )P [dody] = [ Tof(T(.0))o(T(w,) )P [dody]

:/RQIPO[BHT] (T(x,9))g(T(x,y) )P°[dady]

/RQIPO B||T]f(T(z,y))P'[dady].

Hence
P'[B|T]=P°[A|T], VB € Bg:.
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Suppose that the distribution PV is known and would like to get information about the
distribution of (X1, Y1) by investigating T'(Xo, Yo). The above equality shows that knowledge
of T" adds nothing to our understanding of the density g( T(z,y) ) beyond what we know from
(Xo, Yo). O

1.4.5. Disintegration of measures. Suppose that (€2;,8;), i = 0,1 are two measurable
spaces and K : (Q0,8¢) ~ (Q1,81) is a kernel from (Qp,8p) to (21,81). Then any measure
po on (o, po) defines a measure p = g, on (£2,8) := (o x 21,80 ® 81) via the equality

uls]= | </Q Is(wojwano[dwl}) o ey . (1.4.32)

We say that a measure p on (g x Q1,80 ® 81) is disintegrated by p or that ug disintegrates
p if p is of the form pug ,,, defined above. In this case K is called a disintegration kernel,
and we say that K disintegrates p with respect to pg. Often we will use the notation

u[dwodwl] = po [dwo]KwO [dwl] (1.4.33)

Observe that if K is a Markovian kernel and pg is a probability measure, then ug ., is a
probability measure. In this case, for emphasis, we use the notation Pg ,,

Example 1.4.31. For any probability measures p; on (£;,8;), i = 0, 1, the product measure
W= o ® py is disintegrated by pg since
M:]P)K,um Kwo[ - ] :Nl[ - ]
O

Example 1.4.32. Consider a measure v on ({9 x 21,89 ® 81), a measure pu on (2, 8p).
Suppose that f : (€9,80) = [0,00) is a nonnegative measurable function. Denote by s the

measure ju s | dwo | = f(wo)p|dwo .
If v is disintegrated by py then it is also disintegrated by p. Indeed if K is the disinte-
gration kernel of v with respect to uy, K = K, [dwl] so that

V[dwgdwl] = ,uf[dwo]KwO [dwl] = ,u[dwo]f(wo)KwO[dwl].
Hence, the kernel K¥ given by KQJ:O [dwl] = f(wo) Ky, [dwl] disintegrates v with respect to
. g
Consider two measurable spaces (£2;,8;), i = 0,1. We have natural projections
i Q= Q, mi(wo,wr) =w;, i =0,1,
and we set 8o := 7'['0_1(80) C8:=8)® 8.

Suppose that the probability measure p on (€2,8) := (2o x Q1,80 ® 81) is disintegrated
by o := (m0)#ht, €., pt = fiK o We can rewrite (1.4.33) as

u[dWdel] = (ﬂo)#u[dWQ]KwO[dwl]. (1.4.34)
Note that if p11 := (m1)4pu, then, for any S € 81, we have

pi]S1] = p[Qo x 1] :/s Koo [ S1 ] po[ dwo ]
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In other words, u1 = Kyug. Thus, p1 is a mixture of the measures (Kwo [ — driven
by po-

Observe next that for any So =Sy x0 € go, and any 51 € 81, we have

plrt(S1)NSo] = p[ So x S1] (1-4:-32)/S Koy [ S1 o dwo |
0

] )werO

This shows that the the map
f( Q) x 51 — [0, 1], ((wo,wl),Sl) — K(wo,wﬂ [51] = Kwo [Sl]

a regular version of the conditional distribution of the measurable map m; conditioned on go;
see (1.4.30).

Conversely, any regular version of the conditional distribution P, [ — || go] of m given
8o. produces a disintegration kernel of the measure u. Indeed, if Q(wom)[ — ] is such a
regular distribution, then its go—measurability implies that for any 57 € §; the function

((UO, wl) = Q(wo,wl) [Sl :|

is independent'? of wy. Then

ulsox st =nlas0n5] "2V [ Qu [ ]nldenden]
SoXQl

B /s Quo [ S1]mo[dwo ], 1o = (wo) e

Thus p is disintegrated by pg and @ is the disintegration kernel. Theorem 1.4.28 implies the
next result.

Corollary 1.4.33. If (Q1,81) is isomorphic as a measurable space with a Lusin space equipped
with the Borel sigma algebra then, for any measurable space (Q, 8p), any probability measure
by P on (o x Q1,80 ® 81) is disintegrated by its marginal Py := (mo) 4 P. O

Example 1.4.34. Consider a random 2-dimensional vector (X,Y") with joint distribution

Pxy € Prob(R?).

According to Corollary 1.4.33, the distribution Px of X disintegrates the joint distribution
Px y. Suppose that K, [dy] is a disintegration kernel of Px y, i.e.,

IF’Xy[d:L‘dy] :Km[dy]PX[daJ].

Let f : R — R be a measurable function such that f(Y) € L'. Then E[ f(Y) || X ] is well
defined and has the form E[ f(Y) || X | = h(X), for some measurable function h. Traditionally
h(z) is denoted by E[ f(Y)| X = z].

We can give a more explicit description of E[ f (Y)‘ X = x} using the disintegration
kernel. More precisely, we will show that

B/ =2] = | f0)K.[dy] = o(o) (1.4.35)

Tdgor any 50 S go, the indicator ISO (wo,w1) is independent of w; and thus any go—elementary function is inde-

pendent of wj.
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A Monotone Class argument shows that the g(x) is Borel measurable. For any zp € R we
have

E[f(Y)I{XSxO} ] = R f(y>I(foo,xo] (x)PX,Y [dxdy]

:/R(/Rf(y)Kx[dy])hoo,mol(ﬂf)PX[dl‘] Zég(x)f(w,wo}(x)PX[dx]

=E[9(X) I (x<ap) |

Since the sets {X < z¢} form a m-system that generate o(X) we deduce that
E[f(Y)Is] =E[g(X)Is], VS €o(X).

Thus

g(X)=E[f(V)[|X].
We write this as

B0 1X] = [ f)Kxld].
Hence the conditional expectations E[ f(Y) || X | are determined by the kernel K that disin-
tegrates the joint probability distribution Px y .
In particular, if B C R is a Borel set, and f = Ip we have the law of total probability

P[Y € B]| =E[Ip(Y)] :/RE[IB(Y)\X:x]IPX[dx],

where
E[Ip(Y)|X =2]=P[Y €B|X=z] = / K. [dy].
B
This proves that the disintegration kernel K, [dy] s a reqular conditional distribution of Y
giwen X, i.e.,
P[X € [z,2+dz],Y € [y,y + dy] ]
P[X € [z,z+ dz] ]

For this reason K, [dy} is called the conditional distribution of Y given that X = z and it
is sometimes denoted by Py|x—, [dy]. Hence we can rewrite (1.4.35) as

K.[dy] =P[Y € [y,y+dy]| X € [v,x +da]]|“="

E[fY)X =z] = /Rf(y)ﬁ”wx—z[dy}- (1.4.36)

Observe that if Px y is absolutely continuous with respect to the Lebesgue measure on R?
so that

Px,y[dzdy | = p(z,y)dzdy,

then .9)
T,y
Pyix—s|dy| = dy, T :/ x,y)dy,
YiX=z| dy] o) W po(z) Rp( y)dy
where we set Z(Ox—(f)) =0 if po(z) = 0. Then

BLF0| X =] = [ 12 ay
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Example 1.4.35. Suppose that Xi,..., X, are independent and uniformly distributed in
the interval [0, L]. Set
X(n) = Imax X]C, X(l) = min Xk

1<k<n 1<k<n
Note that N
P[ X <z]=P[Xp<az Vk=1,...,n]= <Z) 7
so that the probability distribution of X, is
n—1
Pp[de] = n—r—Io)(v)dz.

Similarly,

I — n
P[ X1 > 2] =P[ X > =, Vk:l,-..,n]:<( 93)) 7
so the probability distribution of X 1) is
L—=x n—1
Pildz] = n(Ln) Lo,z (w)dx.
—
=:p1(z)

Let us compute the conditional distribution IP’XW‘ Xy=m1 [dxn ] We begin by computing the

random variables.

Observe first that V0 < x1,2, < L,

Ty —x1)"
E[IX<n)§xnIX(1>2z1] = P[xl <Xy X < xn] = (nLn)+
We need to find a function f(acl ) = fmn(:nl) such that
Ty — 1)
B[ £(X0) ) Lxgyzn ] = 2020 g,
ie.,
_ n
[ s@nde= 20 v,

[w1.,L] Lr

Derivating with respect to x1 we deduce
(z —xl)”_l
f(z1)p1(z1) = ”nL—n+

Hence

Pl X <yl Xqy=x1]=n - ’
[ (n) y‘ (1) 1} anl(xl) (L—ﬁl)n_l

Thus, the conditional distribution of X, given that X(;) = z; is
(n—1)(z, —xl)+
PX oy [ Xy=ar [0 ] = (L —xp)nt den
We define the empirical gap or sample range to be the random variable G = X(,,) — X(q).
To find the distribution of G we condition on X(;) and we have

n—2

P[G <yg] Z/[(]L}P[X(n) <@+ g X Zlil]PX(l)[dxl]
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Now observe that

P[ Xy < Xy +9| Xy = 21] :/ _ Px | X1y =21 [ 420 ]
[0,min(L,z1+g)]

n—2

/ (n—l)(xn—xl)Jr
= — dxy
[0,min(L,z14+g)] (L - xl)
gn—l
= WI[O,L—;]] (1) + Ij1—g,1)(71)-
Thus
n—1 L—g n—1 _ n
ng ng" (L—yg) g
PlG<g|= / dxl—i-/ p1(x1)dr; = —F— =2 + =—.
[ ] Ln 0 [L—g,L] ( ) Ln Ln
We deduce
d n(n—1)g"=2  n’¢""' ng"! nm-1)g"* g
SPG<gl= - - (1 - f) .
[G — g] Ln—l + n n Ln—l L
Thus, the probability distribution of G is
n(n —1)g" > g
Pg[dg] = 1 (1 - z) I[O,L](g) dg.
If L =1, then the above distribution is the Beta distribution Beta(n — 1,2). 0

Example 1.4.36. Suppose that f : [0,1] — R is a C''-function whose graph has length L,
ie.,

1
L :/0 V14| f(x)d.

Define a random measure K : ([0,1],B) ~ (R, B), K, = §4(,).
Let

! 2

poldx] = 1+|Lf(x)|-)\[dx] € Prob ([0,1]).

Then the Borel probability measure Pg ,,, on [0,1] x R corresponds to the integration with
respect to the normalized arclength along the graph of f. O

Example 1.4.37. Suppose that X1, ..., X, are independent random variables with common
distribution p(z)A[ da |. Denote by X the random vector (X1,...,X,). Let f : R" - R be a
Borel measurable function. Denote by PP the distribution of the random vector ( X, f(X)).
This is disintegrated by the distribution pg := Px of the random vector X. The disintegration
kernel K is the conditional distribution of f(X) given X. We deduce that

le,...,:pn[ - ] = 5f(x1,...,zn)'
If By is a Borel subset of R™ and Bj is a Borel subset of R, then

P[ By x By | :/B Ig, (f(z1,....20))p(z1) - p(@n)dey - - dy.

Using a notation dear to theoretical physicists we can rewrite the above equality as
P[dl‘l te dmndy] = (6(:9 - f(xlv e 733n) )p(xl) e p(xn) )dy)d551 o dry,
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where 0(z) denotes the Dirac “function” on the real axis. O

Remark 1.4.38. We refer to [29] for a very enlightening presentation of a more general
concept of disintegration and some of its application to statistics. O

1.5. What are stochastic processes?

We have already met stochastic processes though we have not called them so. This section
has a rather restricted goal namely, to explain what they are, describe a few basic features
and more importantly, show that stochastic processes with prescribed statistics do exist as
mathematical objects.

1.5.1. Definition and examples. A stochastic process is simply a family (X;)icr of ran-
dom variables parametrized by a set T. They are all defined on the same probability space
(©,8,P). The variables could be real valued, vector valued or we can allow them to be valued
in a measurable space (X, J), where F is a sigma-algebra of subsets of X. Frequently X = R"
for some n but, as we will see below, it is very easy to produce more complicated examples

Obviously stochastic processes exist, but once we impose some restriction on their behav-
ior, the existence of such stochastic processes is less obvious. A classical situation, intensely
investigated in probability, is that of families (X;)ter of real valued random variables that
are independent, identically distributed (or i.i.d. for brevity). We denote by Px common
distribution.

A basic question arises. Given a Borel probability measure ¢ on R and a set T, can we
find a probability space (2,8, R) and independent random variables

X, (Q,8,R) 5 R, teT,

such that Py, = p, Vt € T?

When T is finite, say T := {1,2,...,n} the answer is positive. As probability space we
can take

(Q,8,P) := (R", BRn,/},®n).
The random variables are then the coordinate functions

XkZRn%R, Xk(xl,...,a:n):xk, k=1,...,n.

Using the notation R” instead of R™ we see that we have defined a probability measure on
the space of functions T" — R.

If T is infinite, say T' = N, the question is then about the existence of a sequence (X, )pen
of i.i.d. random variables with common probability distribution p. A substantial portion of
probability is devoted to such sequences and it would be embarrassing, to say the least, if it
turned out they do not exist. We will see that this is not the case.

It is also very easy to stumble into situations in which the random variables are not
independent, or take value in some infinite dimensional space. We have encountered a such
a situation already.

Suppose that (2, 8,P) is a probability space and F C § is a sigma-subalgebra. For any
S € 8 choose a version Xg € £1(Q,F,P) of the conditional probability P[S||F]. The
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collection (Xg)ges is a stochastic process on (2, F,P) parametrized by 8. We can view it as
a map

X :Q —[0,1]° = the space of functions 8§ — [0, 1].

Here is another such situation, of a different nature.

Example 1.5.1. Suppose that Ay, Ay, ..., A4, is a family of i.i.d. (real valued) random vari-
ables defined on the probability space (€2,8,P). For every ¢ € [0, 1] we set

Xy i=Ag+ At +---+ A t".

We now have on our hands a family of random variables (X¢);c[o,1]- These are dependent. To
understand why suppose, for simplicity, that the variables A; have mean zero and variance
1. Then X; has mean zero and for any s,t € [0, 1]

Cov [ X, Xy | =E[ XXy | =14 (st) + -+ (st)" > 1.
Thus the random variables (Xt);c(o,1] are dependent.
Let X denote the Banach space C( [0, 1] ) equipped with the sup norm. The family (X;)

defines a map

X:0-X, Q3we Xw) =) AWt eX
k=0

The space C([0,1]) comes with a natural family of linear functionals
E :C([0,1]) =R, t€[0,1], E(f)= f(t), YVfeC([0,1]).

Note that X; = E;0X. The Borel sigma-algebra of C(]0, 1]) coincides with the sigma-algebra
generated by the collection of functions Ey, t € [0, 1]; see Exercise 1.4. This implies that
the map X : 0 — X is measurable with respect to the Borel sigma-algebra of X. The push-
forward of P via the map X defines a Borel probability Px measure on X so (X, Bx,Px) is
a probability space. Thus we can view X, as a random continuous function. O

Suppose now that (X;);er is a general family of random variables
X (Q,8,P) = (X,9),
where (X, JF) is a measurable space. This family defines a map
X:TxQ-=X TxQ3 (t,w)— X(t,w) = X (w) € X,
such that X; is measurable for any t.
Equivalently, we can view this as a map
X : Q — XT = the space of functions f: T — X, (1.5.1)

where to each w € Q we associate the function X (w) : T — X, t — X;(w).
It is convenient to regard X' as a product of copies X; of X, t € T,
X' =[x
teT

Each copy X; is equipped with a copy F; of the sigma-algebra F.
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The map (1.5.1) is measurable with respect to the sigma-algebra 37 in X, the smallest
sigma-algebra 8 in X” such that all the evaluation maps

Ev;: (XT,S) — (X,H’), Evi(f) := f(t),
are measurable. Equivalently,
g7 =\/ Ev; (%)
teT
Any measurable map X : (Q,8,P) — (X7, 57 defines a stochastic process
Xi(w) =Ev; (X(w)).

Note that any probability measure on F7 is the distribution of a stochastic process, namely
the tautological process

1: (X7, 97, P) —» (XT,97,P), Li(w)=uw(t), YweX".

Suppose that X : (22, 8,P) — (XTI, FT) is a stochastic process. For any finiteset I = {t1,...,t;,} C T
we have a sigma-algebra F! in X/,

?Izrftl ® - F,,,

and we obtain a random “vector”

X' (9,8) = (XL I, we (X (W), ooyen o, X (w)) € XL
We denote by P; its probability distribution Py := (X )#P. Note that we have a a tautological
measurable projection IT7 : X7 — X! and

P; = (HI)#(IP’X )
Suppose now that J C T is another finite set containing I
J=A{t1,.. tmytmt1,- -y tnt, n>m.

We get in a similar fashion a probability measure on X7. We have a canonical projection

Pry: X7 — XI, (Cﬂtl,---,CUtm,ﬂCth,---,ftn) — (xtl,...,xtm )
and, since X! = P;;(X”), we have

(Pr)#Ps =Pr. (1.5.2)

Observe that F7 is generated by the collection of subsets HI_I(F ), I C T finite, F; € 7.
This collection is an algebra of subsets of XT'. Proposition 1.2.4 shows that Py is the unique
probability measure P on X7 such that for any finite subset I C T, and any F; C F/ we have

P[II; ' (Fr)] = Pr[ Fy].

Equivalently, this means

Pr = ()% (P).
A family of measures Py on X!, I finite subset of T, constrained by the compatibility condition
(1.5.2) for any finite subsets I C J C T is said to be a projective or consistent family.

We have thus shown that to any probability measure P on (XT,S'"T ) we can naturally

associate a projective the family of probability measures P; := (W])#(P). Moreover, P is
uniquely determined by this projective family.

There are other ways of constructing projective families.
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Example 1.5.2. Suppose that we are given a sequence of measurable spaces (X,,, Fp)n>0 is
a measurable space. For n € Ny :={0,1,...} we set [,, = {0,1,...,n},

%i" = ﬁ%k, ff'“ﬁ" = é&"k.
k=0 k=0

Consider a family of Markovian kernels K, : (.’fﬁ”,fﬁ”) — (Xn+1,Fn+1), n € Ny. In other
words we have random probability measure

%Hn 9 ($0, .« e ,:L'n) — Kxo,xl,...,xn [d$n+1]

on (X,4+1,Fn+1). Then, starting with a probability measure py on (X, F), we obtain a family
of probability measures IP,, on X' described inductively by the disintegration formula (1.4.32)

P() = Mo, ]Pn—f—l = ]P)Kny]Pn' (153)

This means that for any S € Flnt1 we have

Pan (8] = [ [ Keldswn [ Ts(@mn)Bal d5], &= (2o, 0)
x Jaln
Equivalently, P,, disintegrates P, 11 and K, is the disintegration kernel.
Denote by P, n4+1 the natural projection Xlnt1 5 xln
(X0, X1y vy Ty Tpg1) = (T, T1y - - -5 Tpy)-
Since K is a Markovian kernel, i.e.,

/Kf[daz/] —1, viexh,
X

we deduce that P, = (Ppn41)#Pnt1, Vi € Ng. This shows that the collection (@n)neNo is a
projective family of probability measures.

Note that if Kxoxn[ — ] is independent of zg,...,z,, then we can think of K, as a
probability measure p, on X. In this case

If (X,,F,) = (X,9) for all n > 0 can obtain kernels K, as above starting from a single
Markovian kernel K = (X,F) — (X,9)

K:XxF =101, (z,F)— K;[F].
More precisely, we set Kz . 2, [dm] =K, [dx]
In this case the measures P, on Fln are defined by
Pn[datodazl e dmn] = Mo[diﬂo]Km [dml] K, [d:cn]
More precisely, for any S € Fln we have

P, [S] = /3€ Is(#)po[dao | Kuy [dar ] - Ko,y [deny | Ko, [den]. (154)

The above is an iterated integral, going from right to left, i.e., we first integrate with respect
to xz,, next with respect to x,_1 etc.

Such a situation occurs in the context of Markov chains. O
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1.5.2. Kolmogorov’s existence theorem. Fix a topological space X and a parameter set
T. We denote by 2! the collection of finite subsets of T. For I € 21" we denote by B; the
Borel o-algebra in X! equipped with the product topology. For any finite subsets I ¢ J C T
we denote by P;; the natural projection X’ — X!, This associates to a function J — X its
restriction to I.

For t € T we denote by m; the natural projection
Tt - XT — X, Wt(g) = T¢.
More generally, for any I € 25 we define 77 : XT — X! by setting

X" 5z mp(z) = (25)ier € X

Definition 1.5.3. The natural o-algebra & in X7 is the smallest o-algebra & C 2X" such
that all the maps m;, t € T, are (€, Bx)-measurable, i.e., the o-algebra generated by the
family of o-algebras 7; ' (Bx). O

Remark 1.5.4. The sigma-algebra 1 can also be identified with the o-algebra of the Borel
subsets of XT' equipped with the product topology. a

A cylinder is a subset of X7 of the form
7 H(S) =S x X" el SeB.
We denote by Cr the collection of cylinders. Clearly Cr is an algebra of sets that generates

the natural o-algebra Ep.

Definition 1.5.5. A projective family of probability measures on X' is a family P; of prob-
ability measures on (X!, B;), I € 21, such that for any I C J in 2} we have

P; = (fP]J)#]P)J. (1.5.5)

O

As discussed in the previous subsection any Borel measure on X” defines a canonical
projective family. Kolmogorov’s existence (or consistency) theorem states that, under mild
topological constraints on X, all the projective families are obtained in this fashion.

Theorem 1.5.6 (Kolmogorov existence theorem). Suppose that X is a Lusin space, i.e.,
a Borel subset of a compact metric space; see Definition 1.4.26. For any projective family
(PI)IGQg“ of Borel probability measures on X! there exists a probability measure P on Ep

uniquely determined by the requirement: VI € Qg and Py = (‘PI)#(@) This means that for
any Br € By,
Pln;Y(Br)] =P;[Br]. (1.5.6)

Proof. The uniqueness follows from Proposition 1.2.4.

The existence is a rather deep result ultimately based on Tikhonov’s compactness result.
We follow the approach in [149, Sec. 30, 31].

Observe that C is a cylinder if and only if
31 € 2§ and By € B; such that C = w; '(By).



1.5. What are stochastic processes? 123

For I € 2] we set CL := 771(B) C &r. Note that

Celle =B xxX" B;ecB, (1.5.7a)
Cecehnel#0 = Cceelfl. (1.5.7b)

Define
Pr: G% — [0,00), P[[C] :IP)[[T&'[(C)].
Note that if C € G% N G%, then, according to (1.5.7b), C' € (‘355 for some K € INJ. Then

m1(C) = Pri(7k(C)), m,(C) =P, (7K (C)).

Thus

Pr[7(C)] :PI[?;QI(WK(C))] = )P [ (C)] "2V i [mi(O)],
and, similarly,

Py [m(C)] = Br [P (Pi(C)) | = (Pren) B[ mc ()] "2 B[ (O],

Hence, if C € CL N €7, then @I[C’] = @J[C].
We have thus defined a finitely additive measure P on the algebra
er=J e

Ieal

To invoke Carathéodory’s extension theorem (Theorem 1.2.17) it suffices to show that P is
countably additive of €7 . We will achieve this step by relying on Alexandrov’s Theorem
1.2.15, but to complete this step we need to make a brief foundational digression.

Digression 1.5.7 (Regularity of Borel measures). When dealing with measures on topologi-
cal spaces there are several desirable compatibility conditions between the measure-theoretic
objects and the topological ones.

Definition 1.5.8. Let X be a topological space and i a Borel measure on X.

(i) The measure u is called outer regular if for any Borel set B € Bx we have
B| = inf U|.
u[B] = jnf u[U]
U open
(ii) The measure p is called inner regular if for any Borel set B € Bx we have
M[B] = sup N[C].
CCB,
¢ closed
(iii) The measure p is called regular if it is both inner and outer regular.

(iv) The measure  is called Radon if it is outer regular, and for any Borel set B € By,
we have
M[B ] = sup M[K ]
KCB,
K compact
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Note that a finite Borel measure is regular iff it is inner regular. From the above definition
it is clear that
w is Radon = p is regular.
A deep result in measure theory states that any Borel probability measure on a Lusin space
is Radon, [17, Thm. 7.4.3]. For our immediate needs we can get away by with a lot less. We
have the following useful result, [139, Chap. II, Thm.1.2]. A proof is outlined in Exercise
1.64.

Theorem 1.5.9. Any Borel probability measure on a metric space is reqular.

From Theorem 1.5.9 we deduce the following result.

Lemma 1.5.10. Let Y be a compact metric space. Then any Borel probability measure on
Y is Radon. O

This concludes our digression. a

As mentioned in Remark 1.4.27(b), any Lusin space is Borel isomorphic to a compact
metric space. Thus it suffices to prove Kolmogorov’s theorem only in the special when X is a
compact metric space. In this case Kolmogorov’s theorem follows from Alexandrov’s Theorem
1.2.15.

Note first that Tikhonov’s compactness theorem implies that the space X7 is compact
with respect to the product topology. Suppose that C € Cr is a cylinder. Thus, there exists
a finite subset I C T and a Borel subset By of X! such that C' = ﬂl_l(B,-). Theorem 1.5.9
implies that for any € > 0 there exists a closed subset K. € X! such that

P[[B[\KE] < e.

Note that the set F; := 7r;1 ( KE) is also a cylinder contained in C, it is closed as a subset of
X7 and
P[C\FE] = ]P’][B[\Kg] <e.

Alexandrov’s Theorem 1.2.15 implies that Pisa premeasure and thus extends to a probability
measure on 7J. O

The real axis R is a Lusin space. Given a Borel probability measure P on R we can
construct trivially a projective family Py, I € QON. More precisely P; = P& on R, We
deduce that we have a natural Borel probability measure RY. We have natural random
variables on this probability space

X, RN SR, X, (z) =z, Vo= (x1,20,...,) € RN

Note that Px, = P, Vn and the joint distribution of X7,..., X, is P®*. Thus, the random
variables (X,,) are independent and have identical distributions. We have thus proved the
following fact.

Corollary 1.5.11. For any probability measure P € Prob(R, Bg), there exists a probability
space (2,8,P) and a sequence of independent identically distributed (or i.i.d. for brevity)
random variables Xy, : (Q,8,P) — R, n € N, with common distribution P. O
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Remark 1.5.12. (a) An earlier version of the Existence Theorem 1.5.6 was proved by P. J.
Daniell [42]. We refer to [3] for an interesting historical perspective on this theorem. The
existence theorem can be substantially generalized; see e.g. [17, Sec. 7.7].

(b) The proof of Theorem 1.5.6 uses in an essential fashion the topological nature of the

projective family of measures (IP’I ) repr- We want to emphasize that in this theorem the set
0

of parameters 7' is arbitrary.

If the set of parameters T is countable, say T' = Ny, then one can avoid the topological
assumptions.

Consider for example the projective family of measures P, constructed in Example 1.5.2.
Recall briefly its construction that we are given a sequence of measurable spaces (X, Fp)n>0
and measures P,, on

(%0 X - X%mf}"o@...@f}‘n)
such that P, disintegrates P, 11, Yn > 0. (Observe that this codition is automatically satisfied
if each X,, is a Lusin space.) Set
[o.¢]
x =[] %,
n=0

denote by 7, the natural projection X*° — X,, and by F¥* the sigma-algebra
Foo = \/ 7, (Fa).
n>0

A theorem of C. Ionescu-Tulcea (see e.g. [92, Thm. 8.24] or [99, Thm. 14.32]) states that
there exists a unique probability measure P, on F®*° such that

(Pn)#Po =Py, Vn >0,
where P,, denotes the natural projection X*° — Xg x --- X X,.

As a special case of this result let us mention an infinite-dimensional version of Fubini-
Tonelli: given measures j, on F,, there exists a unique measure pio on F®> such that

(:Pn)#ﬂoo = ® Hi-
k=0

For this reason we will denote the measure jio by @, fin. a
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1.6. Exercises

Exercise 1.1. Let §y,8; be two sigma-algebras of a set 2. Prove that the following are
equivalent.

(i) The union 8y U 8; is a sigma-algebra.
(ii) Either 8y C 81 or 81 C 8.
O

Exercise 1.2. Construct a bijection F : [-1,1] — R such that both F' and F~! are Borel
measurable. O

Exercise 1.3. Fix a set Q. Denote by B(Q2) the space of bounded functions 2 — R. Let
§ C B(f) be a vector subspace with the following property: if (f,) is a nondecreasing
sequence of nonnegative functions in § converging pointwisely to a function fo, € B(f2),
then f, € §. Suppose that M C § is a collection closed under multiplication. Then §
contains every bounded o(M)-measurable function. O

Exercise 1.4. Let Q denote the space C([0,1]) of continuous functions w : [0,1] — R
equipped with the topology defined by the sup-norm

Jeoll += sup | w(t) |
teT
Denote by B the resulting Borel sigma-algebra. For each t € [0, 1] we have an evaluation map
E; - Q —>R, Et(OJ) = Wt.

Denote by € the sigma-algebra generated by the evaluation maps

€ = \/ Et_l(fBR).

te(0,1]
Prove that B = €.
Hint. Prove first that
|w||= sup }Et(w) ‘, Yw € C([0,1]).
t€[0,1]NQ
Use next the fact that the Banach space C([0,1]) is separable. O

Exercise 1.5. Suppose that (X, d) is a complete, separable metric space. Denote by Bx
the Borel sigma-algebra generated by the open subsets of X, and by Bx«x the Borel sigma-
algebra generated by the product topology on X x X. Prove that

O
Exercise 1.6. Fix a set 2 of finite cardinality m and a probability measure P on 2. Assume

that P[{w}] # 0, Vw € Q. Set Q> := QN so the elements of Q> are functions w : N — Q,
n — wy = w(n). For every n € N define

Tt Q% = Q") () = (Wi, ..., wy),



1.6. Exercises 127

and denote by C,, the collection of sets of the form

C=mr,S), ScQ" necN.

C:= U Cp.

neN

Note that €; C Cy C ---. Set

The sets in € are called cylinders.

(i) Show that G, is a o-algebra of subsets of Q2°°, Vn € N.
(ii) For any n € N define 8, = fpr : C, — [0, 1],

buln ()] =[] = S [[Eles}]

(Wl ----- wn)GS j:l

Show that (3, is a well defined measure on C,, and

/Bn—i-l ’@n = Bn
(iii) Equip Q2°° with the metric
1 0, w=n,
d (JJ, — 7]1 w y y h w, —
(w, n) EN%/(nmﬁ (w,n) {L ot

Prove that (QOO, d) is a compact metric space. Hint. Use the diagonal procedure to show

that any sequence if 2 admits a convergent subsequence.
(iv) Define g = pp : € — [0, 1],
/B’en = Bn.
Show that 3 is a well defined premeasure on €. Hint. Use Theorem 1.2.15. Prove first that

any cylinder is simultaneously closed and open.
(v) Prove that o(€) coincides with the Borel sigma-algebra of the metric space (2°°, d).
(vi) Denote by 3 = Bp the extension of 3 as measure to the o-algebra o(C). (Its existence
is guaranteed by the Caratheodory extension theorem.) For wy € Q we set
Ay, 1= {ge Q: Im €N such that w, = wp, Vn>m}.

Show that A, € o(€) and B[ Ay, | = 0.

(vii) Define X, : 9 — Q, X, (w) = wy,. Show that the collection of random variables
(X1n)nen is independent and have the same distribution P.

(vili) Let @ = {0,1}, P=the uniform measure on {0,1}, and consider Q> = {0, 1}
equipped with the measure 8 = Fp constructed as above. Show that the map

1
B: (Qoo,o_(e)) — ([Oa 1]73[071] )7 B = Z 27Xn
neN

is measurable and find B#B . O

Exercise 1.7. Suppose that (2, F, i) is a measured space and (.9, d) a metric space. Consider
a function

F:SxQ—=R, (s,w)+— Fy(w)

satisfying the following properties.
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(i) For any s € S the function 3 w — Fs(w) € R is measurable.
(ii) For any w € © the function S 5> s — Fs(w) € R is continuous.
(iii) There exists h € £1(Q, 8, 1) such that |Fy(w)| < h(w), V(s,w) € S x €.
Prove that Fy € £Y(,8, ), Vs € S, and the resulting function

SBS'—)/QFS(LU),U,[dw] eR

is continuous. Hint. Use the Dominated Convergence Theorem. O

Exercise 1.8. Suppose that (Q,F, u) is a measured space and I C R is an open interval.
Consider a function

F:IxQ—=R, (t,w)— F(t,w)
satisfying the following properties.

(i) For any ¢ € I the function F'(t,—) : Q — R is integrable,

/ |F(t,w)| p| dw] < oo.
Q

(ii) For any w € Q the function I 5 t — F(t,w) € R is differentiable at to € I. We
denote by F'(tg,w) its derivative.

(iii) There exists h € £LY(Q, 8, 1) and ¢ > 0 such that
|F(t,w) — F(to,w)| < h(w)|t —to], Y(t,w) e I x Q.

Prove that the function
I>t— / F(t,w)uldw] eR
Q

is differentiable at ¢tg and

o ([ reenta)) = [ Peownla) )

Exercise 1.9. Suppose that (2,8, ) is a finite!® measured space and A C § a countable
m-system that generates 8, o(A) = 8. Assume Q € A. Denote by R[A] the vector space
spanned by I4, A € A. Fix p € [1,00) and denote by M, the intersection of L>°(, 8, u) with
the LP-closure of R[A].

(i) Prove M, = L>*(Q, 8, P).
(ii) Prove that R[A] is dense in LP(Q, 8, u).
(iii) Prove that LP(£2, 8, u) is separable. O

Exercise 1.10 (Markov). Let (€, 8,P) be a sample space and A_, Ag, A1, P[Ag N A_] # 0.
We say that A, is independent of A_ given Ag if

]P[A.,.QA_le] :IP)[A_,_‘A()]P[A_‘A()].
Show that A, is independent of A_ given Ag if and only if
]P)[A+’AQQA_] :]P)[A+|A0j| O

L5 he sigma-finite situation follows from the finite situation in a standard fashion.
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Exercise 1.11 (M. Gardner). A family has two children. Find the conditional probability
that both children are boys in each of the following situations.

(i) One of the children is a boy.

(ii) One of the children is a boy born on a Thursday. 0

Exercise 1.12. A random experiment is performed repeatedly and the outcome of an exper-
iment is independent of the outcomes of the previous experiments. While performing these
experiments we keep track of the occurrence of the mutually exclusive events A and B, i.e.,
AN B =(. We assume that A and B have positive probabilities.'® What is the probability
that A occurs before B? Hint. Consider the event C = (A U B)® = neither A, nor B. Condition on the result
of the first experiment which can be A, B or C.

O

Exercise 1.13. Prove that the random variables Ny, ..., Ny, that appear in Example 1.3.25
on the coupon collector problem can be realized as measurable functions defined on the same
probability space. Hint. Use Exercise 1.6. O

Exercise 1.14. Construct a probability space (£2,8,P) and random variables
X,Y : (2,8, F) — (0,00)
such that
E[X]<E[Y] <oo and P[X >Y ]| <P[X <Y]. O

Exercise 1.15 (Your neighbor has more neighbors). Consider a connected finite unoriented
graph. Denote by V its set of vertices and by & the set of edges. For each v € V' we denote
by deg(v) the number of neighbors of v. Pix a vertex A € V uniformly randomly, and then
choose a neighbor B of A, equally likely among the deg(A) neighbors of A. Prove that

E[ deg(A)] < E[ deg(B)].

O

Exercise 1.16. Suppose that X,Y : (©,8,P) — R are two random variables whose ranges
X and Y are countable subsets of R. Assume additionally that X € Ll(Q, 3, ]P’). We set

E[X (V] =) E[X|Y =y]Iy_y, € L(Q0(Y),P),
y€eY

where

1
v /{Y—y}X(w)P[dw].

The random variable E[X I Y} is called the conditional expectation of X given Y. Prove
that

E[X|Y =y]:=) aP[X=2|Y =y]| =

E[X]=E[E[X||Y]]. 0

16y example if we roll a pair of dice, A could be the event “the sum is 4” and B could be the event “the sum is

7”. In this case 3 1 6 1
P| B

e I T TR T
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Exercise 1.17 (Polya’s urn). An urn U contains r¢ red balls and go red balls. At each stage
a ball is selected at random from the urn, we observe its color, we return it to the urn and
then we add another ball of the same color. We denote by by R,, the number of red balls and
by G, the number of green balls at stage n. Finally, we denote by C, the “concentration” of
red balls at stage n,

J— Rn

R+ Gy

(i) Show that E[Cy11|| Rn] = Cn, where the conditional expectation E[ Cpy1 || Ry, |
is defined in Exercise 1.16.

(ii) Show that E[C), | = oo Vn €N

Ch

O
Exercise 1.18. Prove the claim about the events Sy at the end of Example 1.3.23. O

Exercise 1.19 (Banach’s matchbox problem). An eminent mathematician fuels a smoking
habit by keeping matches in both trouser pockets. When impelled by need, he reaches a
hand into a randomly selected pocket and grabs about for a match. Suppose he starts with
n matches in each pocket. What is the probability that when he first discovers a pocket to
be empty of matches the other pocket contains exactly m matches? a

Exercise 1.20. Suppose that X,, € £1(,8,P), n € N, is a sequence of independent and
identically distributed (i.i.d.) random variables and T' € £(Q, 8, P) is a random variable with
range contained in N and independent of the variables X,,. Define St : Q — R

T(w)
Sr(w) =Y Xn(w)
n=1
Prove Wald’s formula

E[Sr] =E[T]E[ X1 ]. (1.6.1)
O
Exercise 1.21. A box contains n identical balls labelled 1,...,n. Draw one ball, uniformly
random, and record its label V. Next flip a fair coin N times. What is the expected number
of heads you roll? Hint. Use Wald’s formula. m

Exercise 1.22. Suppose that X € L°(£,8,P) is a nonnegative random variable. Prove that
if the range of X is contained in Ny, then

E[X]-1<) PIX >n] <E[X].
n>0
In particular, conclude that
X € L'Q,8,P) <= ) P[X >n] <.
n>0

Hint. Use (1.3.48) o

Exercise 1.23. Let X be a random variable with range contained in {0,1,...,n}.
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(i) Prove that for any k € {0,...,n}

where,

Bo(z) = <5L> - %x(w—l)u'(x—m—kl)e]l%[x].

Hint. Set p, = ]P’[X = k] Then E[Bm(X)] =>r m (:fl)pk Conclude using the binomial inversion
trick, Remark 1.3.30.

(ii) Let Aq,..., Ay, be a collection of measurable subsets of a probability space ( Q,8, ]P’)

and set
n
X =) Iy,
k=1
Prove that
E[Be(X)] = s}
for any ke {0, 1,... ,n}, where SZ is defined in (1326) Hint. Use binomial inversion.

O

Exercise 1.24. Consider the standard random walk on Z started at 0. More precisely, are
given a sequence of i.i.d random variables (X, )nen such that P[ X, = 1] =P[ X, = —1] = %,
Vn and we set

Spi=X1+-+ X,
Let T denote the time of the first return to 0,
T:=min{neN; S, = ()},
where min () := co. Set f, = ]P’[T = n], Up = ]P’[Sn = O].
(i) Prove that ug, = ]P’[Sl #0, 59 #0,...,5, # 0]. Deduce that fo, = usn_9 — usn.

Hint. Use André’s reflection principle in Example 1.2.37.
(ii) Prove that P[T < oo ] =1, but E[T'] = co. Hint. Use (i) and (1.3.48).

(iii) Visualize the random walk as a zig-zag of the kind depicted in Figure 1.2. For such
a zigzag we denote by L, (z) the number of its first n segments that are above the
x axis. Equivalently,

Ln(z) :==#{k; 1 <k <n; max(Sk_1,5%) >0}.
For example, for the zig-zag z in Figure 1.2 we have

Lg(z) = Lg(z) = Llo(Z) = 8.

Show that
_ =2k <2
P[LG _ m} _ ) U2kU2n—2k, M - > 2n,
0, m = 1 mod 2.
(iv) Prove that P[ Lo, = Qk‘ Son =0] = n}H' O
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Exercise 1.25. Consider the group &,, of permutation of n ordered objects. We equip it
with the uniform probability measure. Let Z,, denote the number of inversions of a random
permutation, i.e.,

Zn(p) = #{(i,j); 1<i<j<m, o(i)> @) }.
Compute the mean and variance of Z,. Hint. For ¢ € 6, and 1 < k <n — 1 set

Zn (@) =#{4; n>j>kand ¢@j) < ¢(k) }.

Prove that Z,, = Zz;ll Zn, . and that the random variables Z, 1,...,Zn,n—1 are independent. You will also need to
use the classical identities

1 DEm+1
1424 4m— % 12492 4 pm? = w
O
Exercise 1.26. There are n unstable molecules my, ..., m, in a row. One of the n — 1 pairs

of neighbors, chosen uniformly at random, combine to form a stable dimer. This process
continues until there remain U, isolated molecules, no two of which are adjacent.

(i) Show that the probability p,, that m; remains uncombined satisfies
(n—1)pp =p1+p2+-+pn2.
Deduce that

n—1 (_1)k;
pn:Z A —e ! asn— oo.
k=0 ’

Hint. Condition on the first pair of molecules (m., m,+1) that gets combined.
(ii) Show that the probability g, that the molecule m, remains uncombined is pypp—r+1.
(iii) Show that

n

E[Un] =D drn-

r=1

(iv) Show that

lim lIE[Un] =e .

n—oo N

Hint. At some point you may need to take for granted the result in Exercise 2.6.

O

Exercise 1.27. Let N = N,,, be the random variable defined in the coupon collector problem
described in Example 1.3.25. Show that

Var[Nm]:mka_Qk. O
k=1

Exercise 1.28 (The Birthday Problem). Let N € N. Consider a sequence (Xp)nen of
independent random variables uniformly distributed on the finite set {1,..., N}. Define By
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to be the birthday random variable!”
By(w) =min{j € N: 31 <i < jsuch that X;(w) = X;(w) }.
Compute the probabilities
]P’[BNSk], kE=1,...,N. O

Exercise 1.29 (Buffon’s Problem). A needle of length ¢ is thrown at random on a plane
ruled by parallel lines distance d apart. Denote by N, the number of lines that intersect the
needle.

(i) Compute P[ Ny =1] when ¢ < d.
(ii) Prove that E[NZO+[1] = E[Ngo] —i—E[Ngl], Vg, 41 > 0.
(iii) Compute E[ N¢], € > 0.
a

Exercise 1.30. Suppose that I is an interval of the real axis and f : I — R is a continuous
function. Prove that the following are equivalent.

(i) For any z,y € I, and any ¢ € (0,1) we have f((1—t)z+ty) < (1—1t)f(z)+tf(y).
(ii) For any g € I there exists a linear function ¢ : R — R such that

Uz0) = f(xo), L(z) < f(z), Vxel.

Exercise 1.31 (Hermite polynomials). Suppose that X ~ N(0,1) so

Px[dz] = I‘l[dx] = 'yl(ac))\[da:], ¥ (x) = 1 o

e 2.
V2T

For k € Ny we denote by R[z| the space of polynomial with real coefficients. Define the linear
operators

P, Q:Rlz] = R[z],
(Pf)(x) = f'(2), (Qf)(@)=—f"(x)+xf(z). (1.6.2)
The operator P is called the annihilation operator and the operator @ is called the creation

operator.

(i) Prove that for any f € R[z] we have

(PQ—QP)f = .
(ii) Denote by Hy € R[a:] the constant polynomial identically equal to 1. Show that
for any n € N the function
H, = Q"Hy
is a degree n polynomial satisfying
PH, =nH, 1, QPH, =nH,, ¥ncN,

17You should think of By as follows. Suppose that you have an urn with N balls labelled 1,..., N. Suppose we
perform the following experiment: draw a ball at random, record its label, put it back in the box, and then repeat
until you notice that the label you’ve drawn has appeared before. The random variable By is the first moment when

you’ve noticed a label that was drawn before. Note that By < N + 1. The classical birthday problem is the special
case N = 365.
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and

H,=zH, 1 —(n—1)H,_9, Yn>2.
The polynomials H,,(z) are called the Hermite polynomials. The operator —QP is
called the Ornstein-Uhlenbeck operator.

(iii) Show that for any f,g € R[m]

L/fvwwg@>rﬂ¢d=1/fanguﬂr1uﬂ. (1.6.3)
R R

(iv) Show that

z2

22
Hy(z) = (=1)"¢z P"(e" 2 ), VneN. (1.6.4)
(v) Show that for any m,n € Ny we have
/ Hyy(2) Hyn ()T [da] = 115,
R

(vi) Show that
> Hn(:v))\— = N2, (1.6.5)

n!
n>0
(vii) Suppose that f € R[z], deg f < n. Recall that X ~ N(0,1). Prove that

Fla) = 3 B[ O] Hie).
k=1

O
Exercise 1.32. Suppose that X ~ N(0,1), i.e.,
1 22
Px|dx| = x)dzx, xr) = e 7.
x[de] = @y, 7i(z) =
Set (f(x) = IP’[X > l’] Prove the Mills ratio inequalities (1.3.43) , i.e.,
T — 1

m’h(fff) <P(z) < ;’)’1(3«")7 Vo > 0.

Hint. For the upper bound observe that
—fo’:/ B(z)dx > 0,
where Q is the operator defined in (1.6.2). Next express
/ Q1) < 0

in terms of ® and Yi- O

Exercise 1.33. We denote by Dens(R) the space of probability densities on R, i.e., functions
p € LY(R, A) such that

/p(:n)dw =1 and p(xz) >0 almost everywhere.
R

For p € Dens(R) we set

E[p] ::/Racp(x)dx, Var [p] ::/Rpr(x)dx—]E[p]Q.



1.6. Exercises 135

The entropy'® of p € Dens(R) is the quantity

Ent [p] := —/p(a:) log p(z)dx € [0, 0],
R
where we set 0 - log 0 = 0.

(i) Show that if

1 2
’71(1.) = /;27_‘_6 * /27
then Lt lon 2
+ log 27
But [7,] = — 2.

(ii) Show that if p,¢ € Dens(R) and ¢(z) > 0, Vo € R, then

Ent [p] < —/p(w) log q(z)dx
R
if the integral on the right hand side is finite. Moreover equality holds iff p = q.
Hint. Show that p(z) — p(x) logp(z) < q(z) — p(z) log ¢(z), Vz € R.
(iii) Show that if p € Dens(R) satisfies
E[p] =0 :E['yl], Var [p] =1= Var [’yl],
then Ent [p} < Ent [71] with equality iff p = ~;.

Exercise 1.34. Let X : (Q,8,P — Np) be a random variable and A > 0. Prove that the
following are equivalent.

(i) X ~ Poi(A).

(ii) E[Af(X +1) — X f(X)] =0, for any bounded function f : Ng — R.

g
Exercise 1.35. Prove Proposition 1.3.17. O
Exercise 1.36. Show that
My(t) = 2 it N~ G
N(t) = g i ~ Geom(p),
My (t) =MD if N ~ Poi()),
and \
Mx (t) = N if X ~ Exp(A).
g

Exercise 1.37. Let Y ~ N (0, 1) be a standard normal random variable and set X := exp(Y’).

18The entropy is a measure of disorder or randomness of the probability density: the higher the entropy the less
predictable is the associated random variable.
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(i) Show that
E[X"] =e"/?, VneN.
(ii) Prove that the probability distribution Py of X is given by the log-normal law

7\/1276—%(103‘9”)2 x>0
Px|dz | =p(x)dx, p(x)=< *V2T ’ ’
x[dz] = p(x) (z) 0. 2 <0,

where log denotes the natural logarithm.
(iii) For a € [—1,1] we set
p(z)(1+ asin(2rlogz)), x>0,
palz) =
0, x < 0.

Prove that for any a € [—1,1] and any n € Ny we have

/ 2" po(x)dz = /2,
R
Thus, for any a € [—1,1], the function p,(x)dx is a probability density on R and

the probability measure p,(z) has the same moments as X,

O

Exercise 1.38. Let X : (©2,8,P) — R be a random variable with range contained in
No={0,1,2,...}.
Its probability generating function (or pgf for brevity) is the formal power series

PGx(s) = Z]P’[X =n|s".

n>0

(i) Show that the power series defining PGx is convergent for any |s| < 1. Moreover,
VvVt < 0 we have
Mx(t) = PGx(et).
(ii) Compute PGx when X ~ Bin(n,p), X ~ Geom(p), X ~ Poi(A).

O
Exercise 1.39. Show that
Gamma(rp, \) * Gamma(vy, \) = Gamma(vg + v1,\), Vg, > 0, (1.6.6a)
N(0,v9) * N(0,v1) = N(0,v9 + v1), Vvg,v1 >0, (1.6.6b)
Poi(Ag) * Poi(A1) = Poi(Ao + A1), VAo, A1 > 0. (1.6.6¢)
Hint. Use Theorem 1.3.20, Corollary 1.3.18 and Corollary 1.3.48. 0

Exercise 1.40. Let pg, p11 € Prob([0,1]) be two Borel probability measures. Prove that the
following statements are equivalent.

(i)
/lenuo[d:c] :/le"m[dﬂ, Vn € N.
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(ii) For any Borel subset B C [0,1], uo[ B] = 1 [ B].
O

Exercise 1.41. Suppose that p is a Borel probability measure on R>q. We define its Laplace
transform to be the function

L, :[0,00) = R, Lu()\):/R e Muldr].

Consider the measurable map F': [0,00) — [0,1], F(z) = e™*. We set fi := Fyup.
(i) Prove that
G = [ yald)
[0,1]
(ii) Prove that the measure 4 is uniquely determined by its Laplace transform £,,.

O

Exercise 1.42. Denote by Prob = Prob(R, Br) the space of probability measures on (R, Bg).
Show that (Prob, *) is a commutative semigroup with unit dy, the Dirac measure concentrated
at 0. O

Exercise 1.43. Consider the interval [—7/2, /2] equipped with the probability measure
1
]P’[dx] = —/\[daﬁ],
T
A = the Lebesgue measure. We regard the function
X :[-n/2,7/2] = R, X(t)=sin’t

as a random variable on this probability spaces. Prove that X ~ Beta(1/2,1/2). 0

Exercise 1.44. For any a,b > 0 we define the incomplete Beta function

1 z _
Bap:(0,1) = R, Byy(z)= Bla b)/o 271 — )P tdt, .

where B(a,b) is the Beta function (A.1.2).
(i) Prove that

(1 — z)b

m = Bayb(ﬁ) — Ba+17b($). (167&)
(1 —xz)b
W = Bap+1(2) = Bap(@). (1.6.7b)
(ii) Show that if k,n € N, k < n we have
n n .
By pt1-k(z) = Z (a) (1 —az)" % (1.6.8)
a=k
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Exercise 1.45. Suppose that Xi,..., X, : (€,8,4) — R are random variables with joint
probability distribution

Px, .x. [dml e dxn] =p(x1,...,zp)dxy - - dap,

p >0, / p(x1, ..., xn)dxy - - dey = 1.

Consider the new random variables

n
Y, = ZCLUXJ', aij € R
k=1

where the matrix A = (aij) ,, 1s invertible with inverse A7l = (aij ) Prove that

1<ij< 1<i,j<n

the joint distribution of Y7,...,Y,, is given by the density

1
q(yl’._.,yn) = mp(allyl +...+a1,nyn"”’an1yl ++annyn) 0

Exercise 1.46. Suppose that Xi,..., Xy are independent standard normal random vari-
ables. For n = 1,..., we denote by R2 the random variable X12 +o 4+ X2

(i) Prove that

1
Ri ~ XQ(n) := Gamma(v,\), v = 27 )= 5
(ii) Prove that
R? N
7; ~ Beta(a,b), where a = ﬁ, b— n‘
N 2 2

O

Exercise 1.47. Fix a probability space (£2,8,P). Show that L°(£2,8,P) equipped with the
metric dist defined in (1.3.58) is a complete metric space. More precisely, show that if a
sequence of random variables X,, € L°(Q, 8, P) is Cauchy in probability, i.e.,

lim P[| Xy — X, >7] =0, Vr>0,

m,n—00

then there exists a random variable X € L°(Q, 8, P) such that X,, — X in probability. O

Exercise 1.48. Fix a probability space (2,8, P). Prove that if a sequence of random variables
X, € L°(Q, 8,P) converges a.s. to a random variable X € LO(Q, S,IP’) iff it satisfies

lim P| sup | Xy— Xp|>r|= ¥r>0.
m,n— 00 m<k<n

O
Exercise 1.49. Prove the claim in Remark 1.4.4. O

Exercise 1.50. Suppose that X,Y are independent random variables with distributions Px
and respectively Py. Let f : R2 — R be a Borel measurable function such that f(X,Y) is
integrable. Show that

E[f(X,Y) | X ] = h(X),
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where
’Kw)==/£f(wﬁnpy[dy}- O
Exercise 1.51. Suppose that (2,8, P) is a probability space, F C § a sigma-subalgebra and
X € £%Q,8), Y € £2%Q,F). Prove that the following are equivalent.
(i) X =Y as..
(ii) For any bounded Borel measurable function f: R — R, E[ f(X) | F] = f(Y) as.
g
Exercise 1.52. Suppose that the sequence of independent random variables (X,,)nen con-

verges in probability to a random variable X. Prove that X is a.s. constant. Hint. Use

Kolmogorov’s 0-1 theorem. O

Exercise 1.53 (Strong memoryless property). Suppose that T is an exponential random
variable and Tj, S > 0 are nonnegative random variables so that T, T, S are pairwise inde-
pendent. Then

P[T>To+S|T>S]|=P[T>Tp].

Note that when Tp, S are deterministic we recover the memoryless property (1.3.49). O
Exercise 1.54. For n € N we denote by C,, the cone in R" defined by

Crn={(z1,...,0p) ER": 23 <2<+ <y }.

Define ord : R* — C),

(1'1, c. ,l’n) — ord(ml, R ,l’n) = (:E(l), T(2)y - - ,l'(n)),
where
Ty = min{x1,...,z,}, T(2) =min ({azl, cey Tt \ {x(l)}), e
In other words, z(y),...,2(,) are the numbers x1,...,x, rearranged in increasing order.
Suppose Xi,...,X, are n i.i.d. random variables with common cdf
xr
F@) = [ po)ds, pe L@

—0oQ

The order statistics of the random variables X1, ..., X,, is the random vector

ord(X) == (X(1), -+ X(m)),
where X = (X1,...,X,).
(i) Show that the distribution of ord(X) is
Poracxyldry - - dzn] = nlp(@1) - p(zn)Ic, (21, .., 2p)doy - - - day,.
(ii) Denote by F{;) the cdf of the component Xj), F(;)(z) = P[ X(j < x]. Prove that
Fiy(z) =Y (Z)F(:p)k( 1- F(z))" ",

k=j
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(iii) Suppose that Xi,..., X, ~ Unif(0,1). Show that
_J
n+1
(iv) Suppose that X,..., X, ~ Unif(0,1) and consider the random vector
Compute the conditional distribution of Y given Xy
Py[dyg cedyn || Xy = :c]
(v) Suppose that Xi,..., X, ~ Exp()\). Show that'?

X(j) ~ Beta(j,n +1—j), E[X;]

Xy ~ Exp(n)), E[X(y)]

= a‘
(vi) Suppose that Xi,..., X, ~ Exp(\). Show that
nXa), (0= D(X@) = X)) 2( Xy = Xy )5 Xow) = Xnoy

are independent EXp()\) random variables. Hint. Use (i) and Exercise 1.45 to prove first that
the spacings
S1=Xq), S2=X@)— Xy, =Xm) — Xm-o1)

are independent exponential random variables.

O

Exercise 1.55. Suppose that Xi,...,X,_1 are independent and uniformly distributed in
[0,1]. Consider their order statistics

X = = Xp-y
and the corresponding spacings?
S1=Xqay, S2=Xo)— Xy, Sn =1 X1y
Denote by L,, the largest spacing, L,, = max (Sl, ey Sh).
(i) Prove that (S1,...,Sy) is uniformly distributed in the simplex

A, ::{(51,...,5n)€ [0, 1]"; Zn:skzl}.

k=1
Deduce that ]E[Sk] = %, Vk=1,...,n.
(ii) Show that

1 1(n
E[L,] ==) (-D)F1—( ).
Hint. Let For € [0,1] denote by E, = Ej(x) the event {Sy > z}. Then {L, > z} = (;_; Ex(x).

Conclude using inclusion-exclusion, (i) and (1.3.47) .

197, appreciate how surprising then concusion (v) think that an institution buys a large number n of computers,
all of the same brand, and X1,..., X, denote the lifetimes of these machines. Each is expected to last 1/ years. The
random variable X1 is the lifetime of the first computer that breaks down. The result in (v) show that we should
expect the first break down pretty soon, in % years!

20The n — 1 points X1, ..., X,—1 divide the interval [0, 1] into n subintervals and the spacings are the lengths of
these subintervals.
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(iii) Let Y1,...,Y, be independent Exp(1) random variables. Set T,, = Y1 + --- + Y.
Find the joint distribution of (Y1,...,Y,,T,) and show that the random variables

Y1 Yy
T T,
has the same joint distribution as the spacings Sy, ...,.5,. Deduce that L, has the

same distribution as
maxlgkgn Yk . }/(n)

T, T,

(iv) Prove that L, and

n

1

7| =

" k=1

have the same distribution.Hint. Use (iii) and Exercise 1.54(vi). Deduce that?!

11
:n;k'

Remark 1.6.1. Observe that the above exercise produces a strange identity,

i ()
k=1
g
Exercise 1.56. Consider the Poisson process (N (t));>0 with intensity A described in Example
1.3.7.
(i) Find the distribution of Wy = N(t) + 1 — ¢.
(ii) Show that N(t+ h) — N(t) ~ PoiAh, t >0, h > 0.
4
Exercise 1.57. Consider the Poisson process (N (t));>0 with intensity A described in Example
1.3.7. Let S be a nonnegative random variable independent of the arrival times (7),),>0 of

the Poisson process. For any arrival time 7}, we denote by Zr, s the number of arrival times
located in the interval (T, T, + S|

ZTn,S = #{k‘ >n; T, <Tip < Tn+S}.
Prove that

00 k
_ _ _ias (A5)
P[ZTMS_I{]_/O e O [as). 0
Exercise 1.58. Suppose that N(t) is a Poisson process (see Example 1.3.7 ) with intensity
A and arrival times

T <Tr <

2lpis equality shows that E [ Ly, ] ~ loi" , which is substantially higher than the mean of each individual spacing,
E[Sk] =1, Vk.
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Fix t > 0 and let (X,,)p>1 be i.i.d. random variables uniformly distributed in [0,¢]. Prove
that, conditional on N(¢) = n, the random vectors

(Th,...,T,) and (Xqy,-. s X))

have the same distribution. O

Exercise 1.59. Suppose that the 20 contestants at a quiz show are each given the same
question, and that each answers it correctly, independently of the others, with probability P.
However, the probability of success P itself is a random variable.?? Suppose, for the sake of
illustration, that P is uniformly distributed over the interval (0, 1].

(i) What is the probability that exactly two of the contestants answer the question
correctly?

(ii) What is the expected number of contestants that answer the question correctly?

O

Exercise 1.60. Let v be a Borel probability measure on R. Prove that for any Borel subset
B C R the map ¥p: R — R, \IIB(y):V[B—y] is measurable. O

Exercise 1.61 (Skhorohod). Denote by Prob’(R) the set of Borel probability measures on

R such that
/x,u[da:] =0.
R

Clearly Prob’(R) is a convex subset of the set Prob(R) of Borel probability measures on R.

For w,v > 0 such that u 4+ v > 0 we define the bipolar measure

Buw = ——8_y+ ———5, € Prob’(R)..
’ u—+v u—+v

Let Q := {(u, v) € R% w,v >0, ut+v >0 } We regard f,, as a random measure (or
Markov kernel) 5: Q x Br — R

5((u,v),B) :ﬁuﬂ)[B].

Prove that for any p € Prob’(R) there exists a Borel probability measure v on @Q such that
= Byv. In other words, any measure p € Prob’(R) is a mixture of bipolar measures. O

Exercise 1.62. Given sigma algebras 1, Fy, C §, prove that the following are equivalent.
(i) Fy L g, F_.
(i) Fy L 5, JoVI_.
O

Exercise 1.63. Given sigma algebras F, Fy, C §, prove that the following are equivalent.
(i) Fr L FoVvIF_
(11) ?4, A 3’0 and 3'4, A Fo F_.
O

22Think of P as a random Bernoulli measure of the kind discussed in Example 1.4.20. The source of randomness
could be due to the fact that the difficulty of the questions could change randomly from one show to another.
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Exercise 1.64. Suppose that p is a Borel probability measure on the metric space (X, d).
Denote by € the collection of Borel subsets S of X satisfying the regularity property: for any
go there exists a closed subset C: C S and an open subset O, D S such that

,u[(‘)e \ CE] < e.
(i) Show that Se €= S°:=X\C € C.
(ii) Show that any closed set belongs to C.%3

)
)
(iii) Show that € is a 7-system.
(iv) Show that C is a A-system.

(v) Show that € coincides with the family of Borel subsets.

O

Exercise 1.65. Suppose that (X, d) is a compact metric space and p is a finite Borel measure
on X. Prove that for any p € [1,00) the space C(X) of continuous functions on X is dense
in LP(X’ M) Hint. Use Exercise 1.64 to show that for any Borel subset B C X the indicator function I'g can be

approximated in LP by continuous functions. O

23This is where the fact is a X metric space plays an important role.






Chapter 2

Limit theorems

The limit theorems have preoccupied mathematicians from the dawns of probability. The first
law of large numbers goes back to Jacob Bernoulli at the end of the seventeenth century. The
Golden Theorem in his Ars Conjectandi is what we call today a weak law of large numbers.
Bernoulli considers an urn that contains a large number of black and white balls. If p € (0, 1)
is the proportion of white balls in the urn and we draw with replacement a large number n of
balls, then the proportion p, of white balls among the extracted ones is with high confidence
within a given open interval containing p.

His result lacked foundations since the concept of probability lacked a proper definition.
The situation improved at the beginning of the twentieth century when E. Borel proved a
strong form of Bernoulli’s law. Borel too lacked a good definition of a probability space, but
he worked rigorously. In modern terms, he used the interval [0, 1] with the Lebesgue measure
as probability space. He then proceeded to construct explicitly a sequence of functions
X, @ [0,1] — R which, viewed as random variables are i.i.d. with common distribution
Bin(1/2).

It took the efforts of Hinchin and Kolmogorov to settle the general case. The strong law
of large numbers states that if (X,,),en are i.i.d. random variables with finite mean u, then
the empirical mean

converges a.s. to the theoretical mean p.

This chapter is devoted to these limit theorems. In the first section we investigate the
SLLN= Strong Law of Large Numbers. The approach we use is due to Kolmogorov. It
reduces this law to the convergence of random series of independent random variables.

The second section is devoted to the Central Limit Theorem stating that the distribution
of M, is very close to the distribution of a Gaussian random variable with the same mean
and variance as M,,. The third section, is more modern, and it is devoted to concentration
inequalities. These state in a quantitative fashion that the probability that M,, deviates
from the mean g by a certain amount is extremely small under certain conditions. The
fourth section is devoted to uniform limit theorem of the Glivenko-Cantelli type. We have

145
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included this section due to its applications in machine learning. In particular, we show how
such results coupled with the concentration inequalities lead to Probably Approximatively
Correct, or PAC, learning.

The last section of this chapter is devoted to a brief introduction to the Brownian motion.
This is such a fundamental object that we thought that any student of probability ought to
make its acquaintance as soon as possible. As always, along the way we present many, we
hope, interesting examples.

2.1. The Law of Large Numbers

This section is devoted to the (Strong) Law of Large numbers. We follow Kolmogorov’s
approach based on random series, a subject of independent interest.

2.1.1. Random series. Fix a probability space (2, 8,P) and consider a sequence of inde-
pendent random variables
Xn:(Q,8,P) >R, neN.
The independence of the random variables (X,,) allows us to invoke Kolmogorov’s 0-1 theorem
and conclude that the random series
> X (2.1.1)

neN
either converges almost surely, or diverges almost surely. We want to describe by describing
one simple sufficient condition for convergence.

Theorem 2.1.1 (Kolmogorov’s one series). Suppose that

E[X,] =0, VneN, (2.1.2a)
> Var [ X,] < oc. (2.1.2b)
n>1

Then the series (2.1.1) converges almost surely and in L*.

Proof. For n € N we denote by S,, the n-th partial sum of the series (2.1.1),

Sy = iXk.
k=1

The L2-convergence follows immediately from (2.1.2b) which, coupled with the independence
of the random variables (X,,) implies that the sequence (S,,) is Cauchy in L? since

k
ISn+k — Snllz2 =Y Var [Xni;], Vk,neN.
j=1

The proof of the a.s. convergence is more difficult. It relies on a fundamental inequality which
we will further generalize in the next chapter. The independence of the random variables
(X,,) is used crucially in its proof.

Lemma 2.1.2 (Kolmogorov’s maximal inequality). Set

M, := max |Sk|.
1<k<n
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Then, for all a > 0, we have

n

P[M, >a] < —Var Z (2.1.3)
k=
Additionally if 3¢ > 0 such that | X,| < ¢, Vn, then
(a+0)”
— = <P M, >al. 2.14
Var [Sn] - [ a] ( )

Proof of Kolmogorov’s maximal inequality. Define
N:Q—-NU{oco}, N(w):=inf{n>1; |Sy(w)>a}.
Notice that N(w) is the first n € NU {oco} such that S, (w) > a, i.e.,
Nw)=k<=S1(w),...,Sk—1(w) < a and Si(w) > a.

This shows that the event Ay = {N = k} is in the o-algebra generated by Xy, ..., Xj. Since
Sy — Sk = Xg41 +- -+ X, we deduce that I4,, I 4, S are independent of S,, — Sj. We have

Var [ S, ] = E[S2] > E[S2I{rr,5a) ]
_ZE 14,52 ZE[IAk(Sk+2Sk(S —5p) + (Sn—sk)ﬂ

(La,,Ia, Sk L S — Sk)

—Z( (14,57] +2E[ 14,5 ] B[S, — 5] +E[Ly, |E[ (S, — 5] )

This proves (2.1.3).
To prove (2.1.4) we argue as in [115, Sec.17.2] and we set
By :=9Q, By ::{N>k}:{Mk§a}.
Observe that, Vk =1,...,n, Bx_1 D By and
Ay={N=k}={N>k—-1}\{N>k} =By 1\By,
Sk—1Ip, , +XpIp, , = Sklp, , = Sklp, + Skla,.
Since By_1 € 0(X1,...,Xk—1) we have X, I Sy_1Ip, ,. Hence
E[(Sk11p, ) (Xilp, )] =E[(Si_1Ip, ) Xz] =0.
We deduce that
E[ (S 1Ip, , +Xelp, )’ ] =E[(Sk1Ip, )] +E[ (XpIp,_,)?]
(Xy L Ip, ;)
=E[(Sk-1IB,_,)*]| + Var [ X} |P[ Bp_1].
On the other hand, I'p I, =0 so

E[(SkIp, +Skla, )] =E[(Selp,)?] +E[(Sela,)?].



148 2. Limit theorems

Hence

E[(Sk—1Ip, ,)*] + Var [ X} |P[Be_1] = E[(SkIB,)* | + E[ (SkIa,)?].
Since |Xi| < c and |Si_1] < a on Ay we deduce

1Skd ay| < [Se—1La, + [XilLa, < |Sk—1Ta, +cla, < (a+c)lq,

Observe that }P’[Bk_l] > ]P’[Bn ] We deduce

<E[(Sk-1Ip, ,)*] + Var [ X; |P[Bn]| <E[(SiIp,)* ] + (a+¢)*P[ A ].
Hence

Var [ XZ|P[B,] <E[(SeIp,)?] —E[(Sk—11Ip, ,)*] + (a+c)’P[ A}]

and
n

> Var [X{P[B,] <E[(SuIp,)*| + (a+c)*) P[A;]
k=1 k=1
< aQIP’[Bn] + (a+c)2]P’[BfL] < (a +c)?
In other words,
Var [ S, | (1 =P[M, >a]) < (a4 c)?
This proves (2.1.4). O

We can now complete the proof of Theorem 2.1.1. Using Kolmogorov’s maximal inequality
for the sequence (Xy4n)neny we deduce that for any n € N we have

1 1 &
L imi Sucs= Sl > €] < 5 Vo [Siusn = Su] = 55 3 Var [Xov]

Thus

IP[ SUP [Smsn — S| > e} <m, (2.1.5)
n>1 e

We set

Yy, = sup [S; —Sj|, Zm :=sup|Smin — Sml.
ij>m n>1

Now observe that .S, converges a.s. iff Y, — 0 a.s. The sequence Y,, is nonincreasing and
thus it converges a.s. to a random variable Y > 0. We will show that Y =0 a.s..

Note that, for i, 7 > m we have
1S; — S5 < |Si = S| + 155 — Sml <22,

so Y, <2Z,, Ym so

(2.1.5)
Yin > 2= Zn > €5 B[V > 2] SP[Zn>c] < ¥m21, Ve >0,

Hence
lim P[Y,, >¢] = lim P[|Z,]>¢]=0.
m—0o0

m—0oQ
In other words, the sequence (Y;,,) converges in probability to 0. Since it also converges a.s.
to Y we deduce that Y =0 a.s.. g
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Kolmogorov also established necessary and sufficient conditions for convergence in his
three series theorem. Before we state it let us introduce a convenient notation. For any
random variable X and any positive constant C' we denote by X the truncation

X7 ’X‘SC,

(2.1.6)
0, |X|>C.

C ._ _
X" = Xxi<ey = {

Theorem 2.1.3 (Kolmogorov’s three series theorem). Consider a sequence of independent
random variables X, € £°(Q,8,P). The following statements are equivalent.

(i) The series
> X (2.1.7)

n>1
converges almost surely.

(ii) There exists C' > 0 such that the following three series are convergent.

Y P[IXal > C) =) P[X, # XS], (2.1.8a)
n>1 n>1
STE[XT], D Var[ X (2.1.8b)
n>1 n>1

Proof. (ii) = (i) Note that that condition (2.1.8a) coupled with the first Borel-Cantelli
lemma (Theorem 1.3.52(i)) implies that P[ X, # X¢ i.0.] = 0. Hence the series >, _, Xy,

converges a.s. iff the series ) X,? convergence. The convergence of the latter follows from
(2.1.8b) and Kolmogorov’s one series theorem.

(i) = (ii) Since the series ) |
any ¢ >0

n>0 Xn 18 a.s. convergent we deduce that X,, — 0 a.s.. Thus, for

P[|X,| >cio.] =0
and the second Borel-Cantelli Lemma (Theorem 1.3.52(ii)) implies
ZIP[\Xn\ > C'io.] < oo
n>0

This proves (2.1.8a). Hence P[X,, # X¢ i.0.] = 0. Since the series 3, ., X, converges a.s.
we deduce that ) X¢ converges a.s.. The conditions (2.1.8b) are now a consequence of
the following result of independent interest.

Lemma 2.1.4. Suppose that (Y, )nen is a sequence of independent random variables that are
uniformly bounded and such the series ), Y, converges a.s.. Then the numerical series

Y E[Yn] and Y Var[Y,].
n n
converge.

Proof of Lemma 2.1.4. We follow the approach in [115, Sec.17.3]. The proof uses a clever
symmetrization trick.

Choose a sequence of independent random variables (Y,)), that are independent of (Y},)
and such that Y;, and Y, have the same distribution for any n. We set Y,* :=Y,, —Y,. The
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random variables Y," are symmetric in the sense that for any Borel subset B C R we have
P[YyeB]=P[ -Y; € B].
Fix C' > 0 such that |Y,,| < ¢, Vn. Then
V| < Vo] + |V <20, E[Y;] =0, Var[V;] =2Var[V,].
Since ), Y, converges a.s. so does ) Y*. We set
n
k=1
Form <n
Mo = 102x |5y 4 = Sy
Using (2.1.4) we deduce that for any € > 0 and any 0 < m < nwe have
B (e + ¢)?

Var [ S — S¥, |

Since S;; converges a.s. we deduce that for any € > 0

lim P[ My, >e]| =0.

m,n—00

<P[Mpy>el.

Choose mg > 0 such that P[Mmo’n > s] < %, Vn > mg. Hence, Vn > my
2 Z Var [V, ] = Z Var [V ] = Var [ S — Sp, | < 2(s+0)%.

mo<k<n mo<k<n

Z Var [Yn ]
is convergent. Kolmogorov’s one series theorem implies that the series

> (Yo —E[Va])

n>0

This proves that the series

converges a.s.. We deduce that Zn>oE[Yn] is convergent since ) .Y, converges a.s.. O

This completes the proof of Theorem 2.1.3. O

Example 2.1.5. Consider a sequence of i.i.d. Bernoulli random variables (Bj,),en with
success probability % The resulting random variables R, = (—1)B» are called Rademacher
random variables and take only the values +1 with equal probabilities.

>

n>1
is a deterministic series with bounded positive terms.We obtain the random series

> Ruan. (2.1.9)

n>1

Suppose that

We have E[Rnan] = 0 and Kolmogorov’s one series theorem shows that if

> al < oo

n>1
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the random series (2.1.9) is a.s. convergent. Conversely, if the random series (2.1.9) is a.s.
convergent, then Lemma 2.1.4 implies that is ), 5 a3 < oo .

As a special case, suppose that a, = %, Vn > 1. Consider the harmonic series with

random signs

R 1.1
d =k ok, (2.1.10)
n 2 3
n>1
We know that if all the terms are positive, a probability zero event, then we obtain the
harmonic series which is divergent. On the other hand,
1

> E <o

E>1
and we deduce from Kolmogorov’s one series theorem that the series (2.1.10)is a.s. convergent.

Thus, if we flip a fair coin with two sides, a + side and a — side and we assign the signs in
(2.1.10) according to the coin flips, the resulting series is convergent with probability 1! O

Remark 2.1.6. The so called Lévy’s equivalence theorem, [53, §111.2,Cor. 2], [56, §9.7], [112,
§43], [115, Sec.18.2] or [174, Thm.3.9] states that a series with independent terms converges
a.s. iff converges in probability, iff converges in distribution; see Definition 2.2.3(iii).The proof
that the convergence in probability implies convergence a.s. is outlined in Exercises 2.1 and
2.2. O

2.1.2. The Law of Large Numbers. The frequentist interpretation of probability asserts
that the probability of an event is roughly the frequency of the occurrence of that event in a
very large number of independent trials. The Law of Large Numbers formalizes this intuition.
The surprising thing, at least to this author, is that reality respects the theory so closely: the
Law of Large Numbers adds a surprising level of predictability to uncertainty!

Throughout this section (X,,),>1 is a sequence of iid random variables X,, € Ll(Q, S, P).

Set
p=E[X,], Sp=X1+ - +X,.

The various versions of the Law of Large Numbers state that the empirical means S, /n
converge in an appropriate sense to the theoretical mean p. The convergence in probability is
usually referred to as the Weak Law of Large Numbers (or WLLN) while the a.s. convergence
is known as the Strong Law of Large Numbers (or SLLN). We begin by presenting a few
special, but historically important, cases.

Theorem 2.1.7 (Markov). If X,, € L*(Q,8,P), then %Sn — pin L? and thus also in probability.

Proof. Denote by o2 the common variance of the random variables X,,. Since they are

independent we have Var [S’n} = no?, so

1 1
Var [Sn/n] = ﬁVar [STL] = W
Let € > 0. Note that E[S,/n] = pu so
1
| Sn/n—uHi2 =Var [S,/n] = —.

no?
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Sn
n

Hence converges to p in L2, Proposition 1.3.61 implies that S,,/n — u in probability. O
Theorem 2.1.8 (Cantelli). If X,, € L*(Q,8,P), then 1S, — p almost surely.

Proof. By replacing X,, with Y, := X, — u we can assume u = 0. We set

0% = [ Xp], vt = [ Xi], My = Sp/n.

Note that
P[|M,| >¢e] =P[|M,|* > ] < g%]E[M;*] = nj€4E[5;‘;]
Observe that
E[S,] = zn: E[X:X; X, X;]. (2.1.11)

2,5,k 0=1
Let ¢ # j. Due to the independence of the random variables (X,,),en we have
E[X7X}] =E[X?]E[X]] =o', E[X,X]] =E[X;]E[X]] =0
Similarly, for distinct i, j, k, ¢ we have
IE[XZ-XijXg] =0.
Thus
4 n
E[S.] = ntrt + 2<2> 204 =nrt 4 6<2>a4 = O(n?) asn — oco.
i<k
Hence E[ Mt ] = O( #), SO
P[|M,| >e] =0 L —
nl >el = 3.1 ) AsTm oo
Since the series Zn21 # is convergent we deduce that, for any € > 0,
D P[IM,] >¢e] < .
n>1
Corollary 1.3.54 implies that M,, — 0 a.s.. O
Remark 2.1.9. The above Strong Law of Large Numbers is not the most general, but its
proof makes the role of independence much more visible. More precisely the independence,
or the small correlations force the fourth moment of S,, to be “unnaturally” small and thus

the large fluctuations around the mean are highly unlike, i.e. the IP’[ | M| > E] is very small
for large n. a

The next result, due to Kolmogorov, generalizes both results above.

Theorem 2.1.10 (The Strong Law of Large Numbers). Suppose that (X,,)n>1 is a sequence
of #id random variables X, € L*(,8,P). Then

lim —S, = p as..
n—oo n
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Proof. We accomplish this in several steps.
Step 1. Truncate. Set
Yo i= Xoxojenys Tni=Yi+ -+ Y.
Obviously |Y,,| < n, ¥n. We claim that
P[ X, #Y, io.] =0. (2.1.12)
Indeed, since the random variables (X,,) are identically distributed we have
SOP[IX > k] = S P[1X1| > k] < /OOIP[\XI\ > t]dt "EYR[1x)]] < 00
E>1 E>1 0
and Borel-Cantelli’s Lemma implies implies that
P[|Xg| > kio.] =0.
This is equivalent to (2.1.12). We deduce from (2.1.12) that

lim l‘Sn—Tn‘ =0 a.s..
n—oo n

Thus, it suffices to show that
1
lim —T, =p as.. (2.1.13)

n—oo n

Step 2. Centering. The sequence (E[Yk])k>1 converges to yu = E[X]as k — oo. Indeed,

since the random variables are identically distributed we have
E[Y:] = B[ XeTyx, <y ] = B[ Xilyx, <y ] = B[ X0 ],

where at the last step we used the Dominated Convergence theorem. It follows that the
sequence E[Yn] is also Césaro convergent! to the same limit, i.e.,

1 R
Jn BT = Jun ) B[V] =
Thus, it suffices to prove that
1o 1o
nlin;o <n kg_l Y, — -~ kg_lE[Yk] ) =0, a.s.

Zn =Y, —E[Y,].
The random variables Z,, are bounded, centered, independent but not identically distributed.
We have to prove that the Césaro means of Z,, converge to 0 a.s., i.e.,

R
Jim > Z,=0 as. (2.1.14)
k=1
Step 3. Conclusion. We will rely on the following elementary result.

Lemma 2.1.11 (Kronecker’s Lemma). Suppose that (an)neny and (xn)nen are sequences of
real numbers satisfying the following conditions.

(i) The sequence (ay) is increasing, positive and unbounded.

1Use Exercise 2.6 with Pr,n = 1/n.
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(ii) The series Y, ~; 2= is convergent.
- n
Then

lim —E xp = 0.
n—oo Q.
" k=1

Assume temporarily the validity of Kronecker’s lemma. Thus, to prove (2.1.14) it suffices
to show that the random series
>
n

n>1
is a.s. convergent. The independence assumption will finally play a role because we will invoke
the one-series theorem. Clearly the random variables Z” are independent. We claim that

y Vaz[f’“] < . (2.1.15)
k>1
We have
Var [ Z,] = Var [V ] =E[ V2] —E[V:]® <E[Y?]
(1'3_'46)/0 2yIP’[]Yk] > y]dy —/0 2y]P’[k: > | Xk| > y]I{y<k} dy
< /0 2yP[ | X| > y [Ty dy.
Thus
v
y Al s / 2P [ X4] > y] L (yepy dy
k>1 k>1
o0 1 o0 1
:/ >l | P[] >y]dy:/ > | | PlIX > y]dy.
0 E>1 0 k>y
=w(y)
We claim that
w(y) <6, Yy >0. (2.1.16)

Indeed, for y < 1 we have
1
wly) =2y o5 <Ay <4
E>1
For y € (1, 2] we have

1
wly) =2y) 5 <2<
k>2

1
Z2_/J1t2 ly] -1

k>y

For y > 2 we have

SO
2 2|y] +2 4
y 2l 9

W(y)gtyj—l_LyJ—l_ LyJ—1<6'
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Using (2.1.16) we deduce
Var|Z 0
> k[2 ] 6/ P[|X1| > y] dy = 6E[|X1]] < oo
k>1 0
This proves (2.1.15) and completes the proof of the SLLN, assuming Lemma 2.1.11. O

Proof of Lemma 2.1.11. Set
k
Tk
Yk = —>» S0 = ao ::07 Sk = Zij k > 17

a
k st

so that the sequence (s,)p>1 is convergent. We have to show that
1 n
lim — =0.
Jm o 2 ok =0

We have?

n n
D arye =Y ak(sk —sp1) = ar1([s1]—s0) +as(s2—[51]) + -+ an(sn —[50-1))

k=1 k=1
n
= QpSn — Z Sk—l(ak - ak—l)'
k=1
Now set

Wi

W = G — Gf—1, Ppk ‘= —.
An

Since (an)nen is increasing, positive and unbounded we deduce

n
an,k =1, Vn>1, lim p,; =0, Vk.
k:1 n—oo
Observe that

n

1 n
— Yk = Sp — E Pn,kSk—1-
Ay, — —

k=1 k=1

The conditions (2.1.17) imply that (see Exercise 2.6)

n
lim an EkSk—1 = lim s,.
n—00 = ’ n—o0

(2.1.17)

O

Since a.s. convergence implies convergence in probability we deduce from the SLLN the

Weak Law of Large Numbers (or WLLN)

Corollary 2.1.12. Suppose that X,, € L*(Q,8,P), n € N, is a sequence of i.i.d.

variables with common mean . We set
n
Sn = Xp.
k=1

2This is classically known as Abel’s trick. It is a discrete version of the integration by parts trick.

random
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Then the empirical mean %Sn converges in probability to u. O

Remark 2.1.13. (a) With a bit more effort one can show that in Strong Law of Large
Number the empirical mean %Sn not jus a.s. but also in L'; see Corollary 3.2.61.

(b) Let us observe that in the Weak Law of Large Numbers Theorem 2.1.7 the random
variables X, need not be independent or identically distributed. Assuming all have mean 0,
all we need for that for the Weak Law of Large numbers to hold is that the random variables
are pairwise uncorrelated,

E[ XmXn]| =E[ X |E[ X, ], Vm #n, (2.1.18)
and the only constraint on their distribution is
supE[XfL] < 00.
n

In Exercise 2.9 we ask the reader to show that the WLLN holds even the random variables
are not identically or dependent. It suffices to we assume something weaker than (2.1.18)
namely that if [m — n| > 1, the random variables X,,, and X,, are weakly correlated, i.e.,

lim sup |E[ XpXmik] | =0. (2.1.19)
k—00 ;eN
If the random variables are independent, but not necessarily identically distributed, there are
known necessary and sufficient conditions for the WLLN to hold. We refer to [65, IX], [76,
§22.], or [140, Chap. 4] for details.

Similarly, in the Strong Law of Large Numbers the variables need not be independent.
The theorem continues to hold if the variables are identically distributed, integrable and only
pairwise independent. For a proof we refer to [59, Sec. 2.4]. In Chapters 4 and 5 we describe
examples of identically distributed integrable random variables satisfying SLLN yet they are
not even pairwise independent. Another principle is at work in these cases, namely ergodicity.
In fact Theorem 2.1.10 is a special case of Birkhoft’s Ergodic Theorem 5.1.19.

The arguments in the proof Theorem 2.1.8 show that the SLLN holds even when the
variables X,, are neither independent, nor identically distributed. Assuming that all the
variables have mean zero, the SLLN holds if any four of them are independent, and the only
assumptions about their distributions is

supE[X,ﬂ < 0.
n

This can be substantially strengthened. For example, this happens if 3C > 0 such that

C

[E[XnXm ]| <

, Vm,n. (2.1.20)

We refer to [120] for more details. Note that (2.1.20) is a stronger version of (2.1.19).

A natural philosophical question arises. What makes the Law of Large Numbers possible?
The above discussion suggests that it is a consequence of a mysterious form of “asynchronic-
ity”: their fluctuations around the mean are not n resonance and they cancel each other out.
These features can be observed in the other Laws of Large Numbers we will discuss in this
text. O
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Remark 2.1.14. Suppose that (X,,),>1 is a sequence of i.i.d. variables. The Strong Law of
Large Numbers shows that if they have finite mean p, then the empirical means

n
converge a.s. to p. If p = oo and M,, converge a.s. to a random variable M, then M, is
a.s. constant. Exercise 2.12 outlines a proof of this fact. ]

Example 2.1.15. Suppose we roll a fair die a large number n of times and we denote by S,
the number of times we roll a 1. Intuition tells us that if the die is fair, then for large n, the
fraction of times we get a 1 should be close to %, ie.,

S, 1
2~ forn>>0.
n 6

This follows from the SLLN. Indeed, the above experiment is encoded by a sequence (X, )nen
of i.i.d. Bernoulli random variables with success probability p = %. Then

n
Sn= Xr,
k=1

and the SLLN

&—HE[XJ zla.s.asn—>oo.
n 6

It helps to visualize a computer simulation of such an experiment. Suppose we roll a die a
large number N of times. For ¢ = 1,..., N we denote by f; the frequency of 1-s during the
first ¢ trials, i.e.,

The resulting vector (fi)i<i<n € RY is called relative or cumulative frequency.

The R-code below simulates one such experiment when we roll the die 12,000 times.

N<-12000

x<-sample(1:6, N, replace=TRUE)
rolls<-x==
rel_freq<-cumsum(rolls)/(1:N)

plot(1:N,rel_freq,type="1", xlab="Number of rolls",

ylab="The frequency of occurrence of 1",
main="Average number 1-s during random rolls of die")
abline(h=1/6,col="red")

The output is a plot of the collection of points (i, f;) depicted in Figure 2.1. O

Example 2.1.16 (The Monte-Carlo method). Consider a box (parallelepiped)
Bp:=1I1 x - x I, CRF

where I1,...,I; C R are nontrivial bounded intervals. Consider independent random vari-
aables X1,..., X}, where X is uniformly distributed on I;. The the probability distribution
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Average number 1-s during random rolls of die

0.20

0.00

| I ] | I 1 I
0 2000 4000 6000 8000 10000 12000

The frequency of occurence of 1
0.10

Number of rolls

Figure 2.1. The frequencies f; fluctuates wildly initially and then stabilizes around the
horizontal line y = 1/6 in perfect agreement with SLLN.

of the random vector X = (X1,..., Xy) is

1
5 LBk
Xe[Be] "
where we recall that A, denotes the Lebesgue measure on R*. If f : B, — R is integrable,
then

1
S )\ (dx) =E| f(X)|.
S5 J,, TEAde) B[]
Suppose that X,, = (X,1,...,Xp k), n € N, is a sequence of i.i.d. random vectors uniformly

distributed in By, then the sequence of random variables ( f(X,) Jnen is 1.i.d., with the same
distribution as f(X). The SLLN implies that the sequence random variables

Zy= L (FX0) + o+ f(X0)

converges a.s. to

1

Xi[Bi| JB,
This fact can be used to produce approximations to integrals using probabilistic methods.
When the dimension k is large these methods are, to this day, the only viable methods for
approximating integrals of functions of many variables.

() A (dx).

In Example A.3.19 we describe a computer implementation of this strategy using the
programming language R. O

2.1.3. Entropy and compression. Let us describe a surprising application of the law of
large numbers. Suppose that we are given a finite set X equipped with a probability measure
[P defined by the function p : X — [0, 1]

p(z) :=P[{z}].
We will refer to the pair (X, p) as alphabet.
Example 2.1.17. A good example to have in mind is the “alphabet” of the English language.

In this alphabet we throw in not just the letters, but also the punctuation signs and the blank
space. The elements z; are letters/symbols of the alphabet. The probabilities p(z;) can be
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viewed as the frequency of the symbol x; in the written texts. One way to estimated these
frequencies® is to count the number of their occurrences in a large text, say Moby Dick.

Another good example is the alphabet {0, 1} used in computer languages. The frequencies
_ _1
p(0) =p(1) = 5. 0

For a letter x; of the alphabet we define the “surprise” or “information” contained in the
letter x; to be the quantity
S(x;) := —logy p(w;).
The base 2 of the logarithm is the convention used in information theory and we will stick
with it. The unit of measure of surprise/information is the bit. Note that S(x;) € [0, 00].

Observe that the less likely the letter z;, the bigger the surprise. The Shanon entropy or the
information entropy of the alphabet is the quantity

Enty [p] :=E,[ 5] == p(x)logy p(x (2.1.21)
zeX

where we adhere to the convention 0 -log 0 = 0. Thus the entropy is the expected “surprise”
of the alphabet. For example, if an urn contains 99 black balls and only one white ball. We
would be extremely surprised if when we randomly draw a ball from the urn it urns out to
be the white one. The average amount of surprise in this case is

—0.9910g5(0.99) — 0.01 log,(0.01) ~ 0.08.
If pg is the uniform probability measure on X, then
Enty [po | = log, |X].
Let m := |X|. Note that Prob(X) can be identified with the (m — 1)-dimensional simplex
Ap={p= @1, ,pm) €10,00)™; pr+---+pm=1}.

We can view the entropy as a function Enty : A,,—1 — [0,00). One can check that it is

concave since the function [0,00) 3 z — f(x) = —xlog,  is strictly concave. We have
m
Enty [p] = Zf(pz')-
i=1

Jensen’s inequality shows that

1 — 1 loge m
S ey <r|— 1/m) = =22,
m;f(p)_f<m > f(1/m) ===
with equality if and only if p; = = pm = —. We deduce
Entg[ | <log, |3€| Vp € Prob(X), (2.1.22)

Ms

=1

with equality if and only if p is the uniform probability measure. We will see later that the
above is a special case of the Gibbs’ inequality (2.3.9). Intuitively, this inequality says that
among all the probability measures on a finite set, the uniform one is the the most “chaotic”,
the least “predictable”.

“e?

3As a curiosity, the letter is the most frequent letter of he English language; it appears 13% of the time in
large texts. It is for this reason that it has the simplest Morse code, a dot.
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We will refer to the elements of X" as words of length n. The term “word” is a bit
misleading. For example, when X is the English alphabet as above, an element of X" with
large n can be thought of as the sequence of symbols appearing in a large text. On the other
hand, we can think of X" itself as a new alphabet with frequencies

pn(xh ey xn) = p(xl) o p(xn)

The amount of “surprise” of a word (z1,...,x,) is

S(@1,. ) =Y S(zp).
k=1

The entropy of (X", p,) is
Ento [pn] = n Entq [p]
We denote by X* the disjoint union of the sets X",
x = | &
neN
and we will refer to it as the vocabulary of the alphabet X

Fix and alphabet (X, p). We want to describe an efficient way of encoding the words in X"
by words in the vocabulary of the binary alphabet B := {0,1}. Thus, we want to construct
a code map € : X" — B* such that the words x € X" with high frequency are encoded by
words in B* of short length. Normally we would require that € be injective but we are willing
to sacrifice precision a bit for the sake of efficiency. We would be happy if the probability
that two different words have the same code is very small, i.e., the event

r, 2’ € X", z#412' and C(x) = C(x)
has a very small probability.

Definition 2.1.18. Let € > 0. The e-typical set A§”> with respect to p(z) is the set Aﬁ”) cxn
consisting of words (z1,z2,...,x,) with the property

9—n(Ent[p]+e) < pla1,20,...,20) < 9—n(Enta[p]—¢) (2.1.23)
O

Theorem 2.1.19 (Asymptotic Equipartition Property). For anye > 0 there exists N = N (¢)
such that for any n > N (€), the following hold.

(i) pn[Agn)] >1—¢.
(i) |A| < on(Bnta[pl+e)
(iii) |A™| > (1 — )27 (Bntzlp]-e),
Proof. We sample (X,p) it according to the frequencies p(xy) and we obtain a sequence

(X )nen of id.d. X-valued random variables distributed according to p. We obtain random
words (Xi,...,X,), n € N. The average amount of surprise per letter in this word is

1 1<
ES(le--an) = n;S(Xk)-
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The law of large numbers shows that the random variables %S(Xl, ..., X,) converge in
probability to Ento [p] Now observe that

(X1, X,) € AL) = Bty [p] < <+ 3 S(Xi) < Enta [p] +
k=1
SO

Pn[Agn)] :]P’[ Ento [p] —e< %ZS(Xk) < Enty [p] —i—e} —1
k=1
as n — oo. Fix N = N(e) such that

A ] >1—¢, Vn > N(e).
Note that for n > N (e)
1

= 3 p@)> Y pala) =2 nEellO 4
zeX™ ceA™

and thus we have
|A£n)’ < 2n(Ent2[p]+e)_

Finally, for n > N(e) we have
1-e<P,[AM] < Z g-n(Enta(p]—¢) _ g=n(Entalp]=c)| g(n)|
acEAE")

and conclude that yA£")| > (1 — g)2n(Enta[p]—e) 0

The Asymptotic Equipartion Property (or AEP) shows that a typical set has probability
nearly 1, all its elements are nearly equiprobable, and its cardinality is nearly 27 Ent2[P] The
inequality (2.1.22) shows that if p is not he uniform probability measure on X, then

2Fntalr] %),

Hence, if € > 0 is sufficiently small, then
AL
ES

exponentially fast as n — oco. That is, the typical sets have high probability and are “extremey
small” if the entropy is small.

—0

This suggests the following coding procedure. Fix € > 0 so that 1—¢ will be our confidence

level. For n > N(e) the set Aén) has about 2! elements where L = [nEntg [ p] ] elements
and thus we can find an injection

J: Agn) — BL,

For 2 € A™ we attach the symbol 1 at the beginning of the word J(z) € B” and the resulting
word in BE*! will encode x. It uses L + 1 bits. The first bit is 1 and indicates that the word
x is typical.

We are less careful with the atypical words. Chose any map

g:xm\ AW - BL
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and we encode an atypical word x using the binary word J(x) with a prefix 0 attached to
indicate that it is atypical. The resulting map € : X* — BLt! is not injective, but if two
words have the same code, they must be atypical and thus occur with very small frequency.
This is an example of compression.

Take for example the English language. There are various estimates for its entropy,
starting with the pioneering word of Claude Shannon. Most recent ones* vary from 1 to 1.5
bits. How do we encode efficiently texts consisting of n = 10% symbols say? For example, the
book “Moby Dick” has 206,052 words and the average length of an English word is 5 letters
so “Moby Dick” consists of about 1.03 million symbols.

Forgetting capitalization and punctuation there are 26" such texts and a brute encoding
would require 26™ codewords to cover all the possibilities. The above result however says that
roughly 215" texts suffice to capture nearly surely almost everything. The term compression
is fully justified since this is a much smaller fraction of the total number of possible texts.
Also we only need codewords of lengths 1.5 million. Thus we need is roughly 1.5 gigabits
to encode such a text. If the letters of the alphabet where uniformly distributed in human
texts® then the entropy would be logy(26) ~ 4.70 > 3 x 1.5 and we would need more than
three times amount of memory to store it.

Remark 2.1.20. The story does not end here and much more precise results are available.
To describe some of them note first that for any alphabet X there is an obvious operation of
concatenation

* XM X = X (z,2) e wx a
where the word z x z’ is obtained by by writing in succession the word x followed by z’. Note
that this code uses on average % ~ Ento [ p] bits per symbol in a word. This is an example
of compression.

A binary code for the alphabet (X,p) is an injection
C:X— B*

For each x € X we denote by Lc(x) the length of the code word C(x). The expected lengh
of a codeword is
lc:=E[Lc| = ZLC(x)p(aj).
reX
Note that C' extends to a map

C*: X" = B*, C*(x1,...,xp) =C(x1) %% C(xy).
The code C' is called uniquely decodable if its extension C* : X* — B* is also injective.

An important subclass of uniquely decodable codes are instantaneous codes. A code C'is
called instantaneous if no codeword is a prefix of some other code word. E.g., if one of the
codewords is 10, then no other codeword can begin with 10.

Here is a very revealing example. Consider an alphabet A consisting of four letters
A :={a, b, c,d} with frequencies

Pa=1/2, pp=1/3, pc=pqs=1/12.

4 Google search with the keywords “entropy of the English language” will provide many more details on this
subject.

5The famous monkey on a typwriter produces texts where the letters are uniformly distributed, but we can safely
call the resulting texts highly atypical of the English texts humans are used to.
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Consider the following instantaneous code
a—1, b— 01, ¢— 001 d— 000.

The expected code length is
1 2 3 3 5
-+ -4+ —4+—==-=1.
2 + 3 + 12 + 12 3 066

The entropy of alphabet is
_log2 log3 logl2

Ent [A] = ==+ St A 162

Kraft’s inequality shows that for any uniquely decodable code C we have

{c > Enty [.A]

Moreover, there exist optimal codes C' such that
lc <Enty [A] +1.

Such codes are called Shannon codes. The above code is a Shannon code. In fact it is a
special example of the famous Huffman code, [41].

Let us discuss a particularly suggestive experiment that highlights a defining feature of
Huffman codes and reveals one interpretation of the entropy of an alphabet.

Suppose we have an urn containing the letters a, b, c,d, in proportions pg, pp, Pe, Pd- A
person randomly draws a letter from the urn and you are supposed to guess what it is by
asking YES/NO question. Think YES = 1, NO= 0. The above code describes an optimal
guessing strategy. Here it is.

(1) Ask first if the letter is @ — 1. If the answer is YES (= 1), the game is over. The
game has length 1 with probability 1/2

(01) If the answer is NO (= 0) the letter can only be b,c or d. Ask if the letter is
b — 01. If the answer is YES (= 1) the game is over. The game has length 2 with
probability 1/3

(001) If the answer is NO (= 0) ask if the letter is ¢ — 001. The game has length 3 with
probability 1/6.

For more details about information theory and its application we refer to [41, 122]. For
a more informal introduction to information theory we refer to [66]. The eminently readable
[77] contains historical perspective on the evolution of information theory. Kolmogorov’s
brief but very rich in intuition survey [101] is a good place to start learning about the
mathematical theory of information. O

2.2. The Central Limit Theorem

The goal of this section is to prove a striking classical result that adds additional information
to the Law of Large numbers.

Suppose that (X, )nen is a sequence of i.i.d. random variables with mean p and finite
variance 0. Note that the sum S,, :== X; +-- -+ X,, has mean nyu and variance no?. Loosely
speaking, the central limit theorem states that for large n the probability distribution of S,
“resembles” very much a Gaussian with the same mean and variance.
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Figure 2.2. Visualizing the Central Limit Theorem.

For example, if the X,,-s are Bernoulli random variables with success probability p, then
= p, 0> = pq and S,, ~ Bin(n,p). In Figure 2.2 we have illustrated what happens in the
case p = 0.3 and n = 65.

The vertical lines depict the probability mass function of the binomial distribution while
the curve wrapping them is the Gaussian with the same mean and variance. They obviously
do “resemble”. However, we need to define precisely what we mean by “resemble”.

2.2.1. Weak and vague convergence. Let (X, d) be a metric space. Denote by Meas(X)
the set of finite Borel measures on X, Prob(X) C Meas(X) the space of Borel probability
measures on X, and by Probg(X) the space of subprobability measures® on X, i.e., Borel
measures ;4 on X such that M[X] <1

We denote by Ccp(X) the space of continuous functions X — R with compact support
and by Cp(X) the space of bounded continuous functions X — R. This is a Banach space
with respect to the sup-norm

[flloo == sup | f(a)].
For any f € Cp(X) and p € Meas(X) we set

= [ s

Definition 2.2.1. Consider a sequence (p,)nen of finite Borel measures on X.
(i) We say that the sequence (u,,) converges vaguely to p € Meas(X), and we write
this py, —-» p if

lim f( ) | d | /f [dz], Vf € Cope(X). (2.2.1)

n—o0

(ii) We say that the sequence (fi,,) converges weakly to p € Meas(X), and we write this
o, = if

n—o0

lim f( )y | d | /f [dz], Vf e Cy(X). (2.2.2)

630me authors refer to subprobability measures as defective distributions.
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(iii) A sequence of random variables (X,,)nen valued in X is said to converge in law or
in distribution if
Px, = Px in Prob(X),
ie.,

lim E[ f(Z,)] =E[f(2)], Vf € Cy(X). (2.2.3)

n—oo

We will use the notation Z,, i) Z or Z, = Z to indicate that Z,, converges to Z
in distribution. O

Remark 2.2.2. The weak convergences of Borel probability measures on Polish space (X , d)
admits an surprising characterization due to I.I. Skorokhod. More precisely, Skorokhod’s
representation theorem a sequence of Borel probability measures p,, € Prob(X), n € N,
converges weakly to the Borel probability measure po € Prob(X) if and only if there exists
a probability space (Q,S,IP’) and Borel measurable maps X,, : @ — X, n € NU {oco} such
that Px, = pn, Vn € NU {oo} and d( X,,, Xoo) — 0, P-a.s..

For a proof and more details we refer to [14, Thm. 6.7] or [56, Thm. 11.7.2]. Exercise
2.23 asks you to prove a refined version of this theorem in the special case X = R. O

Definition 2.2.3. A collection F C Cy(X) is called separating if given pg, u1 € Meas(RF)
suchthat,uo[f]:,ul[f],VfEF,then,uo:ul. O

As shown in Proposition 1.2.62, the collection Cy(X) is separating so the above definition
is not vacuous for any metric space.

In the remainder of the subsection we will focus exclusively on the special case when
X = RF equipped with its natural metric.

Lemma 2.2.4. The collection Cep(R¥) is separating. More precisely, let pg, 1 € Meas(RF).
If

ol £] =/Rm[f], VS € Copt(BY),
then pog = p.-

Proof. According to Proposition 1.2.4 it suffices so show that for any compact subset K C R"
po[ K] =m[K].
Set
Spi={z¢€ RF: dist(z, K) > 1/n}.

For n € N define f,, : R — [0, 1]
dist(z, S,
fule) = — &)

dist(x, K) + dist(x, Sp)

Observe that f, is continuous, and fn‘ S,=0, SO fn has compact support. Moreover and

lim f,(z)=Ig as..
n—oo

The Dominated Convergence Theorem implies that

[ Ts@hlds) = in [ f(@lde] =t [ fuahslds) = [ Tpfdal
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O

Lemma 2.2.4 shows a sequence of Borel probability measures on R* has at most one vague
limit, i.e., if g, --» and p, --+ p/, then p = p'.

Proposition 2.2.5. Let ju,, € Prob(R¥), n € N be a sequence of probability measures.

() If pn converge vaguely to a measure p € Meas(R¥), then u is a subprobability
measure.

(ii) If un converge weakly to a measure p € Meas(R¥), then u is a probability measure.

Proof. (i) For each ¢ > 0 fix a radius R. such that u[R* \ Bg_(0)] <e.

Consider the continuous function ¢ : R — [0, 1] uniquely determined by the requirements

1, t<0,
o(t) =140, t>1,
1—t, telo1].

We set pr(t) = ¢(t — R) and define
nr:RE = [0,1], nr(e) = ¢r(|z]) =¢(|z] - R).
Note that ¢g is supported in Bry1(0) and Ip, < ¢pr < 1. We have un[sz] <1,VneN.
Letting n — oo we deduce
M[Rk] —e< M[BRE] < u[goRs] <1, Ve>0.
This proves H[Rk] <1
(ii) We have
M[Rk] :,u[l] = lim ,un[l] =1

n—oo

Example 2.2.6. Let

Hn = % Z 5k/n
k=1

Then
pn = p = I (x)dz ~ Unif(0,1).
Indeed, if f € Cy(R), then

[ Famalda) = 3 fk/n).
R k=1

The sum in the right-hand-side of the above equality is a Riemann sum for f corresponding

to the uniform partition

1 2 n—1

I<—<—-<---< < 1.
n o n

Since f is Riemann integrable we deduce

i Ly = 1 = T €T
i 13 1(k/n) = |t = [ @],

n—oo n



2.2. The Central Limit Theorem 167

O

Example 2.2.7. There exist vaguely convergent sequences of Borel probability measures on
R that are not weakly convergent. Take for example p,, = d,, n € N. Then p, --+ 0 yet puy,
does not converge weakly to 0 since py, [R] =1, Vn. O

Theorem 2.2.8 (Mapping theorem). Suppose that F': R¥ — R™ is a continuous function
and X, : (2,8,P) — R*, n € N is a sequence of random vectors converging in distribution
to the random vector X. Then the sequence of random vectors Y, = F(X,) converges in
distribution to Y = F(X).
Proof. Let f € Cp(R™). Then fo F € Cp(R™) and
E[f(yn)] :E[foF(Xn)] %E[fOF(X)] :E[f(yn)]
g

Proposition 2.2.9. If the random variables X,, converge in probability to X, then they also
converge in law to X. In particular, if X, converge in p-mean to X, then they also converge
i law to X.

Proof. We deduce from Corollary 1.3.58 that for any f € Cp(R) the random variables f(X,,)
converge in probability to f(X). The Bounded Convergence Theorem implies

lim E[ f(X,,) | =E[f(X)], Vf € Cy(R).

n—o0

O

Example 2.2.10. Fix a standard normal random variable X. Then Px =P_x so —X is a
standard normal random variable as well. Consider the constant sequence

X,=X, neN.
Then Px, = P_x, but X,, does not converge to —X in probability. O
Theorem 2.2.11 (Portmanteau theorem). Let i, € Prob(R¥), n € N, be a sequence of Borel
probability measures on R¥. The following statements are equivalent.

(i) The sequence (fin)nen converges weakly to p € Meas(RF).
(ii) For any open set U C R¥ we have

u[U] < 1iminf,un[U].
(iii) For any closet set C C R* we have
,u[C] > limsupun[C].
(iv) For any Borel set B C R* such that u[dB] = 0 we have
M[B] :nli_{goun[B].
Proof. (i) = (ii) According to Theorem 1.5.9 the measure p is regular, i.e., for any € > 0
there exists a closed set C. C U such that
M[U} > M[C’g] > M[U] —e.
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Consider the continuous function
dist(z, U°)

'R 1 = .
fiR=(01], f(@) dist(z, U¢) + dist(x, C;)
Note that f =1 on C; and f = 0 outside U so Ic. < f < Iy, and thus
pn[ £1 < pn[U], VneEN.
In particular, we deduce that, Ve > 0, we have

,u[U} —5<M[Cg] Su[f] :T}Lngoun[f] glimninfun[U].

This proves (ii).

(ii) <= (iii) Follows from the following facts
e The set U is open iff U€ is closed
e For any Borel set B C R, ,u[BC] =1- u[B].

(i) + (iii) = (iv). Let B C R” be a Borel set such that u[ 9B ] = 0. Denote by U the interior
of B and by C'its closure so that 0B = C'\ U. We deduce

plB] =u[C]=plU]
Thus
limsupun[C] §,u[C] :u[B] :u[U} Sliminf,um[U].
Since 0B is closed we deduce

limsup,un[aB] < ,u[@B] = 0.

Hence
,un[U] :un[C] +,un[aB], li}Lnun[({)B] =0,
SO
liminf,un[U] zliminf,un[C'].
Hence

liTIln/Ln[C] :,u[C], lign,un[B] :liflln,un[C] +li7rln,un[aB} :,u[B].

(iv) = (i). Clearly it suffices to show that ,un[f] — u[f], for any nonnegative, bounded,
continuous function f on R¥.

Suppose that f be such a function. Set K := sup f. For any v € Prob (Rk) we can
regard f as a random variable (R¥, Bgi,v) — R. The integral V[f] is then the expectation
of this random variable. Using Proposition 1.3.40 with p = 1 we deduce that

K
El,[f]_/Rf(:):)u[dx]—/Ru[f>t]—/0 o[ f > t]dt.

Note that

v[f=t]=0=v[d{f >t}] =0.
Observe next that for any n € N we have

#{tER; l/[f:t] Zl/n}gn,
so, for any v € Prob(R¥) the set

{tER; u[f:t}>0}
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is at most countable. We deduce from (iv) that
lim ,un[f > t] = u[f > t] for almost any t.
n—o0

From the Dominated Convergence Theorem we deduce

K K
lim pip[ f] = lim un[f>t]dt:/0 plf>t]dt=pnlf]

n—oo 0

O

Corollary 2.2.12. Let X,,, n € N, be a sequence of random variables. Denote by F, (x) the
cdf of X,

Fo(z)=P[X, <z], z€R.
The following statements are equivalent.

(i) The random variables X,, converge in law to the random variable X .
(ii) If F(x) is the cdf of X, then
lim F,(x) = F(x),

n—o0

for any point of continuity x of F.

Proof. Set p, := Px,, p := Px The condition (ii) is a special case of condition (iv) of the
Portmanteau Theorem so (i) = (ii).

(ii) = (i) Denote by X C R the set of points continuity of F'. Note that its complement R\ X
is at most countable so X is dense. Note that for a,b € X, a < b we have

Pla< X <b] =F(b) — F(a).
For any a,b € R, a < b and any ¢ > 0 there exist a.,b: € X, a < a. < b < b such that
F(bs) — F(ac) =Pla: < X <b.| >Pla< X <b] —e.

Hence
lim (F,(bs) — Fu(ac) ) = F(bs) — Fas) >Pla< X <b] —e.

n—oo

On the other hand
Pla < X, <b] >P[a. < X, <b:], Vn,
so that
liminfPla < X, <b] >Pla< X <b] —¢, Ve >0,

n—oo

i.e.,
liminfPla < X, <b] >Pla< X <b], Va<beR.
n—o0

Thus, the sequence p, satisfies the condition (ii) in the Portmanteau Theorem 2.2.11, where
U is any open interval of the real axis. Since any open set of the real axis is a disjoint union
of countably many open intervals, we deduce that condition (ii) in the Portmanteau Theorem
is satisfied for all the open sets U C R.

Indeed suppose that

U:UQ

k>1
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where [ are pairwise disjoint open intervals. For K € N we set

Uk = U 1.

1<k<K
Then
P[X € Ux | <liminfP[ X, € Ux | <liminfP[ X,, € U], VK € N.
n—oo n—oo
Letting K — oo we deduce the desired conclusion. a

Theorem 2.2.13 (Slutsky). Suppose that (X, )nen and (Yn)nen are sequences of random
variables such that (X,) converges in distribution to X and Y, converges in probability to
c € R. Then the sum X, + Y, converges in distribution to X + c.

Proof. Without loss of generality we can assume ¢ = 0. We follow the argument in [14,
Chap. 1, Sec. 3]. Fix a closed subset C' C R. For € > 0 set
Ce:={zeR; dist(z,C) <e}.
The set C; is closed and we have
{Xn+Y,eClc{lYal>c}u{X,eC.}.
and thus
P(X,+Y,€C] <P[|Y,]|>¢e]| +P[X, € C:].
Letting n — oo we deduce from the assumptions and the Portmanteau Theorem that

limsup]P’[Xn+Yn € C} < limsupIP’[Xn € Cg] S}P’[X € Cg].
n—oo

n—oo

Now let € N\, 0 observing that C. \,C.

We can now formulate and prove the main convergence criterion of this subsection.
Theorem 2.2.14. Suppose that (un)nen S a sequence of nonzero finite Borel measures on

R* and u € Meas(R¥). The following statements are equivalent.
(i) The sequence (un) converges weakly to p € Meas (R¥).

(ii) The sequence () converges vaguely to p and
lim ,un[Rk] :,u[]Rk].
n—oo

(iii) There exists a collection F C Cy(RF ) whose closure in Cy(R¥) contains Cepy (R
and such that
iim [ f@palde] = [ fanlde], s e,

n—oo RE

(2.2.4)
lim ,un[Rk] :N[Rk}.

n—o0
Proof. In each of the statements (i)-(iii) we have
0<C:= supun[Rk] < 0.
n

Replacing the measures p,, by é Un we can assume that all the measures pu,, are subprobability
measures.
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Obviously (i) = (ii) and (ii) = (iii). It suffices to prove that (ii) = (i) and (iii) = (ii).
We will need the following result.

Lemma 2.2.15. Any finite Borel measure . € Meas(R¥) is on R is Radon, i.e., for any
Borel set B C R and any € > 0, there exists a compact set K C B such that M[B \ K] <e.

Proof. Let B C R* be a Borel set and € > 0. According to Theorem 1.5.9, the measure y is
regular. Hence, there exists a closed set C' C B such that
€

On the other hand, we can find R > 0 sufficiently large such that

u[Br(0) ] > u[RF] - =

We set K := Bp N C. The set K is clearly compact and

n[C\K] < u[RM\Br(0)] < 3.
Thus u[ B\ K| =p[B\ K]+ p[C\ K] <e. O

(ii) = (i) We will show that the sequence () satisfies the condition (ii) in the Portmanteau
Theorem. Now let U C R* be an open set and ¢ > 0. Lemma 2.2.15 shows that for any € > 0
there exists a compact set K C U such that ,u[K] > ,u[U] — €.

Choose r < 1 dist(K, U¢) and set
C,:={z eRF; dist(z,K) >r}.
The set C, is closed and its complement
V,i={zeRF dist(z, K)<r}cU
is precompact. Consider the continuous function
B dist(z, Cy)
dist(z, K) + dist(z, C,)

Observe that it vanishes on C; and thus it has compact support contained in U. Moreover,
w=1on K. Thus I'yx < ¢ < Iy so that

il K] < [ 9] <[],

@ RF — [0,1], o(x)

Letting n — oo we deduce
,u[U] —e< ,u[K] < u[gp] = lim,un[ap] < liminf,u,n[U], Ve > 0.
n n
This establishes condition (ii) of the Portmanteau Theorem.
(iii) = (ii) Let ¢ € Cep(R¥). For any € > 0 choose f. € F such that ||¢ — f.|jc < §. Then
v f] —v]e]]| < %, Vv € Prob,(R").
We deduce

| ™

limsup | [ fo] = pn[ @] = limsup | pn[ fo] = pn[ ]| <

n—oo

On the other hand .
lule] —ulfe]l <5
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so that, Ve > 0,

limsup [u[@] —pm[o] | < |n[e] —nufe] [ +lmsup|u]fe] —ua[e] ] <e.
Hence
Jim [l e] —nle]|=0.

O
Corollary 2.2.16. Consider a sequence i, € Prob (Rk) and p € Meas (Rk) Then the
following are equivalent.

(i) The sequence (un) converges weakly to p.

(ii) For any bounded Lipschitz function f : RF — R we have
pn [ f]=nlf].

Proof. The implication (i) = (ii) is obvious. To prove that (ii) = (i) observe first that
any compactly supported continuous function can be uniformly approximated by compactly
supported smooth functions” so the closure in Cj(RF) of the set of bounded Lipschitz functions
contains Cept(R¥). The measure y is a probability measure since the constant function Ik
is bounded and Lipschitz and thus

M[IR;C} ZRILH;“”[IR’“} =1.
The conclusion now follows from Theorem 2.2.14. O

Corollary 2.2.17. If a sequence p,, € Prob (Rk ) converges vaguely to a probability measure,
then it also converges weakly. O

Corollary 2.2.18. Suppose that (X,,)nen and X are random variables with ranges contained
in Z. Then X, = X if and only if

lim P[ X, =k|=P[X =k], VkeZ (2.2.5)

n—oo
Proof. The condition (2.2.5) is clearly satisfied if X,, = X since
P[X=k]=P[k—1/2<X <k-+1/2]
= lim P[k—1/2< X, <k+1/2] = lim P[X, =k].

n—oo
Conversely, if (2.2.5) is satisfied, then Vo € Cepi(R) the set Z N supp ¢ is finite and thus
Elo(X)] = > kP[X,=k] = > @kP[X=k]=E[oX)].
k€ZNsupp ¢ k€eZNsupp ¢
The conclusion now follows from Theorem 2.2.14. O

Corollary 2.2.19. The topology of weak convergence on Prob(RF) is metrizable, i.e., there
exists a metric d on Prob(R¥) such that

pn = v <=d(n,v) = 0.

7On simple way to see this is to use Weierstrasss approximation theorem.
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Proof. Let
F= {f()aflv"‘}

be a countably subset on Cj(R) whose closure contains 1 and Cgpt(R™). Define

d: Prob(R) x Prob(R) — [0,50), d(,v) =3 % maxc((| ulfel — vlfdl |, 1).
>0

According to Theorem 2.2.14 we have

:un:>V<:>,un[f€] %Nn[fﬁ] —)I/[fg], Ve > 0.
O

Remark 2.2.20. For any metric space X there exists a metric dpp on Prob(X) called the
Lévy-Prokhorov metric such that, the convergence with respect to this metric implies the
weak convergence, i.e.,

drp(pn, 1) = 0= pn = p.
If moreover the metric space X is separable, the convergence in the Lévy-Prokhorov metric
is equivalent to the weak convergence. To describe this metric we need a bit of notation. For
any subset S C X and any € > 0 we set

5S¢ :={zeX; dist(z,S) <e}.

The function x — dist(z, S) is Lipschitz so S¢ for any S C X. Given pg, 1 € Meas(X) we
define

drp(po, 1) ==1inf{e > 0; po[B] <m[B°]+e, m[B]<m[B°]+e, VBeBx}.
For more details and proofs we refer to [14, Sec.6] or [56, Sec.11.3]. 0

The next result generalizes Fatou’s Lemma. However, our proof relies on Fatou’s Lemma.

Proposition 2.2.21. Suppose that the sequence of random variables (Xp)nen converges in
distribution to X. Then
E[|X]] < liminf E[ |X,|].
n—oo
In particular, X is integrable if the sequence (Xp)nen is bounded in L', i.e.,

supE[ | X,|] < oc.
n

Proof. The Mapping Theorem 2.2.8 implies that the sequence (|X,|)nen converges in dis-
tribution to |X|. Thus

imP[|X,| > t] =P[|X| > t],

neN

for all ¢ outside a countable subset of [0,00). Using (1.3.46) we deduce

E[|X]] :/OOOIP’[]X]>t]dt, E[|X,] :/OOOIP[\Xn|>t]dt, V.

Fatou’s Lemma implies

/P[\X|>t]dt§hminf/ P[|Xn| > t]dt.
0 n—o0 0
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At this point it is profitable to look at the concept of weak convergence from a functional
analytic viewpoint. If (K, d) is a compact metric space, then Riesz’s Representation Theorem
1.2.64 shows that Meas(K) is a closed convex cone in C'(K)*, the topological dual of the
Banach space C'(K) (with the sup-norm).

The weak convergence of finite measures corresponds to the convergence in the weak*
topology on the dual space; see [24, Sec. 3.4]. Since C(K) is separable, the weak™ topology
on C(K)* is defined by a countable family of seminorms and thus it is metrizable. The
Banach-Alaoglu theorem [24, Thm. 3.16] implies that the unit ball in C(K)* is compact, so
any abounded subsequence in C(K)* admits a convergent subsequence. In particular, this
shows that any sequence (i, )nen such that

supun[K] < 00
n

admits a subsequence that converges weakly to a finite Borel measure on K.

To see this principle at work consider the compactification R= [—00, 0] of R. The map
tan : (—7/s,m/2) — R induces a homeomorphism [—m/2, /2] and thus the compactification
[—00,00] is metrizable. The continuous functions on R are the continuous functions on R
that have finite limits at +o0c. In particular, C(]l_%) C Cp(R). A finite measure p € Meas(R)
extends to a measure /i € Meas(R), namely, ji| B| = u[ BNR], for any Borel subset B C R.
We thus have an inclusion

Meas(R) C Meas((f&).
This inclusion is strict: the Dirac measures d1, do no belong to Meas(R).

Suppose that (pn)n>1 is a sequence in Prob(R). The sequence (fip))n>1 in Prob (]1_%)
admits a subsequence [i,, that converges weakly to a measure jio. This defines a measure
loo € Meas(R) by setting

poo| B] = fisc [ B], VB € B C By
In particular, we deduce that for any compactly supported continuous function f : R — R
we have
Note that the limit s need not be a probability measure since

NOO[R} = ﬂw[@\{ioo}] =1 _ﬂw[{ioo}]-
Theorem 2.2.22 (Helly’s selection theorem). Any sequence (vn)n>1 of finite, nontrivial
Borel probability measures on R such that

supyn[R] < 00

n

admits a vaguely convergent subsequence.

Proof. After extracting a subsequence we can assume that sequence Vn[R] converges to

Vso > 0. Set
1
= Vp.
TR
The above discussion shows that the sequence of probability measures u, admits a subse-
quence (fin, ) that converges vaguely to 1o € Meas(R). The subsequence I/nk[ — ] converges

Voo',uoo[—] O
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Proposition 2.2.23. Suppose that (i) is a sequence in Meas(R) that converges vaguely to
a measure [~ € Meas(R) and

Sup Ly [R] < 00.
n
Then following are equivalent

(i) The sequence converges weakly to oo .
(ii) Moo[R] = lim,, 00 un[R].
(iii) The sequence (uy,) is tight, i.e.,
lim sup p, [R\ [-L,L]] = 0.

Proof. We proved the equivalence (i) = (ii) In Theorem 2.2.14. Let us show that (iii) =
(ii). Fix L > 0 such that

oo [R\ [-L, L] ] <e.
Fix L > 0. As in the proof Theorem 2.2.14 choose ¢, € Cept(R) such that

I pp<er<1l=Igr
Hence

pn[R] —e <pnler] < pa[R], ¥ € NU{oo}
The tightness condition implies that for any ¢ > 0 we can choose L = L(e) such that
Vn € NU{oo}, pn[[-L,L]] > pn|[R] —c.

Letting n — oo we deduce

Ve > 0, limsupun[R] —ESMOO[QDL(E)] glinrgicgfun[R].

n—oo

Since this holds for any € > 0 we deduce that
liminfun[]R] = lim un[]R].
n—oo n—oo

Thus, for any € > 0

| lim i [R] = o[ 0re) | | <&, [Hoo[0rie)] — heo[R] | <.

n—oo
Hence
Jim pn [R] = poo[R].
This proves (ii).
Finally, let us prove that (i) = (iii). For each L > 0 choose as above f1, € Ccpi(R) such
that I'_p, 1) < fr < 1. Next, for any € > 0 choose L = L(¢) such that

oo [R] 2 pioe[ ()] 2 oo [[-L(6), L) ] > poo [ R] — &

Let g. =1 — fr(c) € Co(R). Then pin| ge | = poo[ ge | so that

lim (i [R] = pin [ fre)]) = poo[R] = poo[ fr)] <
Thus there exists N = N(e) such that, for any n > N(¢)

pn[R] = pn[[=L(€), L(e)] ] < pn [R] = pin[ fre)] <&

| ™
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For each k =1,...,N(e), choose Li(g) > 0 such that
pp[R] = p [ [=Li(e), Li(e)]] <e.

If we set
L*(g) = max { Ll(g)a cee 7LN(8)(€)7L(€) }a
then we deduce that for any n € N and any L > L,(¢) we have
pn[R] = pn[[-L, L]] <e.
O

Proposition 2.2.24. Suppose that (Xy)nenufoo} 45 @ family of random variables with the
following properties
(i) For any k € N, and any n € NU {oo}, E[|X,|*] < cc.
(ii) For any k € N
. k1l _ k
(iii) The probability distribution of X is uniquely determined by its momenta. E.g.,
this happens if 3T > 0 such that

E[eX=] < oo, V|t| <T.

Then X,, converges in distribution to Xoo.

Proof. Set u, := Px,. Observe that the family (u,) is tight. Indeed, if
M := sup IE[X,%],
keNU{oco}

then we deduce from Chebyshev’s inequality that for any L > 0 and any n € N we have

pn[{lz] > L}] < %

We will first prove that that the whole sequence u, converges vaguely to a finite measure
Hoo-

Helly’s Selection Theorem implies that any subsequence of u, has vaguely convergent
sub-subsequences. Thus it suffices to show that all the vaguely convergent subsequence of
(i) have the same limit.

Suppose that pe is the vague limit of a subsequence. To ease the presentation assume
that the subsequence is (). Since the sequence (i) is tight the convergence is weak and
lioo 18 a probability measure. We will prove that pi, has finite moments and, more precisely

/xk,uoo[dx] =E[XE], VkeN.
R

Since the distribution of X is assumed to be uniquely determined by its moments we deduce
that poo = Px_,.
Fix k € N. Define the finite measures
I/n[dx] = mG[dl‘} =(1 —f—x%)un[daz].

We set v [dx} =(1+ :c%),uoo[dx]. Let us first show that vy is a finite measure.
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To see this choose for any L > 0 a compactly supported functions such that
I <epr<1
Since ¢y, (x)(1 + 22¥) is compactly supported we deduce that

(L. 1)) < veln] = [ (@)1 + 2o d )

= lim [ ¢r()(1+2%)u,[de] < lim [ (1+2®)u,[de] = (1 +E[X2]).
R

n—oo n—oo R
Hence
Voo [R] = lim voo[[-L,L]] <1+ E[X%] < .

L—oo
Since p,, converges vaguely to s and ¢(z)(1+2%*) has compact support for any compactl;y
supported ¢ we deduce that v, converges vaguely to the finite measure v,. We will show
that in fact that the sequence (v,) is tight so that it converges weakly to V.

For any L > 0 we have

L, [ {le] > L}] < /

?* v, [dr] < / (1 + 2 [ da ] < Moy, + My,
lz|>L

R

where

M; = ZE[an|j], Vj e N.

Hence

Moy, + My,
proving that the sequence (v,) is tight.
Consider now the bounded continuous function f(z) = % Then
k . k . k
B[XE]) = lim B[X8) = lim v £] = vl £] = [ abuc[d].
Thus g has finite moments of any order all equal to the moments of Px__ . O

2.2.2. The characteristic function. Suppose that E is a finite dimensional real Eu-

clidean space with inner product (—,—) and associated norm. Denote by E* the dual of
V, V* =Hom(V,R). For £ € E* and = € E we set
(& @) = &(x).

The inner product on E induces by duality an inner product and Euclidean norm on E*
denoted by the same corresponding symbols.

The key ingredient in the proof of the CLT is that of Fourier transform or characteristic
function of a finite Borel measure p € Meas(E),

w:E*— C, ﬁ(f):/ei@’@u[daz].
E

Note that 4 is a probability measure if and only if 7i(0) = 1.

From the Dominated Convergence Theorem we deduce that [ is a continuous function
E* — C. Thus, the Fourier transform is a map

Prob(E) 5 p — fi € Cy(E*,C).
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The characteristic function of a random variable X is the Fourier transform ®x (&) of its
probability distribution Px € Prob(R),

By (€) = Px(€) = E[ Y] :/Reiﬁxﬂﬂx[dx].

Note that
[Bx(6)] <1, VEeC.
Moreover, @x(0) =E[1] = 1.

Proposition 2.2.25. Let X € L?(2,8,P). Then ®x € C*(R) and
Py (0) =4E[ X ], @%(0)=-E[X?].
Proof. Denote by Px the probability distribution of X so Px € Prob(R). Then
Dy (§) —/ei“’f}P’X[daj].
R

Note that since X € L? we have

/R\xHPX[dm], /RmQIPX[dx] < 00

3§ei$£ = jzet™t ¢ LI(R, Px ),
8526”5 = —g2et ¢ Ll(R,IF’X )
This shows (see Exercise 1.8) that the integral

/ P [dm}
R

is twice differentiable with respect to the parameter £ and we have
By () =i [ acPy[do], V5(e) = [ PPy [da].
R R
Using the Dominated Convergence Theorem we deduce that the function

ga/ e Px [dx].

is continuous so ®x € C%(R). O

SO

For v > 0 we denote I';, € Meas(E) the measure

1 _l=)?
Lyldz] =~,(x)Adz ], v,(z) = ——5=5€¢ 2, (2.2.6)
(2mv) 2
where A is the Lebesgue measure on F.
Suppose that m = dim E. Choose Euclidean coordinates (z1,...,zm), m = 1,...,m.

Then we observe I';, is the product of m Gaussian measures on R with mean 0 and variance
v

e 2 da:k (2.2.7)

||®3

Thus I', is a Borel probability measure on E
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Proposition 2.2.26. Let m :=dim E. Then

/ |#]]’T, [ dz | = mw, (2.2.8)
E

= _olel? 2\ 2

Fv(f) = e 2 = (U> 71/’0(5)7 Yv > 0. (229)
Proof. We choose an orthonormal frame of E with Euclidean coordinates (z1, ..., zpm). Then

’r,[d :m/ 2, [ | 220§ L /2’5361.
[ llel?r, [a] O A e R

=v

~ 1 m 2

k=1

s 1 ity Tk 1 ier—2® N
= e’ R T dy | = e wdy .
,H(\/ZWU/R > <\/27rv R >

Thus, it suffices to consider only the case V' = R.We have

N 1 2 1 2 N
(¢ = e 20 ¥y = /6_26“/5&4(1 =T1(\/vn).

Hence only need to determine

F©) =T = jg /R 5 e .

The imaginary part of the above integrand is odd function (in x) so f(&) is real , V¢, i.e.,

16) = o= [ % cosléapts
The function
(% costea) ) = e sin(en)

is integrable (in the x variable). This shows that f(§) is differentiable (see Exercise 1.8) and

GE —jz; /Rx_ sin(€z)dz = \/12? /IR (% )sin(ea)de

(integrate by parts)
:_\/ﬂ/ “7co s(éx)dr = £ f(§).
Thus

so that p
d—é(efzﬂf(f)) =0 f(£) = Ce™

Since f(0) =1 we deduce C' =1 and thus f‘l(ﬁ) =e 2. 0

2
2
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Theorem 2.2.27. A probability measure u € Prob(E) is uniquely determined by its charac-
teristic function, i.e., the map

Prob(E) 5> p+— p € Cy(E*,C).
18 1njective.
Proof. For any v > 0 and u € Prob(E) we set p, := I'y * u.We have

Mo [dx} = po(z)dz, py(z) = /E,YU({L. —y) M[dy] .
The theorem follows from the following two facts.

Fact 1. The family (1y)y>0 is completely determined by 7.
Fact 2. The family (u,),~0 converges weakly to p as v \ 0, i.e.,

gi{‘%,uv[f] =ulf], VfeC(R).

Proof of Fact 1. The idea behind this fact is that the Fourier transform and the convolution
interact in a nice way. More precisely we will show that

1 ; ~
pu@) = e [y (-6 (2.2.10)
(2mv)=2 JE
Using (2.2.9) with the roles of x and & reversed (i.e., we think of E as the dual of E*) we

deduce

22

(2m0) F yy(2) = e 5 = /E ey (€)dE.

o) = o [ (Lo nuterie) nla
(use Fubini)

= (2;)),; /*emf’yl/v(f) (/E e_iyg,u[dyo d§ = \/217[_7/]1{67:96&71/11({),&(_{)616

Proof of Fact 2. Let f € Cp(E). Using Fubini’s theorem we deduce that

/f ) pho | da | /f </%x— )u[dy}>dw
:/E </E%(ﬂf—y)f(ﬂf)dw)u[dy]

Hence

=:fu(y)
The function y — f,(y) is obviously continuous. If C := sup,cg|f(x)|, then
| foly) <M/'yvx— m_>—z+yC/’yU(z)dz—C, Yy e E, v>0.
R

On the other hand
fuly) = /E oy — D) f (t)dt = /E ot — ) f(E)dt = /E o)z + y)dz = Ty [ T,f].



2.2. The Central Limit Theorem 181
where Ty, f(2) := f(2 +y). Fix y, ¢ >0 and a 6 = (e, y) > 0 such that
€
swp | f(z+y) = fly) | <35
llzll<d
Then
[ £oo) = 1) | = [T [T0) = 50 | = | [ (14 9) = )Tl
<[5t - W) Tld 4 [ [ - F)| Tl
ll2ll<d ll2]1=0
< sup | fz+y)— fly)| +2C T, [dz]
ll2ll<é ll2]1=6
2C (228) ¢ 2Cmw
<sup | fz+9)~ )|+ 55 [ alPEulas) ST S 4 2
\z|<6| I+ B 2 &
Hence c
Ve > 0, limsup‘fv(y) — fly) | < 2 Ve >0, Vy € R,
v\0
so that
}}I{%fv(y) = f(y), Yy €R.
The Dominated Convergence Theorem implies
}JI{%MU[}C] = }}{%M[fv] = ,LL[ i{(%fv] = N[f]
(|

Remark 2.2.28. (a) In the above proof set

oscy (y,é) = sup }f(y—i—z) — f(z) |, oscs(d) = suposcy (y,é).
ll=ll<d yeE

We proved that

| £u0) — F) | < oses (.0) + 22U < e ) 4 20 et

In particular, if f is uniformly continuous, i.e., lims_,o wy(d) = 0, we deduce that f, converges

uniformly to f. More precisely, if we set § = v'/* we deduce

1o — Flloo < oscp (0174 + 2m]| fllov'/2.

(2.2.11)

(b) The above theorem can be rephrased as stating that the collection of trigonometric

functions
{R >z cos(éx),sin(éx); £€R}

is separating. However, the smaller family

{R >z cos(&x),sin(éx); [¢] <1},

is not separating! More precisely, there exists two distinct probability measures pg, 41 such

that
1o (§) = 11 (§), Vg < 1.
We refer to [115, Chap. IV, Sec. 15, p.231] for more details.
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(b) The range of the Fourier transform
Prob(R) > p+— 1 € Cy(R)
can also be characterized. Note first that Vu € Prob(R)
p(0) = p[R] =1, f(=¢) = a(s), vEeR.

Additionally, the function fi is positive definite. This means that, for any n € N and any
&1,...,&, € R, the hermitian matrix

(A& = &) )1<ijen

is positive semidefinite, i.e., for any z1, ..., z, we have
> G — &)zz; = 0.
1<i,j<n

This follows by observing that

> A& - &)uz = /R‘ gzkeiﬁkx

1<i,j<n

Q,u[d:c].

It turns out that these above necessary conditions characterize the range of the Fourier
transform: it consists of continuous positive semidefinite functions ¢ : R — C such that
0(0) = 1. This is the content of the celebrated Bochner theorem. For various proofs we
refer to [65, Sec. XIX.2], [74, §I1.3], [149, 1.24], [150, Sec. 1.4], [157, Thm. 9.17], or [178,
Chap.6]. O

Corollary 2.2.29. Suppose that X1, ..., Xy, are real random variables. Denote by P € Prob(R™)
the distribution of the random vector X = (X1,...,Xm). Then the following are equivalent

(i) The random variables X1, ..., X, are independent.
(ii) For any &1,...,&m €R

Pe(ér . mm) = [ [ ®x, (&)
k=1

Proof. Note that
Pi(fl,...,gm):/mez(&x)[p)?[dx]‘
We denote by Q¢ the product measure

m
Qg = ®ka-
k=1

Note that m
Qlere o) = [ 6By By [do] = [] (60
" k=1
The random variables X1,..., Xy, are independent iff P¢ = Q. The corollary now follows
from Theorem 2.2.27. O

Theorem 2.2.30 (Lévy’s Continuity Theorem). Let (in)nen be a sequence in Prob(R) and
u € Prob(R). The following statements are equivalent.
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(i) The sequence (pin)nen converges weakly to p.
(ii) For any £ € R
lim 7in(§) = H(§)-

n—o0

Proof. Our presentation is influenced by Le Gall’s course notes [109].

(i) = (ii) Since p,, = p we deduce that for any £ € R we have

lim Rcos(&x)un[da:] :/Rcos(ﬁx)u[da:],

n—oo

lim / sin({x),un[d:r] = /R sin(éx)p[dz].

(ii) = (i) For any v > 0 and any f € Cy(R) we define f, : R = R

N

It is easy to see that f, € Cp(R). We set
F = {fv; f € Cp(R), v> 0}.
We will prove that the closure of F in Cp(R) contains Cept(R) and then
nlingoun[fv] =pnlfo], Yo >0, Vf € Cep(R). (2.2.12)

Let f € Cept(R). Observe that

— / F(@ =y (y)dy = / F@) v — 2)dz
R R

Since f has compact support f is uniformly continuous and according to Remark 2.2.28 (a),
the function f, converges uniformly to f. Thus the closure of F in Cp(R) contains Cept(R).

Let v € Prob(R). Then

/</f %ZfEdZ)Vdfv /f (/%zx)) [dx]>dz

~~

pv(2)
20 ([ ne©nt-gae ) flayas
_ 1 1xé S(— _ 1 ~ S
= Voo e < /Re f<$>d€> Y P(-€)dE = —o— /R F(&myn(©(=€)de.
=:1(€)

The function f(f) is well defined since f € C¢pt(R). The Dominated Convergence theorem

< /R f ()| da.

1 ~ ~
- —— [ Fom (-6

shows that f is continuous. Moreover

We deduce that, Vn € N,
pin | fo]
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Note that for any v € Prob(R)

~

| F(©)71/0(6)

<)

(=) | < (sup| f(@)]) - v10(6) € L' (R, ).

zeR

The Dominated Convergence theorem shows that

T [ F€rm @m0 = [ Femp©m-ed = ul £,
As explained in Remark 2.2.28(a), if f € Cy(R) is uniformly continuous, then f, converges to
f uniformly as v \( 0. In particular, if f has compact support, then f, converges uniformly
to f as v — 0. We deduce that the family

F .= {(pv; v>0, pe Ccpt(R)}

contains Cept(R) in its closure and ,un[ f ] — M[ f } for any f € F. The conclusion follows
from Theorem 2.2.14. O

Remark 2.2.31. (a) One can show that if a sequence p,, € Prob(R) converges weakly to
a probability measure pu, then 71, (§) converges to 11(§) uniformly on compacts; see Exercise
2.44.

(b) In Theorem 2.2.30 we assumed that the pointwise limit of the sequence of characteristic
functions (ﬁn )n en I8 the characteristic function of a probability measure . This assumption
is not necessary. A lot less suffices.

More precisely, the general version of Lévy’s continuity theorem states the following.

If the characteristic functions of probability measures p, € Prob(R) con-
verge pointwisely to a function that is continuous at the origin, then the
limit itself is the characteristic function of a probability measure u € Prob(R)
and [y = |4 aS N — 00.

This is not obvious and requires additional effort. In Exercise 2.43 we describe the main
steps of a proof of this fact. In fact, as shown in [65, Sec. XIX.2] or [164, Thm. 1.1.10], one
can used this stronger version of the continuity theorem to prove Bochner’s theorem. a

Remark 2.2.32. P. Lévy, [112, §17, p.47], introduced a metric d;, on Prob(R). More
precisely, given puyg, 1; € Prob(R) with cumulative distribution functions

Fi(z) = pi[ (—o0,2]], = €R, i=0,1,

then the Lévy metric is the length of the largest segment cut-out by the graphs I'g,I'; of
Fy, Fy along a line of the form  + y = a. The graphs are made continuous by adding
vertical segments connecting F;(z — 0) to Fj(z) at the points of discontinuity. Intuitively,
the distance is the diagonal if the largest square with sides parallel to the axes that can be
squeezed between the curves I'g and I';.

More precisely

dr(po, 1) = sup distgz (po(a),pi(a)),
ac
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where p;(a) is the intersection of the graph I'; with the line x +y = a. Note that if we write
pi(a) = (i, yi), then y; = F(x;),® then

dr(po, 1) = sup { V2|zo — z1|; 0 + Fo(zo) = 21 + Fi(z1) }.

Lévy refers to the convergence with respect to the metric dy, as “convergence from the point
of view of Bernoulli”. He shows (see [112, §17]) that a sequence of probability measures
ln converges in the metric dy, to a probability measure g if and only if the characteristic
functions i, converge to the characteristic function pu. Hence, the convergence in the metric
dy, is the weak convergence so that djy metrizes the weak convergence. O

2.2.3. The Central Limit Theorem. We can now state and prove the main result of this
section.

Theorem 2.2.33 (Central Limit Theorem). Suppose that X,, € L*(Q,8,P) is a sequence of
ii.d. with common mean p and common variance v. Set

n

_ - 1 - 1 "
Xn = Xp — i, STL:Z(X]C_,U)) Zp = Sn:(ZXk_n:u>
1 v nu \/ v el

Then Z, = N(0,1).
Proof. According to Lévy’s continuity theorem it suffices to show that

lim <I>Zn(£) = <I>p1(§) =€

n—o0

&2
T2

Observe that X,, are i.i.d. with mean 0 and variance v, while Z,, has mean 0 and variance 1.
Denote by ®(£) their common characteristic function, ®(¢) = E[e*X* |. We have

vl

02,(6) = g, msl€) = B, (§/viw) = E| [T e (i

the variables exp (2 § )_(k , 1 < k <n are independent
Vo

n

:}f[lE[exp(w%xk)} ~a(¢/vm)

Proposition 2.2.25 shows that the function ®(n) is C?, so as n — 0 we have
(1) = ®(0) + '(0)n + %@”(W +o() = 1 +4E[X; ]n - %EP?? Jn* +o(n’)
(E[X1] =0, E[X;] = Var [X;] =)
=1- gnz + o(n?).
Now let n = &/y/nv, n > 0. We deduce

@(,5/\/7%)" - <1 € +0(1/n))n.

2n

At this point we want to invoke the following result.

8At a point of discontinuity this reads y; € (Fi (z; — 0), Fi(x;) )
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Lemma 2.2.34. Suppose that (cp)n>1 is a convergent sequence of complex numbers and

c= lim c,.
n—oo

Then on
lim (1 + i) = e°.
n

n—o0

Assuming Lemma 2.2.34 we deduce that, for any £ € R we have

lim & (£) = lim (1 - 5; +o(1/n)> — e 5 =, ().

n—o0 n—oo

Proof of Lemma 2.2.34. Set ¢ = a + bi, ¢, = an + bnt, so that an — a, b, — b. We set

b
oy =14y O 0y
n n n

On

For large n z, = rpe®n, where

o = \/(1 + an/n)?2 + b2 /n? = (1 +2a/n+o(1/n))l/27

s 1 bn
On| < —, tan6, = — .
[0n] 2 anvn nl+an/n

Thus

1 by b
0, = arct — =— 1 — 00.
arcan(n1+an/n) n—l—o( /n) asn — oo
We deduce that as n — co we have
/2 ; X
2= (1 + 2a/n+0(1/n))" eibro(1) Ly ga . ib _ e

O

2.2.4. Semigroup approach to CLT. We want to describe an alternate approach to the
Central Limit Theorem that bypasses the usage of Fourier transform. The presentation is
heavily inspired from [65, Chap. VIII].

Denote by Cy(R) the space of continuous functions f : R — R such that
A S =0
This is a Banach space with respect to the sup-norm
IfIl = sup | f(z) |.
z€R
Denote by B the Banach space of bounded linear operators

For any Borel probability measure 1 € Prob(R) and f € Cy(R) we denote by 2,[f] the
function R — R given by

1)) = [ f+unldy].
The Dominated Convergence Theorem implies that 2,[f] € Co(R). Note that
2,00 | < [ | £ +uuldy] <6, Vo e R

so 2, is a bounded operator Cy(R) — Cy(R) of norm < 1. We thus have a correspondence
Prob(R) > p— 2, € B.
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Clearly s, = 1. Observe that if Y is a random variable with distribution p then
Au[fl(z) =E[ f(z+Y)], VzeR.
For this reason, for any random variable Y we set
Ay = Ap,.
Proposition 2.2.35. Suppose that p1, p2 € Prob(R). Then
Apiapn = Ay Ao

where x denotes the convolution of probability measures on R.

Proof. Let Y7,Y5 be independent random variables such that Py, = p;, ¢ = 1,2. Fix
f € Co(R). For any = € R we have

Wy [f1(2) =E[ fx+ Y1+ Ya) | = /R2 f@+y1+y2) @ pa[ dyidys |

:/R(/Rf(ﬂ:+y1+y2)ﬂ[dy2]>,u[dy1] :/IRQL“Q[f]($+y1)M[dy1]
= Ay, [ Ao [£]] ().

Thus the map
Prob(R) > p— 2, € B

is a morphism of semigroups.

Proposition 2.2.36. Let n € N and suppose that p1;,v; € Prob(R), 1 <14,j < n. Then, for
any f € Cop(R) we have

1280y wvspin | = Rsr FIL <D 1R f = 2 f - (2.2.13)
i=1
Proof. For n = 2 we have
Hmmmuzf - Qllqmugf” < Hmm (Q[/m - Q[V2)fH =+ H%ulmwf - Qll/lmmf”
= ||Q[u1 (le - le/z)f” + ||Q[,,2 (Q[m - leq)f”
< @Ry = Auo) FII 4 (R — 20 fl

since ||, ||, |2, ]| < 1. The general case follows inductively using the inequality

1R psreospin = R, < Ry (R = ) I+ (1o [ = FAgevcsar f-

Define inductively inductively
CER)={feC'R)NCEF'R); feCi ' (R)}.

Theorem 2.2.37. Let (un)nen be a sequence in Prob(R) and p € Prob(R). The following
statements are equivalent.

(i) The sequence (un) converges weakly to .
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(ii) For any f € Cp(R)
nh_{go 1A, S — A f]| = 0.
(iii) There exists k € Ng such that, for any f € CE(R)
nlgrolo [0, f — A f 1] = 0.

Proof. Clearly (ii) = (iii). To prove that (iii) = (i) note that for any smooth compactly
supported function f € C§(R) we have

pn [ f] =2, [£1(0)] = Au[£1(0) = p[ £].
Now conclude using Theorem 2.2.14.
(i) = (ii) Let f € Cp(R). For each x € R we define
fo :R= R, foly) = flz+y), VyeR.
Then
U, f(2) = pin [ fo]-
Since f is uniformly continuous the map

Rz~ f, € Ch(R)

is also uniformly continuous with respect to the sup-norm.
Fix € > 0. Since pu, = p there exists M > 0 such that

[ {lyl > M}Y], [ {lyl > M} ] <e, ¥n €N

We can assume that
pn [ {lY[ < MY = p[{]Y] < M}].

We have
n x| = x nd - x d
lpn [ fe] — [ f]] < /[M’M]f () pin[dy] /[M’M}f (y) puldy]
nld d
" /y|>M!f\u dy] + /|y>M\f|u[ y
x nldy] — - nld .
<y Ol = [ tpaldy] + 2211
Hence
suplna[£2] = ulf) <swp| [ fe@alds) = [ felyald] + 2201
z€R zeR [J[—M,M] [— M, M]
Since f € Cy(R), Ve > 0 there exists K > 0 such that
sup | fz(y)| <e, V|z[ > K.
y€[—M,M]
Hence
‘/ fo () pen [dy] —/ foe W) pnldyl| < 2¢, V|z| > K, Vn € N. (2.2.14)
[=M,M] [—M,M]
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We deduce from (2.2.14) that
sup [jin [ fo] = [ £]] < 22 + 2¢I| 1. (2.2.15)
|z|>K

Consider now the continuous functions

9, 9n : [-K, K] = R, gn(x) —/
[_MvM}

fe(Ypnldyl, g(z) = / fa(y) pn[dy].

[—M,M]
We deduce
gn(x) = g(z), Vre|-K, K]
The sequence (g,,) is equicontinuous since x +— f,, is uniformly continuous with respect to the
sup-norm. Hence g, converges uniformly to g on [—K, K], i.e.,

lim sup |gn(z) — g(x)| = 0.

We have

sup |pn[ fo] —p[f]] < sup [gn(z) — g()] + 2¢] f].
lz|<K |z|<K

Hence
limsup sup |pn[fo] — p[f]] < 2¢lIf].

n—o0 |$\§K

Using (2.2.15) we deduce that Ve > 0 we have
lim sup sup \un [ fe] = n[ f]] < 2+ 22| £].

n—,oo e

This proves (ii). 0

Proposition 2.2.38. Suppose that Y is a random variable such that

E[Y?] =0¢*>0, E[Y]=0. (2.2.16)
Then for any f € C3(R), t >0 and r > 0 we have
t’a* , 1 2, 42 2
(v f—f) — Tf < §r(t0) +1 v uly] | I1fllcs (2.2.17)
ly|>r/t

Proof. Set p:=Py . Let f € C3(R). Using (2.2.16) we deduce that

(A = 1)f@) = [ (£(o+ty) = 1) = tu'(@) Juldy].

2 2
(A = 1)) = @) = [ ($a ) = 1) = Pty = 31w ) ulay].
=Ut(z,y)
Using Taylor’s formula with Lagrange remainder 2/
Fla+ty) = f@) — F@)y = S €t

for some & =&, € (z,2 + ty). Hence

[ F(atty) = f@) - f @ty -5
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) 1
< min (2] fllcely, 5 fllostlf* )

< t|f||c3 min ( ly|%, %t|y|3), vVt >0, z,y € R.
Hence
0.< Ui(e,y) < 2l 7l min (P, 2ilyl?), 9> 0, 2,y €
For any R > 0 we have

[C

. 1
<l les [ min (Il 5l )l dy]

1 31,13 2 2 ,
< <2/|y|<Rt P uldy] +1 /y|>R|y u[d;,]) Il
1
= (fR/RyQ“[dy] " /bey?M[y]) I £lles

1
= | =tR(to)? 2 2 3.
<2t (to)* +t /|y|> Y ,u[y]) 1 fllc

Now set R :=r/t. O

Corollary 2.2.39. Suppose that X is a random variable such that
E[X?] =0% E[X]=0.

Then for any f € C3(R) we have
=0.

lim 1(Qllz f—f)—izf,/
o || X 2

Theorem 2.2.40 (Lindeberg). Suppose that (X, )n>1 be a sequence of independent random
variables with mean zero and variances

E[X2] =o?.

n

Set
n
=30t
k=1
and assume that the variables (X,) satisfy the Lindeberg condition

1
Ve>0 lim — / |z|*Py, [dx]. (2.2.18)
n—oo S2 ; || >eSn g [ ]

Then the random variables )

Sn
converge weakly to a standard normal random variable.

Xp=5(X1++Xp)

Proof. We set
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Lemma 2.2.41.
lim v, = 0. (2.2.19)

n—oo

Proof. Observe that the Lindeberg condition can be rewritten as

n

lim Z/ 22P571Xk|:d{13] =0
|2|>¢ "

n—oo

Observe that for any € > 0 and any 1 < k < n we have

52 = Var [ S, ' X}, | = /|Z|<€ PPy, [dz] JF/|Z>8 PPgory, [dr]

n

<e?4 Z2PS;1Xk[d$] < 52+Z zQIP)S#Xk[dx}.
|z|>€

|z|>e€

Thus, for any € > 0 and any n € N we have

n

Uigsg—i—Z/H Z2PS;1Xk[dx]‘
1/ 12l>e

The equality (2.2.19) now follows from the Lindeberg condition. O

Let (Yy)nen be independent normal variables with mean zero and variances

Var [YnQ] = o2,

Then
— 1
Sn
is a standard normal random variable. It suffices to show that
. 9 _ 3
nh_g)lo ||Qan QLYan 0, Vf e Cy(R). (2.2.20)

Fix f € C3(R) and € > 0. Using (2.2.13) we deduce

- Qli_/ M < Z ”leglxk - leglyk)fu
" k=1
Using (2.2.17) with r = ¢ and ¢t = S;; ! we deduce that

o .,
+ (leglyk - ]l) — ﬁf
E0
< k +/ 2’Px, [ dz fllos
(252 |><5n k[ ] H HC

€0y, / 2
tla t o y Lozl dy| | [l fllcs,
(252 |x\>ssn : ]> ¢

2
o
||Q[S;1X,c - le;lyk)fH < H(len1xk -0)f - ﬁf”
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where I > denotes the normal distribution with mean zero and variance o2. Hence

— 25 )/ < ( ”’f) £l
k=1

:5Hf||c;3

<Z /’”>€Sn vl +Z /|>€ y'T 2 dy]) 1fllce

=<l flles + (Z g/ . el dm}) Flles

-~

=:Anp

+ E Q2 Yy FU dy f
(k:l S5 Jiyl>es. '%[ }> I7lles

=:B,
The Lindeberg condition implies that 4, — 0 as n — oco. To deal with B,, note that

1 o 2 o 2
S |y\>65ny ’Yok[dy] S |z|>sSnoky Fl[dZ] = S%/|>s/vny Fl[dZ]
Hence
B, §/ y21"1[dz].
|z|>e/vn
The equality (2.2.19) implies B,, — 0. O

Remark 2.2.42. (a) The above argument is due to H. F. Trotter [170]. The correspondence
Prob(R) > p+— 2, € B

used in the above proof has a wider range of applications and we refer to [65] for more
information.

(b) Note that if the random variables X,, are also identically distributed with common vari-
ances o2, then S2 = no?. then

n

1 1
? ZE[I“Xkthn}X’z] = ?E[I{\)ﬁbta\/ﬁ}X%] —0
" k=1

as n — oo. Hence the Lindeberg’s condition is satisfied when the random variables are i.i.d..

If p > 2, then Holder’s inequality implies

_2 2
E[I{x, 551 X2] <P[{IX5| > S} ] " PE[| X4 P ]

1—2
E[|x,]\ 7 ) |
< (E%‘?) E[[|Xk[P]» :WE“XMP]
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This shows that Lindeberg condition is also satisfied if the sequence satisfied Lyapunov’s
condition of order p

n—oo

1
lim & ZE“XHP] =0.
k=1
For even more general versions of the CLT we refer to [78, 140]. 0

2.3. Concentration inequalities

Suppose that (X, )nen is a sequence of i.i.d. random variables with mean 0. Let
Spni=X14+- -+ X,

The Strong Law of Large of Numbers shows that %Sn — 0 a.s. A concentration inequality
offers a quantitative information on the probability that %Sn deviates from 0 by a given
amount €. More concretely, it gives an upper bound for the probability that %|Sn| > e. If the
random variables X,, have finite second moments, ¢2 = Var [Xl ], then we have seen that
Chebyshev’s inequality yields the estimate
Var [S ] o?
_ 2 2.2 n] _
In the proof of Theorem 2.1.8 we have shown that if the variables X,, have a stronger inte-
grability property namely E [Xf;] < 00, then there exists a constant C' > 0 such that for any
g > 0 and any £ > 0 we have
C
showing that %Sn is even more concentrated around its mean. Loosely speaking, we expect
higher concentration around if X,, have lighter tails, i.e., the probabilities

IP’[|Xn| > a:]
decay fast as r — oo.

In this section we want to describe some quantitative results stating that, under appropri-
ate light-tail assumptions, for any € > 0 the probability IP’[ |Sp| > ne] decays exponentially
fast to 0 as n — oo. The subject of concentration inequalities has witnessed and explosive
growth in the last three decades so we will only be able to scratch the surface. For more on
this subject we refer to [19].

2.3.1. The Chernoff bound. Many useful concentration inequalities are based on the
Chernoff method. Let us describe its basics.

Suppose that X is a centered, i.e., mean zero, random variable such that
My (A) := E[e’\X] < oo, VYA€ J,
where J is an open interval containing the origin. We set
Jy = {/\EI; :I:)\>O}.

Note that this implies that X has moments of any order and thus it imposes severe restrictions
on the tail of X. We define the cumulant of X to be the function,

Ux:J =R, Ux(\):=logMx())].
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The function x — €'* is convex and Jensen’s inequality shows
so Ux(A) > 0.
Here is the key idea of Chernoff’s method. For x > 0 we have

LE[&X], VA e Jg,

P[X >z] =P[eM > eM] < o

where at the last step we used Markov’s inequality. Hence

P[X >z] < e_(z)‘_\IJX()‘)), VA€ Jy.

Set
Ii(z) := sup (zA—Ux(N)).
AEJ 4
We obtain in this fashion the Chernoff bound
P[X >z] < e @1 (2) = sup (zA—¥x(\)), Vz>0. (2.3.1)
A€(0,r)

Note that I (x) > 0 since Ux(\) > 0. Arguing in a similar fashion we deduce
P[X <z]< e =@ T (2):= sup (zA—¥x(N)), Yz <O. (2.3.2)
AeJ

More generally, if X has a nonzero mean pu, then X=X-— W is centered. If E[eAX ] exists
for A € J, then
Ug(A) = Tx(A) — An,

and we deduce

P[X >a+pu] <e ™) I (x):=sup ((z+p)A—Tx(N\)), Vo> 0. (2.3.3)
AEJ 4
and
P[X<z+p] < e =@ T (2):= sup ((z4+p)A—=Tx(N)), Yz <O. (2.3.4)
e

Suppose that (X, )nen is a sequence of i.i.d. random variables such that
M(M) = Mx, (A) < oo,
for any A in an open interval J containing 0. Set
I ::E[Xk}, Sn=X14+ -+ X,

Then

E[Sn} =np, Mg, (A) =MW", ¥g, () =n¥(A).
We deduce that

sup ((nz 4+ np)A — ¥g, (\)) = nl(z), Va >0,

AEJ L

and
sup ((nz 4+ np)A — ¥g, (N)) =nl_(z), Yz <O0.
AeJ-

We deduce

P[%Sn — > :1:] = P[Sn —np > nw] < e_"1+(x), Vo > 0, (2.3.5a)
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1
IP[ESH —u< x} = IP’[Sn —np < nx] <e M- vy <o. (2.3.5Db)
In particular
1
IP’[ ’ — Sy — u‘ > a:} < e @) o enl-(=2) gy s . (2.3.6)
n

We have reached a remarkable conclusion. The assumption M(A\) < oo for A in an open
neighborhood of the origin implies that the probability that the empirical mean %Sn deviates
from the theoretical mean u by a fixed amount x decays exponentially to 0 as n — oo. In
other words, %Sn is highly concentrated around its mean and the above inequalities quantify
this fact.

To gain some more insight on the above estimates it is useful to list a few properties of
the function Iy (z)

Proposition 2.3.1. Suppose that the centered random variable X satisfies
My(\) =E[eM] <00, VA€,
where J C R is an open interval containing 0. Set
Jr:={XeJ; £A>0}, Ux()) :=logMx(\).
Then the following hold.
(i) Mx(0) =1, M/y(0) = 0, M%(0) = Var [ X |.
(i) The function J 3 X — Wx(A) € R is convex and nonnegative. Moreover ¥ (0) > 0.

(iii) The function

I:R—[0,00], I(x) zilelg()\:p—\llx()\))

1s conver. If

then Iy (z) = I(x) for £z > 0.
(iv) I(z) >0 ifx #0.

Proof. (i) Proposition 1.3.17 implies that Mg];)(()) = E[Xk ], Vk=0,1,2,....1

(ii) To prove that Wx(A) is convex let t1,t3 € (0,1) such that ¢; + to = 1. Then, using
Holder’s inequality with p = % and ¢ = % we deduce that for any A, Aa € R we have

E[etl)\lx-f—tg)\gX] S E[ (etl)\lX )1/t1 ]tlE[ (et2>\2X )l/tQ :|t2 _ E[e)\lX ]tl]E[e/\QX :|t2'

Taking the logarithm of both sides of the above inequality we obtain the convexity of Ux (A).

Next observe that

_ My (0)
My (0)

Since Wx () is convex is graph sits above the tangent at A =0 so Ux(\) >0, VA € J.

'y (0) =
(iii) For t1,t2 € (0,1) such that ¢; + t2 = 1 and for x1,x9 > 0 we have

I+(t1$1 + tl.%'g) = Sl(lp) ( (tll‘g + tQ.%'Q) — \I/)(()\))
Ae(0,r
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= )\s{(lop) (tl({L‘l — \Ifx()\)) — (tQ.%'g — \I/)((/\))) < t1[+($1) + t2[+($2).

Observe that for £ > 0 we have
Ar —Ux(A) <0, VA<O

proving that
I(z) =sup (Az— Ux(A)) = sup (Az— ¥x(})).
AEJ A
(iv) Observe that
_ ME(MMx (M) — My (A)?

U5 (N = 2.3.7
so U (0) = M%(0) = Var [ X | > 0. This proves that Az — ¥y (\) > 0 for |A| small and = # 0
so I(z)>0if z #0. 0

Remark 2.3.2. As explained in [148, §12], to any convex lower semicontinuous function
f:R™ — (0, 00| we can associate a conjugate
f* :R" — (_00700]7 f*(p) = Su[é) ((p,:c) - f('m))v
TER™
where (—, —) denotes the canonical inner product in R™. One can show that f* is also
convex and lower semicontinuos and f = (f*)*. The conjugate f* is sometimes called the

Fenchel-Legendre conjugate of f. Observe that I(z) is the conjugate of the convex function
v X()\) O

Example 2.3.3. Suppose that X ~ Bin(p). Then E[X] =p, Mx_,(\) = (q + pet )e_p’\.
For x € R we set

fo(A) = aX = Ux_p(A) = (z + p)A — log(q + pe*), I(z)= sup fe(N).

We will show that
z+p _ qa-r _
1) = (z +p)log = + (¢ —x)log =,z € [—q,p],
o0, xz ¢ [_qap]

Observe that \
d pe
/ o _ .

and f.(\) =0 if

T+p

q—

This shows that if g_ig <0, ie, z € R\ (=p,q), then f.(A\) > 0, YA and I(z) = 00.? If
x € (—p,q), then fy(\) =0 iff

p(x +p—1)e* = —q(z +p), ie, pe* =¢

x + -
A =logq — logp + log(x + p) —log(q — x) = log p—logq .
xr + —x —x
I(z) = (z + p)log p—(x—i—p)logq —i—logqq
r+p q—
= (z +p)log + (g — z)log ; x € (=p,q).

9Can you think of a simple reason why this happens?
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One can verify that I(q) = —logp and I(—p) = —loggq. O

Remark 2.3.4. Suppose that P, Q are two Borel probability measures on R that are mutually
absolutely continuous,

P<@Q and Q <« P.
We denote by pp|g := % the density of IP with respect to Q. We define the Kullback-Leibler
divergence

D.[P]|Q] = /Rlog:llgp[dx] (23.8)

(a) Suppose that P is the probability distribution Bin(p),
P = qdp + po;.
For 2 € (—p, q) consider the probability distribution
Q: = (¢g—x)do + (p+ )d1.
Then

+ -
p—i—(q—x)logq

x
]D)KL [@x H P] = (Hf —|—p) log

This is the rate I(x) we found in Example 2.3.3.

(b) Let X be a random variable with probability distribution Q and set Z := pp)p(X). Then

E[Z]—/jpd@—/dIP—l,

E[Zlog Z | :/dQlogd@ /logaﬂP> Dk [P|Q].

Thus

E[ZlogZ]| —E[Z]logE[Z]| =Dg1[P| Q]
showing that Kullback-Leibler divergence is a special case of ¢-entropy (1.3.13). More pre-
cisely, the above equality shows that

]D)KL[IP’HQ]:HW[Z], p(z) =zlogz, z>0.
In particular this yields Gibbs’ inequality
DrL[P[|Q] > 0. (2.3.9)

Above, we could have used instead of the natural logarithm any logarithm in a base > 1 and
reach the same conclusion. In particular, if we work with log, and we set

Dy [PQ] = / log, ili%IP’[dx]
Then Gibbs’ inequality continues to hold in this case as well
Dy [P||Q] >0. (2.3.10)
Let X be a finite subset of R. Assume that we are given a function p : X — (0, 1] such that

> p(x) =

zeX
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so p defines the probability measure

P, = Zp(x)éw € Prob(R).

zeX

Recall that its Shannon entropy is (see (2.1.21) is the quantity

Ent2 Z p(z) logy p(x
reX

The uniform probability measure on X is

Py = po(w)d, = “ & 25

zeX zeX

Note that P, and Py are mutually absolutely continuous. Gibbs’ inequality shows that
Dy [P||Pg] > 0.
On the other hand

Dy[P || Py] =) log, (%] p(z) )p(x) = logy | X+ Y _ p(x) logy p(x) > 0.
zeX zeX

We have obtained again the inequality (2.1.22).

Ents [p] < log, |X| = Ents [po]. (2.3.11)

Example 2.3.5. Suppose that X ~ N(0, 1). Then, for any A € R,

My () Az wa/de _ 72)\x+)\2)/26)\2/2d$ _ e’\2/2.
\/ 27 / v V2r
Note that Y = 0X ~ N(0,0) and

2A2
My (\) = My (o)) = 7 N/2, Ty ()) = "2 .

The supremum

I(x) := ilelﬁ (ac/\ - 022)\2 )

is achieved for A = \; = 5 and it is equal to

In other words, if X ~ N(0,02), then

2

P[X|>e] <2max (P[X < —z], P[X >z]) <2 27,
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2.3.2. Some applications. Often an explicit description of ¥x(\) may either not be pos-
sible, or it could be too complicated to be useful. That is why it is more practical to have
simple ways of producing upper bounds for the moment generating function.

Definition 2.3.6. A random variable X with mean p said to be subgaussian of type o2, and
we write this X € G(o?), if E[eAX] < oo, VA € R, and

02>\2 2252

Ux (V) < Unoon = —— VAE R<=E[MX W] <=7, VAER O
Note that if X € G(¢?), and £x > 0, then
No? x?
sup (A —V¥x_,(A)) > sup (xA— = —,
i)é)o( x-u(A)) = i)é)o( 9 ) 202
and thus
962
max(IP’[X—,u<—:E],IP’[X—,u>:U])§efﬁ, Yz > 0, (2.3.12a)
P[|X — p| > 2] <2 27, Vo> 0. (2.3.12b)

Observe that if X1, X9 are independent random variables and Xj, € G(az), k =1,2, then
a1 X1+ a1Xs € G(a3o? 4 a303), Vay,as € R.

In particular, if Xi,..., X, are centered, independent random variables in G(c?), then we
have

1
E(Xl +--+X,) € G(c?/n),
and thus we obtain Hoeffding’s inequality

nz2

1 .
Pl (Xi+- o+ Xa)| > 0] < 20787, Vo >0, (2.3.13)
n

Example 2.3.7. Suppose that R is a Rademacher random variable, i.e., it takes only the
values +1 with equal probabilities. Then

E[eAR] = cosh A < /2, (2.3.14)

where the last inequality is obtained by inspecting the Taylor series of the two terms and
using the inequality 2"n! < (2n)!. Hence R € G(1). Similarly, cR € G(1), Vc € [0, 1]. 0

For these estimates to be useful we need to have some simple ways of recognizing sub-
gaussian random variables.

Proposition 2.3.8. Suppose that X is a centered random variable, i.e., E[X] = 0. If there
exists C > 0 such that

E[X?*] < kIC*, Vk €N,
then X € G(4C).

Proof. We rely on a very useful symmetrization trick. Choose a random variable X’ inde-
pendent of X but with the same distribution as X. Then the random variable Y = X — X is
symmetric, i.e., Y and —Y have the same probability distributions. Observe next that since
— X' is centered we have

E[e_)‘X/] > e AEXT = 1, VAXeR.
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We deduce
00 \2%k
E[*] <E[e*X] E[e™X'] = E[}X~X) Z >\ E[(X — X)**].
parl

2k is convex we have

(z +y)? <2271 (2?42, v,y eR

Since the function x

% (2k)!

WW < oot

E[(X — X")?*] <2%E[ x?*] < 2%%kIC* = T

Hence
> 20}\ 62C>\2

k=0
Hence X € G(4C). O

Example 2.3.9. Suppose that R is a Rademacher random variable. Clearly
E[R*] =1<kl* VkeN
so that R € G(4). We see that this estimate is not as good as the one in Example 2.3.7. O

The next result offers a sharper estimate under certain conditions.

Proposition 2.3.10 (Hoeffding’s lemma). Suppose that X is a random variable such that

X € la,b] a.s.. Then X € G(O’Q), where o = b_Ta, i.e.,

A2 (b—a)2

E[*X M) <e™5 —, VAeR (2.3.15)

Proof. Let us first observe that that any random variable Y such that Y € [a, b] a.s. satisfies
bh— 2
Var [Y] < ( 4@) .
Indeed, if p :E[Y], then Y — € [a—u,b—u]. If

_la—p)+(b—p)
2

is the midpoint of [a — u,b— u}, then

and

Var [Y] <E[(Y = )] +m* =E[((Y =) =m)’] < (b_4a)2.

Observe next that we can assume that X is centered. Indeed, if u = E [ X ] , then the centered
variable X — i satisfies X —p € [a —p,b—p] and (b—a) = (b—p) — (a — p).

Denote by P the probability distribution of X. For any A € R we denote by P, the
probability measure on R given by

Py[dz] = P[dz | (2.3.16)
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Note that Py is also supported on [a,b]. Since E[ X | = 0 we have ¥ (0) = 0. We deduce
from (2.3.7) that

AXT\ 2

:/Rﬁmdx} _ (/Rxmdx]>2.

The last term is the variance of a random variable Z with probability distribution Py. Since
Py is supported in [a, b] we have Z € [a,b] and we deduce

(b—a)®
Y

Using the Taylor approximation with Lagrange remainder we deduce that for some £ € [0, A]
we have

U5 (N) =Var [ Z] < (2.3.17)

N2(b—a)?
—

Ux(A) = ¥x(0) + AW (0) %\113'((@% <
5
Hence X € G((b—a)?/4). O

Hoeffding’s Lemma shows that if R is a Rademacher random variable, then R € G(1) as
in Example 2.3.7. which is an improvement over Proposition 2.3.8.

If Ry,..., R, are independent Rademacher random variables, then for any ¢y, ..., ¢, € [—1,1]
we have ¢y Ry, € G(1) and we deduce from Hoeffding’s inequality that

n’r2

|
P[—‘01R1+-~~+can >7‘} <2e % (2.3.18)
n

Example 2.3.11 (The Poincaré phenomenon). Suppose that X is a standard normal random
variable and Y = X2

My () = E[eAXQ] = \/12?/1[{6(2/\_21):626#.
This integral converges only for A < % and in this case it is equal to
1
V12X

In particular, X2 is not subgaussian since its moment generating function is not defined vor
all A € R. Note that IE[Y] = E[XQ] = 1. Hence

My (\) =

e~

V1=2\

Since Y > 0 we have IP‘[Y -1< y] =0 for y < —1. For y € (—1,00) the supremum

I(y):== sup (Ay—TUy_1(N))
A<1/2)

My (A) = Ty 1(3) = A log(1 - 22,

is achieved when

d 1
dA(Ay v-1(\)) =y + oy =0
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Solving this equation for A we get

1 Y
1—2)\:m<:>)\:m.
and
Y y 1 y 1 Y
I(y) = 2+ 1) +2(y+1) —§log(1+y):§—§log(y+1) > R Yy > —1.
Hence

2

P[IY 1] >y] <277, Ve (0,1).
Suppose now that

—

X = (le"'7Xn)
is a Gaussian random vector, where X}, are independent standard normal random variables.
The square of its Euclidean norm is the chi-squared random variable

n
Zn = |1XIP = X
k=1

We deduce that . )
IP)H—Zn—l‘ >y} <2, Vo<y<l.
n
Thus, for large n the random vector ﬁ)_(' is highly concentrated around the unit sphere in

R™. This is one facet of the so called Poincaré phenomenon. In Exercise 2.63 we describe
another facet of this phenomenon. a

We conclude this section with a remarkable application of the Poincaré phenomenon.
Consider a Gaussian random vector in RV

—

X =(X1,...,Xn),

where the components X}, are independent standard normal random variables. Note that for
any unit vector @ = (uy,...,uy) the inner product

(@, X) =u1 X1 4 +unyXn
is a mean zero Gaussian random random variable. Moreover
Var [(7,X)] = E[ (@, X)[*] =1 = ||a]*
Suppose that we are now given d such independent!® random vectors
X;= (X1 Xnj), 1<5<d
We obtain a random map
ARN 5 RY RY 5@ (W,.., Va) i= (@, X0), .., (@, Xa) ). (2.3.19)

If ||@]] = 1 components of A# are independent standard normal random variables so that
|| Aii||? is a chi-squared random variable. We set B := ﬁA. We deduce from Example 2.3.11
that for any € € (0,1) and any unit vector @ we have

de?

P“HBﬁH? —1] > 5] < 2e~ T

1OIndependence is meant in probabilistic sense, not linear independence.
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Suppose now that we have a cloud of points in a large dimensional Euclidean space
C= {xl,...,xm} cRY, N>1.

For 1 <i < j < m we write v;; = x; — ;. We deduce that

B .. 52 52
P[1 e IBull v cic < m] < 2<m>e_d4 <m2e 5.
vl 2
Now fix a confidence level 0 < pg < 1 and observe that
e2 4
m2e % < po <= de? > 4logﬁ<:>d > —Zlogﬁ.
Do € Po

We have thus proved the following remarkable result.

Theorem 2.3.12 (Lindenstrauss-Johnson). Fize > 0 and py € (0,1) and a cloud of C of m
points in RN . If

4
d=d(m,e,pg) := [ log m_‘ , (2.3.20)

then, with probability at least 1 — py, the random Gaussian map B = ﬁA, where A s

described by (2.5.19), distorts very little the relative distances between the points in C, i.e.,
with probability at least 1 — pg

(1 =¢)l[Bz — By|| < ||z —yll < (1 +¢&)|| Bz — Byl|, Vz,y € C.
O

Remark 2.3.13. Let us highlight some remarkable features of the above result. Note first
that the dimension d(m,e,pg) is independent of the dimension of the ambient space R
where the cloud C resides. Moreover, d(m,¢,pg) is substantially smaller than the size N of
the cloud.

For example, if we choose the confidence level py = 1073, the distortion factor ¢ = 107!
and the size of the cloud m = 10'2, then

4. N
— log — =60-10%log 10 < 14 - 10> < 10",
€ Po

The cloud C could even be chosen in an infinite dimensional Hilbert space and we can choose
as ambient space the subspace span(C) that has dimension N < m. In this case the vectors
Y, = \/LNX;Q, k=1,...,d, have with high confidence norm 1.
m 2
P[||[Vi| 1| >4, VI<k<d]<2de ™, d~Clogm.

The vectors Y are also, with high confidence, mutually orthogonal. Indeed, Exercise 2.59
shows that for |r| < 3

Nr2

P[|(Y;,Y))| >r, Vi<j] §2<;l>e_ iz, d~ClogN.

This shows that the operator ﬁA is, with high confidence, very close to the orthogonal

111

projection PX~1 .., onto the random d-dimensional”* subspace Span{f Tyeves fd}. This shows

111t is not hard to see that dim span{il, R )Ed} =d a.s.
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that, with high confidence, the operator

N
\V 7 P X

distorts very little the distances between the points in C'. The projected cloud has identical
size, similar geometry but lives in a subspace of much smaller dimension. a

2.4. Uniform laws of large numbers

Fix a Borel probability measure p on R. Suppose that
Xn: (2,8,P) >R, neN

is a sequence of i.i.d. random variables with common probability distribution p. For any
Borel set B C R the random variables I5(X,,) are i.i.d. and have have finite means

mpg ::P[Xl S B] IM[B].
The Strong Law of Large Numbers shows that the empirical means

_#{1<k<n; Xy€B}
n

Mn[B] = %(IB(X1)+"'+IB(Xn))

converge a.s. to M[B]. In particular, this provides an asymptotic confirmation of the “fre-
quentist” interpretation of probability as the ratio of favorable cases to the number of possible
cases.

If we choose B of the form (—oo, x], then we obtain the empirical cdf

Fula) = My [ (—o0,]] = LISk Sm X<}

n n
This is a random quantity (variable), F,,(x) = F,(z,w), w € Q. For each n € N, the collection
(Fn(x) ):CeR is an example of empirical process.

For any x € R, the random variable F},(z) converges a.s. to F'(x), where F' is the cdf of
L

F(z) = p[(~o0,a]].
For z € € the set N; C 2 such that F,(z,w) does not converge to F(x) is negligible but,
since R is not countable, the union
N=|JN

zeR

need not be negligible. In other words, the set of w’s such that the functions F,,(—,w) do not
converge pointwisely to the function F'(—) need not by negligible. We will show that this is
not the case.

2.4.1. The Glivenko-Cantelli theorem. Define

D, =D :Q—1[0,00), Dyp(w):=sup ’ Fo(z,w) — F(z) ’ (2.4.1)
z€R

For a fixed w € 2 the sequence of functions (F,(—,w) )n cq converges uniformly to F/(—) if
and only if D, (w) — 0. We will show that this is the case for almost all w.
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Denote by U(y) the cdf of the uniform distribution on [0, 1],

0, y<0,
Uly) =1y, yelo1],
1, y>1,

and by @ the quantile of F' defined in (1.2.5), @ : [0, 1] —R
Q) :==inf{z: (< F(z)} =inf F7'([¢,00]) =inf F7'([(,1]).

Lemma 2.4.1. The function DL is measurable and DY < DY, with equality if F is contin-

n»
UoOUS.

Proof. Let us first show that D,, is indeed measurable. We will show that
DF = sup | Fu(z) — F(z) | (2.4.2)
zeQ

According to Proposition 1.1.18(iii) the quantity in the right-hand-side is measurable.

Fix w € Q. There exists then a sequence of real numbers (zj)ken such that
lim | Fy (2, w) — F(z) | = Dp(w).
k—o00

Now observe that the functions x — F,(z,w), F(z) are right-continuous so there exists a
sequence of rational numbers (g )ren such that gp > zx and

1
|| Paisw) = F@i)| = | Fulanw) = Fla) || < 1
Hence
lim ’Fn(qk,w) — F(qx) ‘ = lim ‘Fn(a:k,w) — F(xyp) ’
k—o0 k—o00
thus proving that the functions (2.4.2) are measurable.

Consider now a sequence of i.i.d. random variables (Y;,)nen uniformly distributed on
[0,1]. Denote by U, the associated empirical c.d.f.-s,

1 n
k=1
Then X,, = Q(Y,,) are i.i.d. with common cdf F. Note that

Un(F(z)) — F(z) = % Y Ii<r@y — F@)
k=1

12.6) 1
U293 o - F@) = Fal@) - Fla).

Thus o
D} = sup | Fu(z) — F(z) | = sup | Un(F(z)) — U(F(z)) |
SSEE‘Un(y)_U(y)‘ =Dy

Observe that if F' is continuous, then Yy € (0,1), 3z € R, such that F(z) =y so

> | U(Fu(z) - UF(2) | = sup | Un(y) = U(y) |
z€R ye
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O

Theorem 2.4.2 (Glivenko-Cantelli). Suppose that (X,)nen i a sequence of i.i.d. random
variables with common distribution p and cdf F'. Denote by F,(z) the empirical cdf-s

1
k=1

Then, almost surely, F,(x) converges uniformly to F(x), i.e.,
D5—>O a.s. asm — 00,
where D, is defined by (2.4.1).

Proof. Lemma 2.4.1 shows that it suffices to prove the theorem only in the special case
when that random variables are uniformly distributed. Thus we assume F' = U. Note that
Un(z) = U(z) for z € R\ [0,1]. Thus is suffices to prove that U, (xz) — U(x) a.s. uniformly
on [0,1]. This is a manifestation of a more general phenomenon.

Lemma 2.4.3. Suppose that f, : [0,1] — R is a sequence nondecreasing functions that
converges pointwisely to a function f :[0,1] — R. If the limit function f is continuous, then
fn converges uniformly to f.

Proof of Lemma 2.4.3. Set

D} == sup | ful(@) = f(z)].
z€[0,1]

we will show that D,{ — 0 as n — oo.
Fix a partition P of [0,1], P={0 =20 <21 <22 < --- <y, = 1}. Set

91 := max (e — i), [Pl = max (£l = flai)).

For x € [xg_1, 2] and n € N we have
Fax) — fuln) < (Flan) — @) + (F@) = Fule)) < IP1s + (F(2) — fule)),
f@) = fulx) < f(@) = flap—1) + flar-1) = fal@r-1) < (Pl + f(@r-1) = ful@e-1),
Hence
flar) = fulzr) = [1Plly < fl2) = falz) <Pl + fl@p-1) = falzr-1),
Ja(@e—1) = f(@r—1) = [IPlly < falz) = f(@) < (|Pllf + falze) = f (@)

If we set

D (P) == max (f(zx) = falzr)), D, (P):= max (fulze)— f(an)),

0<k<m 0<k<m
Dy (P) := max ( D;} (P), D;, (P))

we deduce that for any partition P of [0, 1] we have

Dy (P) = omax | fzk) = fulzr) |,

and
0 < DI < Du(P) + ||| 4- (2.4.3)
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Since f is uniformly continuous, there exists a sequence Py of partitions of [0, 1] such that

1
1Pl < o Vk € N.

Since f, converges pointwisely to f we deduce

Vk € N, le Dy (Pr) =0 as..

Hence )
0 < liminf DI < limsup Df < ||Py||lf < -, Vk€N.
n—0o0 n—00 k
Letting £ — oo we deduce the desired conclusion. O

The Strong Law of Large Numbers implies that, for any x € [0, 1],
Un(z) - U(x) as. as n — oo.

Thus, for every partition P = {0 = z9p < --- < x,, = 1} of [0,1] there exists a negligible
subset Ny C €2 such that, Vw € Q \ Ny we have

D, (P, w) = sup ‘ Un(z,w) —U(x) } — 0 as n — oo.
x€P

We deduce from (2.4.3) with f(z) = U(x) =z and f,(z) = Up(z,w)
Vw e Q\Np, 0< lirginng(w) < limsup DY(w) < ||P|lv = ||IP]I.
n—oo n—00

Now choose a sequence of partitions Py, such that ||Px|| — 0 as k — oco. If we set
N =[Ny,
k
then we deduce that for any w € Q \ N we have

lim inf DY (w) = limsup DY (w) = 0.
=00 n—o00

O

Remark 2.4.4. (a) Lemma 2.4.3 resembles Dini’s theorem and seems to be rather old. The
earliest reference to this result that I could find is the 1908 paper [27] by H. E. Buchanan
and T. H. Hildebrandt. For two different proofs of this lemma I refer to [146, Sec.0.1].

(b) Suppose that (X,)nen is a sequence of i.i.d. random variables with common cdf F(z).
Form the empirical (cumulative) distribution function

1
k=1

and the corresponding deviation D,, := sup,cr | Fo(z) — F(x) ’ The Glivenko-Cantelli theo-
rem shows that D,, — 0 a.s..
On the other hand, observe that for each x € R the random variables I _., ,(X,) are

i.i.d. random Bernoulli random variables with success probability F(z). The central limit
theorem shows

Vn(Fy(z) — F(z)) = N(0,F(z)(1 - F(z))).
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The Kolmogorov-Smirnov theorem states that

VDy = D, P[ Do >c] =2 (—1)mte 2,

m>1

For an “elementary” proof of this fact we refer to [63]. For a more sophisticated proof that
reveals the significance of the strange series above we refer to [14] or [57]. O

2.4.2. VC-theory. We want to present a generalization of the Glivenko-Cantelli theorem
based on ideas pioneered by V. N. Vapnik and A. Ja. Cervonenkis [172] that turned out
to be very useful in machine learning. Our presentation follows [142, Chap. II]. For more
recent developments we refer to [57, 76, 171, 177].

Fix a Borel probability measure p on ¥ := RY. Any sequence of i.i.d. random vectors
X, :(Q,8P) = %x=RY

with common distribution u defines empirical probabilities

1 n

The empirical probabilities are random measures on (3‘:, By ) More precisely, for any Borel
subset B C X, Pn[B ] is the random variable

P[B] = S I5(%y).
k=1

Suppose we are given a family F := (B;)ser of Borel subsets of X = RV, N > 1, parametrized
by a set T. We assume T is a Borel subset of another Euclidean space RP and we denote by
Br its Borel algebra. For example, we can choose X = R,

By =(-o00,t], teT=R.

For each n € N we obtain a stochastic process parametrized by T,
1 n
P :TxQ—[0,1], Py(t,w)=P,[B](w) = ;ZIBt(Xk(w)).
k=1

For ech n € N we obtain a random variable
P.(t) : Q2 —1[0,1], w— P,(t,w).
The collection of random variables (P, (—)):er is an example of empirical process. Note that

(%7

E[Put)] = n[ B, Var [P0)] = Var[Pr(5)] = 2,

where
vim [ B(1-u[B]) <
The Strong Law of Large Numbers implies that

Zn(t) = Py(t) — p| B ] = %Z (Ye(t) —E[Yi(t)]) = 0 as. asn — oo.
k=1

| =
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Moreover, Chebyshev’s inequality shows that

P[|Za(0)] > ] < 2 <

< (2.4.4)

Can we conclude that Z,(t) — 0 uniformly a.s. in the precise sense described in Glivenko-
Cantelli’s theorem?

To proceed further we will need to make some further assumptions on the family (By)ier.
Later we will have a few things to say about their feasability. Set
D,, :=sup|Z,(t)| : Q@ — [0,1].
teT

Here is our first measure theoretic assumption.
M. The function D,, is measurable

To prove that D,, — 0 a.s. we will employ a different strategy than before. More precisely
we intend to show that, under certain assumptions on the family (By)icr, the probability
IP’[Dn > 5] decays very fast as n — oo, for any € > 0. This will guarantee that the series

> P[D, >¢]

is convergent for any € > 0 and thus, according to Corollary 1.3.54, the sequence D,, converges
a.s. to 0. To obtain these tail estimates we will rely on some clever symmetrization tricks.

To state the first symmetrization result choose another sequence X/ : Q@ — X, n € N, of
i.i.d. random variables, independent of (X}, ),en, but with the same distribution. Set

YUt = T, (X)), Zalt) = -3 (0~ u[Y{(0)]), vneN, teT,
k=1
Dy i=sup | Z,(t) — Zn(t) |- (2.4.5)
teT
Equivalently,

nn—Sup*’Z Yoyi(t k())‘-

teT N
Here are our next measure theoretic assumption.
M. The function Dy, , is measurable
M. For any n > 0 and any € > 0 there exists a measurable map

7 (Qo(Xy,...,X,)) = (T, Br)
such that |Z,(T)| > e on {D,, > ¢}, i.e.,
Dp(w)>e = | Zn(7(w) ]| >e. (2.4.6)

Lemma 2.4.5 (First symmetrization lemma).

P[ Dy, >¢e] <2P[ Dy, >¢/2], Ve >0, Vn>$. (2.4.7)
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Proof. Choose a measurable map 7 : (Q, o(Xy,... ,Xn)) — (T, BT) satisfying Ms. Then
7 is independent of Z] and we deduce

(2..4) 1

E[ Tz 1</ | oK1, X)) = B[ 4 r(or iy 1oy ] 2 1= 5,

P[] Z,(r) | < /21| Du] = E[E[ T 00y 1e/2) | 0(X1,- ... X0) ] || D
1
21
Integrating over {D,, > ¢} we deduce
1
(1-— )P[Du>c] <P[|Z)(7)| </2, Du>¢]
(2.4.6) ) )
< Pl Z(1)| <e/2, | Zu(r) | > €] <SP[|Z(7) = Zn(7) | > /2]
<P[sup|Z,(t) — Zu(t) | > £/2].
teT
The inequality (2.4.7) follows by observing that for n > % we have 1 — =5 > % a

1
ne

Note that the variables (Y}, (t))nen are independent Bernoulli random variables with suc-
cess probability ps = [ By ]. The random variables (Y,(t)) are also of the same kind and
also independent of the Y’s. The key gain is that the random variables

En = Y[(t) — Yi(t)
are symmetric, i.e., =, and —Z,, have the same distributions. They take only the values
—1,0,1 with distributions
P[Z==%1] =pi(1—p), P[E=0] =1-2p(1—py).
The advantage of working with symmetric random variables will become apparent after de-
scribe our second symmetrization trick known as Rademacher symmetrization.

Recall that a Rademacher random variable is a random variable that takes the only
the values +1, with equal probabilities. Suppose that (R, ),en is sequence of independent
Rademacher random variables!? that are also independent of the variables X,, and X/,.

Observe that the random variables )_/n := R, Y, are also symmetric.

Lemma 2.4.6 (Rademacher symmetrization). For any n € N we have

P[supl( i(y,;(t) —Yi(t) ) > g} < QIP[ iuﬂgi‘ i}_fk(t)‘ > i} (2.4.8)
€ k=1

Proof. The key observation is that, because = (t) = Y/ (t) — Yi(t) is symmetric, it has the
same distribution as RiZj(t). Set

Su(t) =~ ST RV(), Sh(t) = - S0 RV,
k=1 k=1

12Here we are making a tacit assumption that there exists such a sequence random variables R, defined on .
For example if we can choose Q to be the probability space (X, u®V) ® (X, u®V) ® {—1,1}®N all the above choices are
possible. The choice of  is irrelevant because the Glivenko-Cantelli theorem is a result about (X, u®V).
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n

€ , €
sup—’ Y ’>f} P[sup—S — S, (t >f}
[teRnZ k ) 2 teRn} ()| 2
<]P’{sup—‘5(t)‘>f}—i—]P’{supl S’(t)’>§} QIP’[sup—‘S )| > E}
= Liernl ™" 4 ter Nl " 4 teR M 41
where we used the fact that R;Y/(t) and RYj(t) have the same distributions. 0
Putting together all of the above we deduce
1
P[D, <4IP[ —‘ RY‘ 7}, Ve >0, . 2.4.9
(D, > ¢ igﬂgnzkk >0, n>o= ( )

To make further progress we condition on the variables (X,,) and we deduce

| S]]

teR T
_ - ®n
—/n [iég ‘ZRkyktx) Au [day - dzy ],
=:5¢(Z)
where 7 := (z1,...,2,) € X" and

yp(t, @) = I, (zx) € {0,1}, VE=1,...,n, teT.
Hence

}P’[Dn >€] < 4/ ]P’[ sup S¢(Z) > E}u@m[dml"‘dmn]. (2.4.10)
teR 4

For each n € N, t € T and & € X" we set I, := {1,...,n},
Cy(Z —{ke]ln,yk(t:n—l} {kE]In, :vkeBt}
Roughly speaking, Cy(Z¥) = By N {z1,...,2,}.
Cu(@):={CCl,; HeT, C=Cya)}.

n

For every C C I, we set

-2l Tl

so that Sy(¥) = S¢,(z). Hence

P sup Sy(&) > /4] =P[ sup Sc>e/4] < Y P[Sc>e/4].
teT Cetn (@) CECn(z)

We can now finally understand the role of the Rademacher symmetrization. The sums

k=1

are of the type appearing in Hoeffding’s inequality (2.3.13), where Rpyx(t,Z) € G(1) by the
computation in Example 2.3.7. We deduce

P[Sc > e/4] < 2e7"/32, VO C L,
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We deduce

P[ sup Si(%) > e/4] < 2/€,(F)]e"=/32. (2.4.11)
teT

Using this in (2.4.10) we deduce
P[D, >¢] < 86—ns2/32/ 1€ (@)] B [ dty -+ - dy ] (2.4.12)
xn
We have a rough bound |C,,(Z)| < 2™ but it is not helpful. At this point we add our last and

crucial assumption.

VC. The family F = (By)er satisfies VC-condition.'® This means that there exists d € N
such that

sup |G, (%) = O(n?) as n — co.
rexn

With this assumption in place we deduce that there exists K > 0 such that
21C,(2)| < K(n? +1), VneN, VZex"
so that
P[D, >e] <8Ke /3 (nd 4 1). (2.4.13)
In the above estimate the constant K is independent of the distribution p. Since the series
Z e_m?/gz(nd +1) < oo, Ve>0,
neN
we deduce that D, — 0 a.s.. We have thus proved the following wide ranging generalization

of the Glivenko-Cantelli theorem.

Theorem 2.4.7 (Vapnik-Chervonenkis). Suppose that F = (By)ier is a family of Borel
subsets of X = RN parametrized by a Borel subset T of some Euclidean space, and i1 is a a
Borel probability measure on X. Assume that 1, F satisfy the conditions My, My,, Ma.

Fiz a sequence of independent random vectors X, : & — X with common distribution w.
Form the empirical measures

[ Q2 x Bx — [0,00], wi[B] :%ZIB[X]C(W)}.
k=1

If F satisfies the V C-condition, then, almost surely,
Mn[B] — ,u[B] as n — 0o
uniformly in B € F, i.e.,

lim sup‘,un[B] —,u[B] ‘ =0 a.s..
n~>ooB€3r

O

Remark 2.4.8. (a) The technical assumptions My, M), My are measure-theoretic in nature
and are automatically satisfied if the space of parameters T is countable. There are quite
general (and very technical) results that guarantee that these results hold in a rather broad
range of situations, [142, Appendix C].

Byco = Vapnik-Chervonenkis
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There are more sophisticated ways of bypassing My and M) and we refer to [57], [76] or
[171] for details. Section 1.1 in [171] does a particularly clear and efficient job of describing
these measurability issues and the methods that were proposed over the years to circumvent
them.

If one assumes the condition VC, one can bypass assumption Mz by using a weaker form
of the first symmetrization trick. Observe first that

E[Dn] <E[Dnn]. (2.4.14)
Indeed
i/E:OﬂwEDﬂﬂ”‘:iE{ZﬁﬂﬂEDﬂ@MH@lgkgnH
k=1 k=1
— % IE[ Z(Yk(t)—Yk’(t)) | Vi, 1 <k gn] ‘
k=1
SEH uﬁw—n@n)m%1gkgn}gEUMﬂuL1§k§ﬂ

Hence .

Ddﬂ:&m% S (Vi) — E[Yi(®)] | S E[Don | Yio 1<k < ).

k=1

By taking the expectations of both sides of the above inequality we obtain (2.4.14). A similar
argument as in the proof of the Rademacher symmetrization lemma yields

E[Dnm] <2 E{iggil ki)_/k(t) H )
=1

=:Rn(T)
The sequence R,,(T) is called the Rademacher complexity of the family (By)er.

McDiarmid’s inequality (3.1.21), a refined concentration inequality, shows that D,, is
highly concentrated around its mean. The VC condition can be used to show that the
Rademacher complexity goes to 0 as n — oo. Thus the mean of D, goes to 0 as n — oo.
Combining these facts one can obtain an inequality very similar to (2.4.12). For details we
refer to [177, Sec. 4.2] or Subsection 3.1.7

(b) One can obtain bounds for the tails of D,, by a Chernoff-like technique, by obtaining
bounds for E[ ®(Dy,) |, where ® : [0,00) — R is a convex increasing function; see Exercise
2.65. We refer to [143] or[171] for details. 0

The key assumption is VC and we want to discuss it in some detail and describe several
nontrivial examples of families of sets satisfying this condition.
Fix an ambient space X and F C 2% a family of subsets of X. The shadow of F on a
subset A is the family
Fa={FNA Feg}cah
Note that for a finite set A we have
|F 4] < 2141,
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When we have equality above we say that A is shatterred by F. Thus, A is shattered by F if
any subset of A is in the shadow of F. We set
sy(n) := max { |Fal; |4l =n}.
Thus sg(n) is the size of the largest shadow on a subset of X of cardinality n. Note that
sy(n) < 2™,
For a nonempty F we define its VC-dimension to be
dimyc(F) :=max{n eN; sg(n)=2"}.
Thus, any subset A such that |A] < dimy¢(F) is shattered by F. In other words, if
k = dimy (), then for any n < k we have
min(n,k) n
sg(n) =2"= ()
=1 N
We have the following remarkable dichotomy. For proof we refer to [57, Thm. 4.1.2] or [76,
Thm. 3.6.3].

Theorem 2.4.9 (Sauer Lemma). If dimy¢o(F) = k < oo, then

¥n>k: sy(n) < Py(n) = mig%k) (”)

=0 M

Note that Px(n) is a polynomial of degree k in n. O

Define the density of F to be
dens(F) = inf{r > 0; sy(n) =O0(n"), asn — oo }.

We see that the family F satisfies the condition VC if and only if dens(F) < co. Sauer’s
lemma implies that dens(¥) = dimyc(F) so that

dens(JF) < 0o <= dimy¢(F) < oo.

We see that a family F satisfies the condition VC if and only if its VC-dimension is finite.
A family with finite VC-dimension is called a VC-family.

Note that dimyc(F) < k if and only if any set A C X of cardinality k& contains a subset
Ap with the property that any set in F that contains A also contains an element in A\ Ap.
Intuitively, the sets in F cannot separate Ag from its complement in A. Let us give some
examples of VC families.

(i) Suppose that F consists of all the lower half-lines (—o0,t] C R, ¢t € R. Note that if
A = {a1,a2}, a1 < ag, then any half-line that contains as must also contain a; so
that dimy¢(F) < 1.

(ii) Suppose that F consists of all the open-half spaces of the vector space R™. A
classical theorem of Radon [124, Thm. 1.3.1] shows that any subset A C R™ of
cardinality n+2 contains a subset Ag that cannot be separated from its complement
A\ Ap by a hyperplane. Thus dimy¢(F) < n+ 1. With a bit more work one can
show that in fact we have equality.

(iii) The above example is a special case of the following general result, [57, Thm. 4.2.1].
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Theorem 2.4.10. Let X be a set. Suppose that V is a finite dimensional dimen-
sional vector space of functions f : X — R. The space V defines two families of
subsets of X,

50 ={{f>0} fevl 7 ={{rz0 fevy.

Then

dimye (97°) = dimye (F5°) = dim V.

(iv) If Fo, F1 are two VC-families of subsets of a set X, then FyUF; is also a VC family.
Moreover (see [57, Thm. 4.5.1])
dens(Fo U F1) = max ( dens(Fp), dens(F1) ),

and (see [57, Prop. 4.5.2])

dimye (FoUF1) < dimFo + dim Fy + 1.
The above equality is optimal.

(v) If Fp,F; are two VC-families of subsets of a set X and we set
FonFr:={FoNF; FreF, k=0,1},
then (see [57, Thm. 4.5.3])
dens (Fo M F1) < dens(Fp) + dens(F1).
(vi) If F is a VC family of subsets of X, k = 0,1, and we define
Fo@F:={Fyx Fi; F, €Fy, k=0,1},
then Fy ® F; is a VC family of Xy x X1; see [57, Thm. 4.5.3]. Moreover
dens(Fy ® F1) < dens(Fp) + dens(Fy).

2.4.3. PAC learning. Let us explain why the above results are relevant in machine learning.
Suppose that we are dealing with a 0-1 good/bad decision/classification problem.

More precisely we want to determine when a parameter z € RY is “good”, i.e., determine
the set G of “good” parameters. For example, we know from other considerations that a
parameter x € R is good if and only if x < t3, but we do not know the precise value of #.
However, we have some information about the “good” set: it is of the form (—o0,t], t € R.

More generally, for one reason or another we are lead to believe that the set G belongs
to a family (Bj)ier, where T C RP and B; is a Borel subset of RY. The family is (B;)ier
called a hypothesis class. Thus we seek tg € T such that By, = G. On the the simplest
hypothesis classes is that of perceptrons, i.e., the collection of open half-spaces in a given
Euclidean space.

Consider a silly but suggestive example. Suppose that we want to decide when a banana is
good. The goodness of a banana is decided by say, three parameters: Color, Flavor, Softness,
or CFS. Hence the good bananas are defined by some measurable subset in the CFS space.
Suppose we have a collection F of categories of bananas, each category being defined by
constraints in the CFS.

We are allowed to ask an Oracle to pick banana at random and answer then following
yes/no questions. Does the chosen banana belong to a given category B;? Is the chosen
banana a good banana? However, the Oracle won’t tell us which of the categories of bananas
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is the good category. Saying that a banana is good and it belongs to a category B; only
says that the banana belongs to B; N G. We are suppose to learn the good category G by
repeating the above experiment many, many times and recording the answers.

Technically, the Oracle puts at our disposal a sequence of i.i.d. R"V-valued random vectors
(RY plays the role of the CFS space)

Xn: (8,P) RN, neN,
and the values Y, = I G(Xn), n € N. However, we do not know the common probability
distribution p of these random vectors.

If we knew this probability distribution, then we could find G = By, as a minimizer of
the deterministic functional L, : T'— [0, 1]

Lut) = - S B[ In (Xe) £ V] = S B[ I5,(Xe) # Ig(X)]
k=1 k=1

1 n
= Y P[Ipnac(Xy)=1]=u[BAG].
k=1
In fact L,(tp) = 0. Note that
,U,[BtAG] = E[IBtAG] = E[IBt +Ig— QIBtﬁG}-

The law of large numbers shows that P-a.s. we have

RS

lim — " (Ip,(Xk) + Ta(Xx) — 2L 5,na(Xk))

n—oo n
k=1

=E[Ip, +1Ig—2IpIc] =Lyt
Thus, even if we do not know p we can estimate L, (t) using the random functionals

(Ip,(Xy) +Ic(Xy) — 2Ip,nc(Xk))

Il
MH:

(IB,(Xk) + Y — 2V I, (X}) ).

k=1
If (Bi)ten, is a VC-family, then so is the family (B; N G)ier and (2.4.12) shows that there
exist constants K, ¢ > 0, independent of the mysterious u, such that

P[ sup | Ln(t) — Lu(t)| > ] < Ke " vn.
teT

Thus, if we ask the oracle to give us a large sample (z1,41) .. ., (Tn, yn) of (X1,Y1),..., (Xpn,Yn)
we obtain a deterministic functional
1 n
Ln(t; Liyew- 7-7;77,) = E Z (IBt(xk) + Yk — 2IBt(ack)yk )
k=1

If we find t,, such that L, (t,;21,...,2,) < §, then
P[Lu(tn) > ] S P[|Ln(ta) = Lu(ta)| > /2] < Kemen/4

Thus, for large n, Ly (t,) is, with high confidence, within ¢ of the absolute minimum Lp(¢y) = 0.
Hopefully, this signifies that ¢, is close to t3. In the language of machine learning, we
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say that the hypothesis class (By;)ier is PAC learnable, where PAC stands for Probably
Approximatively Correct. For more details we refer to [155, 129, 173].

Remark 2.4.11. The results in this section only scratch the surface of the vast subject
concerned with the limits of empirical processes. We have limited our presentation to 0-1-
functions. The theory is more general than that.

Suppose that (U,U) is a measurable space and
Xp: (,8,1) — (U, W)

is a sequence of i.i.d. measurable maps with common distribution P = (X,,)xpu, Vn. Fix a
family F of bounded measurable functions U — R. We obtain a random measure

1 n
P, = n;éxn

We obtain a stochastic process parametrized by f € F

NE

(Ba—B)[F] = -3 (F(X0) ~E[£(X)]) € L¥(28,), [ €.

>
Il

1

When F consists of indicator functions of measurable sets we obtain the situation described
in this section.

For each f the SLLN shows that
(Pn—IP’)[f] — 0 as.
while the CLT shows that

\/E(Pn _P) [f] = N(O,v(f)), v(f) = Var [f(Xn)L vn.
What can be said about the limit of the process P,, — P?

Just like there are different flavors of convergence of random variables, there are many
ways in which stochastic processes can converge. Various measurability issues make empirical
processes trickier to handle. We refer to [4, 57, 76, 142, 171, 177] for more details about
this problem. O

2.5. The Brownian motion

The Brownian motion bears the name of its discoverer, the botanist R. Brown who observed
in 1827 the chaotic motion of a particle of pollen in a fluid. Its study took off at the beginning
of the 20th century and has since witnessed dramatic growth. It popped up in many branches
of sciences and has lead to the development of many new branches of mathematics. In the
theory of stochastic processes it plays a role similar to the role of Gaussian random variables
in classical probability. It is such a fundamental and rich object that I believe any student
learning the basic principles of probability needs to have a minimal introduction to it.

I drew my inspiration from many sources and I want to mention a few that I used more
extensively, [14, 59, 110, 113, 152, 162]. My approach is not the most “efficient” one since
I wanted to use the discussion of the Brownian motion as an opportunity to introduce the
reader to other several important concepts concerning stochastic processes.
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2.5.1. Heuristics. To get a grasp on the Brownian motion on a line, we consider first a
discretization. We assume that the pollen particle performs a random walk along the line
starting at the origin. Every unit of time 7 it moves to the right or to the left, with equal
probabilities, a distance §. We denote by Sg’T its location after n steps, or equivalently, its
location at time n7, assuming we start the clock when the motion begins.

When § = 7 = 1 we obtain the standard random walk on Z
n
St =8, =Y Xy,
k=1

where (X,,)n>1 is a sequence of independent Rademacher variables, i.e., random variables
taking the values +1 with equal probabilities.

We assume that during the (n + 1)-th jump the particle travels with constant speed 1 so
we can assume that its location at time ¢ € [n,n + 1) is

WH(t) = Sp+ (t = n) Xn1 = Spyy + (¢ = [£]) X (1) 41-

If we sample the random variables (X,,), then of W(¢) is a piecewise linear function with
linear pieces of slopes +1. Its graph is a zig-zag of the type depicted in Figure 2.3

AN

N
,4.

Figure 2.3. The zig-zag depicting a random walk.

Suppose now that the pollen particle performs these random jumps at a much faster rate,
say v jumps per second, and the size (in absolute value) of the jump is § meters. We choose
0 to depend on the frequency v and we intend to let v — co. Assuming that during a jump
its speed is constant we deduce that this speed is dv meters per second and its location at
time ¢ will be

WYO(t) = 68 + 0(vt — [vt] ) X iy -

::Rl/,é(t)

To understand this formula observe that in the time interval [0, ¢] the particle performed |vt]
v

complete jumps of size §. It completed the last one at time th From this moment to ¢ it

travels in the direction X |44, with speed dv for a duration of time ¢ — %

Assuming that in finite time the particle will stay within a bounded region it is reasonable
to assume that

vt, supE[W"(1)?] < 0. (2.5.1)
Now observe that 6.5|,;) and R, s are mean zero independent random variables so that

E[W" ()] = °E[ ST, ] + E[Rus(t)*] = 8% [vt] + E[ Ry s5(t)*].
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Clearly E[ R, 5(t)?] € [0,0] so for (2.5.1) to hold we need

sup 6%v < oo.
174

We achieve this by setting § = /2 and we set
v vy 1/2 —
W () == W () = v 28 + R (1),

2.5.2)
R,(t) := Vﬁl/Q(yt — |vt] )XLutJH' (

In this case W (t) looks like a zig-zag with steep slopes of sizes +,/v; see Figure 2.4.
0.6
0.4

0.2+

0.1 A2 03 04 05 06 0.7 0.8 0
~0.21
0.4

-0.6+

-0.84

Figure 2.4. Approximating the Brownian motion.

For each v, the collection (W¥(t)):>0 is a real valued random process parametrized by
[0,00). Think of it as a random real valued function defined on [0, 00). It turns out that the
random processes (W7 (t)):>0 have a sort of limit as as ¥ — co. The next result states this
in a more precise form.

Proposition 2.5.1. Let 0 < s < t. Then as v — oo the random variable W"(t) — W"(s)
converges in distribution to a Gaussian random variable with mean zero and variance t — s.
In particular, since W¥(0) = 0 we deduce that the limit

W(t) = lim W"(t)
14
exists in distribution and it is a Gaussian random variable with mean zero and wvariance t.
Moreover, if
0<s0<typ<s1 <ty <---<sp <tg, k>1,
then the increments
W(to) — W(so), W(t1) — W(s1), ..., W(tx) — W(sg)

are independent.
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Proof. Fix 0 < s < t. For v sufficiently large we have |vs| < |vt| and
WY (t) = W¥(s) = v (St = Sws) ) + ((Bu(t) = Ru(s)) -

Y, Zy

Observe first that
lim E[Z2] = 0.

n—0o0

In particular, this shows that Z, converges in probability to 0. On the other hand

VIt = [v5] 1 L)
Y, = . X
N Vot = [vs) k=§S:J+1 :

Y,

The Central Limit Theorem shows that Y, converges in distribution to a standard normal
random variable. Since

i S v

we deduce that Y, converges in distribution to a Gaussian random variable with mean zero
and variance t — s. Invoking Slutsky’s theorem (Theorem 2.2.13) we deduce that Y, + Z,
converges in distribution to a Gaussian random variable with mean zero and variance ¢t — s.

Now let
0<sp<tg<s <ty < ---<sp<t, k>1.

For large v the random variables
—1/2 .
v / (SLth _SLSjJ ), J —0,1,...,k
are independent and the above argument shows that they converge in law to the Gaussian
Wi(t;) —W(s;), j=0,1,... k.
Corollary 2.2.12 implies that these increments are also independent. a
Definition 2.5.2 (Pre-Brownian motion). A pre-Brownian motion on [0,00) is a collection
of real valued random variables (W(t) ) with the following properties.

(i) W(0) = 0.
(ii) For any 0 < s < t the increment W (t) — W (s) is a Gaussian random variable with
mean zero and variance t — s.

t>0

(iii) For any
0<sp<tpg<si <ty < ---<sp<ty, k>1,
increments
Wi(to) — Wi(so), W(t1) = W(s1), ..., W(tg) — W(sk)
are independent.
A pre-Brownian motion on [0, 1] is a collection of real valued random variables (W (t) )

t€0,1]
satisfying (i)-(iii) above with the s’s and #’s in [0, 1]. O
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We have thus proved that a suitable rescaling of the standard random walk on Z converges
to a pre-Browning motion. In Figure 2.4 we have depicted the graph of a sample of W (t)
for v = 100. Its graph is also a piecewise linear curve, but its linear pieces are much steeper,
of slopes +v1/2.

2.5.2. Gaussian measures and processes. Suppose that (W(t) ) />0 is a pre-Brownian
motion on [0, 00). As explained in Subsection 1.5.1, this process defines a probability measure
on R equipped with the product sigma-algebra B%?’OO) called the distribution of the
process. We want to show that any two pre-Brownian motions have the same distributions.
This requires a small digression in the world of Gaussian measures and processes. In this
subsection we survey some basic facts concerning these concepts. In Exercise 2.68 we ask the
reader to fill in some of the details of this digression. We refer to [164] for a more in depth
presentation of these topics.

Let V' be an n-dimensional real vector space. We denote by V* its dual, V* = Hom(V, R).
We have a natural pairing

(—, =) V*XV =R, zx):=¢&x), YEeV* xzeV.

A Borel probability measure p € Prob(V) is called Gaussian if for every linear functional
¢ € V*, the resulting random variable & : (V, By, u) — R is Gaussian with mean m[f ] and
variance v[£], i.e., (see Example 1.3.34)

_ (e=m[g)?
26 de, ol€] £0,

W.e
Pe[da ] = Tpjguig[de] =
Omle] v[¢] = 0.

Equivalently, this means that the characteristic function of P¢ is
™ it —ﬁ-l-itm[f]
Pg (t) =E [ e ] =e 2 .

A random vector X : (Q,8,P) — V is called Gaussian if its probability distribution is a
Gaussian measure on V. The random variables X1,..., X, : (,8,P) — R are called jointly
Gaussian if the random vector

X:Q-RY X(w) = (Xi(w),..., Xn(w)),
is Gaussian. This means that for any real constants &1, ..., &,, the linear combination
£1X1 + - +€an

is a Gaussian random variable.

For any Gaussian measure 4 on the finite dimensional vector space V' with mean m,, [{ ]
and variance vy, [5 ] we define its covariance form to be

C=C,:V*"xV* =R,

Clem = 1 (oul€+ ] = vu[€ = n]) =Eu[ (6 = mu[€] ) (n—ma[n])].

Then (see Exercise 2.68(ii) +(iii)) the mean m,, is a linear functional m, : V* — R and the
covariance C), is a symmetric and positive semidefinite bilinear form on V*. Equivalently, we
can view the covariance as an element in the tensor product V ® V.
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Proposition 2.5.3. A Gaussian measure on a vector space is uniquely determined by its
mean and covariance form. O

The proof of the above result is based on the Fourier transform and its main steps are
described in Exercise 2.68. In the sequel we will refer to the mean zero Gaussian measures
as centered.

Example 2.5.4. (a) If X;,..., X, are independent Gaussian random variables, then any
linear combination

X1+ + 86X,
is also Gaussian, with mean ), §)iIE[X,-] and variance Y. &? Var [XZ] In particular, if

Xi,...,X, are independent standard normal random variables, then the random vector
X = (X1,...,X5) is Gaussian and its distribution is the standard Gaussian measure on
R'I’L
Iy[dz] = ! e2llel gy
1 (2m)n/2 '
(b) If X = (X1,...,X,) is a Gaussian random vector, then the mean of its distribution is
the vector

m[X]:=(E[X1],....E[X,])
and the covariance form of its distribution is the n x n matrix C' with entries the covariances
of the components, i.e.,

Cij = Cov [ Xi, X;] =E[ (X, —E[X:])(X; ~E[X;]) ], 1<ij<n.

(c) If p is Gaussian measure on a finite dimensional vector space and A : U — V is a linear
map to another vector space then the pushforward Axpu is also a Gaussian measure on V. In
particular if

X =(X1,...,Xpn)
is a Gaussian vector and A is an m X m matrix, then the vector Y = AX is also Gaussian.
Note that

—

n
Y=,....Yn), i=> a;X;, i=1,...,m.
j=1

(d) Suppose (—,—) is an inner product on the vector space V with associated norm || — ||.
We can then identify V* with V and the symmetric bilinear forms on V* with symmetric
operators. The centered Gaussian measure on V' whose covariance form is given by the inner

product is
1

(2)dim V/2
If A:V — V is a symmetric linear operator, then pushforward A4I'; is the Gaussian mesure
with covariance form C = A?. More precisely,

C(’Ul, ’Ug) = (Avl, AUQ) = (A2U1, Ug).
If, additionally A is invertible, then

— L1212
e 2 1Zl° g

I‘]l[dx] =

ATy [de] = —— 37l gy,
det(2m A2)
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We deduce that for any bilinear, symmetric positive semidefinite form
C:V*xV* >R

there exists a centered Gaussian measure admitting C' as covariance form. Indeed, if we fix a
metric on V' then we can identify C with a symmetric, positive semidefinite operator C' — V.
If A= +/C, then the Gaussian measure A4I'y is centered and has covariance form C. O

Definition 2.5.5 (Gaussian processes). A Gaussian process parametrized by a set T is a
collection of random variables ( X (t) ) +er defined on the same probability space (2,8, P’) such
that, for any finite subset I = {t1,...,t,} C T, the random vector X; := (X (t1),...,X(ts))
is Gaussian. We denote by I’y its distribution. The process is called centered if E [X (t)] =0,
vteT. O

Suppose that (X (t) )teT
on R” uniquely determined by the Gaussian measures I'7, I finite subset of 7. In turn, these
probability measures are uniquely determined by the mean function

m:T =R, m(t)=E[X()]

is a Gaussian process. Its distribution is a probability measure

and the covariance kernel
K:TxT—R, K(s,t) = Cov [X(s), X(t)].
Example 2.5.6. Suppose that (W(t) )t>0 is a pre-Brownian motion. Forany 0 <t} < --- <,
the random vector
(X1,...,Xn) = (W(t1), W(ts) = W(t1),...,W(tn) — W(tn—1)

is Gaussian since its components are independent Gaussian random variables; see Example
2.5.4(a). Observing that

((W(t1>,...,W(tn)) :(X17X1+X2,...,X1+-~—|—Xn)

we deduce from Example 2.5.4(c) that the vector ((W(t1),...,W(t,)) is also Gaussian as
linear image of a Gaussian vector. Thus, any pre-Brownian motion is a Gaussian process. It is
centered since all the random variables W (t) have mean zero. Its distribution is a probability
measure on then path space R0 uniquely determined by the covariance kernel

K :[0,00) x [0,00) = R, K(s,t) =E[W(s)W()].

We claim that
K(s,t) = min(s,t), Vs,t>0. (2.5.3)

Indeed, assume without any loss of generality that s < ¢. Then
E[W(s)W(t)] =E[W(s)*] +E[W(s)(W(t) — W(s))].

The first summand is equal to s according to property (ii) of a pre-Brownian motion. Property
(iii) implies

Hence
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We see that all pre-Brownian motions have the same covariance form and thus they all have
the same distribution.

Conversely, suppose that (X (t) ) +~0 1s a centered Gaussian process whose covariance form
is given by (2.5.3). Then this process is a pre-Brownian motion. Indeed,

E[X(0)*] = K(0,0) =0
so X(0) =0 a.s.. Next, observe that
E[X ()] = K(t,t) =t.
Each increment X () — X(s), s < t, is Gaussian and
Var [ X(t) — X(s) | = K(t,t) — 2K(s,t) + K(s,s) =t — s.

Finally suppose that 0 < s1 <t <--- < s, < t,. Then the n-dimensional random vector of
increments

V= (X(t) = X(51)s- -, X(tn) — X(50))
is centered Gaussian. The equality (2.5.3) implies that
Cov [V, Y;] =0, Vi#j
and we deduce from Exercise 2.69 that the components of Y are independent. This proves

that (X(t)),., is a pre-Brownian motion. 0

Remark 2.5.7 (Brownian events). Consider an arbitrary pre-Brownian motion
Bi: (0T, P) =R, t>0.

We define the o-algebra of Brownian events to be the o-subalgebra of F generated by the
family of random variables By, t > 0. Concretely, any Brownian event E has the form

(Br(n) ) pen € S5

where S C [0,00)" is a measurable subset and 7 : N — [0, 00) is an injection.

The restriction of P to the g-algebra of Brownian events is uniquely determined by the
distributions of the Gaussian random vectors

(Btl,...,Btn), neN, ti,...,tn.
In turn, the distribution of such a vector is uniquely determined by the covariances
E[BsB:] =E[By(Bs+ By — Bs)| =E[ BZ] = s = min(s, t).

We see that these distributions are independent of the choice of pre-Brownian motion B.
This shows that if

BU:(QL, P 5 R, i=1,2,

are two pre-Brownian motions, then for any measurable set S C [0,00) and any injection
7:N — [0,00) we have

P'[(Brny )nen € 51 =P2[(BZ(n) ) per € 5] O
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Example 2.5.8 (Gaussian random functions). Suppose that f, : T — R, n € N, is a
sequence of functions defined on a set T and (X,,)nen is a sequence of independent standard
normal random variables defined on a probability space (€2, 8,P). For each t € T' we have a
series of random variables

F(t) = Xnfalt).

neN
We want to emphasize that F'(t) also depends on the random parameter w € €2,
F(t) = F(tvw) = Z Xn(w)fn(t) (2'5'4)
neN
The above is a series of real numbers.
Observe that if the sequence of functions f,, satisfies the condition

D falt)? < oo, VHET, (2.5.5)

neN

then the series defining F'(¢) converges in LZ(Q,S,P), for any t € T. To see this, consider
the partial sums

Fu(t) =Y Xifi(t).
k=1

Then, for m < n, we have

E[(Fa(t) = Fn®)?] = Y AREPE[XE] = Y fu(t)?

This proves that the sequence ( F, (¢) )neN is Cauchy in L?(,8,P). The family F = ( F(t) )teT
is a centered Gaussian random process. It is convenient to think of F' as a random function.
Its value F'(t) at t is not a deterministic quantity, it is random.

The covariance kernel is
K(s,t) = Kp(s,t) =E[F(s)F(t)] = _ fu(s)f(t).
neN

The above series is absolutely convergent since

2/fa(s) (D] < fal(s)? + fult)?, Vn,s,t.

Note that since the random vector (F'(s), F'(t)) is Gaussian, the random variables are inde-
pendent iff they are not correlated, i.e., E[F(S)F (t)] = 0. Thus the covariance kernel can
be viewed as a measure of dependency between the values of F' at different points s,¢ > 0.

Using Kolmogorov’s one series theorem we deduce from the L? convergence that for any
t € T there exists a measurable subset N; C 2 such that P[Nt] =0 and, for any w € Q\ Ny
the series F'(t,w) in (2.5.4) converges. We will denote by F(t,w) its sum. Set

N = U N;.
teT

For w € Q\ N we obtain a genuine function

F,:T—>R, F,(t)=F(t,w).
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The function F, is referred to as a path of the stochastic process. We encounter here one of
the recurring headaches in the theory of stochastic processes. Namely, if T" is not countable,
the set N may not negligible so the paths may not exists a.s..

If the parameter space T has additional structure, one could ask if the paths are compat-
ible in some fashion with that structure. For example, if T" is an interval of the real axis, we
could ask if the paths are continuous functions of ¢. O

Example 2.5.9. A Gaussian white noise is a triplet (H, (Q,8,P), W), where

e H is a separable real Hilbert space,
e (2,8,P) is a probability space and,
o W:H — L*(Q,8,P), h — W(h) is an isometry of H into L*(£2,8,P) such that,
for any h € H, the random variable W}, is centered Gaussian.
Since X is an isometry we deduce that
Var [W(h) ]| =E[W(h)*] = ||hlF-

In particular, this also shows that the image image W(H) of X is a closed subspace of
L?(£2,8,P) consisting of centered Gaussian random variables. Such a subspace is called a
Gaussian Hilbert space. Obviously there is a natural bijection between Gaussian white noises
and Gaussian Hilbert spaces.

Here is how one can construct Gaussian white noises. Fix a separable Hilbert space H
with inner product (—, —). Next, fix a Hilbert basis of (e, )nen. Every element in H can then
be decomposed along this basis

h=> an(h)en, an(h):=(h,ey).
neN

Choose a sequence of independent standard normal random variables (X,,),ecn defined on a
probability space (€2, 8,P). For h € H we set

W(h)=>_ an(h)Xn.
neN
From Parseval’s identity we deduce that
> an(h)* = |1l
neN

proving that the series defining W(h) converges in L2. The collection (W(h))
Gaussian process and its covariance is

K(ho,hl) == E[W(ho)W(hl )] == Zan(ho)an(hl) == (ho,hl).
neN

heH 1S a

In particular, this proves that the correspondence h — W(h) is an isometry, and thus we
have produced a Gaussian white noise.

As a special example, suppose that H = L2( [0,00),A). Fix a Hilbert basis (fy)nen and
construct the Gaussian noise as above

L([0.00).X) 3 1 75 Wy = S auWWa an(f) = [~ F0 (01
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For each ¢ € [0, 00) we set

B(t):=W(Igy) =) (/Ot fn(s)ds> X, (2.5.6)

neN
Note that

E [ B(s)B(t) ] = /0 I[O,s] (x)I[Qt] (x)dx = min(s,t).
This shows that W (t) is a pre-Brownian motion.
Observe that if s # t and |u| < |t — s|/2, then the random variables

%(B(S—I—u)—B(s)) and %(B(TH‘U) — B(t))

are independent.

Now we need to make a leap of faith and pretend we can derivate with respect to ¢t. (We
really cannot.) Letting u — 0 we deduce that F'(t) and F'(s) are independent Gaussian
random variables. Derivating with the same abandon the equality (2.5.6) we deduce

B'(t) = falt)Xn. (2.5.7)
neN

Thus, the elusive B'(t) is a random “function” of the kind described in Example 2.5.8 with
one big difference: in this case the condition (2.5.5) is not satisfied. Observe that the “value”
of F at a point ¢ is independent of its value at a point s. Thus, the value F’ at a point carries
no information about its value at a different point so F’(t) is a completely chaotic random
“function” and it is what is commonly referred to as white noise.

As we will see in the next subsection the function B(t) cannot be derivated at any point.
Moreover, the series (2.5.7) does not converge in a classical sense. However it can be shown

to converge in the sense of distributions. For an excellent discussion of this aspect we refer
to [74, Sec. 1114 |.

For any function f € L?([0,00)) we define its Wiener integral

/0 F(8)dB(s) = W (Ipqf). (2.5.8)

In Exercise 2.75 we give an alternate definition of the this object that justifies this choice of
notation. In particular we deduce that

B(t) = /0 dB(s)

Even though B’(t) does not exist in any any meaningful way, the above intuition is neverthe-
less very important since it is what lead to the very important concepts of Ito integral and
stochastic differential equations. O

2.5.3. The Brownian motion. We have almost everything we need to define the concept
of Brownian motion and prove its existence.

Definition 2.5.10. A stochastic process ( B(t) )t>0 defined on a probability space (2,8, P)
is called a standard Brownian motion or Wiener process if the following hold.

(i) B(t) is a pre-Brownian motion.
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1) For any w € () the pat
i) Fi y Q th h
B, :[0,00) = R, t+— B(t,w)
is continuous.

O

To prove the existence of a standard Brownian motions we need a bit more terminology
and another fundamental result of Kolmogorov.

Definition 2.5.11. Let (£2,8,P) be a probability space, T' a set, and (X,F) a measurable
set. Consider stochastic processes

X,V :TxQ—-X (tw)+— Xi(w), Vi(w).

(i) The process Y is said to be a modification or version X, and we denote this X ~ Y
if for any t € T there exists a negligible subset N; € § such that

Xi(w) =Y (w), Yw e Q\N;.

(ii) The processes X,Y are said to be indistinguishable and we denote this X ~ Y, if
there exists a negligible subset N such that

Xi(w) =Y (w), YVteT, Ywe Q\N.

(iii) The processes X,Y are said to be stochastically equivalent, and we denote this
X ~, Y, if for any finite subset I C T the random vectors X! and Y! have the
same distribution.

O

Note that =, ~, ~4 are equivalence relations and
XY = X~Y = X~ Y.

Clearly, any two pre-Brownian motions are stochastically equivalent. We want to prove
something stronger namely, that any pre-Brownian motion admits a version whose paths are
almost surely continuous maps [0,00) — R. We begin by proving a more general result.

Theorem 2.5.12 (Kolmogorov’s Continuity Theorem). Suppose that T is a compact interval
of the real axis, (2, F,P) is a probability space and

X:TxQ—=R, (tiw)— X (w)
s a stochastic process such that, there exist constant q,r, K > 0 with the property that
E[|Xs — X|?] < K|s—¢t|'t", Vs, teT. (2.5.9)

Then, for any o € (0,7/q), the process X admits a modification Y whose paths are almost
surely Hélder continuous with exponent «. This means, that for any o € (0,7/q) there exists
a stochastic process (Yi)ier, a negligible subset No, C Q and a measurable function

C=Cy:Q—[0,00),
such that
e VieT, Xy =Y, as. and,
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o for any w € Q\ Ny, and any s,t € T we have
| Vsw) - Yi(w) | < Cw)ls — 1.

Proof. We follow the presentation in [152, Sec. 10.1]. In the sequel we will denote various
evolving universal positive constants by the same symbol, K. Without loss of generality we
can assume that 7= [0, 1]. We denote by D the set of dyadic numbers in [0, 1]

D = | J D, Dn:{% 0<k<2"}, D =D\ {1}
n>0

For r € D} we set

;o {[r,r+1/2"), r<1-1/2",

[ -1/2m 1], r=1-1y2m
Every t € [0,1] admits a binary/dyadic decomposition

o0
(=3 e o1y,

2k 7
k=1

such that

n

Tn(t) = Z e;;(kt) 't asn — 0.
k=1

More precisely,m,(t) € Dy, and t € I ()5, for any t € [0,1], ¥n > 1. For n > 1 we set

C, = { (u,v) € Dy, X Dy |u—v| < 9~ (n=1) }

Note that
#C, < K2".
Let
0SCy, 1= Ssup ‘Xu — Xy ‘
(u,w)eCh
We deduce
Eloscd | < Y E[|Xy—X,|7] (2'%9) (#C)2~ =D+ < fro=nr, (2.5.10)

(u,v)eCh
Let s,t € [0,1], s # t. We set
m=m(s,t):=min{k € N; e(t) # ex(s) } =min{k € N; m(¢t) # mi(s) }.

For m € N define

P i={(s,t) € [0,1]% m(s,t) =m }.
Note that if

(5,t) € Ppy=2"" < |s —t| < 271,
Let (s,t) € Py,. Then

X = Xey + 22 (Xra) = X))

n>m

Xo=Xe()+ 2 (Xrii(9) = Xus))

n>m
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Xt —Xs = Xop(t) = Xo(s) + Z (Xrpirt) = Xrovy) — Z (Xrpii(s) = Xrn(s) )-

n>m n>m

Note that

(T (t), 7m(s)) € Crm, (mn(t), Tns1(t) ), (7n(s), mt1(s)) € Cp, V> m.
Hence
V(s,t) € Py, !Xt—Xs‘ §oscm+ZZoscn < 3205(3”.

n>m n>m
————
=Tm
We deduce from (2.5.10) that
Tl <K Y270 < Ko™ (2.5.11)
n>m
We have
X — X
sup M <2°™ sup | Xy — Xi | <29
(s:t)EPm ’3 - t‘a (s,t)EPM,

Invoking (2.5.11) we conclude that

sup < sz(a—g)’ vm € N.

(s)ePm |5 —t*

La

Fix a € (0,r/q). Then 2™~ ¢ < 1, ¥m € N and we deduce

sup [ X =Xel| sup
s,t€D, |s —t|* m>1
S?ét Lq

sup ——rt
(s)cPn 15—t

La

We conclude that there exists a measurable negligible subset N C €2 and a measurable function
C: Q2 — [0,00) such that

| X¢(w) — Xs(w) | < Cw)|t —s]%, Vs, teD. (2.5.12)
We can now produce the claimed modification. For every w € 2\ N the map
Dot Xi(w)
admits a unique a-Holder extension 7' > ¢ +— Y (w) € R. For tp € T and w € Q \ N we have
Yip(w) = Jim Xi().
teD

Since
: v el
tligloE“Xt Xyl?] =0
teD

we deduce that X;, = Y}, a.s.. Hence the process (Y} )teT is a modification of (Xt )
paths are a.s. a-Holder continuous.

teT whose
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Remark 2.5.13. (a) Using Exercise 2.74 one can modify the modification in Theorem 2.5.12
to be a-Hdlder continuous for any « € (0,¢q/r), not just for a fixed « in this range.

(b) The argument in the proof of Theorem 2.5.12 is an elementary incarnation of the chain-
ing technique. For a wide ranging generalization of the continuity Theorem 2.5.12 and the
chaining technique we refer to [108, Chap. 11] or [166]. 0

Corollary 2.5.14. Suppose that (Wy)i>0 is a pre-Brownian motion. Then for any o € (0,1/2)
the process (Wy) admits a modification whose paths are a.s. a-Hdélder continuous. In partic-
ular, Brownian motions exist.

Proof. Set § := % — «. Note that since W; — Wy is Gaussian with with mean 0 and variance

|t —s|. Then D := \/ﬁ(Wt — W) ~ N(0,1) so that, Vg > 1, we have

E[|W; — Wi|?] = |t — s|’E[|D|7].
If we choose ¢ > %, then we deduce that
q/2—-1 1 1

ST o>

q 2 q
and Theorem 2.5.12 implies that (W;) admits a modification (Wt)
ao-Holder continuous.

>0 whose paths are a.s.

Recall that this means that there exists a measurable negligible set N' C €2 such that
Vw € Q\ N the path ¢ — Wi(w) is continuous. Now define
W, Q\N
Bi0,00) x 0, (L) Bilw) = { V@) weQAN,
0, w € N.
Clearly (Bi):>0 is a (standard) Brownian motion. O

Remark 2.5.15. I want to say a few words about Paul Lévy’s elegant construction of the
Brownian motion, [113, Sec. 1].

He produces the Brownian motion on [0, 1] as a limit of random piecewise linear functions
L,, with nodes on the dyadic sets

k
D"::{Qn; O§k§2n}, n > 0.

They are successively better approximations of the Brownian motion. The O-th order ap-
proximation is the random linear function Lg(t) such that Lo(0) = 0 and Lo(1) is a standard
normal random variable.

The n-th order approximation L, satisfies the following conditions.
e It is linear on each of the intervals ((k —1)/2",k/2"), L,(0) = 0.
e The increments
Ly(k/2") = Lo((k—1)/2%), k=1,...,2"
are normal random variables with mean zero and variance 1/2".
o L,(t)=Lp_1(t),Vt € Dy_1.



232 2. Limit theorems

To explain how to produce L, (t) given L,_1(t) we only need to explain how to produce
Ln((2k —1)/2™) given that

Ln(]/Qn_l) = Ln—l(j/Qn_l ), ] =k— 1,]{.
To “guess” what Ly ((2k —1)/2") should be, we take our inspiration from the Brownian

motion that we want to approximate.

Consider two moments of time ¢ty < ¢; in [0,1]. Then B(tg) ~ N(0,t9), B(t1) ~ N(0,t1)
and B(t1) — B(tp) is a normal random variable with mean 0, variance t; — to, independent of
B(tp). Denote by t, the midpoint of [to, t1], t« = (to + t1)/2.

Consider the linear interpolation

Z = =(B(to) + B(t1) ).

N | =

The difference
1 1

A:=DB(t,) — Z = 5(B(t*) — B(ty) ) + §(B(t*) — B(t1))

is a sum of two independent normal random variables, that are also independent of B(tg).
Thus A is a normal random variable with mean 0, variance (¢; —to)/4, independent of B(ty).

We write
1 Vii —t
B(t.) = Z+A =5 (B(to) + B(h)) + %X

where X is a standard normal random variable independent of B(tp). We can now describe
Lévy’s prescription. We set
D= U D,

n>0

(2.5.13)

and consider a family (X;)scp of independent standard normal random variables. Then
Lo(t) :=tXq,

The approximation L, is obtained from L, as follows. If ¢ty < t; are two consecutive points
in D, and t, € Dy41 is the midpoint of [tg, 1], then L, 41(ts) is obtained by mimicking
(2.5.13), i.e.,

La(t) = 2 (Lalto) + Lo(t)) + Y10

On each of the intervals [to, t«] and [t,t1] the function ¢t — L,y () is linear so it is uniquely
determined by its values at endpoints.

Xi, = Ly(ty) X, .

1
+ 21+n/2

To prove that the sequence L, (t) converges uniformly a.s. it suffices to show that the
series of random variables

sup ‘ Ln-i-l(t) - Ln(t) ‘
n>0 t€(0,1]

—U,
converges a.s..
Denote by M, the set of midpoints of the 2™ intervals determined by D,,, M,, = Dy 41\ D,.
From the construction of L,, we deduce that

U, =

oty e | Xz,
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We deduce that for any n > 0 and any ¢, > 0 we have
P(Un>cn] < > P[X,| >2" 20, ] = 2"HP[Y > 2172, ], ¥V ~ N(0,1).
TEMn
The Mills ratio inequalities (1.3.43) imply that
on/2

Py > 21+n/2. ] < —2nen,
[ n] T \V27e,
When
cn =+/rn2 "log2, r>1,
we have
o(1-r)n
P\ U, > < —.
[ " Cn] ~ V2rmnlog?2
Observing that the series
o(1-7)n
7; V2rmnlog 2
is convergent we deduce from the Borel-Cantelli lemma that
]P’[Un < cp i.o.] =0.
Hence U,, — 0 a.s. since ¢,, — 0. O

Let us observe that if (B(t)) is a standard Brownian motion, then B(0) = 0 a.s.. For this
reason, the standard Brownian motion is also referred to as the Brownian motion started at
0. For x € R we set B*(t) = x+ B(t). We will refer to B*(t) as the Brownian motion started
at x.

Remark 2.5.16 (The Wiener measure). The space € := C([0,00) ) of continuous functions
[0,00) — R is equipped with a natural metric d,

A(f,9) = 3 o min (L,da(f,9))s du(frg)i= sup |f(t) = g(t)].

neN 2r te|n—1,n]

The topology induced by this metric is the topology of uniform convergence on the compact
subsets of [0,00). One can prove (see Exercise 2.76) that the Borel algebra of this metric
space coincides with the sigma algebra generated by the functions

Ev::C— R, Ev(f) = f(t).
More generally, for any finite subset I C [0,00) we have a measurable evaluation maps
Ev;:C—= R fe flr.
Proposition 1.2.4 shows that if ug, 11 are two probability measures on € such that
(Evi)gpo = (Evi)ym

for any finite subset I C [0,00), then py = p;.

Note that if (Xt ) +>0 18 a stochastic process defined on a probability space (Q,8,P) whose
paths are continuous, then it defines a map

X: Q-0 Qo2wr X(w)el, X(w)(t) =Xt(w).
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The map X is measurable since its composition with all the evaluation maps Ev; are mea-
surable. Thus the stochastic process defines a probability measure

Py := X#P € Prob (G, B@)

called the distribution of the process.
Suppose that B%, B! are two Brownian motions defined on possibly different probability
spaces. They have distributions

Wq, Wy € Prob (G, Be )

These distributions coincide since the finite dimensional distributions m;W;, ¢ = 0,1 are
centered Gaussian with identical covariances

E[ B} B;, | =min(t,t2), Vti,t2 €1, i=0,1.

Thus, the Brownian motions determine a probability measure W on € uniquely determined
by the requirement that for any finite subset {¢1,...,t,} C [0,00) the random vector

( Eth,...,Eth )
is centered Gaussian with covariances E[ Evy, Evy; | = min(#;,¢;). This measure is known
as the Wiener measure. We denote it by W.

Note that W is unique probability measure on € such that the canonical process
B;: (G,’B@,W) =R, €3 f—=Ev(f)=f()
is itself a Brownian motion, i.e.,

Ew | BsB; | = min(s,t), Vs,t> 0. (2.5.14)

We have proved the existence of Wiener’s measure by relying on the existence of Brownian
motion. Conversely, if by some other method we can construct the Wiener measure on C,
then as a bonus we deduce the existence of Brownian motions. Here is one such alternate
method.

Consider a sequence of i.i.d. random variables (X, ),en with mean 0 and variance 1. We
set
So=0, S, =X;+---+X,, neN.
Imitating (2.5.2), for » € N and ¢ > 0 we set

WY (t) = v 28 + Ru(t), Ru(t) == v Y2(vt — [vt] ) X pejsr- (2.5.15)

For each v, the paths of the random process are continuous and piecewise linear. The above
discussion shows that it defines a Borel probability measure P, = Py on C.

Donsker’s Invariance Principle shows that the the sequence P, converges weakly to a
probability measure on Po, satisfying (2.5.14). In other words, Py is the Wiener measure.
We can view the Invariance Principle as a functional version of the Central Limit Theorem.
Its proof requires an in depth investigation of the space of probability measures on Polish
spaces'? and is beyond the scope of this text. For a most readable presentation of Donsker’s
theorem and some of its consequences we refer to [14], [21, Chap. 13]. O

1Recall that a Polish space is a complete separable metric space.
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The next result suggests that the paths of a Brownian motion are very rough, i.e., they
have poor differentiability properties.

Proposition 2.5.17 (The quadratic variation of Brownian paths). Consider a Brownian
motion By)i>o defined on the probability space (2,8,P). Fiz ¢ > 0 and let

0=ty <ty <---<ty =c¢, neN
be a sequence of subdivisions of [0,t] with mesh

pn = sup (tp —tg_y)
1<k<pn

tending to 0 as n — oo. Define the quadratic variations
Pn

Qn(c) ==Y (B — By )

k=1
Then B[ Qn(c) | = ¢, Vn and Qn(c) — c in L*(Q,8,P) as n — oo.

Proof. The Gaussian random variables X" = By — By, 1 < k < p,, are independent,
k k k—1

have mean zero and momenta

E[(X)?) =tp —tp 4, E[(X)']) =3(tp — 7 4)".

From the first equality we deduce E[Qn (c)] = ¢. Moreover

Pn Pn

S (X —e=d((x0)* - (- 1))

k=1 k=1

=Y

The random variables Y, are independent and have mean zero so

Pn 9 2 n
1> (x)P o], =S 1wz
k=1 k=1
Now observe that
Y2, = E[ (X)) -2t -t DE[(XE)?] + (t — th_y)? = 200 — 17 )2

Hence
Pn 2 Pn
Do (Xi) =l =23t —ti)’
k=1 L2 k=1
Pn
< 2,an2 (6 —tr_1) =2pnc — 0 as n — 0.
k=1

O

On a subsequence n; we have Q,;(c) — ¢ > 0 a.s.. On the other hand, if for some w €
the function ¢ — By(w) where Hélder with exponent o« > 1/2 on [0, ¢], then for some constant
C = C, > 0 independent of n we would have

0< Qu(t)(w) <2 |t —tp [ < C2p2ete — 0.
k

This prove that By is a.s. not a-Hoélder on [0, ¢, a > 1/2.
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On the other hand, we know that the paths of the Brownian motion are Hélder continuous
for any exponent < 1/2. A 1933 result of Paley, Wiener, Zygmund [137] shows that they
have very poor differentiability properties. First, let me offer some historical context.

One question raised in the 19th century was whether there exist continuous functions on
an interval that are nowhere differentiable. Apparently Gauss believed that there are no such
functions. K. Weierstrass explicitly produced in 1872 such examples defined by lacunary (or
sparse) Fourier series. In 1931 S. Banach [9] and S. Mazurkewicz [125] independently showed
showed that the complement of the set of nowhere differentiable functions in the metric space
of continuous functions on a compact interval is very small, meagre in the Baire category
sense.

The 1933 result of Paley, Wiener, Zygmund that we want discuss is similar in nature.
They prove that the complement set of continuous nowhere differentiable functions f € € is
negligible with respect to the Wiener measure.

Theorem 2.5.18 (Paley, Wiener, Zygmund). The paths of a Brownian motion (By)i>0 are
a.s. nowhere differentiable.

Proof. We follow the very elegant argument of Dvoretzky, Erdos, Kakutani [60]. We will
show that for any interval I = [a,b) C [0, 00) the paths of (B;) are a.s. nowhere differentiable
on I. Assume the Brownian motion is defined on a probability space (€2, 8,P). This probabil-
ity space could be the space € equipped with the Wiener measure. For ease of presentation
we assume that I = [0,1). Consider the set

S:={weQ; the path By(w) is nowhere differentiable on [0,1) }

The set S may not be measurable!® but we will show that its complement is contained in a
measurable subset of 2 of measure zero.

Let us observe that if w € 2\ S, i.e., the path ¢ — B;(w) is differentiable at a point
to = to(w) € [0,1], then there exist M, N € N such that for any n > N there exists
ke {1,...,n — 2} with the property that

M
| Bi—14i)/n(@) = Bgiy/n(w) | < o ¥i=0,1,2.
To see this, set f(t) := Bi(w), m = |f'(to)|, M = |m] + 2. Then there exists € > 0 so that if
s, t € (tgp —e,tp +¢€), s < t we have

|f(s) = fF(O] < M(t—s).
Now choose N such that % < ¢ and, for n > N choose k € {1,2,...,n} such that
k—1 ﬁ k+1 k+2

th—e < ,
n n n

<ty+e. (2.5.16)

We deduce that
n 2

Q\ScC U U m U ﬂ{’B(k—H—i)/n_B(k—&—i)/n‘ §M/n}

MeNNeN n>N k=11=0

=:XmN

151 1936 S. Mazurkewicz proved that the set S is not a Borel subset of C.
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Clearly, the set X7 v is measurable and it suffices to show it is negligible. We have

n—2
P[Xun] < nig}cv;ﬂ”[ Dax, | Bo—1+4)jn — Bitiyjn | < M/n}- (2.5.17)

Now observe that the increments Bj,_1)/, — By, are independent Gaussians with mean zero
and variance 1/n. We deduce

n—2 3
P[Xarw] < inf S P[] Byoryjn — By | < M/n | .
- k=1

The exponent 3 above will make all the difference. It appears because of the constraint
(2.5.16) on N. Since \/ﬁ‘ B—1)/n—Bi/n ‘ is standard normal, the random variable ‘ B—1)/n—Bi/n ‘
is normal with variance % and we have

n M/n —x2n/2
P[| Be—1)/n — Brn | < M/n] :2,/%/0 e dx

(x = My/n) X
)
2 "M/ e B ay < 2 Mnlr2,
2r n 0 m
=:C
Hence

n—2
S P[| By — Bign | < M/n]® < nC3MPn~%?% = COMPn~Y2, o > N,
k=1
and (2.5.17) implies that ]P’[XM,N] =0. O
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2.6. Exercises

Exercise 2.1 (Ottaviani-Skorokhod). Suppose that Xj,..., X, are independent random
variables. We set So =0, Sy = X1 +---+ X, k=1,...n. Let a > 0 and set

c:= sup P[|S,—S;| >a], M,:= sup |5j|.
0<j<n 1<j<n

Prove that if ¢ < 1, then'®

Cc

1
P[ M, > 2a] < 1—_CIP>[|Sn| >al < —

—_

Hint. Denote by J the first j such that |S;| > 2. Note that P[ M,, > 2a] =P

—

JSTL]

P[|Snl > a] > P[|Sn| > a, Mp>2a]=> P[|Sp|>a, J=5]>> P[|Sy—S;|<a, J=7].
j=1 j=1

3

Observe that the event {J = j} is independent of S, — S; and P[|S, — Sj| <a] >1—c. O
Exercise 2.2. Suppose that (X,,),>1 is a sequence of independent random variables. Prove
that the following statements are equivalent.

(i) The series >, X,, converges in probability.

(ii) The series ), -, X, converges a.s.
Hint. Use Exercises 2.1 and 1.48. O
Exercise 2.3. A random variable X is called symmetric if X and —X have identical dis-

tributions. Suppose that Xi,..., X, are independent, symmetric random variable. We set
Spn=X1+4+-+ X,.

1

51["[ 1r£kagxn|Xk| >u] <P[|Sy] > u].

Hint. Set T =min{k; 1<j<n, |X;|=maxi<k<n|Xk|}, Rr = Sn — X71. O

Exercise 2.4. Let X be a real valued random variable. The median set of X is the collection
med(X):={ceR; P[X <c¢] <1/2<P[X <c]}.

The numbers in med(X) are called medians of X.

(i) Prove that med(X) # (.

(ii) Let Z € med(X). Suppose that X’ is an independent copy of X, ie., X, X’ are
ii.d. and set X* = X — X’. Prove that for any € > 0, and any a € R

1
§IP’[X—§;\ >e| <P[|X*>e] <2P[|X —a| >€/2].
(iii) Let £ € med(X) Prove that for any a € R and any p € [1, 00)
1
5]E[\X —z|P] <E[|X*]P] < 2PE[|X —alP].
Hint. For (iii) you need to use Proposition 1.3.40 and the integration by parts formula (1.3.50). O

16The weaker inequality, IP[Mn > Qa] < %C, is also known as Lévy’s inequality.

1
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Exercise 2.5. Suppose that (X,,),>1 is a sequence of independent random variables. Fix
another sequence (X/),>1 of independent random variables, independent of (X,,),>1, and
such that X,, and X/ have the same distributions for any n. Form the symmetrizations
X =X, — X]. Prove that the following statements are equivalent.

(i) The series, and set
n
Sp=2_%n
n>
is a.s. convergent.
(ii) There exists a sequence of real numbers (ay),>1 such that the series
D_(Xn —an)
n>1
is a.s. convergent.

Hint. Use Kolmogorov’s three series theorem and Exercise 2.4. a

Exercise 2.6. Consider an infinite array of nonnegative numbers P = (py, k)kn>1 satisfying
the following conditions.
(i) The array is lower triangular, i.e., p,r =0, Vk > n.

(ii) For every n, the n-th row of P defines a probability distribution onI,, = {1,2,...,n},
ie.,

n
an,k =1, Vn>1.
k=1
(iii) The sequence determined by each column of P converges to 0, i.e.,

lim p, =0, Vk > 1.
n—oo

Show that if (x,) is a sequence of real numbers that converges to a number z, then the
sequence of weighted averages
n
Yn = an,kfﬂk
k=1

converges to the same number x. O

Exercise 2.7 (J. von Neumann). In this exercise we describe the acceptance-rejection method
frequently used in Monte-Carlo simulations. For any nonnegative function f : R — [0, 00) we
denote by Gy the region bellow its graph

Gp={(z.y) eR* 0<y < fla((x) }.
(i) Suppose that we are given a probability density p: R — [0, c0)

/R p(z)dz = 1.

For any positive constant ¢ we set

c_1

1y = —Ig,,(z,y)dzdy.

c
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(i)

(iii)

(iv)

Since area(Gp) = ¢ we deduce that yg, defines a Borel probability measure on R2.
The natural projection R? 3 (z,y) — = € R is a random variable X defined on
the probability space (R?, Bge, ,u;;). Prove that the probability distribution of X is
p(z)dz.
Suppose that X is a random variable with probability distribution p(z)dz. Let U
be a random variable independent of X and uniformly distributed over [0, 1]. Prove
that the probability distribution of the random vector (X, cp(X)U) is ps,.
Let ¢ : R — [0, 00) be another probability density such that, there exists ¢ > 0 with
the property that

q(x) < ep(x), Yz eR.
Suppose that (Up)nen is a sequence of i.i.d. random variables uniformly distributed
on [0,1] and (X,)nen is a sequence of ii.d., independent of the U,’s and with
common distribution p(z)dz. Denote by N the random variable

N =inf {n eN: ep(Xn)U, < q(Xy) }

Prove that
E [ N ] =c.
Hint. Consider the random vector Vs, = ( Xn,ep(Xn)Uy ), observe that
N=inf{neN; V, €Gq},
and use part (i) to show that N is a geometric random variable.
Define Y = Xy, i.e.,
Y(w) = Xnw)(w).

From (iii) we know that P[ N < co] =1 so Y is defined outside a probability zero
set. Prove that the probability distribution of the random variable Yis ¢(y)dy.

O

Remark 2.6.1 (Acceptance-Rejection method). Suppose that a computer can sample the
distribution Unif(0,1) and it can sample the distribution p(x)dz. We can then sample the
distribution ¢(y)dy as follows. Sample succesively and independently Unif(0,1) and p(z)dz
and denote by U, and respectively X,, the samples obtained at the n-th trial. Stop at the
first trial N when the inequality cU, < 4Xn) s observed. Set Y = X ~- The results in the

p(Xn)

above exercise show that the expected waiting time to observe this inequality is ¢ and the
random number Y samples the distribution ¢(y)dy. 0

Exercise 2.8 (Bernstein). For each « € [0,1] we consider a sequence (B} )gen of i.i.d.
Bernoulli random variables with probability of success x. We set

Sr=> Bj.
k=1

Note that S¥/n € [0,1] and the SLLN shows that

Sy/n — x a.s. asn — oo.

The dominated converges theorem implies that for any continuous function f : [0,1] — R we

have

lim E[ £(S5/n)] = f(x).

n—oo
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Set
Bl (x) :=E[f(Si/n)].
(i) Show that
n
n
Blta) =Y (1 )a* - ) /).
k=0

(ii) Prove that as n — oo the polynomials B () converge uniformly on [0,1] to f(x).

Hint. For (ii) imitate the argument in Step 2 of the proof of Theorem 2.2.30. O

0.51

—-0.54

—14

Figure 2.5. The graph of f(x) = sin(4nwz) (the continuous blue curve) and of the degree
50 Bernstein polynomial Bi,(z) (the dotted red curve).

Exercise 2.9. Suppose that X,, € L?(Q,8,P) is a sequence of random variables with mean
zero and variance one such that

lim E[Xme+k] =0, uniformly in m.
k—o0

Prove that 1
—(X1+~~+Xn)i>0 as n — oo. O
n

Exercise 2.10. Suppose that a player rolls a die an indefinite amount of times. More for-
mally, we are given a sequence independent random variables (X}, )nen, uniformly distributed
on Ig:={1,2,...,6}. For k € N, we say that a k-run occurred at time n if n > k and

Xn=Xp1=-=Xpn—g4+1=6.
For n € N we set
R, = RfL = #{ m < n; a k-run occurred at time m },
T:Tk:min{nZk; Rn>0}.
Thus 7' is the moment when the first k-run occurs. As shown in Example 1.4.13, E[T] < 00.
(i) Compute E[T].
(ii) Prove that % converges in probability to 6%. Hint. For n > k set
Yoi=Iix,=6) - Ix;, _, =6}

Observe that Ry, = Y, + -+ + Yn.
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O

Exercise 2.11 (A. Renyi). Suppose that (A, ),>0 is a sequence of events in the sample space
(©,8,P) with the following properties.

L AO = Q.
e P[A,] #0,Vn >0.
e There exists p € (0, 1] satisfying
lim P[A,|Ar] =p, VEk>0. (2.6.1)
n—oo
Set X, :=1T4, —p.
(i) Prove that
lim E[ X, X, | =0, VkeN.
n—oo
(ii) Prove that for any X € L?(€2,8,P) we have
lim E[ X, X | =0.
n—oo
(iii) Conclude that the sequence (A,,) satisfies the mizing condition with density p
7}1_}1{)1019’[14”014} =pP[A], VA€eS. (2.6.2)
Thus, in the long run, the set A,, occupies the same proportion p of any measurable

set A.
O

Exercise 2.12 (A. Renyi). Suppose that (X,)nen is a sequence of i.i.d., almost surely finite

random variables. Set
Xi+---+ X,
M, = ——— ——.
n

Assume that the empirical means M,, converge in probability to a random variable M. The
goal of the exercise is to prove that M is a.s. constant. We argue by contradiction. Assume
M is not a.s. constant. Let F : R — [0,1] the cdf of M, F(m) =P[ M < m].

(i) Prove that there exist two continuity points a < b of F'(z) such that
po :=F(b) — F(a) =P[a < M <b] €(0,1).
(ii) Prove that there exists vy € N such that
Pla < M, <b] >0, Vn> w.
(iii) Set Ap = 2 and
A, = {a<M,,0+n < b}, n > 1.
Prove that the sequence (A,,) satisfies the condition (2.6.1) with p = py.

(iv) Set B:={a < M <b}. Prove that the restriction of M, to (B,8|z, P[ —|B])
converges in probability to M|p. Here

Slp={SnB; Ses}.
(v) Deduce that pg = 1, thus contradicting (i).
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Exercise 2.13 (Vitali-Hahn-Saks). Suppose that (2,8, 1) is a probability space. Define an
equivalence relation ~, on 8 by setting S ~, S’ if M[SAS’ ] = 0, where A denotes the
symmetric difference SAS' = (S\8)U (S'US). Define d =d, : § x 8§ — [0, 00)
d(S@,Sl) = ,UJ[S()ASl].
(i) Prove that VSy, S1,S2 € 8 we have
d(So,S1) =d(51,50), d(So0,52) <d(So,S1)+d(51,52)
and d(S(),Sl) =0 iff S() ~u Sl.
(ii) Prove that d defines a complete metric d on 8 := 8/ ~u-

(iii) Suppose that A : 8§ — [0,00) is a finite measure that is absolutely continuous with
respect to p. Hence )\[So] = /\[Sl] = 0 if Sy ~, S1. Prove that the induced
function B

A:8§— R
is continuous with respect to the metric d.

(iv) Suppose that (\,) is a sequence of finite measure such that A, < p for any n € N
and, V.S € § , the sequence )\n[S] has a finite limit A[S]. Prove that A : 8 — R is
finitely additive and )\[S] =0 if ,u[S] =0.

(v) For any € > 0 and k € N we set

Sre:={S €S su%])\k[S} —Nem [ S]] <€)
me

Prove that the sets é,m C 8 are closed with respect to the metric d and
é: ng,e’ Ve > 0.
keN

(vi) Prove that X\ : 8 — [0, 00] is continuous and deduce that X is a finite measure. Hint.
It suffice to show that for any decreasing sequence sequence (Sp) in 8§ with empty intersection we have

lim A[ Sp ] = 0. Deduce this from (v) and Baire’s theorem.

O

Exercise 2.14 (A. Renyi). Let (£2,8,P) be a probability space and suppose that (4,) is a
stable sequence of events, i.e., for any B € § the sequence P[An N B] has a finite limit /\[B]
and A[Q] € (0,1). Prove that A : § — [0,1] is a finite measure absolutely continuous with
respect to P, A < IP. Denote by p the density of A\ with respect to P, p = %. The function p
is called the density of the stable sequence of events. Hint. Use Exercise 2.13. O

Exercise 2.15 (A. Renyi). Let (Q,8,P) be a probability space and suppose that (Ap)nen is
a sequence of events such that the limits

Ao = lim P[A,], A= lim P[4, NA,], keN
n—oo n—o0
exist and A\g € (0,1). Denote by X linear span of the indicators I 4, and by X its closure in
L2,
(i) Prove that V& € X there exists a limit
L(¢) := lim E[£14,] = E[ pt].
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(ii) Prove that V¢ € L%(Q, 8,P) there exists a limit
L(¢) = lim E[¢1a, | =E[p¢].
(iii) Show that X = L2(2,8,P) and 3p € L3(, 8, P) such that L(£) = E[p¢], V¢ € L*(Q,8,P).

(iv) Show that (A,)nen is a stable sequence with density p. (Note that when p is
constant the sequence satisfies the mixing condition (2.6.1) with density p = Ag.)

O

Exercise 2.16. Suppose that f : [0,1] — [0, 1] is a continuous function that is not identically
0 or 1. For n € N we set

n—1
An = [B/n.k/n+ f(k/n)].
k=0
Show that (A,)n,>1 is a stable sequence of events and compute its density. a

Exercise 2.17. Let (X,),>1 be a sequence of i.i.d. random variables such E[|X;|"] < oo
that for some r € (0,2). Set

Yo o= X {x, 1<nr)
Prove that

1
vaar [Yn] < 0.
n>1

Hint. Have a look at the proof of (2.1.15). O

Exercise 2.18 (Marcinkiewicz-Zygmund). Let (X,,),>1 be a sequence of i.i.d. random vari-
ables such E[[X;|"] < oo that for some 7 € (0,1). Set

n n
Yoi= XLy jcniiryy Sn= 2 Xi Ta=) Vi
k=1 k=1

(i) Show that P[ X, # Y, io.| =0.

(ii) Show that

lim L(Tn —E[T.]) =0, as.

n—00 nl/r

(iii) Prove that
(iv) Prove that

Hint. Use the proof of the SLLN as inspiration. To prove (ii) use Exercise 2.17. Part (iii) requires a bit more ingenuity.
Note that

n
1—r T —
|E[Tn]] S};E“Xk' X <rrmys Txggantry = ok xp<riny

I a1
{IXk|<k2r}
and for any o > 0

Z E* = 0%t as n — oo
k=1
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Exercise 2.19. Suppose that 7 is a probability measure on I, = { 1,2,....n }, pi=T [ {i} ]
Consider a sequence (X, )nen of i.i.d. random variables uniformly distributed on [0,1]. For
7 €1, and m € N we set

Jj—1 J n
1
Zm,j = #{1 <k< m; sz' < X < sz}, Hy, = EZZm,j 10g2pj'

i=0 i=0 j=1

Prove that

n
Tr%i_r)noon = — Enty [7‘(] = lej log, pj, a.s..
]:

O

Exercise 2.20. Let (X,,)nen be a sequence of i.i.d. Bernoulli random variables with suc-
cess probability % and (Y, )nen a sequence of i.i.d. Bernoulli random variables with success
probability 3. (The sequences (X,) and (Y,) may not be independent of each other.) Set
B = {0,1} and denote by F, the sigma-algebra of BY generated by the cylinders

Cf::{g:(:cl,:c%...)EBN; a:k:e}, k=1,2,...,n, e=0,1.

We set

F .= Uff"n.

neN

The sequence (X,) (resp. Y;) define a probability measures P = Ber(1/2)®N (resp Q
= Ber(1/3)®N) on BN; see Subsection 1.5.1. Denote by P, (resp. Q,) the restrictions of P

(resp. Q) to Fy,.

(i) Prove that for any n € N the measure Q,, is absolutely continuous with respect to

P,,. Compute the density ‘fl%’ of Q,, with respect to P,.

(ii) Prove that Q is not absolutely continuous with respect to IP. Hint. Use the Law of Large

Numbers.

O

Exercise 2.21. Suppose that (pn,)nen is a sequence in Meas(R>q). Denote by £,, the Laplace
transform of p,

Ln(r) = / e_Ttun[dt], T >0.
RZO
(1) If (ptn)n>0 converges vaguely to pio € Meas(R>g) if and only if
VT >0, 1i_>m L (1) = Loo(T),

where L, is the Laplace transform of pio.

(ii) If (pn)n>0 converges weakly to fi if and only if
Vr >0, lim £,(7)=Ls(7).
n—oo
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Exercise 2.22. For a > 0 we denote by Meas,(R>0) the set of Borel probability measures
on [0,00) such that

/ e_Ttu[dt] < oo, V7> a.
RZO

The Laplace transform of p € Meas,(R>¢) is the nonincreasing function
L, (a,00) = [0,00), L,(1) = / e Ttuldt].
RZO
(i) Prove that a measure in Meas,(R>¢) is uniquely determined by its Laplace trans-
form.

(ii) Suppose that if (,)nen is a sequence in Meas,(R>g) such that their Laplace trans-
forms converge pointwisely to a function £ : (a,00) — R. Then L is the Laplace
transform of a measure ioo € Meas,(R>p) and the measures p, converge vaguely
t0 loo, 1-€.

lim f(t)ﬂn[dt] = QT [dtL Vf € Copt(R>0).
n—00 R0 R>q
(iii) Suppose that (un)nen is a sequence in Meas,(R>g) that converges vaguely to a

measure fioo € Measg(R>0). Prove that if

supsup £, (1) < oo,

n T>a

then £, converges pointwisely to £, on (a,c0). O

Exercise 2.23. For any Borel probability measure p € Prob(R) we denote by F), its cdf and
by @, its quantile; see Example 1.2.22. Prove that a sequence of Borel probability measures
fn, converges weakly to p € Prob(R) if and only if the sequence of quantiles @, : [0,1] = R
converges almost everywhere to Q. O

Exercise 2.24. We say that Borel probability measure on R is discrete if u[F ] = for some
finite subset of R. Let p € C,(R) be a nonnegative continuous function such that

/R p(z)dz = 1.

Denote by A, the measure given by A, [ dx] = p(x)A [ d:v] . Prove that there exists a sequence
of discrete probability measures converging weakly to A,. O

Exercise 2.25. Suppose that p € Cp(R) is nonnegative and

/]R p(z)dz = 1.

For € > 0 we set p:(z) = e 'p(z/e) and define as in Exercise 2.24
. [dz ] = pe(z)A[dz].
Fix pu € Prob(R).
(i) Prove that the convolutions X,_ * p converge weakly to p as € 0. in

(ii) Prove that there exists a sequence of discrete probability measures on R that con-
verge weakly to p.
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O

Exercise 2.26. Let (X,,) be a sequence of geometric random variables X,, ~ Geom(1/n).
Prove that

1
Y, = —-X, = X ~ Exp(1).
n

Hint. Show that P[Y, >y]| — e~ ¥ as n — oo, Vy € R. a

Remark 2.6.2. Let X be a geometric random variable with success probability p. In other
words, X is the number of independent Bernoulli trials with success probability p until we
record the first success. Suppose that we perform one trial per unit of time 7, where 7
is measured in seconds. Then 7X is the waiting time until we observe the first success.
Suppose that p = % we perform n trials per second so 7 = % Then 7X = %Xn. This
exercise shows that, for n large, the distribution of the random time %Xn is close to an
exponential distribution. This partially explains the interpretation of exponential random
variables as waiting times of rare (unlikely) events. O

Exercise 2.27. Fix A > 0. Show that as n — oo we have Bin(n, \/n) = Poi(\), where
Bin(n, A/n) denotes the binomial probability distribution corresponding to n independent
trials with success probability A/n and Poi(A) denotes the Poisson distribution with parameter
A O

Exercise 2.28. When Bob gets bored, he goes to a nearby bus station with an urn containing
balls of ¢ colors in proportions p1,p2,...,pe, P1+ -+ + pe = 1.

Each time a bus arrives at the bus station, Bob draws a ball at random from the urn,
records its color, puts it back in the urn and waits for the next arrival. It is known that the
waiting time for the next bus to arrive is exponential with rate A > 0.

For each i = 1,...,c and ¢t > 0 denote by N;(t) the number of balls of color i the person
has drawn from the urn during the interval [0,¢]. Set N(¢) = Ni(t) + - -+ + N(t) so N(t) is
a Poisson process with parameter \; see Example 1.3.7.

(i) Prove that, for any ¢ > 0, N;(t) = Poi(Ap;t) Hint. Condition on N(t).
(ii) Prove that for any 0 < s < t, N;(t) — N;(s) has the same distribution as N;(t — s).

Hint. Use the memoriless property of the exponential distribution.

(iii) Prove that for any 0 < t; < t9--- < t,, the increments
Ni(t1), Ni(t2) — Ni(t1),..., Ni(tn) — Ni(tn-1)

are independent.

(iv) Denote by T; the waiting time until the first ball of color i extracted. Prove that
T ~ EXp()\pi). Hint. Use (i), (ii) and Exercises 2.26.

O

Exercise 2.29 (P. Diaconis). Suppose that (A;),>1 is a sequence of independent events of
a probability space (Q, 8,P). Set p, := IP’[An ]
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(i) Prove that if ) - pnpnt1 < oo, then the random series

> Iana

n>1
converges a.s..

(ii) Prove that if p, = %, Vn, then the sum S of the above series is a Poisson random
variable, S ~ Poi(1).

O

Exercise 2.30 (Occupancy Problem). Suppose that b balls are successively and randomly
placed in u urns, i.e., all urns are equally likely to be the destination of a given ball. Let
Xy = Ny the number of empty boxes after all balls have been distributed.

(i) Compute the expectation and variance of X,. Hint. X, = SU_ I, ., Ug. = “boz k is

empty after all the b balls have been randomly placed in the u urns.
(ii) Show that if b/u — ¢ > 0 as r — oo, then % — €~ ¢ in probability.
(iii) Compute P[X%b = m] . Hint. Use the inclusion-exclusion equality (1.3.27).

(iv) Show that if ue™®* — X as b — oo, then X, ; converges in distribution to Poi(\).
Hint. Use the technique in Example 1.3.31. O

Remark 2.6.3. Let me comment why the result in Exercise 2.30 is surprising. Consider the
following concrete situation.

Assume b = 2u and suppose that we want to distribute 2u gifts to u children. We want to
do this in the “fairest” possible way since the gifts, of equal value, are different, and several
kids may desire the same gift. To remove any bias, “common sense” suggests that each gift
should be given to a child chosen uniformly at random. There are twice as many gifts as
children so what can go wrong? Part (ii) of this exercise shows that for u large nearly surely
e 2u ~ 0.13r children will receive no gifts! a

Exercise 2.31 (Coupon collector problem). For n € N denote by N,, the number of boxes of
cereals one has to purchase in order to obtain all the n coupons of a collection; see Example
1.3.25. Recall that E[Nn] ~ nlogn as n — co. Prove that!'”

nli—{goP[N" —nlogn < nw] = exp ( — e_x).

Hint. Reduce to Exercise 2.30(iv). O

Exercise 2.32. For N € N denote by By the birthday random variable defined in Exercise
1.28. Its range is {2,3,..., N +1}. Prove that as N — oo, the sequence of random variables

1
XN = ﬁBN

converges in law to a Raleigh random variable, i.e., a random variable X with probability
distribution

22
Px|[dz] = ze™ 2 I}y o0)(2)da.

17The distribution with cdf F(z) = exp ( —e 7 ) is called a Gumbel distribution.
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22
Hint. Observe that ]P[X > x] = e~ 2. Show that

T
lim loglP| Xy > =——, Vz>0.
im logP[ Xy > 2] ===, Ve
Note. With considerably more effort one can prove that

. ™
Jim E[Xy] =E[X] = /7.

O

Exercise 2.33 (P. Lévy). Consider the random variables L,, defined in Exercise 1.24. Prove
that as n — oo the random variables % converge in distribution to the arcsine distribution
Beta(1/2, 1/2), see Example 1.3.36. Hint. You need to use Stirling formula (A.1.8) with error estimate
(A.1.9). g

Exercise 2.34. Suppose that (X,),en is a sequence of i.i.d. random variables uniformly
distributed in [0, L], L > 0. For n € N we set

Xn) = maX(Xl,Xg,...,Xn).

Prove that hmn_mo E [X(n) ] =L and X(n) — L in probability. Hint. Have a look at Exercise 1.54.[]

Exercise 2.35. Suppose that (X,,)nen is a sequence of i.i.d. random variables uniformly dis-

tributed in [0, 1]. Denote by X("l),X("Z)7 o ,X&) the order statistics of the first n of them; see

Exercise 1.54. Prove that for any k € N the random variable nX &) converges in distribution
to Gammal(k, 1). 0

Exercise 2.36. Suppose that (X,)neny and (Y),)nen are two sequences of random vectors
such that X,, — X and |X,, — Y,,| — 0 in distribution. Then Y;, — X in distribution. O

Exercise 2.37. Suppose that (X;,)nen and (Y, )nen are two sequences of random variables
such that X,, converges in distribution to X and Y converges in probability to the constant
c. Prove that the random vector (X,,,Y,,) converges in distribution to (X, c). Hint. Prove that
(Xn, c) converges in probability to (X, c) and then use Exercise 2.36. d

Exercise 2.38. Suppose that (X,,)nen and (Yy,)nen are two sequences of random variables
such that

e X, converges in distribution X.
e Y, converges in distribution to Y.

e X, is independent of Y,, for every n and X is independent of Y.
Prove the following.

(i) The random vector (X,,Y,) converges in distribution to (X,Y).
(ii) The sum X,, + Y, converges in distribution to X + Y.

O

Exercise 2.39. Suppose that (X, )nen and (Y, )nen are sequences of random variables with
the following properties.
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(i) The random variables (X,,)nen are identically distributed.
(ii) The sequence of random vectors (X, Y, ) converges in distribution to the random
vector (X,Y).

Prove that for any Borel measurable function f : R — R the sequence of random vectors

( f(Xn), Yn) converges in distribution to ( f(X), Y) Hint. Fix a Borel measurable function f. It suffices
to show that for any continuous and bounded functions u,v : R — R we have

nleOO]E[u(f(Xn))v(Yn)] =E[u( f(X))v(Y)].

Consider the Borel measurable functions vy, defined by vy (Xn) = E[v(Yn) || Xn ]. O

Exercise 2.40. Suppose that (X,)nen is a sequence of i.i.d. L? random variables with
w= E[Xn], 0% = Var [Xn] Set

n—1

= 1 1 _ .2
Xn:E(Xl‘f'"'—i_Xn)’ Yn:n_I;(Xk—Xn) )

Prove that ]E[Yn] = ¢? and Y,, — o2 in probability. O

Exercise 2.41. Suppose that (X, )nen is a sequence of i.i.d. Bernoulli random variables with
success probability p = % For each n € N we set

b
Sy = Z Q%X k-
k=1
(i) Find the probability distribution of S,.
(ii) Prove that for any p € [1, 00| the sequence S, converges a.s. and LP to a random
variable S uniformly distributed on [0, 1].

(iii) Compute the characteristic functions F,(§) = E[ exp(i£S,)] and deduce Viéte’s
formula

siz& = gcos (&/2m).

(iv) Suppose that p is a Borel probability measure on R with quantile @ : [0, 1] — R,
Q(p) =inf {z € R; p[(—o0,2]) >p}.

Prove that the sequence Q(S,,) converges a.s. to a random variable with distribution
M. Have a look at Example 1.2.22.

O

Remark 2.6.4. Part (iv) of the above exercise is essentially a universality property of the
simplest random experiment: tossing a fair coin. If we are able to perform this experiment
repeatedly and independently, then we can approximate any probability distribution. In other
words, we can approximatively sample any probability distribution by flipping fair coins. O

Exercise 2.42. Let u € Prob(R) be a Borel probability measure with characteristic function
1. Prove that for any r» > 1 we have

1 /! N . sinx
,u[{|:1:|>r}]§c/0 1 - Refi(t/r) |dt. 0:2‘9161'1;(1— ney,
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Hint. Set h(z) =1 — Si%, z €R, so, h(z) >0 for & # 0, and Cp[{|z| > r}] < f‘wprh(ac/r)u[da:]. (|

Exercise 2.43. This exercise describes a strengthening of Levy’s continuity theorem. Sup-
pose that (i) is a sequence of Borel probability measures on R with characteristic functions
n(§). Assume that the functions i, (§) converge pointwisely to a function f : R — C that
is continuous at 0.

(i) Prove that the sequence (p,)nen is tight, i.e.,
Jim supl (] > )] =0
Hint. Use Exercise 2.42.

(ii) Show that f is the characteristic function of a Borel probability measure u. Hint.
Use Helly’s Selection Theorem 2.2.22 and Proposition 2.2.23.

(iii) Prove that p, converges weakly to u.

O

Exercise 2.44. Suppose that (u,) is a sequence of Borel probability measures on R that
converges weakly to a probability measure u. Prove that the characteristic functions i,
converge to i uniformly on the compacts of R. O

Exercise 2.45. Suppose that X is a random variable and (&) is its characteristic function
p(€) =E[e*X].
Prove that the following are equivalent.

(i) X is a.s. constant.
(ii) There exists r > 0 such that |p(§)| =1, V€ € [—r,7].

Hint. Use an independent copy X’ of X. g

Exercise 2.46. A probability measure p € Prob(R) is said to be an infinitely divisible
distribution if for any n € N, there exists u,, € N such that

J= =k
N——
n

We denote by Probs,(R) the collection of infinitely divisible distributions. A random variable
is called infinitely divisible if its distribution is such.

(i) Prove that the Poi(\), N(0,0%) € Probs, YA, 0 > 0.

(ii) Prove that any linear combination of independent infinitely divisible random vari-
ables is an infinitely divisible random variable. In particular, the convolution of
two infinitely divisible distributions is infinitely divisible.

(iii) Suppose that (X,,)nen is a sequence of i.i.d. random variables with common distri-
bution v € Prob(R). Denote by N(t), t > 0 a Poisson process with intensity A > 0;
see Example 1.3.7. For t > 0 we set

N(t)

Y(t) =) X
k=1



252 2. Limit theorems

The distribution of Y (¢) denoted by @y, is called a compound Poisson distribution.
The distribution v is called the compounding distribution. Show that

and deduce that Q; * Qs = Q¢4s, Vi, s > 0. In particular, Q; is infinitely divisible.
We will denote Q¢ by Poi, (At).

(iv) Compute the characteristic function of Q.

O
Exercise 2.47. For any p € Prob(]R) we denote by u— the measure defined by
,u_[B] :u[ —B], VB € Bg,
where —B := {yER; —yEB} and we set pg 1= o p_.
2/n

(i) Prove that fis(¢) = | u(€) ? V¢, Deduce that for any n € N the function |7 |
is the characteristic function of a measure p, € Prob(R) such that p'" = ps.

(ii) Prove that ﬁ({) = 0, V&€ £ 0. Hint. Show that | (&) |2/n converges as n — oo and the conclude

using Exercise 2.43.

(iii) Deduce that there exists a continuous function v : R — C uniquely determined by
the conditions ¥(0) = 0 and fi(¢) = e¥©), V¢ € R.

(iv) Prove that for any n € N there exists a unique measure v € Prob(R) such that

v*" = 1. We will use the notation v := p*1/™.

(v) Prove that any weak limit of infinitely divisible distributions is also an infinitesimal
distribution.

O

Exercise 2.48. Give an example of a sequence of random variables X,, € L'(2,8,P) such
that X,, converge in distribution to 0 but

lim E[Xn}:oo. O

n—o0

Exercise 2.49 (Skhorokhod). Suppose that u, € Prob(R), n € N, is a sequence converging
weakly to pu. Denote by F,, : R — [0, 1] the distribution function of i,

F,(x) = ,un[(—oo,:c] },
and by @, the associated quantile function (see (1.2.5))
Qn : [07 1] — R, Qn(t) = inf{l‘; t < Fn(x) }
We can regard (), as random variables defined on the probability space
([Oa 1]7 B[[),l]a A[0,1])7
where Ajg ;] denotes the Lebesgue measure on [0, 1]. As shown in Example 1.2.21,
Hn = (Qn)#A[O,I]a

so that u, is the probability distribution of @,. Prove that the sequence @, converges a.s.
on [0,1] to a random variable with probability distribution pu.
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In other words, given any sequence p,, € Prob(R) that converges weakly to p € Prob(R),
we can find a sequence of random variables X,,, defined on the same probability space with
Px, = pn and such that X,, converges a.s. to a random variable X with distribution p. O

Exercise 2.50. Suppose that the sequence of random variables X, : (2,8,P) - R, n € N,
converges in distribution to the random variable X. Prove that for any continuous function
f R — R the random variables f(X,) converge in distribution to f(X). Hint. Use Exercise
2.49. O

Exercise 2.51. Fix n € R and denote by C,(R™,C) the space of continuous, bounded
functions R™ — C. Denote by T,, the complex subspace of Cj,(R", C) spanned by the functions

{ee(@) =D} g,

where (—, —) denotes the canonical inner product in RY.

(i) Prove that T, is a C-algebra of functions.

(ii) Consider the continuous cut-off function 7 : R — [0, 00) defined by

07 |x’ 2 27
n(x) =41, ] <1,
linear, 1< |z| < 2.
For L > 0 define pr, : R" = R pr(1,...,2,) = [[j_; n(x;/L). Note that py is
supported in the cube Cp = [-2L,2L]". Let f € Cp(R,C). Prove that for any
€ > 0 and any L > 0 there exists a trigonometric polynomial 7' = T j, such that

Sup |pr(2)f(2) = T(x)| <e and [T <[ f]|+1.

(iii) Prove that for any f € Cp(R, C) there exists a sequence (T},),en in T, such that T,
converges to F' uniformly on compacts and ||T,|| < ||f]| + 1, Vv.

(iv) Use (iii) to give a new proof that a probability measure on R" is uniquely determined
by its characteristic function.

O

Exercise 2.52. Let yu be a Borel probability measure on R satisfying
Jrog>0: /etm,u[dm] < oo, V|t| < ro.
R
(i) Let p € [1,00). Prove that the map

D(®.p) > > Tf € GR.O), (TN = [ oyl de]

R
is injective. Hint. Reduce to Theorem 2.2.27 by writing f = fy — f—.

(i) Let f € L?(R, 1). Prove that there exists r; > 0 such that for any complex number
such that |[Imz| < r; the complex valued function R 3 z — e”**f(x) € Cis p
integrable and the resulting function

~

2o Je) = [ e pulde]
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is holomorphic in the strip { [Im z| < r}.
(iii) Prove that R [ l‘] , the space of polynomials with real coefficients, is dense in L?(R, x).
Hint. You have to show that if f € L2(R,v) satisfies

/f(z)x",u[da:] =0, Vn>0,
R

the f = 0 p-a.s. Prove that f(") (0)=0,Vn=0,1,2,....
(iv) Consider the Hermite polynomials ( Hy,(z) )n>0 described in Exercise 1.31. Prove
that the collection )
ﬁHm n=>0
is a complete orthonormal basis of the Hilbert space L?(R,7;), where 7, is the
standard Gaussian measure on R.

O

Exercise 2.53. Suppose that g, 11 are two Borel probability measures such that Jty > 0

/em,uo[dx} :/emm[da@}, Y|t < to.
R R

Fix r > 0 as in Exercise 2.52(ii) such that for any complex number the functions

z»—)Fk(z):/Rei”f(w)uk[daj], kE=0,1,

are well defined and holomorphic in the strip { [Im z| < r }. Show that Fy = F} and deduce
that o = 1. Hint. Set FF = Fy — Fy. Use the Cauchy-Riemann equations to prove that % ser =0, VR eEN,

vt € (—r,T). O

Exercise 2.54. Suppose that (X, )nenuco is a family of random variables such that there
exists T' > 0 with the following properties
(i)
sup E[etX"] < oo, V|t| <T.
neNUoco

(i)
lim E[e*] =E[e*>], Vt|<T.

n—o0

Prove that X,, converge in distribution to X.,. Hint. Fix ty € (0,7) and consider the measures
Un [da:] = cosh(toz)Px,, [d;v] and argue as in the proof of Proposition 2.2.24 that v, = veo. O

Exercise 2.55. A function F : RN — C is called nonnegative definite if it is continuous and
for any n € N, any &1,...,&, € RY and any zq,...,2, € C we have

n
> F(& - &)z = 0. (2.6.3)
ij=1
It is called positive definite if it is nonnegative definite and in (2.6.3) we have equality iff

z1 =+ =2z, = 0. Denote by C’Cpt(RN ,C) the space of compactly supported continuous
functions RY — C

(i) Let u € Prob(R™). Prove that its Fourier transform fi is a positive definite function.
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(ii) Suppose F : RV — X is nonnegative definite. Then the following hold.
(a) F(0) € [0, 00).
(b) F(—x) = F(x).
(c) For any ¢ : Cept(RY, C).

/ F(& —n)p(€)plmdedn > 0. (2.6.4)
RN xRN

(iii) Conversely, prove that if the continuous function F : RV — C satisfies (i)(c) then
it is nonnegative definite.

Hint. (i)(c) Use Riemann sums to approximate the integral in (2.6.4). Fix a nonnegative continuous function
p: RN — R supported inside the unit ball of RN and such that Jan p(E)dE = 1. For t > 0 we set pi(§) = t=Np(g/t)
(ii). In (2.6.4) choose ¢ of the form

P(&) =D 2zjp= (6 — &),
j=1

and then let € N\, 0. O

Exercise 2.56 (De Moivre). Let X, ~ Bin(n,1/2) and Y ~ N(0,1). Prove that

hmpun—mmggwﬂ

=1, Vr>0. O
n=y00 P[|Y]|<r]

Exercise 2.57 (t-statistic). Suppose that (X,)nen is a sequence of i.i.d. random variables
such that E[Xn] =0, E[Xﬂ = 02 < 00, Vn. We set

n

_1y _ 1 IR VAR L)

(i) Prove that V;, converges in probability to o?.

(ii) Prove that T}, converges in distribution to a standard normal random variable. Hint.
Use CLT and Slutsky’s theorem. a

Exercise 2.58. Suppose that X = X, is a Gamma(1l,\) random variable (see Example
1.3.35) and Y =Y, is a random variable such that

n

P[Y:nHX] :X—e_”X, vn=0,1,2,...
n!

In other words, conditioned on X = x the random variable Y is Poi(x).

(i) Compute the characteristic function of Y.
(ii) Show that the random variable

1

(VY —E[W])
Var[Y,\}

converges in distribution to N(0,1) as A — oc.

O

Exercise 2.59. Suppose that X, Y are independent random normal variables. Set Z = XY'.
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(i) Show that

1
Mz(A) = NSk Al <1,
and deduce that
)\2
< — — .
\I’Z(A) = 2(1 _)\2)’ VA€ ( 171)

(ii) Prove that Iz (see Proposition 2.3.1) satisfies

1 1 T
Iz(z) > = (si > 22 =
z(z) > 3(smz) 27 V|z| < 5
O
Exercise 2.60. Given any zero mean random variable X the following are equivalent.
(i) The random variable X is sub-gaussian (of some type o2).
(ii) There exists ¢ > 0 and a Gaussian random variable Z such that
P[|X >s] <cP[|Z] >s], Vs>0.
(iii) There exists a constant § > 0 such that
o o (2K)! o
E[ X SWH , VkeN.
There exists a constant ¢ > 0 such that
A 1
E X , YA e 0,1
X1 o e
O

Exercise 2.61. Let X be a finite set. The entropy of a random variable X : (2,8, P) — X is
Entg[X] := Ento ]P’X = pr ) logs p(x), pX(x):]P’[{X::L‘H.
zeX

Given two random variables X; : (Q,8,P) — X;, i = 1,2, we define their relative entropy to
be
PX;.Xo (361,362))

)

Ento [X2| Xl] = Z DX, X, (21, 22) logy < P

(z1,22)€X1 X X2
where px, x,(21,22) = ]P’[{Xl =z, X0 = $2}]
(i) Show that if X;: (Q2,8,P) — X;, i = 1,2, are random variables, then
Enty [ X2 | — Enty [ Xo| X1 | =D [Px, x,), Px, ® Px, |,
where D, is the Kullback-Leibler divergence defined in (2.3.8).

(ii) Suppose that we are given n finite sets X;, i = 1,...,n and n maps
Xi:(Q,8,P) — X,.
We denote by Ento(X7, ..., X)) the entropy of the product random variable
(X1,...,Xn) Q=X x - x X,



2.6. Exercises 257

Prove that

Ento [Xl,...,Xn]:ZEHtQ [Xk‘<Xk—1,~-7X1)]- g
k=1

Exercise 2.62 (Herbst). Let ¢ : [0,00) — R, ¢(x) = zlogx, where 0 -log0 := 0. For any
nonnegative random variable Z we set

H(Z] = Bnd, [ 2] = B[6(2)] - o(£[2)).
Suppose that X is a random variable such that Mx () = E[e)‘X] < 00, for all X is an open
interval J containing 0. We set Hy () := H[ e |. Prove that if

then X € G(o?). 0

Exercise 2.63 (Poincaré phenomenon). Denote by S” the unit sphere in R"*!,

n
S = {(xg,xl,...,mn); Zx% = 1}.
k=0

Suppose that (Xo,...,X,) is a random point uniformly distributed on S™ with respect to
the canonical Euclidean volume on S™.

(i) Prove that there exists C' > 0 such that
nr2
vneN, rel0,1]; P[|Xo|>r] <Ce z.
Thus, for spheres of large dimension n most of the volume is concentrated near the
Equator {xo = 0}!
(ii) Prove that v/nX( converges a.s. to a standard normal random variable.

Hint. Choose independent standard normal random variables Yy,...,Y, set Z, = YO2 + .-+ Y2. Show that the
random vector

(Xo,...,Xn)=%(YO,...Yn)

is uniformly distributed on S™. You can take for granted the fact that any finite Borel measure on S™ that is invariant
under the action of SO(n + 1) on S™ is a multiple of the Euclidean volume measure.'® For (i) use Exercise 1.46 and

Appendix A.1. Reduce (i) to the SLLN. O
Exercise 2.64. Let X be a random variable such that ‘X| < 1, a.s.. Assume E[X] =0
and o2 := Var [X] < 00.
(i) Prove that
E{e’\x} < exp <O‘2(6)\ —1- )\) ), YA > 0.
(ii) Prove that

2

T

18Can you prove this?
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Exercise 2.65. Suppose that ¢ : [0,00) — [0,00) is an Young function, i.e., it is convex,
increasing, ¥ (0) = 0, and ¥ (z)/z — oo as © — co. Fix a probability space (£2,8,P). For any
Young function v and any random variable X € £%(Q, 8, P) we set

| X ]|y = inf{t > 0; E[w(X/t)] <1 },
where inf () := co. We set
Lp(9,8,P) ={X € L2, 8,P); || X[y <oo}
and we denote by L, the quotient of £y, modulo the a.s. equality.

(i) Prove that Ly (2,8, P) is a normed space, called the Orlicz space determined by the
young function .

(ii) Show that when v (x) = 2P, p € [1,00) we have L, = LP.
(i) Let ¥(z) = ¢*” — 1. Prove that X is subgaussian if and only if X € Ly. O

Exercise 2.66. Suppose that Y7,Y, are independent and uniformly distributed on [0, 1].
Prove that

X1 =/—2log(Y1) - cos (27Ys), Xg=+/—2log(Y1) -sin (27Y3)
are independent standard normal random variables. O
Exercise 2.67 (Cramér-Wold Device). Let V' be a finite dimensional vector space. Fix a

sequence of probability measure u, € Prob(V). Prove that the following statements are
equaivalent.

(i) The sequence () converges weakly to u € Prob(V).

(i) For any £ € V*, (&) = A(E).
(ili) For any & € V*, &4 (un) = &x(1), where we recall that for any v € Prob(V) and
any £ € V* we denote by &4 (v) the pushforward of v via the function { : V' — R.

O
Exercise 2.68. Let V be an n-dimensional real vector space. We denote by V* its dual,
V* = Hom(V,R). We have a natural pairing
(=, =) V*xV >R, ({z):=¢(x), YEeV*, zeV.

A Borel probability measure p € Prob(V) is called Gaussian if for every linear functional
& € V*, the resulting random variable

§ : (V,‘BV,M) —+R
is Gaussian with mean m[f} and variance U[{], i.e., (see Example 1.3.34)

1 _ (a—m[e])?

Pe[de] =Tmigoiglde] = G same =0 de

A random vector X : (92,8,P) — V is called Gaussian if its probability distribution is a
Gaussian measure on V
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(i) Show that the map V* 3 & — m[{] € R is linear and thus defines an element
m = my, € (V*)* called the mean of the Gaussian measure. Moreover, using the
natural isomorphism'?.J : V' — V** we have

T (my) = /qu[dx] eV

(ii) Define C =C, : V* x V* - R

Cl&.n) = 7 (v[€+n] ~v[€ = n]) = Eu[ (€~ mle) (o — ml) ]

Show that C'is a bilinear form, it is symmetric and positive semidefinite. It is called
the covariance form of the Gaussian measure p.

(iii) Show that if pg, 1 are Gaussian measures on Vj and respectively Vi, then the
product pg ® w1 is a Gaussian measure on Vy @ V;. Moreover,

mlpo ® p1] = My &My, Cpgop = Cpo © O,y -

We set
', =Th®---aI'.
—_———
n
I';, is called the canonical Gaussian measure on R”. More explicitly
1 =
I‘]ln[dﬂ?] = W@ 2 dx,

where |z| denotes the Euclidean norm of the vector = € R™.

(iv) Suppose that Vj, V7 are real finite dimensional vector spaces, p is a Gaussian mea-
sure on Vy and A : Vo — V4 is a linear map. Denote by pa the pushforward of p
via the map A, pa := Axp. Prove that ;14 is a Gaussian measure on V; with mean
my, = Am, and covariance form

Ca: VI x V' =R, Cal&,m) = Cu(A™&, A™m), V&,m € Vi
Above, A* : V; — V' is the dual (transpose) of the linear map A.

(v) Fix a basis {ei,...,e,} of V so we can identify V' and V* with R™ and C with a
symmetric positive semidefinite matrix. Denote by A its unique positive semidefi-
nite square root. Show that the pushforward AxI';, is a Gaussian measure on R"
with mean zero and covariance form C = A2.

(vi) Show that if p is a Gaussian measure on V' with mean m covariance form C, then
its Fourier transform is

(€) = eme=30E0) | we e v,

(vii) Show that a Gaussian measure is uniquely determined by its mean and covariance
form. We denote by I';, ¢ the Gaussian measure with mean m and covariance C.

(viii) Suppose that C is a symmetric positive definite n x n matrix. Prove that the
Gaussian measure on R" with mean 0 and covariance form C' is
1 (Cilx,x)

Loc|dr| = e 2 dx
ocldr] (det(2rC) )"

9F0r a vector v € V, J(u) is the linear functional on V* that associated to £ € V* the number (£,v),, i.e.
J(v)(&) = (£,v). The map J is an isomorphism when V is finite dimensional.
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where (—, —) denotes the canonical inner product on R™. Hint. Analyze first the case

when C is a diagonal matrix. O

Exercise 2.69. Let (€2,8,P) be a probability space and E a finite dimensional real vector
space. Recall that a Borel measurable map X : (2,8,P) — E is called a Gaussian random
vector if its distribution Px = X 4P is a Gaussian measure on E; see Exercise 2.68.

Suppose thaE X1,..., X, € L°%Q,8,P) are jointly Gaussian random variables, i.e., the
random vector X = (X1,...,X,) : Q@ — R” is Gaussian.
(i) Prove that each of the variables X7, ..., X,, is Gaussian and the covariance form
C:R"xR"—R
of the Gaussian measure P € Prob(R") is given by the matrix (c;j)1<i j<n
cij = Cov [Xi,Xj], V1<i,j<n.

(ii) Prove that Xi,...,X, are independent if and only if the matrix (c;;)i<ij<n is
diagonal, i.e.,
E[XiX;]| =E[ X;|E[X;], Vi#j.

Hint. Use the results in Exercise 2.68. O

Exercise 2.70 (Gaussian regression). Suppose that X, X1, ..., X, are jointly Gaussian ran-

dom variables with zero means. Let Xy denote the orthogonal projection of Xo € L?(€, 8, P)
onto the finite dimensional subspace

span{Xl, . ,Xn} C L*(Q,8,P).
(i) Prove that Xo = E[ Xo || X1,..., X ] and Y := Xo — Xo L (X1,...,X,).

(ii) Suppose that the covariance matrix C' of the Gaussian vector (Xi,...,X,) is in-
vertible. Denote by L = [{1,...,¢,] the 1 X n matrix

i =E[XoXi], i=1,...,n.

Prove that
X1

Xo=L-C' X, X:=| : |,
Xn
E[Y]=0, Var[Y]=Var[Xo] -L-C™'-LT,
where LT is the transpose of the 1 x n matrix L.
(iii) Suppose that f: R — R is bounded and measurable. Then
E[f(Xo)‘Xl =z1,...,Xp :xl] =g(x1,...,2n),

where for
X1

8
Il

Tn

we have
o(7) :/Rf(y+LC_1(f))]P’y[dy].

Hint. For (i) use Exercise 2.69(ii) and (1.4.10). O
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Remark 2.6.5. The result in Exercise 2.70 is remarkable. Let us explain its typical use in
statistics.

Suppose we want to understand the random quantity Xg and all we truly understand
are the random variables X1,..., X,,. A quantity of the form f(Xi,...,X,) is called a pre-
dictor, and the simplest predictors are of the form Cepy + 1 X1 + -+ - + ¢, X,,. These are
called linear predictors. The conditional expectation IE[XO | Xq,... ,Xn] is the predictor
closest to Xg. The linear predictor closest to Xg is called the linear regression. The coeffi-
cients Cept, €1, . . ., ¢, corresponding to the linear regression are obtained via the least squares
approximation.

The result in the above exercise shows that, when the random variables X, X1,..., X}
are jointly Gaussian, the best predictor of Xy, given Xi,...,X,, is the linear predictor.
This is another reason why the Gaussian variables are extremely convenient to work with in
practice. O

Exercise 2.71 (Maxwell). Suppose that (X, )nen is a sequence of mean zero i.i.d. random
variables. For each n € N we denote by V;, the random vector V,, := (Xi,...,X,). Prove
that the following are equivalent.

(i) The random variables X,, are Gaussian.

(ii) For any n € N and for any orthogonal map 7" : R” — R™ the random vectors V,
and RV,, have identical distributions.

O

Exercise 2.72. Suppose that X1, ..., X, are independent standard normal random variables.
Set

— 1 1 <& —.9

(i) Let R = (74j)1<i,j<n be an n x n orthogonal matrix such that
1

Rli: %7 Vi = ].,...,TZ
and set
n
Yi=2 X

j=1
(ii) Prove that Yj,...,Y,, are independent standard normal random variables.
(iii) Prove that (n —1)S? =YZ + -+ Y2 ~ x%(n — 1).
(iv) Set

T, =

nll <]

Prove that \/nT), ~ Stud,_;, where Stud,, denotes the Student t-distribution with
p degrees of freedom

1 (e 1
VPT T(B) (14 ¢2/p)PH02
d

Hint. Note that v/nX = Y7 and S are independent. Conclude using (ii)

Stud, = dt, teR, p>0.
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O

Exercise 2.73. Suppose that X is a standard normal random variable and Z is a Bernoulli
random variable, independent of X, with success probability p = %

(i) Prove that Y = X7 is also a standard normal random variable.
(ii) Prove that X +Y is not Gaussian.
O

Exercise 2.74. Suppose that T is a compact interval of the real axis, and (X¢)ser, (Y2)teT,
(Zy)ter are real valued stochastic processes such that (Y;) and (Z;) are modifications of (X;)
with a.s. continuous paths. Prove that the processes (Y;) and (Z;) are indistinguishable. O

Exercise 2.75. Fix a Brownian motion (B;):>o defined on a probability space (£2,8,P).
Denote by € the vector subspace of LQ( [0, 1], )\) spanned by the functions I, 4,0 < s <t < 1.

(i) Prove that any function f € £ admits a convenient representation, i.e., a represen-
tation of the form

n
= al(guls xER,
k=1

where the intervals (s;,t;] , (sk,tx] are disjoint for j # k.
(ii) Let f € € and consider two convenient representations of f
n m
chl(skik} =f= ZC%I(S;,t;}-
k=1 i=1
Show that

cr( By, — Bs,) Z:c?C By — ) =: W(f).
k=1 =1
(iii) Show that for any f € € we have W (f) € L*(,8,P) and W (f)ll2) = £l 2(0,17)-

(iv) Prove that the map W : & — L?($, 8,P) is linear and extends to a linear isometry
W : L2([0,1]A) — L?(,8,P) whose image consists of Gaussian random variables.
In other words, this isometry is a Gaussian white noise. The map W is called the
Wiener integral. 1t is customary to write

- /Olf(s)st. 0

Exercise 2.76. The space F := C’( [0, 00) ) of continuous functions [0,00) — R is equipped
with a natural metric d,

.
d(f,9) =Y ——min(1,dn(f.g)), du(f.g):= sup [f(t)—g(t)].
neN 2 te[n—1,n]
Denote by B the Borel algebra of F. For each ¢t > 0 we define E; : F — R, Ei(f) = f(¢).
We set

Si=E;'(Bgr), Vt>0, $=[]8.
t>0
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(i
(ii

(iii

Prove that (F,d) is a complete separable metric space.
Prove that E; is a continuous function on F', Vt > 0.

Prove that ‘Bp = §. Hint. Compare with Exercise 1.4.

~— — '

Suppose that (€2,A) is a measurable space and W : Q — F is a map
Qew— W, € F.
Prove that W is (A, Bp)-measurable if and only if for any ¢ > 0 the function
W (Q,A4) = R, wrs W,(t)
is measurable. Hint. Use (iii).
(v) For any 0 < t; < tg < ---t, define

Evt1,...,tn o Rna Eth,--wtn (f) = (f(t1)7 s 7f(tn) )
Suppose that g, 1 are two Borel probability measures on F' such that

(iv

( Eth’m,tn )#HO = ( Evtl,...,tn )#:ula

for any n € N and any 0 < t; < --- < t,. Prove that pg = p1. Hint. Use (iii) and
Proposition 1.2.4 .

O






Chapter 3

Martingales

The usefulness of the martingale property was recognized by P. Lévy (condition (C) in [112,
Chap. VIII]), but it was J. L. Doob [53] who realized its full potential by discovering its most
important properties: optional stopping/sampling, existence of asymptotic limits, maximal
inequalities.

I have to admit that when I was first introduced to martingales they looked alien to me.
Why would anyone be interested in such things? What are really these martingales?

I can easily answer the first question. Martingales are ubiquitous, they appear in the most
unexpected of situations, though not always in an obvious way, and they are “well behaved”.
Since their appearance on the probabilistic scene these stochastic processes have found many
applications.

As for the true meaning of this concept let me first remark that the name “martingale”
itself is a bit unusual. It is a French word that has an equestrian meaning (harness) but,
according to [123], the term was used among the French gamblers when referring to a gam-
bling system. I personally cannot communicate clearly, beyond a formal definition, what is
the true meaning of this concept. I believe it is a fundamental concept of probability theory
and I subscribe to R. Feynman’s attitude: it is more useful to know how the electromagnetic
waves behave than knowing what they look like. The same could be said about the concept
of martingale and, why not, about the concept of probability. I hope that the large selection
of examples discussed in this chapter will give the reader a sense of this concept.

This chapter is divided into two parts. The first and bigger part is devoted to discrete
time martingales. The second and smaller part is devoted to continuous time martingales.
I have included many and varied applications of martingales with the hope that they will
allow the reader to see the many facets of this concept and convince him/her of its power
and versatility. My presentation was inspired by many sources and I want to single out
(81, 37, 53, 59, 109, 110, 149, 182] that influenced me the most.

3.1. Basic facts about martingales

We need to introduce some basic terminology.

265
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3.1.1. Definition and examples. Suppose that (2, 8, P) is a probability space and T C R.
Recall that a random or stochastic process with parameter space T is a family of random
variables

X : (2,8,P) =R, teT.
A T-filtration of the probability space (€2,8,P) is a family Fo = (F;)ser of sub-o-algebras of
8 such that

F, C F, Vs <.
We set
?oo = \/ ?t-
teT

A family of random variables X; : (Q, S, ]P’) — R, t € T, is said to be adapted to the filtration
Fo = (Ft )ter, if Xy is Fi-measurable for any t.

Remark 3.1.1. If we think of a o-algebra as encoding all the measurable information in
a given random experiment, then we can think of a T-filtration as an increasing flow of
information. For example, if T = Ny, and (X, ),>0 is a sequence of random variables, then
the collection

F, = O'(Xo,Xl,...,Xn), n € Ny,
is a filtration of o-algebras. At epoch n, information about X, becomes available to us, on
top of the information about Xy, X1,...,X,_1 that we have collected along the way. O

Definition 3.1.2. Suppose that (2,8,P) equipped with a filtration Fo = (F;)ier. An Fo-
martingale is a family of random variables X; : (Q2,8,P) — R, t € T, satisfying the following
two conditions.

(i) The family is adapted to the filtration F, and X, is integrable for any ¢ € T.

(ii) For all s,t € T, s < t, we have E[ X; [|F | = X;.

The family of integrable random variables (Xi)ier is called a Fo-submartingale (resp.
supermartingale) if it is adapted to the filtration and for any s,t € T, s < t, we have
Xy <E[X4]|Fs] (resp. Xs > E[ X¢[|Fs]).

When T is a discrete subset of R we say that the (sub- or super-)martingale is a discrete
time (sub/super)martingale. 0

Note that a sequence of integrable random variables (X,)nen, is a discrete time sub-
martingale (resp. martingale) with respect to a filtration (F,)pen, of F if

E[ Xns1|Fn] = X, (vesp. E[ Xpi1||Fn ] = Xn), VneNo|

Note that if (X, )nen, is a martingale with respect to a filtration (F,)nen,,
E[Xpi1] = E{E[Xnﬂ ES ] =E[X,], ¥n>0.
Remark 3.1.3. Suppose that (X,,)n>0 is a sequence of integrable random variables and
Fn=0(X1,...,X,).
Then E[XnH I H’n] is a measurable function of the variables X, ..., X,
E[ Xpi1 | Fn] = fas1(Xos X1, o, Xp), o1 : R™TH R
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If the joint distribution of (Xo, ..., X,) is described by a density p,(xo,...,zy), then

Pn+1{T0,5 -, Tn, Tnt1
fn+1(l’0, ey .’L'n) = / Tn+1 nt ( n nt )d$n+1.
R Pn(T0; - -+ Tn)
The sequence (X,)n,>0 is a martingale if and only if f,11(xo,21,...,2n) = Zn, Vo > 0,
Vzo,...,Tn, € R. O

Example 3.1.4 (Closed martingales). Suppose that Fo = (Fy,)nen, is a filtration of § and
X € L'(9,8,P). Then the sequence of random variables

X, =E[X|7F,] € L*(9Q,F,,P), ne Ny,
is a martingale since
E[ Xos11F0] =E[E[X || For1 || =E[X 0] = X
Such a martingale is called closed or Doob martingale. O

Example 3.1.5 (Unbiased random walk). Suppose that (X, ),en is a sequence of indepen-
dent integrable random variables such that E[Xn] =0, Vn € Ng.

One should think that X, is the size of the n-th step so that the location after n steps is
Sn=X14+ -+ Xn.

Set &y, := 0(X1,...,Xy), So := 0. Then the sequence (Sy)nen, is a martingale adapted to
the filtration F,,. Indeed,

E[Spi1llFn] = E[ Xpt1 | X1y oo, Xn ] + E[ X1 + - + X[ X1, .0, Xon |
=E[Xpt1] + X1+ 4+ X, = Sp. O

Example 3.1.6 (Random products). Suppose that (Y;,)n,en are positive i.i.d. random vari-
ables such that E[Yl] = 1. Then the sequence of products

Zn =YYy Yy, neN,
is a martingale adapted to the filtration F,, = o(Y1,...Y},). Indeed
E[Zns1i | Vi, ., Y| =E[ V1 V.Y [V, . Yo | =E[You V1 Y, =2,. O

Example 3.1.7 (Biased random walk). Suppose that (X,,),en are i.i.d. random variables
such that the moment generating function

w(A) = E[e)‘X"]
is well defined for A in some interval A. We set
Spi=X1 44+ Xn, My=M,(\):=eM"puN)", F,:=0(X1,...,X,).
If we define

then we deduce that
E[YV,]=1, M,=Y;---Y,.

From the previous example we deduce that (Mn()\) ) is a martingale.

neN
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As a concrete example, suppose that the random variables X, are all binomial type
P[anl] =p, P[Xn:—l] =q=1-—p.

In this case u(\) = pe* + ge~*. Note that if e* = 1%’ then p(A) = 1 and we deduce that

q bn
n=(3)
4

is a martingale. This is sometimes referred to as the De Moivre’s martingale. O

Example 3.1.8 (Galton-Watson/branching processes). Fix a probability measure p on Ny
such that

m = Z kulk] <oo, plk] :=pn[{k}],

keNp

and ,u[k:o] > 0 for some kg > 0. Consider next a sequence (X, ;)jnen, of i.i.d. Np-valued
random variables with common probability distribution p. Fix £ € N | set Zy := ¢, and for
any n € Ny define

Zn
Lpyl = ZXn’j’ Fn = O'(Xkﬂ‘; ke Ny k< n)
j=1

The random variable Z,, can be interpreted as the population of the n-th generation of
a species that had ¢ individuals at n = 0 and such that the number of offsprings of a
given individuals is a random variable with distribution g. The j-th individual of the n-th
generators has X, ; offsprings. We will refer to u as the reproduction law.

The sequence (Zy,)n>0 is known as the Galton-Watson process or the branching process
with reproduction law pu.

Figure 3.1. Three generations of a Galton-Watson (random) tree. Here Z1 = 3,
Zy=24143=6,23=34+2+1+24+3=11.

When ¢ = 1 this process can be visualized as a random rooted tree. The root vy has
Z1 = Xo, successor vertices. wvi1,...,v1,7. The vertex vi; has Xi; successors etc.; see
Figure 3.1. For any n € Ny we have

00 k

Tni1 = (Z Xw‘) Li7,=k)

k=1 j=1
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SO

(Xn,j 4 ffna Vn,])

[oe] k 00
- <Z E[X”J]) I{Zn:k:} = mZkI{Zn:k} =mJ,,.

k=0

This proves that the sequence Y,, = m™"Z,,, n € Ny defines a martingale.

The intuition behind the above algebraic manipulation can be easily explained: if on
average an individual of this species has m successors, and the n-th generation consists of Z,,
individuals, we expect that the population of the next generation to change by a factor of m,
E[Zn+1 I Zn} =my,. O

Example 3.1.9 (Polya’s urn). An urn contains r > 0 red balls and g > 0 green balls. At
each moment of time we draw a ball uniformly likely from the balls existing at that moment,
we replace it by ¢+ 1 balls of the same color, ¢ > 0. Denote by R, and GG, the number of red
and respectively green balls in the urn after the n-th draw. Note that R, + G, = r+ g+ cn.
We denote by X, the ratio of red balls after n draws, i.e.,

R, R,
R,+G, r+g+cn
Note that when ¢ = 1, the scheme can be alternatively described as randomly adding at each

moment of time a red/green ball with probability equal to the fraction of red/green balls that
exist at that moment in the urn.

We set

n -

Stn = U(RO;GO7 t 7RnaGn) = U(X07X17 cee 7Xn)
We will show that (X,) is an Fe-martingale. To see this observe that

1
Xn = Z z'_i_jI{Rn:i,Gn:j}

S0
i
i+

B[ Xp1l|Fn] = Z

i,5>0

E { I{Rn+1=ijn+1=J'} H SF”} :

Now observe that
E |: I{Rn+1:iaGn+1:j} H ?n ]

= Z P[Rnt1 =14 Gny1 = jl|Rn = k, G = | I (g, —j o=t}
k,0>0
1—cC j—c

= ——I(R—i—cGo=j—c} + itj—c

itj—c Tipn=iGumie)
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We deduce

) 1—¢C
B[ Xniil 9n] = Zi—l—j it trn=i-e =)
ij

7 j—c
Iip i i
+Zj i+ i—i—j — e {Rn=1,Gn=j—c}

Z u+c U +Z U S 7
- U+U+C u—+v {Rn:“’Gn:v} — u+v4+ec u+w {Rn:u,Gn:U}

(u + v+c) u
= E Itp o=y = E Itp —uG—ot = Xn. a
(u+v)(u+v+c) {Rn=u,Gn=v} R {Rn=u,Gp=0v} n

Example 3.1.10 (Random walks on graphs). Suppose that I' is a connected simple graph
with vertex set Vr and edges Er. Assume that there are no multiple edges between two
vertices u,v € V. Assume that ' is locally finite i.e., for any vertex u € V', its set of
neighbors N(u) is finite. We set deg(u) := |N(u)|.

A function F' : Vi — R is called harmonic if

F)=—— 3 F).

deg(u) vEN(u)

Consider the simple random walk on I' that starts at a given vertex vg and the probability
of transitioning from a vertex u to a neighbor v is equal to g( - Denote by V,, the location
after n steps of the walk. Suppose that F' : Vr — R is a harmonic function. Then the
sequence of random variables
X, = F(Vn), n € Ny,
is a martingale with respect to the filtration &, = o(Vy, V1, ..., V,). Moreover
E[Xn] :F(’UQ), Vn € Np. O

Example 3.1.11 (New (sub)martingales from old). Suppose that (€2, 8,P) is equipped with
a filtration Fo = (Fy)nen, and X,, € LY(Q, F,,P) is a sequence of random variables adapted
to the above filtration.

(i) If (Xn)nen, is a martingale and ¢ : R — R is a convex function such that ¢(X,,) is
integrable Vn € Np, then the conditional Jensen inequality implies that the sequence
©(X,,) is a submartingale. Indeed, Jensen’s inequality implies

E[¢(Xn11) 1F0] > ¢ (B[ X1 |F0] ) = 9(Xn).

(ii) If (Xp)nen, is a submartingale and ¢ : R — R is a nondecreasing convex function
such that ¢(X,,) is integrable Vn € Ny, then the sequence p(X,,) is a submartingale.
Indeed, folllow the same argument as above where at the last step use the fact that
¢ is nondecreasing. In particular if (X,,),>0 is a submartingale, then so is (X;}),>0,
zt = max(0, z).

(iii) If (X5 )nen, is a supermartingale and ¢ : R — R is a nondecreasing concave function
such that ¢(X,,) is integrable Vn € Ny, then the sequence ¢(X,,) is a supermartin-
gale. Indeed

E[‘P(Xn+1) ||3rn] < @(E[erl I Srn] > < p(Xn).
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In particular, if (X, )nen, is @ supermartingale, then so is (min(Xy, ¢) )n>0, Ve € R.

O

3.1.2. Doob decomposition. Fix a probability space (£2,8,P) and an Ny-filtration F, of
8. If C, is an increasing Fo-adapted process, then obviously C, is a submartingale. If we add
to this process a martingale M,, then the resulting process X, = M, + C, is a submartingale.

It turns out that all submartingales can be obtained in this fashion. In fact, the increasing
process C), can be chosen to be of a special type: the random variable C),+; can be chosen
to be F,-measurable, i.e., the value of C, at time n + 1 is predictable at time n, i.e., can be
determined from the information available to us at time n encoded in the o-algebra F,.

Definition 3.1.12. A sequence of random variable {H,, : Q@ — R, n € Ny} is called JF,-
previsible or predictable if Hy is Fp-measurable, and H,, is F,,_i1-measurable Vn € N. O

The next result formalizes the discussion at the beginning of this subsection.

Proposition 3.1.13 (Doob decomposition of discrete submartingales). Let Xo = (X;,)nen,
be an (F,)nen, -adapted process such that X,, € L', ¥n € Ny. Then the following statements
are equivalent.

(i) The process Xo is a submartingale.

(ii) There exists an Fo-martingale My and an Fo-predictable nondecreasing process Ce
such that

My =0=Cepi, Xn=Xo+M,+C,, ¥n>0.

Moreover, when Xo is a submartingale, then the martingale Mo and the nondecreasing
predictable process are uniquely determined by Xeo up to indistinguishability; see Definition
2.5.11(#). In this case M,y is called the martingale component of the submartingale X,
and C, is called the compensator of Xo. We denote it by C(Xa). The decomposition
X, = Xo+ M, + C, is called the Doob decomposition of the submartingale X,.

Proof. Ezistence. We describe M,, and C), in terms of their increments. More precisely
Cni1— Cn =E[ Xnt1 — Xo|| Fn ] + E[ M1 — My Fy, |

=E[Xpp1||Fn] — Xn =E[ (Xpt1 — Xn)||Fn], Vn €Ny,
My — My = (Xns1— X ) — (Cnp1 — Gy ), Vn € No. (3.1.1b)

Note that C,4+1 — C), is F,, measurable so (C,) is predictable. By construction M, is an
Fe-martingale. Clearly, if X, is a submartingale then, tautologically, C,, is increasing.

(3.1.1a)

Uniqueness. Suppose that X, is a submartingale, M, is a martingale, and C, is a nonde-
creasing predictable process such that

My :Ccpt ZO, XnZXQ—FM,/l-l-C;L, VTZEN().
We deduce
B[ Xoi | Fa] X0 = E[M) .| 5] - My +E[Ch ]| 5] ~ O

=0 =Cr41—C1
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This shows that the increments of C/, are given by (3.1.1a) so C] = C,. In particular,
M) = M,, Vn € N. O

Example 3.1.14. Suppose that (Y,),>0 adaperd to the filtration (F,),>0. It has a Doob
decomposition Y,, = M,, + C,,. We deduce from (3.1.1a) that

n—1
Cn =) E[AY|TFk], AVy =Y — Vi

k=0
Suppose that (X,,)n>0 is a sequence of nonnegative integrable random variables and Xy = 0.
Then
is a submartingale with respect to the filtration ¥, = o(Xo, X1,...,X,), n > 0. Indeed , for
n>1

E[Sn || gjn—l] = E[Xn || gjn—l] + Sn—l > Sn—l'

Consider the Doob decomposition S,, = M,, + C},. The compensator C), satisfies

Cn =Y E[Xy||Fr]
k=1

and
n

M, =S8, =Y E[Xp||Fror] =D (Xp —E[ X || Frer] ).
k=1 k=1
If the variables X, are independent, then

M, :kzn:(Xk—E[Xk] ).
O

Definition 3.1.15 (Quadratic variation). Suppose that (X, ),>0 is a martingale adapted to
the filtration (F,),>0 such that E[X%] < 00, Vn > 0. The compensator of the submartingale
(X2),>0 is called the quadratic variation and it is denoted by (X,). O

Example 3.1.16. Suppose that (X,,),>1 are independent random variables with zero means
and finite variances. We set Sp = 0,

Spn=X14+-+X,.
Then

n
E[S2] =Y E[X}] <oc, Vn>1.
k=1
Thus (S,) is an L?-martingale. From the computations in Example 3.1.14 we deduce

<So>n = ZE[Xlg] = ZE[(SIC - Sk—1)2}'
k=1 k=1

This explains why we refer to (Se) as quadratic quadratic variation. O
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3.1.3. Discrete stochastic integrals. A very important method of producing a large sup-
ply of martingales discrete stochastic integration.

Theorem 3.1.17 (Discrete Stochastic Integral). Suppose that (Xp)nen, be an Fo-adapted
process and (Hp)nen is a bounded predictable process. Define the process (H - X )o by setting

(H . X)O =0, (H . X)n = Hl(Xl — Xo) + -+ Hn(Xn — anl), Vn € N. (312)
Then the following hold.

(1) If (Xn)nen, is a martingale, then the process (H-X)n, n € Ny is also an Fe-adapted
martingale.

(il) If (Xpn)nen, is a submartingale and H,, > 0, Vn € N, then the process (H-X),, n € Ny
s also an Fe-adapted submartingale.

Proof. (i) Clearly (H - X), € L'(Q,%,). We have
E[(H ) X)nJrlefn] = ]E[HnJrl(XnJrl - Xn)ngn] + (H - X)n
(Hy41 is F-measurable)
= n+1E[(Xn+1_Xn)H3~n]+(HX)n: n+1(E[Xn+1”Hjn]_Xn)+(HX)n

( (Xp) is a martingale)
=(H-X)n.
The proof of (ii) is similar. 0

Remark 3.1.18. (a) When X, is a martingale the process (H - X), is called the discrete
stochastic integral of H with respect to X and it is alternatively denoted

/n HdX = (H - X),.

One should think of X, as a random signed measure assigning mass X,, — X,,—1 to the point
n.

(b) The discrete stochastic integral has a stock-trading interpretation. Suppose that X,
represents the price of a stock at the end of the n-th trading day. A day trader buys H,
shares at the beginning of the n-th trading day, based on the information collected during
the previous (n — 1) trading days. This information is encoded by the sigma-algebra F,,_1
and the price of a share at the beginning of the n-th trading day is X,,_1. He sells these H,
shares at the end of the n-the trading day. The resulting profit at the end of day n is then
Hn(Xn - X0 ) We deduce that (H e X), is represents the profit of the day trader after
n trading days.

(c) The special case Theorem 3.1.17 when the variables H,, are Bernoulli random variables
was discovered by P. Halmos and is classically known as the impossibility of systems theorem.
In this case H, represents the decision of a gambler to play or not the next game based on
the information gathered during the games he observed so far. O

The applicability of Theorem 3.1.17 depends on our ability of producing interesting pre-
dictable processes. We describe one very useful class of examples.
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Example 3.1.19. Observe first that a discrete time process (Y )neny on (£2,8,P) can be
viewed as a map
Y:NxQ =R, (nw)— Y, (w).
We equip N x Q with the product o-algebra. A measurable set X C N x Q) defines a stochastic
process
I;:NxQ— {0,1}, (Ix)n = Ixn, X, = {w € Q, (n,w) S %}

The set X is called Fo-predictable if the process Iy is such. More precisely, this means that
Xo € Fp and, for any n € N, the set X,, is F,,_1-measurable. O

3.1.4. Stopping and sampling: discrete time. We want to describe one technique that
makes the martingales extremely useful in applications. Fix a probability space (£2,8,P).

Definition 3.1.20. A random variable 7" : (©2,8,P) — Ny U {oo} is called a stopping time
adapted to the filtration Fo = (F,)n>0, or an Fe-stopping time if,
{T'<n}edF,, VneNyU/{oo}.

If (Xp)nen is an Fe-adapted process, and T' is an Fe-stopping time, then the T-sample of the
process is the random variable

Xpi= > XnI(r_n}. (3.1.3)
n€eNp

Observe that X7 = 0 on the set {T" = oo}. O

Example 3.1.21. (a) For each n € Ny the constant random variable equal to n is a stopping
time.

(b) Suppose that (X,)nen, is Fe-adapted and C' C R is a Borel set. We define the hitting
time of C' to be the random variable
Heo :Q — NoU{oo}, He(w) = min{ n € Nyg; X,(w)eC }
This is a stopping time since the process (X,,) is Fe-adapted and
{Hcgn} = U {XkEC}.

k<n

(¢) If S,T are stopping times, then S AT = min(S,T) and SV T = max(S,T) are also
stopping times.

(d) If (Ty)ken is a sequence of stopping times, then inf Ty, sup Tk, liminf T} and limsup T
are also stopping times. O

Definition 3.1.22. Let X, = (X, )nen be a process adapted to the filtration (55, ),>0. For
any stopping time T we denote by XI the process stopped at T defined by

Xp(w), n<T(w),

3.1.4
XT(w)v n > T(w) ( )

X! = Xrap, where Xpp, = Xmin(T(w)n) (W) = {
O

Note that the process stopped at T is also adapted to the filtration (F,)n>0-
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Proposition 3.1.23. Suppose that S, T is are stopping times such that S < T. Define
NNT, oof[ := { (n,w) € Ng x Q; T(w) <n},

={(n,w) €Ny x Q; S(w) <n<T(w)}.
Then ||T, ool], [[O,T]] and ]] T]] are predictable subsets of Ng x €.

Proof. We have ||T, oo[[,={T <n} ={T <n—1} € F,_;. Next observe that

Tiory =1 = Lyroof

so Ijo ) is a predictable process as a linear combination of predictable processes. Finally
observe that since S < T we have

Iysry = Io,y) — Lo, s>

so I} 1) is predictable as a linear combination of predictable processes. Note that

(Insay ), = Lin<ry — Lis<ny-
O

Suppose now that (X, )nen is a (sub)martingale and T is a stopping time. Then Sy = 0
is also a stopping time, Sy < T. As we have seen above, the process Ijjg, 7] = Iyjo7y - X is
a submartingale.

For every n € N we have
(Ljo,m) - X)n = (o), (Xn = Xt ) + -+ (Ipoyry) y (X1 — Xo)

= (I{Tzn})(Xn_Xn—l )-i-’ : '+(I{T21}) (Xl—XO) = XT/\n_XO = XE_XO-
Thus

XT = X() + (IHO,T]] . X). . (3.1.5)

This proves the following result.

Theorem 3.1.24 (Optional Stopping Theorem). Suppose that (X, )n>0 is a (sub)martingale
adapted to the filtration Fo and T is an Fo-stopping time. Then XTI, the process stopped at
T, is also a (sub)martingale adapted to Fe. O

Remark 3.1.25. Suppose that (X, )nen, is a submartingale adapted to the filtration (F,)nen,
and T is an a.s. finite stopping time. Then

lim X = lim X, ar = X7 a.s.
n—o0 n—oo

since n AT(w for n > T(w). If sup, E[|X,|] < oo, then Fatou’s lemma implies X7 € L' and
E[XT] < lim E[Xn]
n—oo

If (X,,) is a martingale, then E[ X7 | <E[ X ]. O
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Suppose that T : (©,8,P) — Ny U {oo} is a stopping time adapted to the filtration F,.
We define

Fri={EeT: En{T<n}eF, ¥neNUoo}}
(3.1.6)
:{EGEF: En{T =n} € F,, VneNou{oo}}.

Tautologically, the random variable 1" is Fp-measurable.

Example 3.1.26. Suppose that T is the hitting time of a Borel set C' C R. Then the event £
belongs to Fp if, at any moment of time n, we can decide using the information F,, available
to us at time n whether, up to that moment, we have visited C' and the event E has occurred.

O

A few remarks are in order.

e The collection Fr is a o-subalgebra of F. It is called the past-until-T" o-algebra.

e The random variable X7 is Fp-measurable. Indeed,
{Xr <e}pn{T =n}={X, <c}nN{T =n}eF,, Vn
e If S|T are stopping times such that S < 7T, then Fg C Fr.

Definition 3.1.27. Suppose that (X;,)nen, is an Fe-(sub)martingale and 7" is an Fo-stopping
time. We say that the stopping time T satisfies the Doob conditions' if the following hold.

P[T <oo] =1. (3.1.7a)
XreLl. (3.1.7b)
nli_}n;OE[I{T>n}|Xn|] =0. (3.1.7¢)
O

Roughly speaking, the condition (3.1.7c) states that the random process (X, ),>0 is not
sampled “too late” at time T. We want to emphasize that the Doob conditions are con-
straints of a pair (submartingale, stopping time) and not just of the stopping time alone. In
Proposition 3.2.29 we provide another characterization of the Doob conditions in terms of
the asymptotic behavior of the stopped process XI.

Example 3.1.28. Suppose that 7" is a bounded F,-stopping time. Then T satisfies the Doob
conditions.

To see this, choose N € N such that 7 < N a.s.. The stopped process X! is a submartin-
gale so Xp = Xpany = X]{’, € L'. As for the second condition (3.1.7¢), note that since T is
a.s. bounded, then Iy7,1|Xy| is a.s. 0 for n > N. O

Theorem 3.1.29 (Optional Sampling Theorem). Suppose that X, : (2, F,P) - R, n > 0,
is a (sub)martingale adapted to the filtration Fo, and S < T are stopping times adapted to
the same filtration. If T satisfies Doob’s conditions in Definition 3.1.27, then

E[Xr|Fs] > Xs

IThere is no consensus on terminology in the literature. We use the term Doob conditions since they were first
spelled out by J.L. Doob in his influential monograph [53]
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If Xq is a martingale, then
E[Xr|Fs] =Xs, E[Xr] =E[Xs] =E[Xo].
Proof. We follow the original approach in [53, VII.2]; see also [6, Thm. 6.7.4]. Suppose first
that (X,)n>0 is a martingale. We have to show that that for any A € Fg we have
E[XrIa] =E[XsIa].
Let A € Fg and set Ay, := AN{S =m}. Then

E[Xs] =Y E[Xgla,]

m>0

so it suffices to show that
Vm>0: E[Xrla, | =[Xsla, |

We have
E[XsIa, | =E[XnIiremyIa, | + E[XsIa, Iirsm ]

= E[XTI{T:m}IAm ] + IE[AXmIAmI{T>m} ] ;
(A, N{T > m} € F,, Xo martingale)
= E[XTIAmI{T:m}] + E[Xm+1IAmI{T>m}]

=E[XpIa, Iip—py | + B[ X1 A, Lprepiny | + B X1t L4, Iirsmeny |

= E[XTIAmI{m§T§m+1}] + E[Xm+1IAmI{T>m+1}} .
(A N{T > m + 1} € Fppq, Xo martingale)

=E[ XL, Limer<msry ] + | B[ X2l a, Lirsmyny ] A

=E[ XTI, Iier<mioy | + B[ Xompoda, Iipsmioy |-
Iterating this procedure we deduce that that, ¥n > 0, we have

E[Xsla, ]| =E[XrLa, Iimer<miny ] +E[ Xmtnl (rominy |-
The condition (3.1.7c) shows that

lim E[ Xpind {rsminy | =0,

n—oo
SO
E[XSIAm] = E[XTIAWI{ongoo}] = E[XTIAW].
The submartingale situation is dealt with similarly. a

Remark 3.1.30. Suppose that T is an a.s. finite Fo-stopping time and X, is an F,- sub-
martingale such that X7 € L'. Then T satisfies Doob’s conditions if and only if
- + _
an;oE[Xn Iirany] =0. (3.1.8)
Clearly (3.1.7c) implies (3.1.8). Let us show that (3.1.8) = (3.1.7c). Assume first that Xe is a martingale.
Fix m,n € Ng, m < n. Observing that {T' > m} € F,,, we deduce

E[XmIrsn] =E[Xmi1Irsm ] =E[Xmi1Ir=m+1] +E[Xmi1Irsm41 ]

{T >m+1} € Tpmg1)
=E[Xmt1Ir—mi1 | +E[ Xpmq2Irsmy1 ]
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=E[Xmt1Ir=m+1 ]| +E[ Xmt2Ir=mi2 | + E[ Xms2Irsme2 |

= :E[Xmﬁ»lIT:m«Fl} +"'+E[XNIT:’VL] +IE|:X7LIT>nJ :E[XTI'm<T§n]-
We deduce
E[XmIrsm] —E[XnIrsy | =E[XrIncr<n], ¥n>m.

Using the equality Xe = Xj' — X4 we deduce that, Vn > m.
E[ X Irsn] = B[ XpIrom] =E[XrTmer<n] — (B[ XhIrsm] - E[ X Irsa]).
If we let n — oo in the above equality and recall that 7' < oo a.s., Xp € L' and X:L satisfies (3.1.8) we deduce

lim E[ X, Irsn] —E[ X Irsm ] =E[XrIrsm ]| —E[ X Irsm].

n—»c0
Using the Optional Sampling Theorem 3.1.24 for the stopping times S = m and T we deduce
E[XrIrsm ] —E[ X Irsm ]| =E[ XmIrsm ]| —E[ X Irsm]| = —E[ X Irsm ]
Hence
nlewE[X;IT>n] —E[ X Irsm ]| =-E[ X It ]
so that
nlewE[ | XnlITsn] = nlewE[XjIT>n] + nlewE[X;IT>n] =0.

Suppose now that (X,) is a submartingale. Consider its Doob decomposition X,, = Xog + My, + Cn. If X, satisfies
(3.1.8), then

0 < (Xo+ Ma)T < X,
and we deduce that the martingale Yo = Xo + M, satisfies (3.1.8) and thus (3.1.8). Next, observe that

X = + Oy, 20+ (Cn =Y,y (-

This proves that 0 < Cp, < X;7 4+ Y, , so

lim E[Cnlrsn] = lim E[(X; +Y,; ) rsn] =0.

n—00

Hence
Jim E[|Xn|I7sn] = lim E[[Ya|+ Cplrsn] =0. o

3.1.5. Applications of the optional sampling theorem. It is time to give the reader
a first taste of the versatility of the optional sampling theorem. After we present more
properties of martingales we will be able to extend the range of applications of this theorem.

Example 3.1.31 (The Ballot Problem). Let us consider again the ballot problem first dis-
cussed in Example 1.2.37. Recall the setup.

Two candidates A and B run for an election. Candidate A received a votes while candidate
B received b votes, where b < a. The votes were counted in random order, so any permutation
of the a+ b votes cast is equally likely. We have shown in Example 1.2.37 that the probability
that A was ahead throughout the count is

We want to described an alternate proof using martingale methods. Our presentation is
inspired from [128, Sec. 12.2].

Set n := a+b and denote by Dy, the denote the number votes by which A was ahead when
the k-th voted was tabulated. Note that S, = a — b. Let X} denote the random variable
indicating the k-th vote. Thus, X = 1, if the vote went for A, and X = —1 if the vote went
for B so that

Dy=0, Dp=X1+ -+ Xg.
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For £k =0,1,...,n we denote by Ry the ratio
ank
n—k
In other words Ry, is candidate’s A the lead in percentages after the (n — k)-th counted vote.
Let us first show that Ry is a martingale with respect to the filtration
Fr=0(Ro,...,Ry) =0(Dp,Dp1,...,Dypy).

Thus, conditioning on Fj corresponds to conditioning on the results of the last k + 1 votes.
Observe that, given D,,_j the result D,,__1 one vote earlier, is independent of the results at
the later votes Dy _g41,...,Dy. In other words,

E[ ankfl H ankv cee aDn] - E[ankfl H ank]

One might be tempted to think of D,,_; as a random walk in reverse, but there is a silent
trap: there is a condition at the n-th step in reverse namely Dy = 0.

Ry =

To compute the above conditional expectation denote by A, (resp. By,) the number of
votes A (resp. B) has received after m votes. Thus

D,,=A,, — B,,, m=A, + Bp.
Note that A,, and B,, are determined by D,, via the equalities

Am:Dm%7 Bm:m—TDm_

Thus, if D, is known, the (n — k)-th vote could have been either a vote for A, and the

probability of such a vote is i"_‘k’“, or it could have been a vote for B, and the probability of

Bk
n—k *

such a vote is Hence

A
E[ Dyt || Dot ] = (Dt = 1) = + (Dnoi +1)

o Dn,k_n—k—l
_Dn_k_n—k:_ n—k Do

Dividing by (n — k — 1) we deduce that (Ry)o<k<n—1 is indeed a martingale.

Bn—k
n—k

Now define the stopping times
S::{nggn—l; Rk:0},
where min () := oo and T := min(S,n—1). The stopping time T is bounded and the Optional
Sampling Theorem 3.1.29 implies

D, a-b0
E[Rr] =E[Ro] = T AT

Now observe that
E[RT] = E[RTIS:OO] +E[RTI5<OO].
Note R = 0 on {S < oco}. Observe that if S = oo, then Dy > 0, for all 1 < k < n. Hence
T=(n—-1)on{S=o00}soRr=D;=1on{S =00}
a—b
a+b
= the probability that candidate A lead throughout the vote count.

—E[Rr] =P[S = ]
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Example 3.1.32 (Expected time to observe a pattern). Suppose that we are given a finite
set (alphabet) A and a probability distribution 7 on it so that
m(a) :=7m({a}) >0, Vae€ A.

Define
1

m(a)
Fix a word (or pattern) of length ¢ > 0 in this alphabet, a = (a1, . .., a,) € A".

f:A—=(0,00), f(a)=

Suppose that (A, )n>1 is a sequence of independent A-valued random variables with com-
mon distribution 7. We say that the pattern a is observed at time n if n > £ and

(An—f—i-la An—ﬁ—‘r?v v aAn) = (a’lﬂ az, ..., (Ln).
We let T' = T, denote the first time the pattern a is observed
T, := min { n>4l (Ap—i1, An—vg2, .-, An) = (a1,a9,. .., ay) }

To visualize this, think that we have an urn with balls labeled by the letters in A in proportions
given by m. We sample with replacement the urn and we record in succession the labels we
draw. We are interested in the moment we first observe the labels a1, ..., ay in succession as
we sample the urn. As a special case, think that we flip a fair coin and we stop the first we
see T, H, T, H in succession. In this case A = {H, T}, n(H) =«n(T) = %, a=THTH.

An amusing quote by Bertrand Russel comes to mind. “There is a special department
of Hell for students of probability. In this department there are many typewriters and many
monkeys. Every time that a monkey walks on a typewriter, it types by chance one of Shake-
speare’s sonnets.”

We will compute E [ Ta ] by using a clever martingale method due to Li [114]. The precise
answer is contained in (3.1.11)

Let us first observe that E[Ta] < 00. This follows from a very useful trick, [182, E10.5],
generalizing the result in Example 1.4.13.

Lemma 3.1.33 ( ‘Sooner-rather-than-later’). Suppose that T is a stopping time adapted to
the filtration (Fy,)nen, with the property that there exist ro > 0 and Ny € N such that

vn € No, P[T < n+ No||Fn] > ro. (3.1.9)
Then there exists ¢ € (0,1) such that IP’[T > n] <", Vn > Ny. In particular,
E[T] =Y P[T>n] <o O
n>0

In Exercise 3.6 we ask the reader to provide a proof of this result. It is a nice application
of various properties of the conditional expectation.

)4
In the case at hand (3.1.9) is satisfied with Ny = ¢ and r = < Mminge 4 W(a)) .

Following [114] we consider the following betting game involving the House (casino) and
a random number of players. At each moment of time n = 1,2,... the House samples the
alphabet A according to the probability distribution 7. (The House runs a chance game
with set of outcomes A and probability distribution 7.) The outcome of this sampling is the
sequence of i.i.d. random variables A,,.

The first player adopts the following a-based strategy.
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e At time 0 he bets his fortune Fol = 1 that the outcome of the first game is A1 = ay.
If A; = a; his fortune will change to F{l = f(a;) = chl Otherwise, he will lose his

fortune F to the house, so F}' = 0 in this case.
e At time 1 he bets his fortune that Ay = as. If he wins, i.e., Ay = a9, his fortune at

time 2 will grow to F} = f(ag)F{. If he loses, he will have to turn all its fortune
to the House.

e In general, if kK < ¢ and his fortune at time k — 1 is F kl_l (the fortune could be 0 at
that moment), the player bets all its fortune, f(ar) on a dollar, that Ay = ay. If
this happens, his fortune will grow to F}! = f(ay)Fj—1. Otherwise, he will surrender
his fortune Fkl_1 to the house, so Fk1 = 0 in this case.

e At time / the first gambler stops playing, so F! = F| 41, Vn >4

e We denote by X} the profit of the first player at time n, X! = F! — F} = F} — 1.

Concisely, if we define

Ml _ f(ak)I{Akzak}w 1 S k S E,
B =
1, k<lork>/¢,

then
n
Fy =] M.
k=1
Since IE[M,H =1 we deduce that F} and X! = F} — 1 are martingales.
In general, for m = 1,2,... , the m-th player also plays ¢ rounds using the same strategy

as the first player, but with a delay of m — 1 units of times.

Thus, the second player skips game 1 and only starts betting before the 2nd game using
the same betting strategy as if the game started when he began playing: at his j-th round
he bets f(a;) on a dollar that the outcome is Aj;1 = a;. The third player skips the first two
games etc.

In general, at his j-th round, the m-th player bets f(a;) on a dollar that the outcome is
Ajtm—1 = aj We denote by F]" the fortune of the m-th player at time n. More precisely, if
we set

M = f(ak*m+1)I{Ak=ak—m+1}’ m<k<m+l-1,
1, k<mork>m+/¢,
then
n
Fre=[M X =Fr'-1n=12...
k=1
Note that F}" = 1 for n < m because the m-th player skips the games n = 1,2,...,m — 1.

Define . .
Spi=Y Xp=> X"=) F'-n.
m=1 m=1

m>1
In other words, .S, is the sum of the profits of all the players after n games. The process S,
is obviously a martingale. Note that

Sp=> Ff—T, T="T,
m<T
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Recall that T is the first moment of time such that
Ar_py1=a1, Ar_pyo=az,...,Ar = ay. (3.1.10)

Thus the player (T' — ¢ 4+ 1) will be the first player to hit the jackpot, i.e., observes the
pattern a during the first £ games he plays. This proves F7* = 0 for m < T — {. Indeed, the
minimality of T implies
(Am,...,Am+g,1) 75 (al,.. . ,ag)
and thus I{Am:al} s I{Am+4_1:az} =0.
The fortune of the player T'— £ + 1 at time T is
Ep- = far) - far).
Using the equalities (3.1.10) we deduce that the fortune of the next player, T'— ¢+ 2, at time
T is nonzero if and only if
(ag,...,a7) = (a1,...,ap—1).
In this case the fortune is f(aq)--- f(ap—1). Similarly,

FI-49 _ {f(al) - flagz), (ar,-oar2) = (as,.. ap),

07 (a1,--~ ,ag_g)#(ag,...,ag).
More generally, denote by ¢, 3 the Kronecker symbol
17 a = 57
Oa,p 1=
0, a#p.
We deduce
Sp+T=Fp+- +FE g FI- L T2 4 B
=0

— Fg—é-ﬁ-l 4 F/]j:—f—}—? Lt Fr}:

-1 -2
= f(al) T f(aé) =+ H f(aj)éflj-‘-haj + H f(aj)(sflj+27aj +-

FI Jj=1 =l
T—1 T—2
FT FT
-1 0—k
= § H £(aj)0a;, 0, -
k=0 j=1
=:7(a)

Hence St = 7(a) —T'. If we could show that T satisfies Doob’s conditions (Definition 3.1.27),
then we could invoke the Optional Sampling Theorem 3.1.29 and conclude that

0=E[S)] =E[Sr] = r(a) - E[T].
Let us show that indeed the stopping time satisfies Doob’s conditions.
Since E[T] < oo and St = 7(a) — T we deduce Sy € L'. Arguing as above we deduce
that if n < T, then
F71+...+F£LSF”_Z+1+...+F£Z
-1 -2

< flar) - flae) + [ ] F(0)das000, + [ [ £(0))0a; 100, + - = 7(a).

J=1 J=1
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Hence
1Snl T irspy < (7(a) +n) I ipapy < (7(a) + T ) Iy
Since E[T] < oo we deduce
Jlim B[Sy Tirsny | =0
This shows that the stopping time T, satisfies Doob’s conditions so that
{—1 40—k
0

E[ T, => 1] “J*’“’“J. (3.1.11)

k=0j=1

Let us describe this equality using a more convenient notation. Denote by V(A) the vocab-
ulary of the alphabet A
V(A)=| | A" A% :={0}.
>0
We denote by ¢(a) the length of a word a.

We define a weight w = w, : V(A) — (0, oo) by setting

w(ay,...,a Hfak w(0) =1.

For a = (a1,...,a7) €AY, £>1,and j =1,..., ¢ we define the left /right tail maps
Lj, Rj : AE — .Aj, Lj((l) = (CLl, ceey aj), Rj(a) = (ag,]qu, cee ag).
Thus, R; retains only the last j letters of a word while L; retains the first j letters.
Given two words a,b € V(A) we set

(a,b) := {1’ a=b,

0, a#b.
Now define
(@) Ae(b)
®:V(A)x V(A) = [0,00), ®(a,b)= > (Rja,Libyw(L;b). (3.1.12)
j=1
We can rewrite (3.1.11) as
E[Tqa]| = ®(a,a). (3.1.13)

In the special case when A = {1,2,...,6}, 7 is the uniform counting probability and

a=6---6¢A",
~——
k
then the waiting time 7(a) coincides with the waiting time 7" to observe the first occurrence
of a k-run of 6-s discussed in Example 1.4.13. In this case we have

ZGJ

We refer to Example A.3.20 for an R—code that simulates sampling an alphabet until a given
pattern is observed.

6k’+1 6

Let us discuss in more detail the special case A = {H,T}, n(H) = n(T) = 1. Suppose
that a is the pattern a = (TTHH), b= HHH. Observe that (L;ja, Rja) =1 for j = 4 and
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0 otherwise. Hence E[Ta] = 16. A similar computation shows that E[T b] = 14. Thus we
have to wait a longer time for the pattern a to occur.

On the other hand, a formula of Conway (see Exercise 3.13) shows that

P[Tp, <Ta| ®(a,a)— ®(a,b)

P[T, <Tp] ®(bb)—®(b,a)
We have (L;a, Rjb) =0, Vj and (Rja,L;b) =1 for j = 1,2 so that

dab) =0, dba)—6 LTl 5
IP’[Ta < Tb} 7
We have reached a somewhat surprising conclusion: although, on average, we have to wait a
shorter amount of time to observe the pattern b, it is less likely that we will observe b before
a. The odds that b will appear first versus that a will appear first are 5: 7.

There are other strange phenomena. We should mention M. Gardner’s even stranger
nontransitivity paradox [72, Chap. 5]. More precisely, given any pattern a € A¥ there exists
a pattern b € A* such that b is more likely to occur before a, i.e., IP’[T;, < Ta] > % As
shown in by Guibas and Odlyzko [82], if @ = (ay,...,a;) we can choose b to be of the form
b= (bai,...,ax_1). O

3.1.6. Concentration inequalities: martingale techniques. Hoeffding’s inequality (2.3.13)
has a martingale counterpart usually referred to as Azuma’s inequality.

Theorem 3.1.34 (Azuma). Suppose that (X,)n>0 is a martingale adapted to a filtration
Foe = (Fn)n>0 of the probability space (2, 8,P). Assume that for any n € N there exist
constants a, < by, such the differences D, = X,, — X,,—1 satisfy

a, < D, <b, as..

Then

222

Yz > 0, IF’[\X” — Xo| > x] < 26_“%*“‘“721), Sp = by, — ag. (3.1.14)

Proof. The strategy is a variation on the Chernoff’s method. Set
Dy =X, — Xp1, o2

n

=87+ -+, VneN.

We will prove inductively that

X, — Xo € G(a2/4), ie., E[ME¥n=X0)] < e%, vneN, AeR. (3.1.15)
Assuming this, the inequality (3.1.14) follows from (2.3.12b).
To prove (3.1.15) note that since (X,,) is a martingale we have
E[eMNXn=X0) || 5, 1] = ;= XOR[ADn | 5,4 ],
We set
Zo(A) =E[e*P" || Fpq], ¥VnEN, XeR.
We claim that

2
Asp

VneN, VAeR, Z,(\) <es as. (3.1.16)
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Obviously this implies that

s

E[Xn—X0)] < ¢ E[AXn 1) ]

)

from which we can conclude inductively that X,, — Xo € G(02/4).

To prove (3.1.16) observe that, by construction, Z, () is F,_1-measurable. We have to
show that for any S € F,,_1 such that ]P’[S] #£0

E[Zy(\Is] < P[S]e"5".

Denote by D2 the random variable Dn‘ ¢ defined on the probability space (S, S’n,l‘ pe PS),
where

Ps[A] =P[A|S] = M, VA€ Fpilg

P[]
We denote by Eg the expectation on (S, Fn_1NS, Ps). Since E[Dn I ffn,l] = 0 we deduce
1
Es|DJ :/IDn]P’:.

Clearly a, < DS < b,. We deduce from Hoeffding’s Lemma (Proposition 2.3.10) that

1
ps7ElLse™] =Es[M] <,

and therefore, VS € F,,_1 such that, IP’[S] # 0 we have

E[Z,(MIs] =E[*"I5] = P[S|Es[ 7] <P[S]e2".

This concludes the proof of Azuma’s inequality. O

The strength of Azuma’s inequality is best appreciated in concrete examples.

Example 3.1.35 (Longest common subsequence). We want to have another look at the
problem of the longest common subsequence first discussed in Example 1.3.64. Let us briefly
recall the set-up.

We are given a finite set (alphabet) A, |A| = k, and a family of independent A-valued
random variables
{Xn,Yn; m,n € N}
all with the same distribution 7. We denote by L,, the length of the longest common subse-
quence of two random words

(X1,...,X,) and (Y1,...,Y,).

We set )
R, =

=—L,, R:=supR,.
n n

In Example 1.3.64 we have shown

1

—L, — R as.,

n
and

lim E[R, | =r(r) :=E[R].

n—oo
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We will to show that R, is highly concentrated around its mean r,,. We follow the presentation
in [161, Sec. 1.3].

Set £, := E[Ln], Zn = (Xn, Yn). Consider the finite filtration
fF() ::0'(@), fJ’rj:U(Zl,...,Zj), j:1,...,n.

Form the Doob (closed) martingale U; := E[L, | F;] Note that Uy = ¢,. The random
variable L,, is a function of the Z;’s

Ly, =Ly(Z1,...,Zy),

and Uj is a function of Z1,...,Z;, U; = Fj(Z1,...,Z;). More precisely, since the variables
Z,, are independent, we have

Fj(zl,...,zj) :E[Ln(zla'--;zj7Zj+17'--7Zn)]

= /(A2)n_j Ln(z’b c e Ry Bl e ,zn) 71-®2(n*j) [d2j+1 - dzn]_

Note that for any z1,...,z;_1, Zj,Z;-,Zj_A,_l, ... 2z, € A? we have
/
-1< Ln(Zl, sy Zi—1, Zja Zi+ly - ZTL) - Ln(zly sy Ri—1yRgy RZitly - 7Zn) <1
Integrating with respect to zg», Zj41,- ., 2n We deduce

-1 S ijl(zl, ey ijl) — Fj(Zl, e ,Zn) S 1
Hence |U; — Uj—1 | < 1. From Azuma’s inequality with s,, = 2 we deduce

'rwc2

P[|Ln — by > na] <2e” 72,
so that ,
P[|Ry, —rp| > 2] < 22
This proves that R, is highly concentrated around its mean. Obviously
Ve > 0, ZP“Rn — 7| > E] < 00,
n>1
and Corollary 1.3.54 implies that R, — r, — 0 a.s..
On the other hand, we know from Example 1.3.64 that

R, — R as. and r, = r(m) =E[R].

Hence %Ln converges almost surely to a constant ().

We write r(k) instead of r(7) when 7 is the uniform distribution on an alphabet of
cardinality k. In this case one has additional information about the rate of convergence of r,
to r(k). However, the exact value of r(k) remains illusive, even for small k.

O

Example 3.1.36 (Bin packing). The bin packing problem has a short formulation: pack n
items of sizes z1,...,z, € [0,1] in as few bins of maximum capacity 1 each. We denote by
B, (z1,...,x,) the lowest numbers of bins we can use to pack the items of sizes z1,...,Z,.

As in the case of the longest common subsequence problem, the bin packing problem has
a probabilistic counterpart. Consider independent random variables X,, ~ Unif([0,1]), n € N
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defined on a probability space (€2, 8,P). We will describe the behavior of b,,, := E [ B, (Xy,...,X,) }
as nm — oo.

Note that

By taking expectations we deduce
g <b,<n, YneN, (3.1.17)

showing that b,, has linear growth as n — co. On the other hand,
Bner(Xla cee 7XTL7 XTLJrl: to XTLer)

< Bu(X1, .o, Xn) + Bro(Xns1, - Xy, (3.1.18)
and thus
bnam < by + by, Yn,m e N.
Setting ry, := %, we deduce from Fekete’s Lemma 1.3.65 that

n

lim r, =r :=infr,.
n—oo n

The inequalities (3.1.17) show that r € [%, 1 ]
We set R, := %. We deduce from (3.1.18) and Fekete’s Lemma that

R, - R:=inf R, a.s. and r:E[R].

We want to show that R, is highly concentrated around its mean. We use the same approach
as in Example 3.1.35.

We set
SF]‘ZO'(Xl,...,Xj), EOZ{Q,Q}
Fix n € N. For j =0,1...,n we set
Uj =U,,; ::E[Banr"j]

so the collection (Uj)o<j<n is a martingale adapted to the filtration (F;)o<j<n.

There exist Borel measurable maps Fj : [0,1]9 — N such that U; = F;(X1,..., X;). More
precisely,

Fj(l‘l, oo ,.%'j) = / 'Bn(xl, ey LGy T4y - - .xn)da:j+1 o -d.%'n.
(0,1)=7

For any x1,...,2j-1,%, %5, Tj41,...,2n € [0,1] we have
/
-1< Bn(xly'"axj—lvxjaxj-i-lw")xn) _Bn(Ila”'7xj—l):rj7xj+l)°"axn) <1
Integrating with respect to x;,xjﬂ, ..., xy we deduce ‘ Uj —Uj1 ! < 1. Invoking Azuma’s

inequality we deduce as in Example 3.1.35 that

n1'2

P[|Ry —ral > 2] <2e 2.

This shows that R, is highly concentrated around its mean and that R, — r a.s..
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In this case it is known that r = % More precisely, there is an algorithm called

MATCH which takes as input the sizes x1,...,xz, of the n items and packs them into
M, = My(x1,...x,) boxes where

S <E[Ba] <E[M,] <% +0(vi),

This is the best one can hope for since it is also known

E[B,] zg+(\/§—1)\/z+o(\/ﬁ)

For details we refer to [38, Sec. 5.1]. O

The tricks used in the above examples are generalized and refined in McDiarmid’s in-
equality.

Definition 3.1.37 (Bounded difference property). Suppose that S is a set. A function
f 8" —- R, n € N, is said to satisfy the bounded difference property if there exist
Lq....,L, > 0 such that,

‘ f(517° -y Sk—158,Sk+1, - - '7STL) - f(517° . 'ask—las/ask-‘rla s 7571) ’ < Lka (3119)
Vk=1,...m, Vs1,...,86_1,5,8,Ski1,---,80 €. O

Let us observe that the above condition is satisfied if and only if f is Lipschitz with
respect to the Hamming distance on S

dH 18" x S" — [0, OO), dH(&t) = ZIR\{O}(Sk - tk). (3.1.20)
k=1

Theorem 3.1.38 (McDiarmid’s inequality). Suppose that Xi,..., X, : (Q,S,]P’) — R are
independent random variables and f : R™ — R satisfies the bounded difference property with
constants Ly, ..., L,. If Z = f(X1,...,X,) is integrable, then

P[Z-R[Z] >t]<e /P 2=124.. 4+ I2. (3.1.21)

Proof. Denote by Py the distribution on Xj. Let Fy = {0, Q}, F := o(X1,..., X) and set
Zy =E[Z|F], k=0,...,,n

so that Z,, = Z and Zy = E[Z] Since X1,...,X,, are independent we deduce that Yw € )
Z(w) = gr( X1(w), ..., Xp(w)),

where

gk(x1, ... x8) = /Rnk f(q:l,...,xk,xk+1,...,:Un)IP’kH[dka] ---Pn[d:cn].
Note that
Ge—1(21, ... xpm1) =B gr ] = /ng<$17--~7xk17$k)Pk[dxk]~

Hence
Dy = gk — Brgr, E[eM* | Fro1] = b1 (X1, .o, X)),
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where hy_1(z1,...,25-1) = Ek[ (gk*Ek[gk])], Fix z1,...,7,—1 and set
ar = ag(T1,. .., Tp_1) := 1nfg(3:1, ey Tp_1, Tk),
b = bp(x1,...,2x—1) :=supg(z1,...,Tp—1,Yk)
Yk

We deduce that
0<bp—ap< sup |g(x1,...,zh—1,4) — 9(1, ..., Tp—1,7%) | < Ly
Tk\Yk
We deduce from Hoeffding’s inequality (2.3.15) that

AL?
_ ALy
Ek[e)‘(g’“ ]Ekgk)] <es, Vri,...,Tp_1.

Hence , 2 ]
AL A(L2 4+ L2)
E[ A | Fr— 1] <es a.s., i.e., E[e)‘(Z”_ZO)] <e w0

O

3.1.7. Uniform laws of large numbers revisited. Suppose that we are given a sequence
of i.i.d. random vectors

X, :(Q,8,P) - X :=RN
and a collection F of uniformly bounded, measurable functions f : X — R, i.e., there exists
C > 0 such that ||f|lz~ < C, Vf € F. In machine learning F is known as the hypothesis
space. For f € F we set ~

flz) = f(z) —E[ f(X;)].
Note that the right hand side is indeed independent of j. The Strong Law of Large Numbers
implies that

1&g
Vf e 5,n1L%n,;f(Xk) =0 as..

We are interested if this happens almost surely uniformly in f € F. More precisely, for n € N,

we set
Zf Xk)

Assume that D, (F) is measurable for every n. We Want to investigate if D, () — 0 a.s.. In
Section 2.4 we have investigated a special case of this problem, namely when F had the form

SF::{IC; CE@},

where € is a collection of subsets of RY. We showed that if the collection € has finite VC
dimension, then D, (F) — 0 in this case.

Da(F) i= sup ~
fexFn

In this subsection we have a more limited goal. We want to provide an upper bound for
D,,(F) in terms of a probabilistic invariant of F that turns out to be relatable to the concept
of VC-dimension. We follow the approach in [177, Sec. 4.2].

Fix a sequence of independent Rademacher random variables (Ry,),>1 that are also inde-
pendent of (X,,),>1. Define

Ry ( —sup—‘ Ry f(Xk) ’
s Z kS (X
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Assume that Ry, (F)is measurable for every n and we set

We will refer to the sequence of real numbers R, (F) as the Rademacher complexity of F. A
priori, R, (F) depends on the common distribution of the random variables X, of which we
have no special information.

Lemma 3.1.39. For each n € N the function the function G, : X" — R

Zf (k)

satisfies the bounded difference property (Definition 3.1.37) with Ly = %, VeE=1,...,n

Gn(x1,...,2p —sup
fegn

Proof. Indeed, let z,y € R™ such that there exists a single j = 1,...,n such that z; # y;.
Without loss of generality we can assume 1 # y1, x; = y;j, Vj > 1. for any f € F we have

Zf Ty
Zf ) Zf )

Passing to sup over f € F we deduce

yla"'vyn =

‘fxl |+ | f(y1) \)S

2C
Gn(z) — Gr(y) < — Va,y € RY.
O
Note that D, (F) = Gn(X1,...,X,). We deduce from McDiarmid’s inequality that
717'2
P[Dn(”f) <E[Dn(F)] + 7«} >1-¢726%, Vr>0, VneN. (3.1.22)

We want to show that the mean E [ D, (F )] can be controlled by the Rademacher complexity.
More precisely, we have

E[Dn(F)] < 2R, (F), Vn. (3.1.23)
The proof of this inequality relies on a symmetrization trick similar to the one used in Section
2.4.

Let (Y1,...,Y,) be an independent copy of (X1,...,X,). Then

E[D,(F)] = [Sup*‘z< EYk[f(Yk)DH

fexn

n

:IEX[supl EY[ (f(X’f)_f(Yk))H]

n
fes k=1

3

gEX[suplEyH (f(Xp) = F(Y2)) H]

fegn

B
Il
—
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<[ Lo g3 (1050 - 000 ]

feg

_Exy{fsup‘z k))H

n feg

Now observe that the random vectors (f(Xk) — f(Y%)) and Ri( f(Xk) — f(Y%)) have the
same distribution so

Exy[—sup‘z Yk))H EXYR[*SUP‘ZR (Yk)>H

n feg feg

<2EXR[§1GII;‘ZRank H: R (F).

We deduce that
7,2

P[Dn(F) < Ru(3) +7] 2 P| Da(F) <E[Do(d)] +7| 21— 7567,
Hence, Vn € N

2

ZIP’[Dn(H’) > Rp(F) +r] < 267252 < 00

n

and invoking Borel-Cantelli we deduce that for any r > 0
P[Dn(F) > Rp(F) +r i0.] =0.
In particular, we deduce that D, (F) — 0 if R,,(F) — 0.

Remark 3.1.40. Note that 0 < D,,(F) < C, Vn. Hence, if D, (F) — 0 a.s., then E[ D, (F) | — 0.
Conversely, if E[ D,,(F) | — 0, then the inequality (3.1.22) implies that D,,(F) — 0 a.s.. Hence

Dp(F) as.<=E[Dy(F)] — 0.

We have shown that R, (F) — 0 implies E[ D,,(F)]| — 0 and thus Dy, (F) — 0 a.s..
One can prove that (see [177, Prop. 4.11])

E[Dn(F)] > %IRn(SF).

Thus, we have a uniform law of large numbers if and only if the Rademacher complexity goes
to 0 as n — oo. This requires a better understanding of the Rademacher complexity. So,
what is the next step?

A lot is known nowadays. In turns out that the Rademacher complexity can be estimated
in terms of certain metric entropies of the hypothesis space F. To the family of functions F
we can associate a collection G of subsets of RY x R, the subgraphs of the functions in F,
namely the sets

Gp={(z,t) eRN xRy t< f(z)}, feT.

The family F is said to be a VC-family if the family G of subgraphs is a VC collection
of subsets. These metric entropies of F can be estimated in terms of the VC dimension
and one obtains uniform limits in this fashion. For the rather involved details I refer to
57, 76, 129, 177]. O
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3.2. Limit theorems: discrete time

We have seen in the previous section how the Optional Stopping Theorem combined with
quite a bit of ingenuity can produce miraculous results. This section is devoted to another
miraculous property of martingales, namely, their rather nice asymptotic behavior. The
foundational results in this section are all due to J. L. Doob. To convince the reader of the
amazing versatility of martingales we have included a large eclectic collection of concrete
applications.

3.2.1. Almost sure convergence. Fix a probability space (£2,8,P) and a Ny-filtration F,
of F. We will investigate the behavior of an Fe-submartingale X = (X,)nen, as n — oo.
The key to this investigation is Doob’s upcrossing inequality.

Given real numbers a < b and a sequence of real numbers a = (ay,),>0 we define induc-
tively the sequences

(Sk(a) = Sk(a;a,b) )k21 and (Tk(a) = Ty(a;a,b) )k21
in Ng U {oo} as follows. We set
Si(a) = é%%{ ap <a}, Ti(a):= niggl{an >}

Thus, S; is the first moment the sequence « drops below a, and 717 is the first moment after
S1 when the sequence « crosses the upper level b. We then define inductively

Skr1(@) := nigjfk{ an <al, Tippi(a):= nZiISIIfJ,-l{ an >0},

where we set inf ) = oco; see Figure 3.2.

Figure 3.2. Up/downcrosssing of the interval [a, b].

The terms Sy are called downcrossing times while the terms T}, are called the upcrossing
times of the sequence (ay,)n>0. We define the upcrossing numbers

Un(la,b],a) :=#{k eN; Tp(a)<n}, neN. (3.2.1)

The sequence of nonnegative integers Nn( [a, b], &) is nonincreasing and thus it has a, possibly
infinite, limit

Uso([a,b], ) := JLHQOU"( [a,b], ).
The importance of the upcrossing numbers in convergence problems is explained by the
following elementary but rather clever result. In Exercise 3.8 we ask the reader to provide a
proof.
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Lemma 3.2.1. Suppose that o = (o)n>0 s a sequence of real numbers. Then the following
statements are equivalent.
(i) The sequence « has a limit (possibly infinite).

(ii) For any rational numbers a < b the total number of upcrossings Us( [a,b], ) is
finite. O

Suppose now that (X, )nen, is a process adapted to the filtration F,. Then, for any k£ € N,
the down/up-crossing times S (X) and Tj(X) are stopping times.

Theorem 3.2.2 (Doob’s upcrossing inequality). Assume that X = (X;,)nen, s a submartin-
gale. Then for any real numbers a < b we have

(b—a)E[Up([a,0, X )] <E[(Xn—a)t ] —E[(Xo—a)*], 2" :=max(z,0). (3.2.2)

Proof. Since (X — a)+ is a submartingale and
Un(la,b],X) =U,([0,b—al], (X —a)t),

we see that it suffices to prove the result in the special case X > 0 and a = 0 < b. In other
words, it suffices to prove that if X > 0, then

bE[ U, ([0,b],X )] <E[(Xn - Xo)]- (3.2.3)
The key fact underlying this inequality is the existence of a submartingale Y that lies above

the random process Nn( ([0, 8], X) and, in the mean, below the process X.

Consider the predictable process

H=> Ijs,x)m.x0]
k=1

i.e.,

Hy, = ZI{Sk )<n<Tp(X)}-

Since the intervals

(SI(X)7 TI(X)]7 (82(X)7 T2(X)]7 LR
are pairwise disjoint (when finite) we have H,, € {0,1}, ¥n. Set Y;, := (H - X),.

In stock market terms, think of the following investing strategy. Start buying a stock
when its price cost hits zero, and sell it at the end the trading day. Continue buying (and
selling) the stock as long as its price at the start of the trading day is below b. Once the
price crosses b stop buying and wait until the price hits 0 again. The price of the stock at the
beginning of the n-th trading day is X,,_1 and changes to X,, at the end of the n-th trading
day. Then Y, is the profit following this strategy at the end of n days. Clearly the profit will
be at least as big as bx the number of upcrossings of the interval (0,b). This is the content
of the following fundamental inequality.

Yy, > bU,([0,0],X) | (3.2.4)
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Here is a formal proof of this inequality. Let M := Un( [0,0], X ) Then

n Ty (X) n
Vo= H;- (X, X;-1) Z Yoo (X -Xm)+ Y (XX
j=1 k=1 j=S)(X)+1 J=Sm1+1

M
Z XTk XSlc + I{S]\/j+1<n} ( X XSM+1 )
k=1

(use the fact that Xg,, , =0 and X, > 0)

<

>3 (X — Xs, ) > bM = bU,([0,0], X).
k=1

>b

Hence
bE[U,([0,0],X)] <E[Y,], VneN.
Note that the inequality (3.2.4) does not rely on the fact that X is a submartingale.
The process (H,,) is predictable and thus

E[Yi — Yio1l|Fe-1] = E[ He( X — Xp—1)[|Fr—1]
= HE[ (X) — Xp—1)|| T |-
Since X is a submartingale we deduce
E[ (Xt — Xp—1)[|Fp-1] = 0.
On the other hand 0 < Hj, <1 so that
HE[ (X — Xpm1)|Fp—1 | SE[(Xp — Xp—1)[|Fr—1 |-

Hence
E[Yy =Y ] <E[Xp— X1 ]. (3.2.5)
We deduce
bE[U,([0,b],X)] <ElY, ZIE Vi — Vi1 ] <E[X, — Xo].
k=1
O

Remark 3.2.3. We should ponder why the inequality (3.2.5) is miraculous. We know
that Hyp € [0,1] so, whenever X, < Xj_1, i.e., the price of stock goes down, we have
X — X1 < Hp(Xg — Xg—1) = Yy — Yi—1. The inequality (3.2.5) shows that this is not the
expected behavior. The fact that X, is a submartingale biases the price in favor of increase.
That is the reason why (3.2.5) holds. O

Theorem 3.2.4 (Submartingale Convergence Theorem). Suppose that (Xp)nen, s a sub-
martingale satisfying
sup E[ X7 ] < . (3.2.6)
n€Ng
Then X,, converges almost surely to an integrable random variable X
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Remark 3.2.5. Observe that since X, is a submartingale we have

E[Xo] <E[X,]=E[X;]] -E[X, ], 27 = max(—=z,0),

n

so that
sup E[X;] < 00
n€Ng

showing that (3.2.6) is equivalent to

sup E[ [ X,|] < oc. (3.2.7)
neNp

Proof. Set

M := sup E[|X,]].
neNg

Now let a,b € Q, a < b. Doob’s upcrossing inequality shows that, for all n > 1, we have
(b= @)E[ Nu(a,b, Xa)] <E[(Xp— )] < |a] + E[|X0|] < |a] + M,

Letting n — oo we deduce E[ Noo([a,b], X ) | < 00, and thus No([a,b], Xs) < 0o a.s.. By
removing a countable family of negligible sets (one for each pair of rational numbers a, b,
a < b) we deduce that there exists a negligible set N C Q such that Vw € O\ N we have

Noo([a,b],X.(w)) < oo, Va,be Q, a<b.

Lemma 3.2.1 implies that the sequence X, converges a.s. to a random variable X,,. The
integrability of X, follows from Fatou’s lemma

E[[Xoo|] <lminfE[|X,|] < oc.
n—00
O

Corollary 3.2.6. Suppose that (Xy)nen, %5 a nonnegative supermartingale. Then X, con-
verges a.s. to an integrable random variable Xo,. In particular, any nonnegative martingale
has an integrable a.s. limit.

Proof. Observe that Y, = —X,, is a submartingale and Y,© = 0. The result now follows
from the Submartingale Convergence Theorem. O

Example 3.2.7 (Galton-Watson/branching processes). 2 Consider again the branching pro-
cess in Example 3.1.8 with reproduction law u € Prob(Np) and mean m,

0<m:= Znu[n] < 00.
n>0

As explained in Example 3.1.8, the sequence

1
Wn=—2n, n€Ny
m
is a nonnegative martingale so, according to Corollary 3.2.6, it converges a.s. to an integrable

random variable W.

2To the post pandemic reader. I wrote most of this book during the great covid pandemic. I even taught
this example to a group of masked students that were numbed by the news about the R-factor. The mean m is a close
relative of this R-factor. This example explains the desirability of R < 1.
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If m < 1, the original sequence Z,, = m"W,, converges a.s. and in mean to 0. Moreover
E[Z,] = m"E[ Zy] = m".
Thus, the expected population decays exponentially to zero. Something more dramatic holds.
Since Z,, > 1 if Z,, > 0 we deduce
P(Z,>0] =P[Z, >1]| <E[Z,] = tm".

Hence

Z]P’[Zn >0] < co.
n>0

The Borell-Cantelli Lemma implies that }P’[Zn >0 i.o.] =0.

Thus, a population of bacteria that have on average less that one succesor will die out,
i.e., with probability 1 there exists n € N such that Z, = 0. If we set

Eyn:={Z,=0, Vk>n}={Z,=0},

E:UEn

n>0

then the event

is called the extinction event. Note that
EyCE,C---CE,C---.

The probability of E is called extinction probability. We see that when m < 1, the extinction
probability is 1. a

Example 3.2.8. Suppose that (X,),en is a sequence of independent, mean zero random
variables defined on the probability space (€2, 8,P) such that the sums

Sp=X1+---+ X,
converge in probability to an a.s.-finite random variable S,,. Assume that
|Sp(w)] < oo, Vn e NU{oo}, Vw € Q.

We want to use the submartingale convergence theorem to prove that the convergence in
distribution of S, implies convergence in probability. This is one part of Lévy’s equivalence
theorem. The other part states that the convergence in probability is equivalent to the a.s.
We follow the strategy in [84, Sec.1.3]

Lévy’s Continuity Theorem 2.2.30 implies that
dg (1) = E[eitS”]

converges for any ¢t € R to &g _(t) = E[eitsoo ] For every t € R we have a martingale (see
Example 3.1.6)

1 .
Yn(t) = (I)S (t) 6”5"

This is obviously bounded in L' and thus, for any ¢ € R it converges a.s.. In other words, for
any t € R there exists a negligible subset N; € 8 such that

Vw € Q\N;: etIn@)  pitSc@) 56 5 o0,

We want to prove that this implies that 5, — Sy a.s..
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Since e — ¢#5~ on O \ N1, we deduce that there exists a sequence of Z-valued random
variables (Rn )n N such that

Sp(w) +27R, (W) = Seo(w), Yw € O\ Nj.

For example, the random variables

R, = BT(SOO_SH)J

have this property. We deduce that for any t € R and any w € '\ (N U Nt) we have

e27ritRn(w) -1

so that
bp, (27t) — 1, Vi€ R.

Lévy’s continuity theorem implies that the random variables R,, converge in distribution to 0
as n — oo. Since the variables R,, are Z-valued we deduce P[|R,|>¢]]| — 0 for any € > 0,
i.e., R, converges in probability to 0. Since S, + 27 R,, converges a.s. to S, we deduce from
Corollary 1.3.59 that

Sp = (Sp, + 27R,) — 27R,

converges in probability to Ss. O

Remark 3.2.9. Lévy’s equivalence theorem shows that a random series with mean zero
independent terms converges a.s. if and only if it converges in distribution. The partial sums
Sy, form a martingale. However, there exist martingales that converge in probability, but not
a.s..

Here is one such example, [59, Example 4.2.14]. Consider the following random walk
(Xn)n>0 on Z where you should think of X, as the location at time n. We set Xo = 0. If
X,,_1 is known, then

1
P[X,=+1|X,_1=0] =5 P[X,=0[X,-1=0] =1—

1
TL’

1 1
P[X, =0 X1 #0] =1— — P[ X, =nXn_1|| Xpo1 #0] = -

The existence of such a process is guaranteed by Kolmogorov’s theorem.

Denote by F,, the sigma-algebra generated by the random variables Xg, X1, ..., X,,. From
the construction we deduce that E [Xn I Xn,l] = X,,—1 so (X,,) is a martingale with respect
to the filtration &F,. Let p,, := IP’[Xn #+ 0]. Note that

1 1 1
- *(1 _pn—l) + —Pn-1=—.
n n n
Hence
lim P[X, #0] =0,

so that X,, converges in probability to 0. To show it does not converge a.s. it suffices to show
that it does not converge a.s. to 0.
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Denote by F,, the event {X,, # 0}. The random variables X,, have integer values so

F, = {|X,| > 1}. Note that F,, € F,, and
1 1 1
E[IFr, ||Fn1] = =0y T X, a0y =

Hence
1
> E[Ip, |[Fna] =) ~ = oo,
n>1 n>1

The conditional Borel-Cantelli result in Exercise 3.12 implies that
P[|X,| >1i0.] =P[F,io0.] =1.

Thus (X,,) does not converge a.s. to 0.
Recently (2021) Iosif Pinelis gave another beautiful example of martingale converging in
probability but not a.s.. Here is briefly the construction.

Choose a sequence of independent geometric random variables
(Tn)nZh Tn ~ Geom(pn).

We perform the following delayed and frequently stopped random walk on Z. We start at
Xop = 0 and we wait for 77 moments and we begin a standard random walk on Z until we
first return to the origin. At that moment take a brake lasting 75 moments and begin the
standard walk until we return back to the origin etc. Denote by X, the location after n
moments. Then (X,,) is a martingale (with respect to an appropriate filtration). Moreover,
if

Z \/Pn < 00,

n>1

then X, converges in probability to 0 but not a.s.. For details we refer to [141]. O

Example 3.2.10. The assumptions in the (sub)martingale convergence theorem are not
strong enough to guarantee L!-convergence. The following example shows what can happen.

Consider the standard random walk on Z that starts at 1. Each second the traveler takes
a size 1 step forward or back with equal probability. More precisely, consider a sequence of
i.i.d. Rademacher random variables (X},)nen, P[Xl = 1] = P[Xn = —1] = % Then the
sequence

So=1, S, =1+X;+---+X,, neN

is a martingale describing the evolution of the walk. Denote by IV the first moment the walk
reaches the origin, i.e.,

N::inf{nEN; Sp=0 }
Observe that N < oo a.s.; see Exercise 7?7. Consider the random walk stopped at N

. gN _
Y, =5, = SuaN.

From the Optional Stopping Theorem 3.1.24 we deduce that Y, is a martingale which, by
construction, is also nonnegative. Clearly Y,, — 0 a.s. since N < oo a.s.. This convergence is
not L' since

E[Y,]|=E[Yy] =1, VneN. O
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3.2.2. Uniform integrability. We will describe in this subsection necessary and sufficient
conditions guaranteeing that a sequence that converges in probability also converges in the
mean. We begin with a basic fact.

Lemma 3.2.11. Let X € Ll(Q,S,IP’). Then
lim E[|X|Ifix|zn) ] = 0.

n—oo

Proof. The sequence Z,, := [ X|I{x|>n) converges a.s. to 0 and |Z,| < |X], Vn. The desired
conclusion now follows from the Dominated Convergence theorem. O

Definition 3.2.12 (Uniform integrability). A collection X C L! ( Q,8, P) is called uniformly
integrable (or UI for brevity) if
lim E[|X]|I{x>r) ] =0 uniformly in X € X. (UL)
r—00 - -

O

Example 3.2.13. Let X € L'(Q, 8,P) be a family of random variables such that there exists
Zy € L'(,8,P) with the property

|X| <|Zp| as., VX € X.

Then X is UL
Indeed, for any X € X we have |X|I{ x|~} < |Zo|I{z,|>r}- The conclusion now follows
from Lemma 3.2.11. O

Remark 3.2.14. (a) Let X C L'(Q,8,P). Set
x(r) = x(r, %) := sup E[ | X [T (x| >0 |-
Xex
Then X is uniformly integrable iff lim, o, x () = 0.
(b) A uniformly integrable family ¥ c L! ( Q,8, IP’) is bounded in the L'-norm, i.e.,

supEHXH < 00.
Xex

Indeed, VX € X and r is sufficiently large so that x(r) < 1, we have
E[1X|] = E[IX|Tx| <y ] + E[IXT(x 2y | <7+ x(r) < 0.

Theorem 3.2.15. Let X C Ll(Q,S,P). Then the following statements are equivalent.

(i) X is uniformly integrable.

(ii) The family X is L'-bounded and, for any e > 0, there exists 6 = §(¢) > 0 such that,
for any X € X and any S € §, we have

P[S]<é=E[|X|Is] :/S\X(w)y]?[dw] <e. (UIL)
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Proof. (i) = (ii) Fix ¢ > 0. There exists 7. > 0 such that x(r.) < /2. Now fix 6 > 0 such
that 7. < §. Then, for any X € X and any S € § such that P[S] < §, we have

E[|X|Is] =E[|X[Tsngx|<ry ] +E[1 X Tsnfx|>r1 ]

< reP[S]+ B[ X T (jx(2r.y | <07+ x(re) <e.
(ii) = (i) Set
B:=supE[|X]|] < cc.
Xex

Markov’s inequality implies that that for r > 0 we have
B
P[|X|>r] <—, VX eX.
r

Fix € > 0 and r. > 0 such that g < 6(e). Then P[|X]| > r.] < d(e), VX € X. Assumption
(ii) implies
X(re) = sup E[\X\ I{‘X|>ri}] < E.
Xex
O

Remark 3.2.16. (a) We should draw attention to the qualitatively different conditions (UI;)
and (UIQ).

Condition (UI,) involves only the probability distributions of the random variables X € X
with no mention of the probability space on which they are defined. On the other hand,
condition (UIy) makes explicit reference to their domain of definition (£2,8,P). Condition
(Uly) is usually referred to as uniform absolute continuity.

(b) An atom of the probability space (2,8, P) is a measurable set S € 8 such that P[S] > 0
and for every measurable subset S’ C S, P[S'] =0 or P[S"] =P[S]. The L'-boundedness
condition follows from (UIy) alone if the probability measure P has no atoms. For a proof of
this fact we refer to [17, Prop.4.5.3]. O

Recall (see Exercise 2.65) that a Young function is a continuous, nondecreasing convex
function f : [0, 00) — [0,00) such that

f(0) =0, xli}rgo f(z) = o0.

The Young function f is called superlinear if

lim f(@)

T—r 00 €T
Theorem 3.2.17. Let X C Ll(Q,S,P). Then the following statements are equivalent.
(i) X is UL
(ii)
o
lim sup/ P[|X| > z]dz =0.
'

T—00 Xex
(iii) There exists a superlinear Young function f : [0,00) — [0,00) such that f(0) =0
such that
sup E[ f(|X])] < oo. (3.2.8)
Xex
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Proof. (i) <= (ii) Proposition 1.3.40 shows that
/ P[|X| > z]dz = E[|X[Ix|5m |, VX € X.
(ii) = (iii) Set
h(r) := sup/ P[|X| > z]dz.
XexJr
Note that h(0) < r + h(r) < co. Since h(r) = o(1) as r — oo we can find
O=rpg<ri <rg<---

such that

Now define .
90) = 3 Ty (1) @)= [ gy
n>0 0

Note that g(r) is nondecreasing and lim,_,~, g(r) = oo. This shows that f is increasing convex
and superlinear. Using the Fubini-Tonelli theorem as in the proof of Proposition 1.3.40 we
deduce that for any X € X we have

/0|X| g(r)dr

<3 h(r) < h(0) 2%

E[f(IXD]=E

B3 [ T, (@)do

n>0

n>0 n>0
(iii) = (i) For every n € N there exists r, > 0 such that
f(z)

Ve: x>r,=>r < —=.
n

We deduce that for any X € X we have

E[|X/ixi5r, ] < E[F(XD x5, ] < ~E[F(X])].

The conclusion now follows from (3.2.8). O

The equivalence (i) <= (iii) is sometimes referred to as the de la Vallée-Poussin theorem.

If in the above theorem we choose f(r) = 7P, p > 1, we obtain the following result.

Corollary 3.2.18. Let X € L'(Q,8,P) be a family of random variables such that there exist
p € (1,00) with the property

sup E[ | X|P] < oo.
Xex

Then X s UL 0

Corollary 3.2.19. Let X € L'(Q,F,P) and suppose that (F;)icr is a family of sigma subal-
gebras. Set X; := E[X I 3’}-}, i € I. Then the family (X;)ier is UL
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Proof. 1st. Method Lemma 3.2.11 shows that the family {X} consisting of the integrable
random variable X is uniformly integrable. Hence

1Xi| = |E[X || F:] | <E[IX]]|F:].

Theorem 3.2.17 implies that there exists a superlinear Young function f : [0,00) — [0, 00)
such that E [ f(X )] < 00. Since f is increasing and convex we deduce the conditional Jensen
inequality in Theorem 1.4.12(ix) that

FOXil) < F(E[IX]119:]) <E[F(XDI5:].
Taking the expectations of both sides of this inequality we deduce
E[f(1X])] <E[f(IX])], Viel
Using Theorem 3.2.17 again we deduce that the family (X;);er is UL

2nd Method. Fix ¢ > 0 and then choose § = §(¢) > 0 such that
VFeJ, P[F|<é=E[|X|Ir] <e. (3.2.9)
Choose C' > 0 sufficiently large so C'E[|X|] < 6.
For each i choose a version X; of E[ X || F;]. Then

| X; | <E[|X]|]|F;] as. and E[|X;]] <E[|X]].
Hence

P[|X;| > C] <C'E[|X;]] < CT'E[|X]] < 4.
Then

(3.2.9)
E[1X11x,>c] SE{E[!X\ Hfﬂ'}f\xibc} =E[|XI|x,5>c] < e

The next result clarifies the importance of the uniform integrability condition.

Theorem 3.2.20 (Lebesgue-Vitali). Consider a sequence (X,,) in L'(Q2,8,P) that converges
in probability to X. Then the following statements are equivalent.

(i) The sequence (Xy) is UL
(ii) The limit X is integrable and the sequence (X,) converges to X in the L'-norm.
(iii) The limit X is integrable and
lim E[|X,|] =E[|X]].

n—o0

Proof. We follow the approach in [59, Thm. 5.5.2].
(i) = (ii). For every M > 0 we define

M, x> M,
Oy R R, Op(x) =< 2, lz| < M,
-M, xz<-M.

We have
E“Xn_X” SEHXn_(I)M(Xn)H +EH‘1>M(XTL)_(I)M(X)H
+E[||®m(X) — X |]
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< 2B [ | X [T oany |+ B @ar(Xn) = @ar(X) [] 4+ 2B[[ X | Txo 0 |-
The sequence (X,,) is uniformly integrable and Theorem 3.2.15 implies that sup,, E[ | X,| ] < oc.

Fatou’s Lemma applied to an a.s. convergent subsequence of X,, implies that X € L'. We
conclude that for any £ > 0 there exists M = M (g) > 0 such that

3
2E[ | XnlTyx, 5y | + 2E[ X [ Tgxpsany | < 5, VneN. (3.2.10)

From Corollary 1.3.58 we deduce that ®;(.)(X,) converges to ® () (X) in probability. More-
over,

| (I)M(s)(Xn) ‘ < M(&), Vn € N.
The Bounded Convergence Theorem 1.3.67 implies that there exists n = n(e) > 0 such that
for any n > n(e) we have

E“(I)M(s)(Xn) - (I)M(a)(X)” < %

Form (3.2.10) we deduce that E[|X,, — X|] < & for n > n(e).

Clearly (ii) = (iii) since X,, — X in L! implies || X,||z1 — || X|z1-
(iii) = (i) For any M > 0 consider the continuous function
x, xe€[0,M—1],
Ui [0,00) > R, Wp(x) =10, x> M,
linear, z e (M —1,M).
The Dominated Convergence Theorem implies that W) (|X|) converges to |X| in L' as

M — oo. Thus, there exists M = M(e) such that

E[|1X]] - E[ @y (X])] < g VM > M(e). (3.2.11)

Using the Bounded Convergence Theorem as in the proof of the implication (i) = (ii) we
deduce that
E[ Wy (IXal)] = E[Un(X])], ¥M > 0. (3.2.12)

Thus, for any n € N we have
E[|XnlLx, 501 ] < E[1Xnl] = E[ W) (IXnl)]
— (E[1xal] -E[1x]])

+(E[IX1] ~E[Wao(1XD] ) + (E[¥ar (1XD)] — E[ar(1Xa])] )

(21 (]E“Xn” _E[IX]] ) I <IE[\I/M(€)(\X|)] —E[ W) (| Xal]) ] ) +

We can choose N = N(g, M(¢)) so that for n > N(e) we have
(E[1Xal] —E[IX1]) + (B[ @ (1X)] — E[ a1 Xal)] ) <
Hence for any M > M (¢)

c
5
€

5

sup E[|Xn|Ix,>ay] < sup E[|Xa|Ijx, sm(e)y] <e
n>N (eg) n>n(e)
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Now choose M; > M (e) such that
E[ |Xn|I{\Xn\>M1}] <eg Yn=1,2,... ,N(E).
Hence for M > M; we have

sup B[ [ X, I x, >0} ] <eé.
neN

Thus (X,,) is uniformly integrable. O

Remark 3.2.21. (a) The UI condition is a compactness condition. More precisely, the
Dunford-Pettis theorem states that a collection X C Ll(Q,S,IP’) is Ul if and only if its
closure in the weak topology of L! ( Q, S,IP’) is compact. For a proof we refer to [17, Thm.
4.7.18] or [58, Sec. IV.8.11].

(b) The implication (iii) = (ii) is sometimes referred to as Scheffé’s Lemma.

(c) We used the Bounded Convergence Theorem to prove the implication (i) = (ii). Ob
viously the Bounded Convergence Theorem is a special case of this implication. One can
prove the equivalence (i) <= (ii) without relying on the Bounded Convergence Theorem; see
(56, Thm. 10.3.6].

(d) The sequence in Example 2.2.10 converges in law, it is uniformly integrable yet it does
not converge in probability. This shows that in the above theorem we cannot relax the
convergence-in-probability condition to convergence in law. O

3.2.3. Uniformly integrable martingales. We can now formulate and prove a refinement
of Theorem 3.2.4.

Theorem 3.2.22. If (X, )nen, s a martingale adapted to the filtration (Fy,)n>0 of (2, F,P).
Set
Foo =\ Fn=0(Fn, n>0).
n>0
The following are equivalent.
(i) The collection (Xp)nen, ts UL
(ii) The sequence (Xp)nen, converges a.s. and L' to a random variable X .
(iii) The sequence (X )nen, converges L' to a random variable X .
(iv) There exists an integrable random variable X such that
X, =E[X||F,], VneNg
If the above conditions are satisfied, then the limiting random variable X in (ii) and
(iti) is related to the random variable X in (w) via the equality Xoo = E[ X || T |, i.e.,

lim E[ X [|F, ] =E[X || T |

n—00

a.s. and L'. In particular, IE[XOO] = E[Xo].

Proof. Note that if a martingale (X,,) is UL, then it is bounded in L! and, according to
Theorem 3.2.4, converges a.s. to an integrable random variable X,. In view of the previous
discussion the statements (i)-(iii) are equivalent. The implication (iv) = (i) follows from
Corollary 3.2.19. The only thing left to prove is (iii) = (iv).
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More precisely, we will show that if X,, — X in L', then
X, = E[XOOHS'}Z], a.s., vn € Ny
In other words, we have to show that, for all m € Ny, and all A € F,,, we have
E[XpIa] =E[Xola].
Since (X,,) is a martingale we deduce that, for n > m, we have
E[Xnls] =E|E[Xal| T ] La | = E[E[ XoLall Fn] | = B[ XoLa].

Now let n — oo.

Suppose now that for some integrable random variable X we have X,, = E [X Il Fn ] We
want to show that

lim X, = X := IE[X Hffroo]
n
i.e., for any F' € F, we have
E|XoIp| =E[XIp].

Denote by Z C F the collection of F' C Fy for which the above holds. Clearly &, C Z.
Moreover, Z is a A-system and contains the m-system

U 7

n>0
Thus it contains F,, the o-algebra generated by this system. O
Theorem 3.2.22 implies that
lim E[X]\ff"n] :E[X\\?Oo] a.s. and L', VX € L'(Q,F,P). (3.2.13)

n—oo

In particular, we deduce
Corollary 3.2.23 (Lévy’s 0-1 law ). For any set A € Fo, the random variables
PlA||Fn] =E[L4]|Fn], neN,
converge a.s. and L' to T4 as n — oco. a
Corollary 3.2.24 (Kolmogorov’s 0-1 law). Suppose that S1,Ge, ... are independent o-subalgebras

of F. We set
Tn = U(9n+179n+27'~)

T = ﬂ%.

n>1

and form the tail o-algebra

Then T s a 0-1 sigma-algebra,
HeTw=P[H] e {0,1}.
Proof. Define &, := 0(91, e Sn) Let H € F. By Levy’s 0 — 1 law we have
E[IH H SFn] — IH a.s..

On the other hand, if H € 7, then since T 1L F,, we deduce E[IH I Er"n} = IP’[H], so that
IP)[H} = Iy a.s.. In other words is I is. a.s. constant and this constant can only be 0 or 1.
a
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Example 3.2.25. Consider again the Galton-Watson branching process in Example 3.1.8.
Suppose that the reproduction law p satisfies

m:= Znu[n] < 00.
n>0
Assume m > 1. Consider the extinction event defined in Example 3.2.7
E:=|JEn E.={2Z,=0, Vk>n}.
n>0
Consider next the event

U::{supZ :oo}.

We want to prove that if the probability that an individual has no successor is positive then,
with probability 1, either the population extinguishes in finite time, or explodes. In particular
it cannot stabilize to a finite nonzero limit. More precisely, we have the following dichotomy
result.

If py = ,u[O] > 0, then, with probability 1, the population either becomes extinct or
explodes, i.e.,
E=U° P[EUU]| =1 (3.2.14)

In particular
E={limZz,=0}. (3.2.15)
Note that
Vv e Ny, Fo(v) € (0,1): VYn €N,
(3.2.16)
P(E| Z,....Zy] > 6(v) on {Z, < v}

Indeed, if the population of the n-th generation has at most v individuals then the probability
that there will be no (n + 1)-th generation is at least pfj. More formally,

PlE|Z1,....,Z0] 2 P[Eni | 21, .., Zn] = P Ensall Zn].
We have

Pl Eni1 | Zn | Iz, <0y = ZP[EnH | Zn = k] Iz,—1
k=0

= ZPISI{Zn:k} > poliz,<u)-
k=0
This proves (3.2.16) with 6(v) = pj.

Since Z,, are integer valued we deduce that
Lemma 3.2.26. Suppose that (Zy,)n>1 s a sequence of nonnegative random variables. Set

E:{Zn:O forsomen}, B:z{supZn<oo}.
n

If (Z,) satisfies (3.2.16), then
E-B (3.2.17)
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Proof. Set &, :==o(Z1,...,Zn}, B, = { sup,, Zn, < v }, so that
BicByc--, | JB, =B
14

We have E[E|F,] > §(v) on B,. Letting n — oo we deduce from Lévy’s 0-1 theorem
(Corollary 3.2.23) that

lim E[Ig||F,] = Ig.

n—oo

Hence B, C F for any v. Hence B C F. O

In our special case, B = U°. Note also that if the population dies at a time at a time ny,
then Z,, =0, VYn > ng. Hence E C B or, in view of (3.2.17), E = B = U°. This proves the
claimed dichotomy (3.2.14).

When m = 1, then W,, = Z,, converges almost surely to an integrable random variable
and we see that

{limZn<oo} C { supZn<oo} cFE
n

and we deduce that
1>P[E| >P[limZ, <oo] =1
n

Thus, when m = 1 and the probability having no successors is positive, i.e., M[O] > 0, then
the extinction probability is also 1. One can show (see [8, Sec. 1.9] or [96]) that if m = 1 and

o? := Var [ Xn,;] = Zk(k‘ —Dplk] < oo,
k

then ,
lim nP[Z, >0] = =.

2
n—o0 g
Thus, the probability of the population surviving more than n generations given that indi-
viduals have on average 1 successor is O(1/n).

When m > 1 the extinction probability is still positive but < 1. Exercise 3.28 describes

this probability and gives additional information about the distribution of W. For more
details about branching processes we refer to [8, 87]. 0

Suppose that (X, )nen, is a process adapted to a filtration F, such that X,, converges a.s.
to a random variable X, as n — oo. If T' is a stopping time adapted to the same filtration,
finite or not, we set

XT = Z XnI{T:n} + XooI{T:oo} =Xr+ XOOI{T:oo}' (3.2.18)
neNg

Note that
P[T=00] =0 = Xy =Xr as,

Xr=XxT .= lim X7p, = @y”XZ. (3.2.19)

Theorem 3.2.27 (UI Optional sampling: martingales). Suppose that Xe = (Xp)nen, s a
UI martingale and T is a stopping time, not necessarily a.s. finite. Then X € L' and

Xp =E[ Xl Fr]. (3.2.20)
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Moreover, if S,T are stopping times such that S < T, then
E[ Xl Fs] =E[ X7[|Fs] = Xs. (3.2.21)

In particular

E[X7] =E[X,].

Proof. Let us first prove that X7 € L'. We have
E[[Xr|] = > B[ Lr=n|Xn|] + E[L7=00)| Xoo|]

n>0
= Z%E[I{T:n}wwm 150] | |+ E[ T r—sey | Xool ]
(1B[X 9] | <E[JX] 15])
< ;)E[I{T:n}E[\XOO\ 190] |+ E[ Loy | Xoc|]
(use the definition of co;lditional expectation)
= Z%E[I{szxwu + E[I{7—e) [ Xoo| | = E[|Xc|] < 0.
Moreover, for A € S:T we have

E[TaX7r] = E[Lingr—n}Xn] +E[Lan{r—co} Xoo |
n€ENg

( Langr=my Xn = E[Lanrem Xoo | F0] )

= Z ]E[IAQ{T:n}XOO] +]E[IAO{T:00}XOO] = E[IAXOO]a
neNyp

and thus X = E[XOOH ?T]. The since Fg C Fr, the equality (3.2.21) follows immediately
from (3.2.20) and the properties of conditional expectation. O

Corollary 3.2.28 (Optional Stopping). Suppose that (Xp)nen, is a Ul martingale and T is
any stopping time. Then the stopped martingale X! = Xrpn is also a uniformly integrable
martingale with respect to the filtration Fppy,.

Proof. From Theorem 3.2.27 we deduce that Xpp, = E[XOOH S’T,\n] and Corollary 3.2.19
implies it is UL g

Doob’s conditions in Definition 3.1.27 are closely related to uniform integrability.

Proposition 3.2.29. Suppose that (X,,)n>0 s a martingale adapted to the filtration (Fp)n>0
and T is an a.s. finite stopping time adapted to the same filtration. Then the following
statements are equivalent.

(i) The stopping time satisfies Doob’s conditions (3.1.7b) and (3.1.7¢c).
(ii) The stopped martingale X = Xty is UL
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Proof. (i) = (ii) Consider the submartingale | X,|. Since T satisfies Doob’s conditions we
deduce from Theorem 3.1.29 that

E[|Xr|] > E[|Xznl] V>0

Thus
limsupE[ | X7an||] < E[|X7|]

n—oo

Since lim,, oo X7An = X7, a.s., we deduce from Fatou’s Lemma that
E[|X7|] <lminfE[[X7an|]]
n—oo

so that
limsup B[ |X7an|]] = E[|X7|].

n—o0

The desired conclusion now follows from Theorem 3.2.20.

(ii) = (i) Observe first that lim, ,oo X7an = X7 and since X! is UI we deduce X7 is
integrable. Now observe that

E[ ’Xn‘IT>n] = E[ ‘XT/\n’IT>TL]-

Since ]P’[T < oo] = 1 we deduce limnﬁooIP’[T > n} = 0. Finally, using the fact that the
stopped martingale X! is UI we deduce from (UT;)

lim E[|X7anI7sn] = 0.

n—oo

|
Let us observe that the above discussion yields an alternate proof of the Optional Sampling
Theorem 3.1.29.

Corollary 3.2.30 (Optional Sampling Theorem). Suppose that (X,)n>0 is a martingale
adapted to the filtration (F,), S < T are stopping times adapted to the same filtration and T
satisfies the Doob conditions (3.1.7a, 3.1.7b, 3.1.7c). Then

E[ Xr|Fs] = Xs.
In particular, E[XT] = E[XS].

Proof. Note that X7 is UI and, since X° = (X7)%, we deduce from Theorem 3.2.27 that
E[ X7 ||Fs] =E[XL | Fs] = XT = Xs.

O

3.2.4. Applications of the optional sampling theorem. The Optional Sampling The-
orem is a very versatile tool for computing expectations. We restate below the special case
of this theorem frequently used in applications.

Corollary 3.2.31 (Optional Sampling Theorem). Suppose that (X, )n>0 s a martingale
adapted to the filtration (F,)n>0 and T is an a.s. stopping time such that the stopped mar-
tingale Xg = Xoar 18 Ul i.e., T satisfies Doob’s conditions. Then E[XT] = E[Xo}. O
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The applicability of the above result is greatly enhanced once we have simple criteria for
recognizing when a stopped martingale is UL. We have the following result of J. L. Doob, [53,
Thm. VIL.2.2].

Proposition 3.2.32. Suppose that (My)n>0 is a random process adapted to the filtration
(Fn)n>0 such that
E[M,] < oo, Vn,
and T is a stopping time adapted to the same filtration. Suppose that
E[T] < oo, (3.2.22a)

3C>0: VneN, E[|M, — My_1]||Fn-1] <C. (3.2.22b)
Then the stopped process MnT = Mrppp s UL
Proof. We will show that there exists Y € L'(2, F,P) such that

|MT/\n| < }/a Vn € N.

Note that
n—1
Mrpn = Z ML =gy + My r>py
k=0
n—1 n
= Z My (Iirsiy — Iirspiny ) + Mo psny = Mo + Z ( My — My—1 ) Iy
k=0 k=1
S0
n
[ Mppn | < | Mo | + Z | My — M1 [Tpspy-
k=1
Set

Y = |M0 | + Z | My — My ‘I{Tzk}w
k=1

Clearly | Mran } <Y, Vn>0. We will show that IE[Y] < 00. We have

E[| My — M1 [Iirspy | = E[EHMk — Myt [Tirsy || Fi1] }
(T > k} € Fy )

(3.2.22b)
E[LromE[ | Mi— My | [1Fia]] < CE[Typsiy] = CPT > ).
Thus
e (3.2.22a)
E[Y]<E[|Mo|]+C> P[T>k]=E[|My|] +CE[T] < 0.

k=1
O

Theorem 3.2.33 (Wald’s formula). Suppose that (Yy,)n>0 is a sequence of i.i.d. integrable
random variables with finite mean . Set

k=0
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Let T be a stopping time adapted to the filtration F,, = o(Yp, ..., Ys) and such thatE[T] < 00.
The following hold.
(i) E[Sp] = uE[T].
(ii) Suppose additionally that
Y,eL? p=0, o> =Var[Y,].
Then Var [ST] = O'QE[T].

Proof. (i) SetY, =Y, — 4,

M, =8, —nu= Z}_’k
k=1
Then

E[Mn H 9:n—l] = E[Yn + Mn—l H 9:n—l]
=E[Y, | Foo1 | + E[Mp-1 || Fn1 ] = E[Yn] + My = Mp_1.
Observe that
E[| My~ Mot ||| Fnor] =E[|Ya | Faor] =E[|Ya|] =E[|Yo]]
so that (3.2.22b) is satisfied. We deduce from Proposition 3.2.32 that the stopped martingale
M is UI and the Optional Sampling Theorem implies
0=E[My] =E[My]| =E[Sr| —pE[T].
(ii) From (i) we deduce E[ S7| =0 so Var [ S| =E[S%]. Set

We have .
E[si] =) E[Y?]+2 ) E[YiY;]=E[Q.].

1<i<j<n

As in (i) we observe that Z, = Q,, — no? is a martingale adapted to the filtration J,,, the

increments @, — Q,_1 are independent of F,, and
E[|Zn— Zn-1 ||| Fn1] =E[| Zn — Zn-1|] SE[Y?] + 0% =207
We deduce from Proposition 3.2.32 that the stopped martingale Zg; is UI and the Optional
Sampling Theorem implies
0=E[Z|=E[Zr] =E[Qr] - 0’E[T]
=E[S}] —o’E[T] = Var [Sr| — ¢’E[T].
d

Remark 3.2.34. In Exercise 1.20 we described a version (1.6.1) of Wald’s formula that has
a different nature than the one presented in Theorem 3.2.33. The random time 7" in (1.6.1) is
independent of the variables X,, and the proof of (1.6.1) is a simple exercise in conditioning.

In Theorem 3.2.33 the random time T is quite dependent of these variables given that it
is adapted to the filtration F,, = o(X,...,X,) and the proof of the corresponding version
of Wald’s formula required the machinery of martingale theory.
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We want to point out that without some assumptions on T we cannot expect the equality
E[ST] = /LE[T] to hold. Here is an example.
Suppose that the random variables X,, are exponential with parameter A. For fix t > 0
we set
N(t) :=max{n >0; S, <t}.
The collection ( N(t) ),_, is the Poisson process introduced in Example 1.3.7. Thus, N (t) ~ Poi(At)
so that

t>0

E[N(t)] = At.
In this case )
p=E[Exp(\) ] = X
For fixed t, the random variable N (t) is not adapted to the filtration F,, = o(Xq,..., X,).
Indeed, knowing S, ..., S,, we cannot conclude that S, 1 > t, i.e., that n is the largest index
k such that Sy < t. If Wald’s formula were true in this case it would predict E[S N(t)] =t.
However, we know from (1.3.55) that
1 e—/\t
E|S =t——+—.
[Sne] St
Let us observe that T'= N(t) + 1 is adapted to the filtration F,,. Indeed

T=n<=N({t)=n-1
— X1+ -+ Xp1 <t and X;+---+ Xpn+ Xnt1 > ¢,
so that {T'=n} € o(Xy,...,X,). Wald’s formula implies
At+1 1
—t+ .
A + A
This agrees with our earlier conclusion (1.3.56). O

E[Snw+1] =E[N@)+1]-E[ X1 ] =

Example 3.2.35 (Gambler’s Ruin). Suppose that
Xn: (Q,5,P) = {-1,1}, neN,
is a sequence of i.i.d. random variables with common probability distribution P [ 1Xn =1 ] =p,
P[X,=-1]=¢g=1-p,pe(0,1). Fix k € N and set
So=:k, S, =k+X1+---+X,, VYneN,

Intuitively, k is the initial fortune of a gambler that plays a sequence of independent games
where he wins $1 with probability p and loses $1 with probability q. Then S,, is the fortune
of the gambler after n games. The game stops when the gambler is out of money, or his
fortune reaches a prescribed threshold N > k.

The sequence (Sy,)nen is a random process adapted to the filtration
Fn=0(X1,...,X,).
The random variable
T=T,:=min{neN; S, €c{0,N}}. (3.2.23)
is a stopping time adapted to this filtration. It is the moment the gambler stops playing.
The ‘sooner-rather-than-later’ Lemma 3.1.33 implies that E[T'| < oo since T satisfies (3.1.9)

¥neNo, P[T<n+N|F,]>r, r=(min(p,q))"
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In particular, P[T < co] = 1. We want to compute py(N) := P[ Sy = N]. We distinguish
two cases.

A. p = 1/2 so that the game is fair. Then S,, is a martingale. Consider now the stopped
process ST. It is a UI martingale since its is uniformly bounded. We deduce from the
Optional Sampling Theorem that

k=E[S)] =E[Sr] = pr(N)N = pp(N) =

2=

Thus, the ruin probability is 1 — px(N) = % =1- %
B. p # 1/2 so the game is biased. Consider the De Moivre’s martingale M,, defined Example

3.1.7, ie.,
q Sn
M, — () .
P

The stopped martingale M7 is UI since it is bounded. Hence

E[My] =E[M,] = (;)k

If we set pg(N) :=P[ Sy = N |, then we deduce

<q>k —P[Sr=0] <q>0+]P’[ST = N] <;)N = (1= pr(N)) + pe(N) (Z)N.

p
Hence

Example 3.2.36 (The coupon collector problem revisited). Let us recall the coupon collector
problem we discussed in Example 1.3.25.

Suppose that each box of cereal contains one of m different coupons. Once you obtain
one of every type of coupons, you can send in for a prize. Ann wants that prize and, for
that reason, she buys one box of cereals everyday. Assuming that the coupon in each box is
chosen independently and uniformly at random from the m possibilities and that Ann does
not collaborate with others to collect coupons, how many boxes of cereal is she expected to
buy before she obtain at least one of every type of coupon?

Let N denote the number of boxes bought until Ann has at least one of every coupon.
We have shown in Example 1.3.25 that

1 1 1
E[N]=mHp, Hp:=(1+-+ 4+ ——+—].
2 m—1 m

Suppose now that Ann has a little brother, Bob, and, every time she collects a coupon she
already has, she gives it to Bob. At the moment when she completed her collection, Bob is
missing B coupons. What is the expectation of B?

To answer this question we follow the approach in [67, Sec. 12.5.1]. Assume that the
coupons are labelled 1,...,m. We denote by C}, the label of the coupon Ann found in the
k-th box she bought. Thus (Ck)g>1 are ii.d., uniformly distributed in {1,...,m}. Let F
denote the trivial sigma-subalgebra and set

Fn ::U(C'l,...,Cn), n € N.
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We introduce two new random variables.

e X, is the number of coupons Ann is missing after she bought n cereal boxes, n > 0.

e Y,, the number of coupons that have appeared exactly one time in the first n boxes
Ann bought, n > 0.

Note that Xo =m, Yy = 0. From the equality
N=min{neN; X,=0},

we deduce that N is a stopping time adapted to the filtration F,. Observe that Yy = B, the
number of coupons Bob is missing the moment Ann completed her collection.

Fix a function f : Ng — Ny satisfying the difference equation
o(flx—1Ly+1)— f(z,y)) +yf(z,y—1) =0, V z,y >1 (3.2.24)
and form the processes
Wy = f( X0, Yn), Zn=WY =Wnan, n>0.
Lemma 3.2.37. The process (Zn)n>0 15 a martingale adapted to the filtration (F,)m>0-

Proof. We set AZ,, := Z,+1 — Z,,. Note that Z,, is F,-measurable so we have to show that
E[AZ, ||Fn] =0. (3.2.25)
Observe first that
AZy = Ix, 501 AW,
Let us observe that, when X,, > 0 and Ann buys a new cereal box there are only three,
mutually exclusive possibilities,
AX, =-1, AY,=-1, AX, =AY, =0.

The first possibility corresponds to Ann obtaining a new coupon. In this case Y, 11 =Y, +1.
The second possibility corresponds to Bob obtaining a new coupon. In this case X, 11 = X,,.
The third possibility occurs when the (n + 1)-th coupon is owned by both Ann and Bob.
Hence

AZ, = I{AXn:fl}(f(Xn -LY,+ 1) - f(Xna Yn) )I{Xn>0}
+I{AY,L:—1}(f(Xm Yo — 1) - (f(Xna Yn) )I{Xn>0}-

Now observe that

X, Y,
E[I{ax,=—1y | Fa] = = and E[Tjay,—y [ Fa] = .

To understand the first equality observe that if Ann is missing X,, coupons at time n, then
the probability of getting a new one in the new box is % The second equality is proved in
a similar fashion. Hence

Xn
E[AZnH?n} = E(f(Xn* 1aYn+1) *f(XmYn))I{Xypo}

Y, 2.
2 (FXa Yo = 1) = (FXaYa) M0y = 0.
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The martingale (Z,),>0 is bounded so it is uniformly integrable and we deduce from the
Optional Sampling Theorem that

E[£(0,Yx)] =E[Zn] =E[Z] = E[ f(m,0)].
This holds for any function f satisfying (3.2.24). Now observe that the function

)
‘No— N —H,+
f:No—=No, f(z,y) +1+$

where . )
Hy=0, Hy =145+ +—, ¥z>0,
satisfies (3.2.24), and we conclude
E[Yn] =E[f(0,Yn)] =E[f(m,0)] = Hy ~logm as m — oc.

For example, if m = 30, then H,,, =~ 3.99 so at the moment Ann has all the complete collection
of 30 coupons, we expect that her little brother is missing only about 4 of them. Nearly there.
g

3.2.5. Uniformly integrable submartingales. The proof of Theorem 3.2.22 yields the
following submartingale counterpart.

Theorem 3.2.38. If (X, )nen, is a submartingale, then the following are equivalent.
(i) The collection (Xp)nen, @s uniformly integrable.
(ii) The sequence (Xp)nen, converges a.s. and L' to a random variable X .
(iii) The sequence (Xy)nen, converges L' to a random variable X . 0
Corollary 3.2.39. Suppose that Xe = (Xp)nen, @ a submartingale with Doob decomposition

Xn = Xo + M, + C,, where (My)nen, is the martingale component and (Cp)nen, is the
predictable compensator. Then the following are equivalent.

(i) The submartingale (Xp)nen, is uniformly integrable.

(ii) The martingale (Mp)nen, and the compensator (Cp)nen, are uniformly integrable.

Proof. Clearly (ii) = (i). To prove the converse note that
E[|Cul] =E[Cn] =E[ X, ] —E[ Xo]
and since (X,,) is uniformly integrable we deduce

supE[|Cp|] < supE[|X,|] —E[Xo] < o0.
n n

The limit Co := lim, o Cy, exists because (Cy,) is nondecreasing. The Monotone Conver-
gence theorem implies that C, is integrable. Since |Cy,| = C), < Co, Vn, we deduce that the
family (C,,) is UL 0

We can use Doob’s decomposition to prove a submartingale version of Theorem 3.2.27.

Corollary 3.2.40. If X¢ = (Xy)nen, is a uniformly integrable submartingale, then for any
stopping time T the stopped submartingale X = Xrpn s a uniformly integrable submartin-
gale.
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Proof. Consider the Doob decomposition of X,, X, = Xg + M, + C,,. From Corollary
3.2.39 we deduce that M, and C, are Ul. Moreover, the Doob decomposition of XT is
XT = MT+COT. Corollary 3.2.28 shows that M7 is Ul and C7 is Ul since 0 < CT < C, € L.

O
Theorem 3.2.41 (UI Optional Sampling: submartingales). Suppose that
Xe = (Xn)nENO
1s a Ul submartingale. Then for any stopping times S,T such that S <T we have
Xs <E[Xr|Fr]. (3.2.26)
In particular, if we let T = oo,
Xs <E[Xo|Fs]. (3.2.27)
Proof. If X, = M, + C, is the Doob decomposition of X, then
X7 =M +Cf, XT=mI+CT
In this case X° = (XT)S we deduce that Xg = 5(?3. Then, since C‘S is Fg-measurable,
5 A A (3.2.20 A
Xg = Mg+ Cs “EV B[ ML|Fs] + E[Cs)|Fs ]
<E[ML||IFs] +E[Cr|Fs] = E[ ML||Fs] + E[CL|Fs ] = E[ Xr|Fs].
O

Corollary 3.2.42 (Optional Sampling). Suppose that Yo = (Y5, )nen, is a uniformly integrable
submartingale and S, T are a.s. finite stopping times such that S <T. ThenYs <E [ Yr||Fs } .

Proof. Use (3.2.27) with the Ul submartigale X = Y7 and observe that X, = YL = Yr = Yr.
O

Example 3.2.43 (Optimal Gambling Strategies). Consider a game of chance where the
winning probability is p < % For example, in the red-and-black roulette game one bets on
black with winning probability p = & ~ 0.473. (The fair case p = % is discussed in Exercise

38
3.20.)

Before each game, the player bets a sum s, called stake, that cannot be larger than
his fortune at that moment. If he wins, his fortune increases by the amount that he bet.
Otherwise he loses his stake.

The player starts with a sum of money x and decides that he will play until the first
moment his fortune goes above a set sum, the goal, say 1. His strategy is based on a function
o(x). If his fortune after n games is X,,, then the amount he wagers for the next game
depends on his current fortune X,, and is o(X,,). The player stops playing when, either he is
broke, or he has reached ( or surpassed) his goal. The function o is known as the strategy of
the gambler.

We denote by m(x,0) the probability that the gambler will reach his goal using the
strategy o, given that his initial fortune is x.

We want to show that the strategy that maximizes the winning probability m(z, o) is the
“go-bold” strategy: if your fortune is less than half the goal, bet it all, and if your fortune
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is more than half the goal, bet as much as you need to reach your goal. Our presentation
follows [70, §24.8]. To find out about gambling strategies for more complex games we refer
to [55].

First let us introduce the appropriate formalism. The strategies will be chosen from a
space S, the collection of measurable functions o : [0,00) — [0, 00) such that

o(x) <z, Vrel0,1] and o(x) =0, Vo> 1.
Note that the stopping rule is built in the definition of S.

The sequence of games encoded by the sequence of i.i.d. random variables (Y},),en such
that

P[Ya=1]=p, B[Ya=—1]=1-p 0<p<_.

For each z > 0 and each o € § define inductively a sequence of random variables X,, = X",
Xg =, XTH-I = Xn + O'(Xn)Yn+1, n Z 0. (3228)

We denote by (£2,8,P) the probability space where the random variables X,, and Y,, are
defined. Thus X;;? is the fortune of the player after n games starting with initial fortune x
and using the strategy o. Note that (X)) is the amount of money the player bets before
the (n + 1)-th game. It depends only on its fortune X,, at that time. If Y,, = 1 the player
gains o(X,) and if ¥;, = —1, the player loses this amount. His strategy o stays the same for
the duration of the game.
Let us observe first that
X5 := lim X7

n—oo

exists a.s. and L'. We will prove this by showing that X, is a bounded supermartingale.

Since o(x) < z we deduce x — o(z) > 0 and we deduce inductively that X,, > 0, a.s.,Vn.
Next, we observe that if x < 1+ z then z + o(z) < x + 1. We deduce inductively that
X, <z+1,as., Vn.

We have E[Yn] =2p —1 < 0 and thus
E[ Xnt1]Fn] = Xn + 0(X0)E[ Vg1 ] < X
Thus (X,) is a uniformly bounded supermartingale and thus Ul Set
h(z,0) :=E[ min(X%’,1)] and n(z,0):=P[XZ7 >1].

Observe that
x> h(z,0) >n(z,0), Yeel0,1], o€ S. (3.2.29)

Since (X,,) is a supermartingale and the function x — min(z, 1) is concave and nondecreasing,
the sequence min(X,, 1) is also a supermartingale. Using the continuity of z + min(z,1) we
deduce from (i) that
min(X»7,1) — min(X27,1) as..
Since 0 < min(X,,,1) <1 we deduce from the Dominated Convergence theorem that
z=E[ min(Xo,1) | > E[ min(X%7,1)| 2 E[Ix >1] 2 P[Xo > 1] > 7(2,0).
Let us observe that if a strategy ¢ depends continuously on z, then

h(z,0) =m(z,0).
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Set again X,, = X;;*. We will prove that P[0 < Xo < 1] = 0. We argue by contradiction
and assume
P[0 < Xo <1]>0.

Thus, assume there exists w € © such that X (w) € (0,1) and
lim X, (w) = Xoo(w).
n—oo

Thus
nh_)rrolo o(Xp(w)) =0(Xoo(w)) > 0.
On the other hand,
o(Xp) = | Xnt1(w) — Xp(w)] = 0 as n — oo.
Hence P[O < KXo < 1] =0 so
E[ min(Xe,1) | =P[ X0 > 1].

We have the following optimality criterion.

Lemma 3.2.44. Let 09 € S and set ho(z) := h(z,00), mo(x) = w(x,00). If ho(x) is contin-
uous and satisfies,

ho(z) > pho(x + s) + (1 — p)ho(x — s), (3.2.30)
then, for any o € S, and any = € [0, 1] we have w(z,00) = ho(z) > 7(x,0).
Proof. Fix 0 € S and = € [0,1] and set X,, = X;;7. We set ho(z) = 1, for z > 1. This

is a natural condition: if the initial fortune is greater than the goal then the probability of
achieving the goal is 1.

Observe that the random process Y;,, = ho(X) is a supermartingale. Indeed,
E[ho(Xnt1) | Fn] =E[ho(Xn +0(Xn)Yni1) || Tn ]

= E[ho(}_(n + U()_(”) )I{Yn+1:1} + ho()_(“ - U()_(n) )I{YnJrl:_l} | 3"”]

_ _ _ _ (3.2.30) _
= pho(Xn +0(Xs) ) + (1 —pho( Xy —0(Xn)) < ho(Xy)

Thus Y,, is a bounded supermartingale and thus
ho(x) = E[ho(X5") JE[Yo] 2 E[ Y, ].
Now observe that E[ Yy | = ho(z).

On the other hand, since ho(z) is continuous and bounded we deduce that ho(X,,) con-
verges a.s. and L' to ho(Xo). Thus

E[ Yoo | =E[ho(XZ) | 2 P[XZ7 > 1] > n(z,0).

O
Define g € S
min(z,1 —x), =z €10,1],
UO@:_{ (.1 a), we0,1]
0, z>1,
and set ho(z) := h(x,00), mo(z) = m(x,00). We want to show that oy satisfies all the

conditions of Lemma 3.2.44.
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Clearly o is a continuous strategy. By construction, for any z € [0, 1] we have 0 < X;;7° < 1
a.s. SO
mo(z) = ho(z) = E[ XZ™ ], Vz € [0,1].
The functions
[0,1] > 2 — x + oo(x) € [0,1], [0,1] 2z +— = — g¢(z) € [0,1]
are non-decreasing. We deduce inductively that if z <y then
E[ X270 ] <E[XY]
and, by letting n — oo we deduce that ho(x) < ho(y) so that hg is non-decreasing.

By conditioning on Y; we deduce that

pho(2x), x<1/2
ho(z) =< p+ (1 —p)ho(2x —1), 1/2<z <1, (3.2.31)
1, x> 1.

Set
SD::{;;; n € Ny, O§k§2”}.
We will prove by induction on n that (3.2.30) holds for z of the form x = 2% Start with
nzlsox:%. We have
h(1/2) = ph(1/2 + 5) = (1 = p)h(1/2 = 5)

G2 p(p+ (1= p)h(2s)) — (1 — p)ph(1 — 25)

= p(1 —p)(l — (h(2s) + h(1 —25))) >0,
where at the last step we used the fact that h(z) <z, Vx € [0, 1].

For the inductive step, assume that n > 1 and x = 2%, k < 2". Choose s € [0,z]. We
consider several cases.

Case 1. £+ s < % Using (3.2.31) and the induction hypothesis we deduce
ph(z + s) + (1 — p)h(z — s) = p(ph(2z + 2s) + (1 — p)ph(2z — 2s) )
< ph(2z) = h(x).
Case 2. © — s > % Similar to Case 1.
Case 3.. z < % and x + s > % Using (3.2.31) we have
A:=h(z) —ph(z+s) — (1 —p)h(z —s)
= ph(z2z) — p(p+ (1 — p)h(2x + 25 — 1) ) — (1 — p)ph(2z — 2s)
=p(h(2z) —p— (1 = p)h(2x + 25 — 1) — (1 — p)h(2z — 2s) ).
Observe that since 3 < z + s < 2z. Using (3.2.31) we deduce
h(2z) =p+ (1 —p)h(4dx — 1)
so that
A=p(p+ (1 —ph(dz —1)—p— (1 —p)h(2x + 25 — 1) — (1 — p)h(2z — 2s) )
=p(1—p)(h(4z — 1) — h(2z + 25 — 1) — h(z — 2s))
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=(1-p)(h(2z —1/2) — ph(z +2s — 1) — p(z — 2s) )
(p<1-p)
> (1 p)(h(2a — 1/2) — ph(a + 25 — 1) — (1 - p)(x — 25))
The induction hypothesis implies h(2x — 1/2) — ph(z +2s — 1) — (1 — p)(z — 2s) > 0.
Case 4. z > % and z — s < % This is similar to the previous case.

We can now prove that hg is continuous. Since h is nondecreasing we deduce that the
right /left limits h(z+) exist at each x € [0, 1]. Since (3.2.30) holds for every x in a dense set
we deduce

hz—) > ph((z+s)— )+ 1 —ph((z—s)—)
VO <s<x<1. Now let s \,0 to conclude
h(z—) = ph(z+) + (1 — p)h(z—) = ph(z—) = ph(z4)

so that h(z—) = h(z4), i.e., h is continuous. Since D is dense in [0, 1] we deduce that hg
satisfies (3.2.30) on [0, 1]. We can now invoke Lemma 3.2.44 to deduce that

m(z,00) = ho(x) > 7(z,0), Yz e[0,1], o€ S,
i.e., og is an optimal gambling strategy.

Let us explain how to compute ho(x), z € D. Every number x € D has a binary expansion

€n
z=0.€1€6---= on
n>1

where €, € {0,1}, and €, = 0 for n > 0. Note that
1
T < 5 < e =0.
The first equation in (3.2.31) reads
h(0.0GQ s ) =p- h(O.EQ N )

In particular
h(0.0---0lepro-+) = p"(0.lesa- ).
k
The second equation in (3.2.31) reads

h(0.lez...) =p+ (1 —p)h(0.e2---).
We define fy, f1:[0,1] — [0,1] by
fol) = px, fi(z) =p+(1-p)r.
The above discussion shows that
h(0.€1- - €,) = fe, (h(0.€2---€) ).
Since h(0) = h(1/2) = p we deduce by iteration that if,
r = 0.€1€2 - €1,

then

h(l’) = fel © f62 0:--0 fen(p)'
Thus h is uniquely determined on D and, since D is dense on [0, 1], the function h is uniquely
determined on [0, 1]. Let us emphasize that ho(z) depends on the winning probability p.
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As an illustration let us compute ho(21/32). Note that % has the binary expansion

21
— =0.10101
D) 0.1010

so that
h(21/32) = fio foo fio fo(p) = fio foo f1(p?)
= fiofolp+p* = p*) = L* +0° —p") =p+ 1 =p)(P* +p° - p")
=p+p*+p° —p' =0’ —p' P =p+p? -2+
For example if the winning probability is p = 0.4, then ho(21/32) = 0.519 > 0.5. Thus,

although the winning probability p < 0.5, using this strategy with an initial fortune 21/32,
the odds of increasing the fortune to 1 are better than 50 : 50.

If the initial fortune is x = i, then using its binary expansion i = 0.01 we deduce

ho(1/4) = pho(1/2) = .

In this case, if p = 0.4, the probability of reaching his goal is 0.2, substantially smaller. O

3.2.6. Maximal inequalities and LP-convergence. The results in this subsection are
wide ranging generalizations of Kolmogorov’s one series theorem. They depend on Doob’s
maximal inequality which generalizes Kolmogorov’s inequality (2.1.3).

Theorem 3.2.45 (Doob’s maximal inequality). Suppose that (X, )nen, is a submartingale.
Set

X, :=sup Xg.
k<n

Then, for any a > 0, we have

P Xy >a| SE[ Xl g 50 | <E[XF]] (3.2.32)

Proof. Let us introduce the stopping time
T:=inf{n>0; X,>a}.

Then

A::{)?n>a}:{igng>a}:{T<n}.

Applying the Optional Sampling Theorem 3.1.29 to the bounded stopping times T' A n and
n we deduce E[XT/\”] < E[Xn]

On the other hand,
Xran(w) = XpeyLa(w) + Xn (W) ae(w) > al a(w) + Xn(w)I 4c(w),
S0 X7an > al 4 + X I g4c. We deduce
aP[A]| +E[XnTae | SE[Xrpn]| <E[Xn] =E[Xnda] + E[ XnT 4 |.
This implies the first inequality in (3.2.32). The second inequality is trivial.
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Corollary 3.2.46. Suppose that (Yn) 18 a martingale. We set

Y;:%lgf‘y’l"

Then for every ¢ > 0 and any p € [1,00) we have
. 1
P[Y,>c] < C—p]E[|Yn|p].
Proof. Doob’s maximal inequality applied to the submartingale X,, = |Y,|P yields

1
P[Y;) >c]| =P orgn;?i{nm'p > ] < C?E[|Y”|p}

O

Theorem 3.2.47 (Doob’s LP-inequality). Let p > 1 and suppose that (Xp)nen, @S a positive
submartingale such that X,, € LP, ¥n > 0. Set

X, i=sup X
k<n
Then for any n > 0 we have
~ 1 1
E[(Xa)"]? < qE[XZ]7, (3.2.33)
where L1
—+—-=1o0rq= P
P g p—1
In particular, if (Yn)nen, s a martingale and if
Y = ?Qﬂy’“"
then for any n > 0 we have
1 20 < qllYal o (3.2.34)

Proof. Clearly (3.2.33) = (3.2.34). Note that (X%),>0 is also a submartingale and X,, € L?.
From Doob’s maximal inequality we deduce
aP[ X, > a] <E[Xul 3 50 ]

SO
(3.2.32

_ o0 _ ) o)
Ip[xp] 12 / ?'P[X, > a]da < / A" 2E[ XI5 - da.
p 0 0 "=

Switching the order of integration we deduce

X 1
Xn / a’?da | = —E[ X, XE7!]
0

/0 A" B[ Xl (g, 50 Jda =E

(use Holder’s inequality with % =1- ]%)

1 1 - .p=l
SEE[X;Z]?E[ g] P
Hence
B[ X7] < —E[X]PE[X2)5
P n —p—l n n

3Note that ¢ = p’%l is the exponent conjugate to p, % + % =1.
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This proves (3.2.33). 0

Definition 3.2.48. Let p € [1,00). A martingale (X,,)nen, is called an LP-martingale if
E[[|X,[P] < oo, Vn e Np.
A bounded LP-martingale is a martingale (X, )nen, such that

sup E[ | X,[P] < oc. 0
neNg

Corollary 3.2.49 (LP-martingale convergence theorem). Suppose that (Xp)nen, i a bounded
LP-martingale for some p > 1. Set

k<n

X :=max |Xg|, X =sup|Xi|= lim X .

Then (Xpn)nen, is a UI martingale and X,, converges a.s. and LP to a random variable
Xoo € LP(Q, F oo, P).
Moreover
. p \"
El(X5)"] < <p1> E[[Xool"].

Proof. From the Monotone Convergence Theorem we deduce

E[(X5)P] = lim E[(X)?] < <p1> sup E[|X,[P] < oo.

so X* € LP and | X,| < X%, Vn > 0. The desired conclusions now follow from the martingale
convergence theorem and the Dominated Convergence Theorem. O

Example 3.2.50 (Kolmogorov’s one series theorem). Suppose that (X,),>0 is a sequence
of independent random variables such that

E[X,] =0, ¥Yn >0, ZVar[Xn] < 0.

n>0

Then the random series X + X1 + --- is a.s. and L?-convergent. Indeed, the sequence of
partial sums

is a bounded L?-martingale and so it converges a.s. and L?. O

Example 3.2.51 (Likelihood ratio). This example has origin in statistics. Suppose that
we have a random quantity and we have reasons to believe that its probability distribution
is either of the form p(x)dz or ¢(x)dx where p,q : R — [0,00) are mutually absolutely
continuous probability densities on R

/Rp(l‘)dfﬁ = /Rq(:n)dz =1

We want to describe a statistical test that helps deciding which is the real distribution. Our
presentation follows [81, Sec.12.8].

We take a large number of samples of the random quantity, or equivalently, suppose that
we are given a sequence of i.i.d. random variables (Xy,),>1 with common probability density
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f, where f is one of the two densities p or ¢. Assume for simplicity that ¢(z) =0 = p(z) =0
and agree to set 8 = 0. The products

- p(Xi)
Y, = H .
i 4(Xk)
are called likelihood ratios. Note that if f = ¢, then E[Yn] =1, Vn.

To decide whether f = q or f = p we fix a (large) positive number a and a large n € N
and adopt the prediction strategy

}. L b, Yn2a>
" q, Y, <a.

We want to show that this strategy picks the correct density with high confidence, i.e.,
]P’[f = fn] is very close to 1 for large n and a.

If f =q, then Y), is a product of i.i.d. nonnegative random variables with mean 1 and, as
shown in Example 3.1.6, it is a martingale with respect to the filtration ¥, = o(Xy, ..., Xy).

The function log is strictly concave and we deduce from Jensen’s inequality
p(Xn) p(Xn)
E[ lo | <10gE] | =0
g ) = (e
The Strong Law of Large Numbers shows that

1« X
—Zlogp( k) —>E[logY1] <0, as.
n =" q(X)

Thus

logY, = Zlog P(Xe) — —00 a.s..

Thus, if f = ¢q, then Y,;, — 0 a.s.. If f = p, then a similar argument shows that Yin — 0 a.s..

We deduce that
0 =
y, 5% f=q
oo, [f=p.
In particular,
lim ]P’[fn:q‘f:q] = lim P[Yn <a] =1,
n—oo n—oo

and

lim ]P’[fn:p‘f:p] = lim P[Yn za] =1

n—oo n—oo
Moreover, Doob’s maximal inequality (3.2.32) shows that if f = ¢, so Y}, is a martingale, we
have

IP’[ max Ykza] < -, Vn.

1
1<k<n a
Thus, Vn,
— 1
P[fn;éq‘f:q] :P[Yn2a|f:q} §5—>0 as a — 0o,

and this statistical test makes the right decision with high confidence if a > 1. a
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Example 3.2.52. Consider again the branching process in Example 3.1.8. Suppose that the
reproduction law u satisfies

m = Zku(kz) < 00, ZkQ,u(k:) < 00,
k=0 k=0

We set
0% = Varlu] = Y ku(k) —m’.
k=0

Note that

o0 k ) 0o

I =2 (Z X"’j>I{Zn=k} =2 Xui > Tiz,mip =) Xujl(z,2,
k=1 j=1 =0 k>j =0
E[Z74]Fn] = E[ > I{anj,ZHZk}Xn,an,kH?n]
kj=1
(Xn,j7 Xn,k 1 ffn)
= > 112,520 E[ X0iXn, | = Y Iiz,252,58 (m” + 650°)
k.j=1 k=1
=m’ Z Iz > (z,50 + 0 ZI{ank}
Jk=j=1 k=1

(E[Zn] = 2521 P(Zn 2 1))

00 2 0o
:m2<ZI{ZnZk}> +UQZI{Zn2k}:mZZTZL+02Zn'
k=1 k=1

Hence
E[Z2,,] = m’E[Z2] + m*E[Z,] = 0’E[Z2] + 0*m"E[Zo) = m*E[Z2] + o*m"L.
We set
Qn+1 = m_Q”IE[Zg]
and we get from the above that
Qne1 = qn +m " 2520

This shows that if m > 1, then the sequence (g,) converges so the martingale W,, := m="Z,
converges in L? and a.s. The limit W, is nonzero if £ = E[Zy] > 0 because

E[Ws | =E[Wo| =E[Z] =

We refer to Exercise 3.28 for more details about We. O
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3.2.7. Backwards martingales. Suppose that the parameter set T is
T=-No={0,-1,-2,..., }
In this case a T-filtration F,, n € —Ny is called a backwards filtration. We set
F_ o= ﬂ Fn.

n<0

A backwards martingale (submartingale, supermartingale) is a martingale (resp. submartin-
gale, supermartingale) adapted to a backwards filtration.

Theorem 3.2.53 (Convergence of backwards submartingales). Suppose that Fo = (F)ne—n,
is a backwards filtration of (Q,F,P) and Xe = (Xp)ne—n, 5 Feo-submartingale, i.e.,

X, < E[XmH&'"n], Vn,m € —Np, n <m,
and
C .= inf]E[Xn] > —00.
n<0
Then the following hold.
(i) The family (Xp)ne—n, s UL
(ii) There exists X oo € L (2, F_oo,P) such that X, — X oo a.s. and L' asn — —oco.

Moreover
X oo <E[X,]| T ], (3.2.35)
with equality if (X, )ne—n, s a martingale.
Proof. Step 1. Boundedness in L'. Observe that (X,/) is a submartingale and thus
E[ X,/ ] <E[X{], vn<O.
On the other hand, there exists C € R such that
E[X,] =E[X{] -E[X;]>C, ¥n>0.
Hence
E[X, ]| <C+E[X}]]<C+E[X{], Vn<0,
and consequently,

Z :=supE[|X,|] < o0. (3.2.36)
n<0

Step 2. Almost sure convergence. For K € N consider the (increasing) filtration
gK = F(—K+nyno, 1 € No,
and the GX-submartingale Y,X = X (—K+n)A0- Thus
V& =Xk, Y =X g1, VE = Xo, YE, = Xo,....

Doob’s upcrossing inequality applied to the submartingale Y, shows that, for any rational
numbers a < b we have

(b—a)E[ Nk ([a, 0, Y™)] <E[(Xo—a)t ]| —E[(X_g —a)" ]
<E[(Xo—a)* ] <la| +E[|Xol].
This proves that, for any rational numbers a < b, the nondecreasing sequence
K+ Ng/([a,b], YY)
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is also bounded, and thus it has a finite limit N ([a, b], X') as K — oco. An obvious version of
Lemma 3.2.1 shows that X,, has an a.s. limit a.s. n — —oo. The limit is a F_,-measurable
random variable X_,,. Fatou’s Lemma shows that

E[[|X_sl] < o0.
Step 3. Uniform integrability. This is obvious if (X,,)n< is a martingale since
Xn=E[Xo || Tn]
and the conclusion follows from Corollary 3.2.19.
In general, if (Xn)n<o is a submartingale, we have
E[Xn] <E[Xm], Vn <m<O0.

Since the sequence E[Xn] is bounded below we deduce that it has a finite limit. Thus, for any € > 0, there exists
K = K(e) > 0 such that

E[X,n] ZIE[X,K] - =, Yn> K.
For n > K and a > 0 we have

E[IX-nllgx_,j>ap] =E[(-X-n)l{x_, < a} ] +E[X nl{x , >a}]

= [E[X=n] |+ B[X-nTx 30|+ E[X-nT(x_,50)]

<|-E[X_g]+

FE[XonTix > a) | FE[X-nI({x_, >a}]

N O

Now observe that, for any H € F,,, we have
X oIy <E[X_kg||F-n]Iyg =E[X_gIn||F-n],
so
E[X_nIg] <E[X_glIg].
Hence, if H = {X_,, > —a}, or H = {X_,, > a}, then
E[X-nlix_,>-a} | +E[XonTix_ 50y SE[X-kxl(x_ >0} | +E[X-kI(x_, >a}];

and
E[|X-nlTgx_,j5a) ] € “E[X-r | +E[X_rI{x_,> o} | +E[X-kI{x_,>a}] +

oo

&€
=E[IX-xTgx_n2a1] + 5

From Markov’s inequality and (3.2.36) we deduce

[P)[|Xfm| > a} <

Z
—, Vm € Np.
a

Since the family consisting of the single random variable X_ g is uniformly integrable, we deduce that there exists
6 = §(e) > 0 such that, for any A € Fx satisfying IP’[A} < & we have

E[|X_kTa] < %

We deduce that for any a > 0 such that % < 6(e) we have

E[| X nll{x_,j>ay] SE[IX_klI{x_,|>a}] <

N ™

This proves that the family (X_n)nen, is UL

Step 4. Conclusion. Finally, observe that for any A € F_, and any n < m < 0 we have
E[XnIA] < E[XmIA]. If we let n — —oo we deduce

E[X_oola] SE[XpI4], Vm <0, A€cTF_o

This is precisely the inequality (3.2.35). When (X,,) is a martingale all the above inequalities
are equalities. O
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Corollary 3.2.54 (Backwards Martingale Convergence). Suppose that (9y)nen, s @ decreas-
ing family of o-subalgebras of F and

Z € LY(Q,7,P).
Then the sequence E[ Z||Sy | converges a.s. and L' to E| Z||Sx |, where

9oo: ﬂ 9n-

n>0

Proof. Apply the previous theorem to the backwards filtration ¥, := §_,, n < 0, and the
martingale Z,, := E[ZHSF,L], n <0. O

3.2.8. Exchangeable sequences of random variables. An n-dimensional random vector
X = (Xla"'vXn)

is called exchangeable if, for any permutation 7 of {1, ..., n} the random vectors (X1,..., X,)

and (Xr(1),- -, Xr(n)) have identical distributions.

A sequence of random variables (Xj)ren is called exchangeable if for any n € N the
random vector (X1, ..., X,) is exchangeable. One also refers to an exchangeable seqeunce as
an exchangeable process.

Equivalently, if we denote by &,, the subgroup of permutations ¢ of N such that ¢(r) = r,
Vr > n, then the sequence (X, ),>1 is exchangeable if for any n € N and any ¢ € &,, the
sequences (Xp)nen and (X, () )nen are identically distributed.

Example 3.2.55. (a) A sequence of i.i.d. random variables (X,,),>1 is exchangeable.
(b) Suppose that (ux)xea is a family of Borel probability measures on R parametrized by a
probability space (A,8,Pp) such that, for any Borel subset B C R, the function

A>S Ay [ B ]
is measurable. In other words, e is a random probability measure. In the language of kernels,
the function ue : A — Bg is a Markov kernel (A, 8) — (R, Bg).

For each A € A we have a product measure ,u%” on R" equipped with its natural o-
algebra, B,, = TBI%”. The mizture of the family (x%) directed by PA is the measure py defined
by the averaging formula

W[5 ::/AMK[B}PA[CM, VBe B,

The collection ( I )n N forms a projective family. Kolmogorov’s existence theorem shows
that this family induces a unique probability measure u3° on RN. The random variables

Xn : R* —>R, Xn(xl,xQ,...) = Tp
form an exchangeable sequence. The measure u3° is called a mizture of i.i.d. directed by the

random measure L.

For example, suppose that v is a Borel probability measure on A = [0, 1]. For any p > 0
define

pp = Bin(p) = (1 — p)do + pé1 € Prob ({0,1}).
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Then we obtain the mixtures p!" € Prob ({0,1}") defined by,

M,T/L[{Gla-u,fin}] = (Z)/ (1—p)n7kpkl/[dp], k=e1+ -+ ¢€p.
[0,1]

The collection u) € Prob ( {0,1}" ), n € Nis a projective family and thus it defines a measure
pe on {0, 1},

The random vector X = (Xi,Xo,...) with distribution x> defines an exchangeable
sequence of Bernoulli random variables. Observe that their common success probability is

]3::]P’[Xn:1] :/ pu[dp], Vn € N.
[0,1]
g

Denote by B the Borel o-algebra of R. The groups &,, act on RN by permuting the first n
coordinates and we say that a function ® : RN — R is n-symmetric if it is &,-invariant. We
denote by 8,, C BN the sigma-subalgebra generated by the n-symmetric measurable functions
® : RN — R. Equivalently,

SC8,<=oc(S)=S5, Voec&,.

We set
Soc =[] Sn C BN,

n>1

We will refer to So, as the o-algebra of permutable or exchangeable events associated to the
exchangeable sequence (X,,)nen. Note that 8o D T, where T4 denotes the tail o-algebra
of the coordinate sequence X, : RN — R,

Xn(ml,xg,... ) =z, neN
It turns out that exchangeable sequences have a rather nice structure.

Theorem 3.2.56 (de Finetti). Suppose that X := (X, )nen is an exchangeable sequence of
integrable random variables defined on the same probability space (0, F,P). Set

8, =X "18,, ¥neNU{oo}.
Then the following hold.

(i) The random variables (X,)n>1 are conditionally independent given 8.
(ii) The random variables (Xy)n>1 are identically distributed given 8, i.e., there exists

a negligible subset N € F such that, on Q\ N

P[X;<z|8] =P[X; <z|8.] Vi,jeN, VzecR.
(iii) The empirical means
X1+ + Xp
n
converge a.s. and L' to E[ X1 |8, ].
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Proof. We follow the presentation in [98]. Without any loss of generality we can assume
that (2,7) = (RN, BY) and X,,(x1,22,...,) = . In this case §,, = 8,,. Observe that the
exchangeability condition implies that the random variables X,, are identically distributed.
Suppose that f: R — R is a measurable function such that f(X;) € L!. We claim that

vheN, (f(X) 4+ F(Xa) ) =E[/(Xe)lSa] (3.2.37)

Note that §,, = X _1(an), where B,, is the o-subalgebra of BY consisting of &,-invariant
subsets. In particular, a function g : Q@ — R is 8,,-measurable iff there exists an n-symmetric
function @ such that g = ®(X).

Let A € 8§, and choose an n-symmetric function ® such that I, = ®(X). Then, for
1 < j <n we have

E[f(X;)2(X)] = E[ f(X)®(X, X2, ..., Xj-1, X1, Xj11,...) ]

=E[f(X1)2(X)],

so that

fX) 4+ f(Xn)
n

The equality (3.2.37) follows by observing that f(X;)+---+ f(X,,) is 8,,-measurable.

The convergence theorem for backwards martingales (Corollary 3.2.54) shows that the
empirical mean

E[f(X1)Ia] =E

Iy | =E[f/(X)®(X)].

fX) 4+ f(X0)

converges a.s. and L' to E[ f(X1) || 8 |. By choosing f(z) = 2 we obtain the statement (iii)
of Theorem 3.2.56.

By choosing f(r) = I(_y ;) We deduce

i <n: X; <
lim #{J_na ]—x}:

n—00 n

F(z) :=P[X; < 2| 8], (3.2.38)

a.s. and L1

Let k € N. Forn > kweset (n)g :=n(n—1)---(n—k+1). Suppose that f,..., fr : R =R
are bounded and measurable. The above argument generalizes to prove that for n > k we
have

A= —— > fi(Xp) - (X)) =E[fr(X1) -+ fe(Xp) || 8]

J1yeensdk
4; distinct
Using the backwards martingale convergence theorem we deduce
lim A, =E[f1(X1) - fu(Xk) [ 8o |- (3.2.39)
n—oo

Consider now

n k
Binim 5 Y A s, - [[ RO A
i=1

JisensJk=1
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We deduce from (3.2.37) that

lim By, = HE Fi(X3) || 8o | -

Now observe that
Apn — Bin = O(l/n) as n — 0o,

since the contribution to By, , corresponding to k-tuples with j; non-distinct is O(nF~1) and

n¥ ~ (n)y as n — oo. If we choose

Ji=T_wm), 1<i<k,

we deduce from (3.2.38) that

k
i=1
This proves (i) and (ii) of the theorem. 0

Remark 3.2.57. Suppose that (X,,),en is an exchangeable sequence of random variables
defined on the probability space (2, F,P). Denote by S, the sigma-algebra of exchangeable
events. Suppose that
Q:QxBr—[0,1], (w,B)— Qu[B].
is a regular version of of the conditional distribution Py, [dx Il Soo ], ie.,
VB € Br, P[X1 € Bl 8x]=Qn[B], as.

De Finnetti’s theorem implies that

P[X;: € B8] = lim —ZIB Xy) =P[ X € B8], Ym€N.
=1

Thus the random variables (X,,) are equldlstrlbuted, conditional on 8.,

Let us show that the distribution of the sequence (X,)nen is a mixture directed by the
random measure w — Q| — | as in Example 3.2.55(b).

Indeed, for any Borel subsets By, ..., B, C R we have
P[X;€By,...X, € B,] = E[E[IBI(Xl) eI, (X0) |80 ] ]
(use the conditional independence given 8.,)

- E[E[Igl(Xl) 1800 ] - E[ I, (Xy) HSmH

~E[Q[B1] - Q[B]] :/QQE?”[Bl x - By ]P[dw].

Thus the distribution of the sequence (X,,) is a mixture of i.i.d. driven by the random distri-
bution Q. O

The o-algebra S, C BN of permutable events of an exchangeable sequence (X, )nen
contains its tail o-algebra T. It turns out that they are not so different. We have the
following general result.
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Theorem 3.2.58 (Hewitt-Savage). Suppose that (Xp)nen s an exchangeable sequence of
random variables. Then the P-completion of S coincides with the completion of the tail Ty .

Proof. We follow the approach in [33, Sec.7.3,Thm. 4]. Denote by 8% and T, the comple-
tions of 84 and respectively To. We have

1 n
lim *Zﬂ{xkgx} = ]P)[Xl S .ZCHSOO]
k=1

n—oo n

Clearly the limit in the left-hand side is Too-measurable since it is not affected by changing
finitely many of the random variables. Hence

P[X1 <28 ] =P[X1 <2|Too| =P[ X1 <z || TS . (3.2.40)

Similarly, for any x1,...,x, € R, the random variable

TTP[ Xk <218 ]
k=1

is Too-measurable. Hence, for any S € 8., we have

P[sn ﬁ{Xk < 2} || T | :E[Is-ﬁP[Xk < 800 ] || Toc |
k=1 k=1

=E

[ —

n
[T PIXk < 2111800 ] 1| Too | P[5 T ]
k=1
(3.2.40) 1
=7 TIPIX < 20l Too |P[S ] Tao -

k=1
Thus 8+ and Xj,..., X, are conditionally independent given T, so S and (X, ),en are
conditionally independent given T,,. Since S, C O'(Xn, n €N ) we deduce that for any
S € S8 is conditionally independent of itself given T, i.e.,

P[S]|Tw]® =P[5 Too -
Hence P[S||Tx] € {0,1}, VS € 8. Set Fs := P[S|Tx]. This 0 — 1 valued random
variable is Too-measurable so there exists T'= T'(S) € T such that Fs = I7. We have
P[SNT]|=E[IsIy| =E[Fslp| =E[Ip]| =P[T].
Pn the other hand,
P[S]=E[Fs]| =E[Ir]|=P[T].
Hence T\ S =T\ (T'NS) is negligible. This concludes the proof. O

Remark 3.2.59. For different proofs of Theorem 3.2.58 we refer to [1, Cor.(3.10)] or [127,
Thm. VIIL.T-3]. In [136], the completion of 8 is shown to coincide with the sigma-algebra
of shift-invariant events; see Definition 5.1.3 and Remark 5.1.4(b). O

Observe that a sequence of i.i.d. random variables (X;),>1 is exchangeable. The Kol-
mogorov 0-1 law and the above proposition imply the following result.

Theorem 3.2.60 (Hewitt-Savage 0-1 Law). If (X,,)n>1 is a sequence of iid random variables
and A € 8, then P[ A] € {0,1}. 0
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For a brief and elementary proof of the above result we refer to [65, Sec. IV.6].

Corollary 3.2.61 (The Strong Law of Large Numbers). Suppose that (X,,)nen is a sequence
of i.i.d. integrable random variables. Then
1

X, ::g(X1+-~-+Xn)

converges a.s. and L' to E[Xl].

Proof. From de Finetti’s Theorem 3.2.56 we deduce that X,, converges a.s. and L' to
E[ X1/ 8 ]. Theorem 3.2.58 implies that E[ X || o | = E[ X1 || To | and Kolmogorov’s 0-1
theorem shows that E[ X1 || Too | = E[ X1 ]. 0

Theorem 3.2.62 (de Finneti). Suppose that ( X, : (Q,F,P) — {0,1} )neN is an exchangeable
sequence of Bernoulli random variables. Set

S := lim l(X1+~--+Xn).

n—oo N
Then
S=P[X1=1]8x], (3.2.41a)
P Xi==Xy=1,Xps1=-=X,=0[S] =851 -9)"F, (3.2.41b)
P Xi==Xy=1,Xp1=-=X,=0] =E[SF(1 - 9)""]. (3.2.41c)
In particular, the moment generating function of S is
tn
tS
E[¢5] = YB[X = =X, =1]0

n>0

Proof. Using de Finetti’s theorem 3.2.56 we deduce that S = E[ X[/ 8 |. Observe that
X = I{X1:1} so that S = E[Xl I Soo] = ]E[I{Xlzl} I Soo] = P[Xl =1 800]-
Note that 0 < § <1 a.s and

1-S=E[1-Iix,—1} 8] =P[Xpn = 0] 8]
Then, since X1, ..., X, are conditionally i.i.d. given 8., we have
P[X1=1,.... Xk =1,X311=0,..., X, =0] 8|
k —k _
=P[X1 =18 ]"P[X1 =08 ]" " = S*1 - 95)"*.
Since S is 8s-measurable we have

P[Xi=1,...,Xk=1,X441=0,..., X, =0| 5]
—E[P[X; =1,..., X =1, X1 = 0,0, X = 0|8 ] || 5]

=E[S*(1-S*)||S] = 5%1-S").
Clearly,
P[Xi=1,...,Xs=1,X441=0,...,X, =0] =E[S"(1 - 9" *].
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Remark 3.2.63. If we denote by Pg the distribution of S we deduce
1
P[Xi=1,..., Xk =1,Xp41=0,..., X, =0] = / s*(1— )" *Pg[ds].
0
For a more elementary proof of this equality we refer to[65, Sec. VII.4]. O

Example 3.2.64 (Polya’s urn revisited). We want to conclude this introduction to exchange-
ability with an application to Polya’s urn problem introduced in Example 3.1.9. We recall
this process.

We start with an urn containing 7 > 0 red balls and g > 0 green balls. At each moment
of time we draw a ball uniformly likely from the balls existing at that moment, we replace
it by ¢ 4+ 1 balls of the same color, ¢ > 0. Denote by R, and G, the number of red and
respectively green balls in the urn after the nth draw. As we have seen in Example 3.1.9 the
ratio of red balls

R, Ry
R,+G, r+g+cn

Ly =

is a bounded martingale and thus it has an a.s. and L' limit Z,,. We will determine this
limit using de Finetti’s theorem. We discuss only the nontrivial case ¢ > 0.

Introduce the {0, 1}-valued random variables (X,,)n>1 where X,, = 1 if the n-drawn ball
is red and X,, = 0 if it is green. Then

Ry =7r+cSp, Spi=X1+-+ Xy,

and we deduce that
cSp R,
lim — = lim

n—oo Cn n—oo R, + G, oo

Let us observe that the sequence (X),>1 is exchangeable. We prove by induction that
(X1,...,X,) is exchangeable. For n = 1 the result is trivial.

Let n > 1 and €y,...,¢, € {0,1}. We denote by r; and gi the number of red balls and
respectively green balls after the k-th draw. We deduce

T (errimat(—er)grr )

I Grrtng > ¢>0
P[Xlzq,...,anen]: )
2B(1 — zo)" 7k, c=0,
where zg = Zy = ﬁ. When ¢ > 0 the denominator above is independent of {e1,...,€,}.
We set S,, := €1 + -+ + ¢, and we rewrite the numerator in the form
n Sn n—=Sp
H exrh—1+ (1 —en)gr—1) = H(T+C(i—1)) H (9+cG—1)).
k=1 i=1 j=1

The last expression only depends on S, which is obviously a symmetric function in the
variables €1, ...,€,. If ¢ =0, then this expression is equal to 0.

When ¢ > 0, we set

r g
pi=— 7Vi==
C C

9
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and we deduce

[0 (p+ ) T2y (v +4)

P[X; = =Xp=1 Xpp1=--=X,=0] =
[ 1 ) . ] Z;é(r—l—’y—i—k) (3.2.42)
_Tlp+7) Tlp+KT(y+n—k) Blpt+ky+n—k)
L(p)L'(7) L(p+v+n) B(p,7)

where B(z,y) denotes the Beta function
I'(z)T !
B(z,y) — DLW —/ L1 — 1)Lt
Iz +y) 0
We now invoke Theorem 3.2.62. Note that

oo = lim ~(Xy+ 1+ X,) =S =P[X; = 1] 8]

n—oo n

is a [0, 1]-valued random variable and (3.2.41c) with £ = n shows that, for any n > 0, we
have

1
/ Py [de] =E[20] =P[X) = = X, = 1]
0
B(p+n,y) 1 _pzP l(1—2)7"1
6242 Boon) 0 > 0, B 0% B dz, ¢>0,
28, c=0 fol §"02 [ dz] c=0,
where 0., is the Dirac measure concentrated at zg. Hence
1 _p2zP t(1—2)71
1 0 Tﬁ)dz, c > O,
/ 2"Py. [dz] =
‘ fol 2™d 4, [dz], c=0, VYn>0.

Since the probability measures on [0, 1] are uniquely determined by their momenta (see Corol-
lary 1.3.21) we deduce

2P~ (1—2)71 d

B(p,7) z, ¢>0

IP’ZOO[dz] =
8 [ dz], c=0.

The distribution in the case ¢ > 0 is the Beta distribution with parameters p,y discussed in
Example 1.3.36. g

3.3. Continuous time martingales

The study of martingales parametrized by T = [0,00) faces a few fundamental technical
difficulties stemming from the fact that the space of parameters is not countable. To deal
with these issues we need to introduce several new concepts.
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3.3.1. Generalities about filtered processes. Suppose that (2,F,P) is a probability
space and F, = (F;)s>0 bis a filtration of sigma-subalgebras of 8. We denote by Proc(F,)
the collection of random processes (parametrized by T) that are adapted to the filtration JF,.
If no confusion is possible, we will use the simpler notation Proc when referring to adapted
processes.

A function f : [0,00) — R is called an R-function® if it is right continuous with left limits.
It is called an L-function® if it is left continuous with right limits.

Definition 3.3.1. Let X, = {Xt : (Q,F,P) — R}te[o 00) be a random process, not neces-
sarily adapted to the filtration F,.

(i) We say that the random process X, is measurable if the map
X :0,00) x Q= R, (t,w)— X¢(w)
is measurable with respect to the o-algebra By ) ® F.
(ii) We say that the random process X, is progressively measurable or progressive (with
respect to the filtration JF,) if for any ¢ > 0, the map
[0,t] x 23 (s,w) = Xi(w) €R
is B4 ® Tt measurable, where By, denotes the o-algebra of Borel subsets of [0, #].
(iii) A subset A C [0,00) x €2 is called progressive if the associated process
I4:[0,00)xQ—R
is progressive.
(iv) We say that the adapted random process X, is an R-process (resp. L-process) if

there exists a negligible subset N C  such that, for any w € Q\ N, the function
T >t +— Xi(w) is and R-function (resp. L-function).

O

Remark 3.3.2. The progressive subsets of [0, 00) x € form a o-subalgebra of B(R) ® F' that
we denote by Fprog. Observe that a process is progressively measurable if and only if is is
Fprog-measurable. For this reason we will denote by Proc(Fprog) or Procproe the collection of
progressive processes.

An F,-progressive process is also adapted to the filtration Fo so
Proc(Fprog) C Proc(F). O

Proposition 3.3.3. Suppose that Xe € Proc(F,) is either an R-process or an L-process.
Then Xo is a progressive process.

Proof. Assume X is an R-process. The case of L-processes is similar. Fix ¢t > 0, For each
n € N, we subdivide the interval [0,¢] into n intervals of the same size. For n € N, define

Xitm(w), s€[(k—1)t/n,kt/n), 1<k <n,

X":[0,4] x Q > R, Xg(w)_{X() .

1A ka. cadlag function, continue a droite limite & gauche.
5A ka. caglad function, continue a gauche limite a droite.
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Since X, is an R-process we deduce that there exists a negligible subset N C €2 such that
lim X7'(w) = Xs(w), Vse€[0,t], weQ\N.
n—oo

Clearly the function X" : [0,t] x Q@ — R is By ® F;-measurable. It follows that the a.s.
limit X : [0,#] x Q@ — R is also By g ® Fy-measurable, Vt > 0. 0

We have the following nontrivial result, [34].

Theorem 3.3.4 (Chung-Doob). Suppose that
Xe={X: (T, P) >R},

is a measurable process adapted to the filtration Fo. Then Xo admits a progressive modifica-
tion. O

Definition 3.3.5. Fix a filtration Fo = (F¢)¢>0 of the probability space (2, F,P).
(i) An F,-stopping time is a random variable T": Q — [0, o] such that
{T <t} e, vi>o.
(ii) An Fe-optional time is a random variable T": Q — [0, oo] such that
{T<t}ed, vt>o.

(iii) If T': Q — [0, 00] is a stopping time, then the past before T is collection Fr C Foo
consisting of the sets F' € JF satisfying the property F N {T <t} € F, Vt > 0.

O

Lemma 3.3.6. For any stopping time T adapted to the filtration Fo the collection Fp is a
o-algebra. O

The proof is left to the reader as an exercise.

Lemma 3.3.7. Any stopping time T is an optional time.

Proof. Indeed,

{T<t}=J{T<t-1/n},

n>0
and{Tﬁt—l/n}ES’}_l/nCﬁ'}. d

Definition 3.3.8. Fix a probability space (2, F,P) and a filtration Fo = (F¢)i>0 of F. We
set

H:H- = ﬂg:& tZO

s>t
(i) We say that the filtration Fo = (F;)¢>0 right-continuous if
Hjt = ?t+, Vt Z 0
(ii) We say that the filtration F; is P-complete if the probability space (Q2,F,P) is P-
complete® and the collection N C F of P-negligible events is contained in F;, Vt > 0

6Recall that this means that any set contained in a P-null subset is measurable.
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(iii) We say that the filtration JF; satisfies the usual conditions (or that it is usual) if it
is both right-continuous and P-complete.

O

Remark 3.3.9. If (F;);> is a filtration of the complete probability space (2, F,P), then the
usual augmentation of (F;) is the minimal filtration (F;) containing (F;) and satisfying the
usual conditions. More precisely if N C F is the collection of probability zero events, then

Fo= () o\.F). O
s€(t,00)
Proposition 3.3.10. Consider a random wvariable T :  — [0,00]. Then the following
statements are equivalent.
(i) T is an optional time for (Fy).
(ii) T is a stopping time for (Fi4).

In particular, if Fy is right-continuous, then T is a stopping time if and only if it is an
optional time.” a

Example 3.3.11. Suppose that (X;);>0 is a process adapted to Fo and I' C R. The (T-)
début time of (X;) is the function
Dr:Q —[0,00], Dr(w)=inf{t>0; X;(w) € Q},
and the (I'-)hitting time of (X;) is the function
Hp:Q —[0,00], Hp(w)=inf{t>0; Xi(w)eN}.
The following facts are not hard to prove; see [92, Lemma 9.6], [110, Prop. 3.9].
(i) If T is open, and the paths of X; are right continuous, then the début time Dr is a
stopping time of (X}), while the hitting time Hr is an optional time.
(ii) If I is closed, and the paths of X; are continuous, then the début time Dr is a
stopping time of (X;), while the hitting time Hy is an optional time.

We deduce from the above that if the filtration F; is right-continuous and the paths of
(X¢) are continuous, then both D and Hy are stopping times if ' is either open or closed.
O

If the filtration F, satisfies the usual conditions, then a much more general result is true.
More precisely, we have the following highly nontrivial result of Dellacherie and Meyer [44,
Thm. IV.50].

Theorem 3.3.12 (Début Theorem). Suppose that the filtration Fo satisfies the usual condi-
tions and (X¢)i>0 is an Fe-progressive process. Then, for any Borel subset I' C R, the début
time Dr is a stopping time. O

We list below a few elementary properties of stopping times.

"This settles an inconsistency in the existence literature. Many authors refer to stopping times as optional times,
while our optional times are sometimes referred to as weakly optional times. When the filtration is right continuous all
these terms refer to the same concept, that of stopping time.
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Proposition 3.3.13. Fix a filtered probability space (2, Fo,P).
(i) If T is a stopping time, then T is also Fp-measurable.

(i1) If S is a stopping time and T is an Fg-measurable random variable such that T > S,
then T 1s also a stopping time and Fg C Fr.

(iii) Suppose that S, T are stopping times. Then SAT and SVT are also stopping times
and

Foyr = Fg N Fp.
(iv) An increasing limit of stopping times is a stopping time while a decreasing limit of
stopping times is an optional time.

(v) Suppose that T is a stopping time. A function
{T <o} 5w—Y(w)eR

1s Fp-measurable if and only if, Yt > 0, the restriction of Y to {T < t} is Fy-
measurable.

Proof. We prove only (i). The rest are left to the reader as an exercise. To prove that the

sublevel set {T" < ¢} is measurable we have to show that for any ¢t > 0 the intersection
{T<cn{T<t}={T<tAc}

is F-measurable. This is a consequence of the fact that T is compatible with the filtration

F;. a

Definition 3.3.14. Fix a filtered probability space (2, F,,P). Given a random process
(X¢)t>0 and an Fo-stopping time T : Q — [0, oo] we denote by X7 the random variable
XT(w) (w)v T(w) <00

(T(w)<o0} = XT(W) {07 T(w) = 00

The proof of the following result is left to the reader as an exercise.

Proposition 3.3.15. If (X;);>0 is a progressively measurable random process and T is a
stopping time, then the random variable Xt is Fr-measurable. O

3.3.2. The Brownian motion as a filtered process. Let us illustrate the concepts intro-
duced in the previous subsection on the stochastic process defined by the Brownian motion.
We begin by describing some elementary symmetries of the Brownian motion.

Proposition 3.3.16. Suppose that B is a Brownian motion. Then the following hold.

Symmetry. The stochastic process —B is also a Brownian motion.

Time rescaling. For any ¢ > 0 the rescaled Brownian motion

1
Btc = %Bct

is another standard standard Brownian motion.



340 3. Martingales

Time inversion. The stochastic process
Xt — tBl/t? t > O,
0, t=0,

is another standard Brownian motion.

Proof. The statements (i) and (ii) are immediate. The last statement concerning time
inversion requires a bit more work. We follow the approach in the proof of [37, Thm.
VIIL1.6)].

Observe that first X; is a Gaussian process with mean zero and covariances
IE[XSXJ = min(s,t), Vs,t>0.
Thus it suffices to show that (X;) is a.s. continuous, i.e.,

lim X; =0 a.s..
£\0

Equivalently, we will show that

1
lim —-B; =0 a.s..
t—oo t

Note that for n € N and t € (n,n + 1] we have
X < 2 X (6= X0)| € 2 Ko+ 5 s [ Koo = X,
(the process (X¢) is a.s. continuous on (0, 00))
—\X |+— sup | Xngs — X |-
™ se[0,1]NQ

The Strong Law of Large Numbers shows that

1
lim — X, =0 a.s..

n—oo n

For each m =1,2,...,, the process

m

F = Xnsgm = Xn =) (X5 =X, a01),

i=1 "
is a martingale since the above summands have mean zero and are independent. Applying
Doob’s maximal inequalities (3.2.32) to the discrete submartingales

={|Dr)? 0<k<m}, m=1.2,...,
we deduce that, for any € > 0,

IP[ sup ‘Xn+s - X, ‘ > na} = ]P’[ sup |Xn+5 - X, }2 > n2€2}
s€[0,1] s€[0,1]NQ

1 1
= n2e? [|Xn+1 Xn ‘ } n2e2’

Since >, # < oo we deduce from the Borel-Cantelli Lemma that

1
lim — sup ‘XnJrS Xn‘ =0, as.
n—oo N 6[0 1]



3.3. Continuous time martingales 341

Theorem 3.3.17. Suppose that B : [0,00) x Q@ — R is a Brownian motion and (2, F,P) is
a complete probability space. Let N denote the collection of P-negligible events. We set

Fi=0(N, Bs, 0<s<t).
Then the filtration (Ft)i>o satisfies the usual conditions.

Proof. We follow the approach in the proof of [37, Thm. VII.3.20]. It suffices to prove that
(F¢) is right-continuous, i.e.,
Fo =[] Fr-

t>to
We set

9 — gjto, Sn — O-(Bt()-‘r27n - Bt0+2—n—1 ), n e N
Clearly the o-algebras G, 31, ..., are independent. Set

‘In = U(ga 9n+1’9n+27 .. ')a Too 1= m (-Tn

neN
From Corollary 3.2.24 we deduce that J;, = T.. On the other hand, T, D JF;,+ so
97t0+ - ?to' O
Corollary 3.3.18 (Blumenthal’s 0-1 law). If H € Foy then, P[H | € {0,1}. O

Proposition 3.3.19. Suppose that (Bt)i>o is a standard Brownian motion and
Fi=0(Bs, 0<s<t).
Then the following hold.
(i) For any € > 0 we have
P[ sup By >0] =P[ inf B,<0]=1.
5€[0,€] s€[0,e]
(ii) For any a € R we set
Ty := %Izlg B; = a.
Then
P[T, <] =1, Va€eR.
In particular, a.s.,

limsup B; = 0o, liminf By = —o0.
t—o00 t—o0
Proof. (i) For any ¢ # 0, the rescaled process
1
BC(t) := =B, t>0
c
is also a standard Brownian motion. Note that since the paths of B; are continuous we have
sup By = sup B;.
t€(0,1] teQnIo,1]
Thus the set

{w; sup By(w) >0}
te(0,1]



342 3. Martingales

is a Brownian event. The discussion in Remark 2.5.7 shows that

P[ sup B; > 0] =P[ sup Bf >0], Vc+#0. (3.3.1)
te(0,1] t€[0,1]
If we let ¢ = —1 in the above equality we deduce,
P[ sup By >0] =P[ inf B, <0]. (3.3.2)
tel0,1] te[0,1]
If we let ¢ = \/n, n € N we deduce
IP’[ sup Bt>0] :IP’[ sup Bt>0], Vn > 0. (3.3.3)
te(0,1] t€[0,1/n]

We denote by E,, the Brownian event sup,¢(g 1/, Bt > 0. Clearly
EiDFE,D---DE,D---
and E, € F,/,. We deduce from (3.3.3) that P[ E, | = P[ E1 ], Vn. If we set

By = ﬂEn
n

then we deduce that Fo, € Fp4+ and IP’[EOO] = IP’[El ] Blumenthal’s 0-1 theorem implies
that

P[E,] =P[Ex] €{0,1}.
Now observe that

P[E1] CE[Bijp>0] =5 >0,

Hence

P[ sup B;>0]=P[ inf B, <0]=1, VneN. (3.3.4)
te[0,1/n] t€[0,1/n]

This shows that a path of the Brownian motion oscillates wildly.
(ii) We have

1 :P[OSSL;EIBS >O] :}i{‘nop[oigng >5],

where the second is an increasing limit. The rescaling invariance of the Brownian motion
implies

[P’[ sup Bs>5]:P[ sup B§>1].
0<s<1 0<s<1/42

We deduce
P[ sup B, > 1] = limP B >1]=1.
[sup | =lmP[ > ]
0<s<1/62
Another rescaling argument shows that

P[supBs >M] =1, VM > 0.
s>0

Replacing B by —B we deduce
P[inst<—M] =1, VM > 0.
s>0

The conclusion (ii) is now obvious. O
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Remark 3.3.20. The above result shows that, with probability 1 the Brownian motion has a
zero on any arbitrarily small interval [0, £]. As a matter of fact, the set of zeros of a Brownian
motion is a large set: its Hausdorff dimension is a.s. %, [130, Thm. 4.24]. O

Let us observe that if (Bt)¢>0 is a Brownian motion, then for any to > 0, the process
(Bt+to — By, )tZO

is also a Brownian motion, independent of O’(BS, 0 <s< to). We will refer to this
elementary fact as the simple Markov property. We want to show that a stronger result holds
where tg is allowed to be random.

Theorem 3.3.21 (The strong Markov property). Suppose that (Bi)i>o is a standard Brow-
nian motion and T is a stopping time with respect to the filtration ¥y = o(Bs, 0 < s < t)
such that IP’[T < oo] > 0. For everyt > 0 we set

B = Ii7<o0}(Bryt — Br).

Then, with respect to the probability measure ]P’[ - ‘T < 0], the process Bt(T) s a standard
Brownian motion, independent of Fp.

Proof. We follow the approach in [110, Thm. 2.20].

Lemma 3.3.22. Fix A € Fp. Let F : RP — R be a bounded continuous function. Then,
Vii,...,tp, >0, we have

E[Iilr<oF(B{,...,B{" )] =P[AN{T < 00} |E[F(By,....,By,) ] (3.3.5)
O

Let us show first that conclusions of theorem follow from the above lemma. Set S := {T" < 0o}
Assume first that P[ So | = 1. Then (3.3.5) reads

(T)
b

(T)

E[I F(B By )] =P[A]E[F(By,...,B,) ] (3.3.6)

Indeed, if we set A = in (3.3.6) we deduce that Bt(T) is a Brownian motion. In particular,
for every choice of t1,...,t, > 0, the vectors

t1

(BY,....B{" ) and (B,...., By,

have the same distribution. Next, (3.3.6) implies that for every choice of ¢,...,t, > 0 the
vector (BISIT), e Bt(pT)) is independent of Fr.

If IP’[SOO] < 1, t and we denote by Eg__ the expectation with respect to the probability
measure P[ — | S |, then (3.3.5) implies

Es., [IaF(B{,....B")] = P[A| Ex|E[F(By,,...,B;,)].

Arguing as before we reach the conclusions of Theorem 3.3.21 assuming the validity of Lemma
3.3.22. 0
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Proof of Lemma 3.3.22. For the clarity of exposition we discuss only the case P [ Soo] =1
The case IP’[SOO} < 1 requires no new ideas. The details can be safely left to the reader.

For every t > 0 and any n € N we denote by [t],, the smallest rational number of the form
k/2™ and > t. Note that the quantities [T),, are stopping times: stopping the process at [T],
corresponds to stopping the process at the first time of the form k/2™ after T'. Then

lim [T], =T

n—oo
and . . ) )
P, BD) = tim (B, BT,

From the Dominated Convergence theorem we deduce that

tp 0 Dy, p

= lim ZE TAL(1y2-ncr<ko- nF( ([T] ) ._7B§[T]n)”_

n—00 »
Observe now that if A 6 H’T, then the event
Apn = AN{(k-1)2"<T <k27"}
=An{T<k2"}}n{T>(k-12"}
is Jp9-n-measurable.

From the simple Markov property of the Brownian motion we deduce
E[14,,F(B, .. Bl
=E[I4,,F(Bt ko — Byan,.., By spa-n — Bra—n) |
— P[ A0 |JE[F(Bu...., By, ) ].
Observing that

> P[Apn] =P[4]
k=0

we deduce

Z E[ IaL (g 1y2-ner<honF( B;[T]n) ey Bt(IET]") )]
k=0

_ ZE[IAMF(BST]"), ., BT )]

P

=S P[44, |E[F(By,.....B,,)] =P[A]E[F(B,.....B,)].

O

Let us present some applications application of the strong Markov property. For a € R
we define the hitting time
T, = inf{t>0; By :a}.
This is a stopping time for the standard Brownian motion B, and Proposition 3.3.19(ii) shows
that
P[T, <o) =1.
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Theorem 3.3.23 (Reflection Principle). Fiz a € R. If (Bi)i>0 s a standard Brownian
motion, then the process

- (B t<T,
Bt_{ b < e (3.3.7)

QG—Bt, tZTa

is also a standard Brownian motion.

Proof. We follow the approach in [149, 1.13]. Consider the processes
Y;g = BtI[[O,Ta]]a Zs = Bs—f—Ta —a, S > 0.

By the strong Markov property, Z is a standard Brownian motion, independent of Y. The
process —Z is also a Brownian motion independent of Y. Thus, the processes (Y, Z) and
(Y, —Z) have the same distribution. The map

(Y, 2) = @(Y, Z) == Yiljjo 1,5 + (0 + Ze—1,) Iy, o0

produces the a continuous process which will therefore have the same law as (Y, —Z). Now
observe that (Y, Z) = B and ¢(Y,—Z2) = B. 0

Remark 3.3.24. The above result is called the reflection principle for a simple reason. In
the region ¢ > T, the graph of the function ¢ — By, viewed as a curve in the Cartesian plane
with coordinates (t, ), is the reflection of the graph of B, in the horizontal line x = a. This
reflection principle is intimately related to André’s reflection trick. . ]

Corollary 3.3.25. Define

S; := sup B,,.
u<t
Then, for any a,y,t > 0 we have
P[S;>a,Bi<a—y|=P[B:>a+y]. (3.3.8)

In particular, Sy has the same distribution as |By|.
Proof. Note that S; > a if and only if T, < t. We have

P[S >aBi<a-y] =P[T.<t,B;<a-y] “ZVB[B >a+y]

(use the Reflection Principle)
=P[B;>a+y].
Now observe that

]P)[St > CL] :P[St > a,Bt > CL] —HP)[St > a,Bt < CL}

=P| B;>a ]
(3.3.8)
= 2P[B>a|=P[B>a]+P[B < —a] =P[|B] >a].
O
Corollary 3.3.26. For every a > 0 the stopping time T, has the same distribution as g—i
1

and has density
a 2

a
fa(t): \/Wexp<_27t>1{t>0}'
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Proof. Note that

2
2 2 a
=P[tB} > a’] :P[B%St]'
The statement about f, now follows from the fact that B; is a standard normal random

variable. O

3.3.3. Definition and examples of continuous time martingales. Fix a filtered prob-
ability space (Q, F, (Ft)e=0, IP’).

Definition 3.3.27. A random process (X;):>0 adapted to the filtration (F:)¢>0 such that
X, € L', Vt, is called a

e martingale if,
E[ X¢|Fs] = X5, VO <s<H,
e submartingale if,
E[ X¢[|Fs] > X5, VO<s<t,
e supermartingale if,
E[ Xi]|Fs] < X5, VO<s <t
O

Example 3.3.28 (Uniformly integrable martingales). To any integrable random variable X
we can associate the martingale X, := E[ X|[|F]. O

Example 3.3.29 (Processes with independent increments). Suppose that the random process
(Z¢)¢> has independent increments, i.e., for any n € N and any

0<s1 <ty <89 <t <o <5y <,y

the increments
Ztl - Zslv ZtQ - ZSQ’ ) Zt
are independent. The process (Z;) is adapted to the natural filtration

(Fo)e=0, Fi :U(Z37 s St)-

- Z,

n

We deduce that, V0 < s < t, the increment Z; — Z, is independent of F5 so
E[X[|Fs] - Xs =E[(X; - X,) |F5] =E[X: - X, ].
Hence
E| X -E[Xi]| 5,] | = X, ~E[X,], W<s<t. (3.3.9)
Then
(i) if Z, € L', Vt > 0, then Z =7 — E[Zt] is a martingale;
(ii) if Z, € L2, Vt > 0, then Y; := Z7 — E[ Z?] is a martingale;
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(iii) if, for some 6 € R, we have E[eezf] < 00, YVt > 0, then
eHZt

X = ———
! E[ef% ]
is a martingale.

The case (i) follows from (3.3.9). The case (iii) is the continuous time analogue of Example
3.1.7 and the proof is similar. To prove (ii) note that

E[ Z2\5,) = E[(Zs + Z: — Z,)* |15, ]
=224 2Z,B[(Zy — Zs) |Fs | +E[(Zy — Zs)?||Fs | = Z2 +E[(Zs — Z5)?]
=0

— 72+ E[2})-2E[ 2.2, + B[ 2]

=72 +E[Z§}2E[E[ZZH?S]} +E[Z2] = Z2 +E[Z]-E[ Z2].
Hence
E|Z} -E[Z}]||%,| = 22 - B[ 22].
Classical examples of processes with independent increments are the Brownian motion, the
Poisson process, or more generally the Lévy processes, [37, Chap. VII].

If B; is a 1-dimensional Brownian motion started at 0, adapted to F¢, then By is a normal
random variable with mean 0 and variance ¢, for each ¢ > 0. The moment generating function
of By is

Mp,(0) = E[eeBt] =ez2.
We deduce from the above that
B;, B?—t, (IBi- Gt

are martingales, V6 € R. The martingale

92
(69Bt77t > ’
t>0

is called the exponential martingale of the Brownian motion.

Note that if we set A := 0v/t, and X = %, then

_62 _2/9 (1.6.5) A"
eaBz 5 t — e)\X A /2 = ZHTL(X)ma
n>0
where H,,(x) is the n-th Hermite polynomial (1.6.4). We can rewrite the above equality as
0B, — 2 0"
ST =D Myt Ty Malt) = 82 H (Bu/VE).
n>0
Each of the coefficients M, (t) is a continuous time martingale. Note that

M (t) = By. My(t) = B —t.
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Example 3.3.30 (New submartingales from old.). If (X;);>¢ is a martingale and f : R - R

is a convex function such that f(X;) € L', V¢t > 0, then (f(X;)),, is a submartingale. If
(Xt)t>0 is only a submartingale and additionally, f is nondecreasing, then ( f(Xy) ) >0 18 @
submartingale. T O

3.3.4. Limit theorems. Fix a filtered probability space (Q, (Ft)t>0,F, IP’).

Definition 3.3.31. An R-(sub/super)martingale is a (sub/super)martingale (X¢):>0 adapted
to the filtration (F;);>0 such that the paths of X; are a.s. R-functions. O

Remark 3.3.32. Suppose that (X;)¢>0 is an R-submartingale. Fix a negligible set N C Q
such that ¢ — X;(w) is an R-function for any w € Q \ N. Fix a dense countable subset D of
[0, 00).

Note that for every open interval I C [0,00) we have

tesglr)wl Xi(w) = stlelll) Xt (w), teigfwl Xi(w) = %I€1§ Xi(w), ;Yw e Q\N (3.3.10)

This shows that (X;):> is a separable process in the sense of Doob, [53, I1.2]. This means
that there exist

e a countable dense subset D C [0,00), and
e a negligible subset N C €2,
such that, for any closed interval I C R, and any open subset O of [0, 00), the sets
{w; Xs(w) €1, Vs EDOO} and {w; Xi(w)el, Vte O}

differ by a subset of N. A dense countable subset D with the above property is called a
separability set a

Before we proceed investigating the properties of R-submartingales we want to understand
how restrictive is the assumption that the paths are a.s. R-functions. The proof of Theorem
3.2.53 shows that if (X;);>0 is an R-submartingale, then, for any bounded set S C [0, c0) the
family (Xs)ses is UL This implies that the function ¢ — E[Xt] is an R-function. We have
a more precise result, [110, Sec. 3.3], [149, I1.65-67].

Theorem 3.3.33 (Doob’s regularization theorem). If the filtration (F¢)¢>0 satisfies the usual
conditions, then a submartingale (Xt)i>0 adapted to this filtration admits an R-submartingale
modification if and only if the function t — E[Xt] s Tight continuous. O

Theorem 3.3.34 (Doob’s maximal inequality). Suppose that (X¢)i>0 is an R-submartingale.
Then, for any a,t > 0 we have

aP[ sup | X, >a] <E[|X; ] <E[|X|] +E[|Xol]. (3.3.11)
s€[0,t]

Proof. For any m € N we set

¢ 1)t
Dy :z{O,—,...,M,t}, D:= | Du.
m m
meN
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The discrete Doob maximal inequality (3.2.32) implies that
aP[ sup |X,|>a] <E[|X;"] and aP[sup|Xs| >a] <E[|X;"].
SGDm seD

As observed in Remark 3.3.32 (X,) is a separable process so (3.3.10)

P[ sup|Xs| > a] =P[ sup |Xi| >a].
seD s€[0,t]

O

Theorem 3.3.35 (Doob’s LP-inequality). Suppose that (Xi)i>o is an R-martingale. Then,
for any t >0 and p > 1 we have

: 1 1
E[ sup \Xsﬂ P <l X, —=1—| (3.3.12)
s€[0,t] q p

Proof. Argue as in the proof of Theorem 3.3.34 by relying on the separability of (X,) and
the discrete LP-inequality (3.2.34). 0

Theorem 3.3.36. Suppose that (X¢)i>0 is an R-submartingale and
sup E[ | Xy|] < oo. (3.3.13)
t>0

Then there exists an integrable random variable X, such that

lim X; = X a.s..

t—o00

Proof. For any m € N we set set

1
Dy = 5oN, meN, D= U Dm.
meN
For any function f : [0,00) — R, any rational numbers a < b and any S C [0co) we denote
by N(f,S,[a,b]) the supremum of the set of integers k such that there exist
S <t1 <--r851 <t
in S such that f(s;) <a, f(t;) >b,Vi=1,... k.
For m € N we set Np,(f,[a,b]) := N(f, Dm,[a,b]). Equivalently, Np,(f,[a,b]) is the
number of upcrossings of the strip [a, b] by the function f ’ . - Note that
N (X, [a,0]) < Ny (X, [a,b]), Vm,
and
N(f,D,[a,b]) = lim Nm(X, [a, b] )
m—0o0
Doob’s upcrossing inequality (3.2.2) implies

(b—a)E[Nm(X,[a,0])] <supE[(X;—a)* ]| —E[(Xo—a)*], VmeN.
t>0
Letting m — oo we deduce from the Monotone Convergence Theorem

(b—a)E[N(X,D,[a,b])] < iggE[(Xt—a)ﬂ ~E[(Xo—a)T] < cc.
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Thus N (X, D, [a,b]) < oo a.s. so the limit
Xoo := lim X,
t—o0
teD
exists a.s. We leave the reader convince her/himself that since the process X, is separable
(see Remark 3.3.32) the limit
Xoo = lim X;
t—0o0
exists a.s.. The boundedness assumption (3.3.13) coupled with Fatou’s lemma implies that
X is integrable. ad

The above theorem implies immediately the following continuous time counterpart of
Theorem 3.2.22.

Theorem 3.3.37 (UI martingales). Suppose that (X;)i>0 s an UI R-martingale. Then
X = lim X;
t—o0
exists a.s. and L' and
X =E[ Xl Ft], V> 0. O
3.3.5. Sampling and stopping. Suppose that (X¢):>0 is an R-submartingale such that
Xoo = lim X;
t—o0
exists a.s.. Let T : Q — [0, 0o] be a stopping time adapted to the filtration (F;). The optional
sampling of Xq at T is the random variable
XT(W) = IT<OOXT(w) (w> + I 7= Xoo(w).

Theorem 3.3.38 (Optional sampling). Suppose that (X¢)i>0 is an Ul R-martingale and
S, T are stopping times such that S < T. Then the following hold.
(i) The random variables Xg, X1 are integrable.
(i) Xs =E[X7||Ts] =E[ Xl Fs].
(iii) E[Xs] = E[ Xoo | = E[ X0 |.

Proof. We set

o0

E+1
Sn = Z QTI{k2*“<S§(k+1)2fn} + 0ol §—og,
k=0
k41
T = Z on I{k2*”<T§(kz+1)27u} 4+ ool p—s
k=0

Observe that S, > S, T, > T and S, < T, Vn.
Let us show that S,, is ¥ measurable and T,, is T-measurable. In other words, we have
to show that
{Sn <c}n{S<s}edF, Ve,s>0.
Note that
{Sgs}m{sngc}:{Sgs}m( U {k2*"<5g(k+1)2*"}) € F..
(k+1)2-"<c
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- U {k:?‘” < § <min (s, (k+1)27") } €7,
(k+1)2-"<c

Proposition 3.3.13(ii) now implies that S, is a stopping time. A similar argument shows that
T, is a stopping time. Note that

Sp NS and T, \yT as n — oo.
For n € Ny set D,, = 27"Ny. For each n € Nj the stochastic process

X" = (Xt)teDn,

is a Ul discrete martingales with respect to the filtration F, := (F;)1ep,. The above argu-
ments show that S,, and 7T, are stopping times with respect to these filtrations. We deduce
from the discrete Optional Sampling Theorems 3.2.27 that

and

Xg, = E[Xoonngn], X7, = E[Xong:Tn-
Now observe that since (X;) is a.s. right continuous we have

Xg= lim Xg, and Xp = lim Xp, as..

n—00 n—00

The families (Xg,) and (X7,) are UI so the above convergences also hold in L. Since
Fs C Fg, C Ip, and the conditional expectation map

E[ - ||EFS] : LI(QM:}(JP) — Ll(Q73FS7]P))
is a contraction we deduce

Xs =E[Xs||Fs] = lim B[ Xs,|Fs] = lim E[ Xz, |Fs] = E[ Xo|Fs],
n—oo n—oo

where the above converges are in L!. O

Corollary 3.3.39. Suppose that (X¢)i>0 is an R-martingale and S,T are bounded stoping
times such that S <T a.s.. Then the following hold.

(i) The random variables Xg, X7 are integrable.
(i) Xg =E[X7[|Fs] =E[ Xl Fs]-

Proof. Fixty > 0such S,T <ty a.s.. Then the stopped process X;xy, is an Ul R-martingale.
The conclusions now follow from Theorem 3.3.38 applied to this stopped martingale.

O

Corollary 3.3.40 (Optional stopping). Suppose that (X¢)i>0 is an R-martingale compatible
with the filtration (F¢)i>0. Then the following hold.

(i) The stopped process
X7 = X

is an R-martingale compatible with the same filtration (F¢)i>o0.
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(ii) If additionally (Xi)i>0 is UL then so is the stopped process and we have

X =E[ X7||F: ], (3.3.14)
X1 = lim X; a.s. and L. (3.3.15)
t—00

Proof. We begin by proving (ii). For s < ¢, the stopping times s AT and ¢t AT are bounded
and s \NT < tAT. The random variables X; 7 are F;rpr-measurable and thus F;-measurable
since Fyar C F;. To prove (3.3.14) it suffices to check that for any A € F; we have

E[XrIa] =E[XinrIal.
Decompose I4 = I gnir<sy + Lan{r>¢y- We have
Xl angr<ey = XenrLanir<ty
so that
E[ X7l anir<ty | = B[ Xear L angr<iy |- (3.3.16)

On the other hand, we deduce from Theorem 3.3.38 that

Xinr = E[ X7|| Finr |-
Now observe that

AN{T >t} € Fy and AN{T >t} € Fr,

so AN{T >t} € F,NFr = Fyar. Hence

Xt/\TIAn{T>t} =E [ XTIAm{T>t} H Fenr ] ’

E[ Xiar L angrsty | = E[ XoL angrsey |- (3.3.17)
The desired conclusion follows by adding (3.3.16) and (3.3.17). The assertion (3.3.15) follows
from the fact that the stopped martingale X7 is Ul Part (i) now follows from (ii) applied to
the sequence of Ul martingales

(X0 = (Xnat)t>0, n €N,
Indeed, the martingales X™ are compatible with F; and for s < t we have
E[X7pllFs] =E[E[XFF¢]]| T ] = E[ XF] Fs ] = X

Now let n — oo and observe that for n >t we have X7\, = X7,. O

Example 3.3.41. Suppose that (B;);>0 is a Brownian motion started at 0 and (F;);> is its
canonical filtration. For any a € R we set

T, ::inf{tZO: Bt:a}.
According to Proposition 3.3.19(ii), P[Ta < oo] =1.
(a) We want to show that if a < 0 < b, then

b —a
PlT, <Tp|=—— P|Ty>1Tp| = . 3.3.18
[ a b] b—a’ [ a b] b—a ( )
Consider the stopping time T = T, A T and the stopped martingale My = Bra;. This
martingale is UI since |M;| < |a| V |b]. We deduce

0=E[My] =E[Ms| =E[Br]| =aP[T, <T,] +bP[ T} < T,).
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The equalities (3.3.18) follow by observing that the probabilities IP’[T& < Tb] and IP’[TG, > Tb]
satisfy a second linear constraint

P[T,<Ty| +P[T, >T,] =1.

(b) For a > 0 we set
Ug=inf{t>0: |B|=a} =T, AT,.

We want to show that
E[U,] = (3.3.19)

To see this consider the martingale of Example 3.3.9(ii), M; = B? —t. The stopped process
Miny, is still a martingale so

E[ M, | =E[Mo] =0 and E[ By, | =E[tAU,].
The Monotone Convergence Theorem implies that
lim E[t AU, | =E[U,].
t—o0

The martingale By, is bounded, |Biay,| < @, V& > 0 and we deduce from the Dominated
Convergence Theorem that

. . 2 2 2
E[Us] = lim E[t AU, | = lim B[ By, | =E[Bp, | = d”.
(c) Fix a > 0. We want to compute the moment generating function of T,. To this aim, we

consider for any A € R the martingale of Example 3.3.9(iii)

N A2t

For A > 0 the stopped martingale Yy’\ = X?ATQ is bounded thus Ul and we deduce

_ 22Ty

1=E[Yy' ]| =E[Y]] =eME[e 2]
Replacing A with v/2\ we deduce
E[G—ATQ] _ e—a\/ﬁ.
This can be alternatively verified using the distribution of T, computed in Corollary 3.3.26.

(d) We want to compute the Laplace transform of U, (or moment generating function).
Consider the stopped martingale Z; := Xt)‘/\Ua, where X} is defined as in (3.3.20). We

deduce as above that
1= E[e’\BUﬂe_)‘2Ua/2 ]

The computations in (a) show that
1
P[By, =a| =P[By, = —a] = 3

Note that
]P’[Ua < u] :]P’[BUa =a,U, < u] —HP’[BUa =—a,U, < u]

Using the symmetry By — —B; we deduce
P[Bu, = a,Us < u] =P[Bu, = ~a,Us <u] = ;P[U < u]

=P[By, =a|P[U, <u| =P[By, = —a|P[U, < u],
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proving that By, and U, are independent. Hence

1= E[eABUa ]E[e_)‘QU“/2] _ COSh()\a)E[e_AQUap]_ .
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3.4. Exercises

Exercise 3.1. Suppose that (X,,)n>0 is a sequence of integrable random variables and (gp )n>1
is a sequence of nonzero real numbers such that, for any n € N

E[Xn ||3~n—1} = @nXn-1, Fn-1:= O'(Xo,.. . aXn—l)-

Define Qo = 1, Qn = g1---qn, Vn € N and set Y, := éXn. Prove that (Y;,)n>0 is a
martingale with adapted to the filtration (ffn)nzo- O

Exercise 3.2. Suppose that (X,,)n>0 is a martingale with respect to a filtration (F,)n>0 such
that Xg = 0 and IE[ |Xn]2] < o0, Vn. Using the sequence of differences D, = X,, — X,,_1,
n > 1 we construct two new processes, the optional quadratic variation

n
Qn = ZDI%
k=1

and the predictable quadratic variation

n

k=1

Prove that the processes
Ay =X2~Qn Byo=X2-V,
are martingales with respect to the (Fy,)n>0- 0

Exercise 3.3 (S. Ulam). Let z1,...,2, € R. Fix a family {In, Jn; mE N} of independent
random variables such that I, J,, are uniformly distributed on {1,...,n—1}, ¥n > 2. Define

inductively
X, = T, n<r
an + Xjn, n>r,

and set
1 n
Y, = YEE ; X
Prove that the sequence (Y;,)n>, is a martingale with respect to the filtration
Fn=0(X1,...,Xp), neN. O
Exercise 3.4. Prove all the claims in Example 3.1.21. g
Exercise 3.5 (Optional switching). Suppose that Fe := (Fy,)n>0 is a filtration of the prob-

ability space (€2,8,P) and (X,,)n>0, (Yn)n>0 are two Fe-martingales. Let T : Q@ — Ny U {oco}
be a stopping time adapted to F,. Suppose that X7 = Yp. For n € Ny define

Xp(w), n<T(w),

Zn: Q> R, Zn(w):{y(w) "> T(w),

Prove that (Z,,),>0 is a martingale adapted to F,. 0

Exercise 3.6. Prove Lemma 3.1.33. O
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Exercise 3.7 (Dubins’ inequality). Let Xo = (X,)n>0 be a nonnegative supermartingale
adapted to the filtration F, of a probability space (©2,8,B). For 0 < a < b denote by
Ny ([a,b], X) the number of upcrossings of [a,b] by X, up to time n; see (3.2.1). Prove that
forany k=1,2,...,n

ark

P[Ny(a,b,X) > k] < (g) E[ min(1, Xo/a)].

O
Exercise 3.8. Prove Lemma 3.2.1 . O

Exercise 3.9. Suppose that X,, € L'(Q,8,P), n € N, is a uniformly integrable sequence
of random variables that converges in law to the random variable X, X,, = X. Then

X € LY, 8,P) and
. +71 _ + : —
lim E[ X ]| =E[XT], nlgoE[\Xn\] =E[|X]|].

n—oo

lim E[ X, | =E[ X |. O

n—oo

Exercise 3.10 (Pratt’s Lemma). Let (X,), (Y»), (Z,) be three sequences of integrable
random variables with the following properties.

(i) X, <Y, < Zy, Vn.
(i) X, 5> X, Y, 5Y, 2,5 2.
(i) E[ Xn | = E[X |, E[Z, ]| - E[Z].
Prove that E[Yn] —>E[Y] O

Exercise 3.11. Suppose that (X,,),>0 is a martingale defined on a probability space (£, S, P)
such that 3M > 0,

VneN | X, — X,_1] <M, as..
Define
A= {w €; lim X, (w) exists and is finite },

n—oo
B:= {w € Q; liminf X,,(w) = —o0, limsup X, (w) = o0 }
n—00 n—oo
Prove that IP’[A U B] = 1. In other words, when a martingale (with bounded increments)
does not have a limit, it oscillates wildly.

Hint. For C > 0 look at Tét = min {n; +X, > C}. O

Exercise 3.12 (P. Lévy). Suppose that (Q,8,P) is a probability space and (Fy)n>1 is a
filtration of sigma-subalgebras. Let (F},) be a sequence of events such that F,, € F,,, Vn. We

set
n

X, :Z(ka ~E[Ip | Fr-1]).

(1) Prove that Xn is a martingale and |Xn — Xn_1| < 4, Vn. Hint. Have a look at Example
3.1.14.
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(ii) Prove that

{F, io.} = { Y E[Ip, || Fa] :oo}.

n>1
Hint. Use Exercise 3.11.

(iii) Deduce from (ii) the second Borel-Cantelli Lemma, Theorem 1.3.52(ii).
O

Exercise 3.13. Consider the situation in Example 3.1.32. We have a finite set A called
alphabet, a probability distribution 7 on A such that ﬂ[a] # 0, Va € A. Fix two words

a=(a1,...,a;) € AF, b= (by,... b)) € A
and assume that b is not a subword of a, i.e.,
(ai+1,...,ai+[) 7é (bl,"' 7bg), VZZO,,]C—E

Let (Ay)n>1 be i.i.d. A valued random variable with common distribution 7. As in Example
3.1.32 we denote by T} the time to observe the pattern b.

(i) Prove that
E[Tb”Al :al,...,Ak :ak] —k= (I)(b,b) —<I>(a,b)
where ® is defined by (3.1.12).
(ii) Set pg :=P[Ta <Tp |, pp :=P[Ty < Ty |, T = min(Tqy, Tp). Prove that
pa®(a,a) + pp®(b,a) =E[T]| = pa®(a,b) + pp®(b,b).
(iii) Show that
po _ P(a,a) — ®(a,b)
pa ©(b,b) — ®(a,a)’

Hint. Consider the same martingale (X,) as in Example 3.1.32. Observe that X} = ®(a,b) — k given that A; = ay,
j=1,...,k. (ii) Note that E[Tp | =E[Ts ] + E[Tp — T'] and (i) gives a formula for E[T, — T'|| T = Ta ]. O

Exercise 3.14. Let (©,8,P) be a probability spaces and X C Ll(Q, 8,IP) a family of inte-
grable random variables. Prove that the following are equivalent.

(i) The family X is UT.
(ii) For any € > 0 there exists w. € £ (Q,8,P) such that

sup B[ [ X[Tjx|su. ] <&
XeXx
g

Exercise 3.15. Suppose that (X, ),en is a uniformly integrable sequence of random variables
that converge in distribution to the random variable X. Prove that E[Xn] — E[X ]

Hint. Use Exercise 2.49. |
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Exercise 3.16 (Kakutani). Let (X,,) be a sequence of independent positive random variables
such that E[Xn] = 1. Consider the product martingale

Y, = ﬁ X
k=1

Doob’s convergence theorem shows that Y,, converges a.s. to a random variable Y, satisfying
E[YOO] < 1. Set a, := ]E[X,l/ 2 } Prove that the following are equivalent.

(i) E[Y] = 1.
(ii) Y, — Yo in L.
(iii) The martingale (Y}, )nen is UL
(iv) II,, an > 0.
(v) >, (1—apn) >0.

Hint. The tricky implication is (iv) = (iii). Define Z, = [, (a; 'X;/?

i

) and prove that it is an L2-bounded

martingale. O

Exercise 3.17. Consider the unbiased random walk in Example 3.1.5
So=a€Z, S, =X1+---+X,, n>1,

where (X,,)p>1 are i.i.d. random variables such that E[Xn] =0, Var [Xn] =1, Vn. Set
Fn :O'(Xl,...,Xn), n € N.

(i) Show that the sequence (S2

) )n>0 is a martingale with respect to the filtration

T
(ii) Assume that M (t) = E[e'*1] exists for all |¢| < to, to > 0. For |t| <tp and n € N
we set
1
Zn(t) = tSn
"= 3y

is a martingale with respect to the filtration F,.
(i) Set D = 4. We define M(D) : R[z] — R[z] by the equality

M®)(0)

M(D)[P](x) = =5 D"P(x)
k>0
- Zl%[;!(l]])(k)(fﬂ)a [ X1] :]E[Xf]_

k>0
Prove that M (D) is bijective and for any polynomial P the sequence
Y, = M(D)™"P(S,), n>1,
is a martingale. Find Y,, when P(z) = z and P(z) = 2%. Hint. Set P, := M(D) "[P]
and express E[ Poi1(Sn + Xnt1) || X1,..., Xy | using the operator M (D).
(iv) Compute M (D) when (X,,) are independent Rademacher variables. Set By(x) := 1,
r\ x(x—1)--(xr—n+1)
B n!

, neN.
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Express M (D)1 [Bn} in terms of the polynomials By, k = 0,1,...,n. Hint. Consider
the finite difference operator A that associates to any function f: R — R the new function A f defined by
(Af)(x) == f(z+ 1) — f(x). Observe that AB,, = B,,—1, Yn € N.

O

Exercise 3.18. Suppose that (X,,),>0 is a martingale with respect to the filtration Fo = (F,,)>0
such that E[ X2] < oo, Vn. The sequence (X2)n>0 is a submartingale and thus, according
to Proposition 3.1.13 it admits a Doob decomposition X2 = X + M,, + C,,, where (Mp)n>0
is a martingale and the compensator (C),) is a predictable, nondecreasing process. Set

A, =Xo+C,, Ax = lim A, =supA,.

n—0o0 neN

(1) Prove that E[ Supy, >0 Xn} < 4K [ Aoo ] . Hint. Use Doob’s L?-maximal inequality.

(ii) Prove that lim, ,. X, exists and is finite a.s. on the set {Aoo < 00 } Hint. For
a > 0 we set Ng = min{n; Ap+1 > a?} . Show that it is adapted to the filtration Fo. Apply (i) to the

stopped martingale X, AN, -

(iii) Suppose that f:[0,00) — [1,00) is an increasing function such that

[

12 dt < oo.
0

Prove that f% — 0 a.s. on the set {As = 0o0}. Hint. Set H, = 54—, Vn € N. Let
(An) f(An)
Y, denote the martingale defined by the discrete stochastic integral (H - X)e; see (3.1.2). Use the Doob

decomposition of Yy, to prove that Y, converges L? a.s. Conclude using Kronecker’s lemma, Lemma 2.1.11.

O

Exercise 3.19 (Dubins-Freedman). Suppose that (2,8, P) is a probability space and (Fy,)n>1
is a filtration of sigma-subalgebras. Let (F},) be a sequence of events such that F,, € &, Vn.
We set

n

> (Ir, —fn), fo=E[Ig, |Fua].

k=1
(i) Prove that (X,)>0 is a martingale and E[ X2 ] < oo, Vn > 0.
(ii) Define S = {3, fn = co}. Prove that
ZZ:O IF,
k=0 Jr

(iii) Deduce from (3.4.1) the conclusion of Exercise 3.12(ii). Thus (3.4.1) is a general-
ization of the second Borel-Cantelli lemma, Theorem 1.3.52(ii).

Xn

— 1, as. on S. (3.4.1)

O

Exercise 3.20 (Conservation of fairness). A fair coin is flipped repeatedly and independently.
A gambler starts with an initial fortune f; > 0. Before the n-th flip, his fortune is F,_;.
Based only on the information available to him at that moment, the gambler bets a sum
B, € (0,b), 0 < B, < F,,. If the n-th flip shows Heads he earns B, dollars and if its
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shows Tails, he loses B,, dollars. The gambler stops gambling when he is broke or at the first
moment when he reaches his goal, i.e., F}, > g where g > 0 set in advance of his gambling.

(i) Prove that the probability p, that he reaches his goal is < %.
(ii) Prove that if B,, < min(Fj,—1,9 — Fy,—1), Vn > 1, then p, = %.
(ili) Find py if B, = $F,-1.
O

Remark 3.4.1. Note that if fy,g € N and the gambling strategy is B,, = 1 whenever his
fortune is < g the above problem reduces to the classical Gambler’s ruin problem discussed in
Example 3.2.35. The name “conservation of fairness” seems appropriate: whatever gambling

strategy satisfying (ii) and based only on the information available at each moment, the

probability of reaching the goal is the same, %. a

Exercise 3.21. Fix a,9 € Ny, a < g. Consider the standard random walk (S,)n>0 on Z
started at a, i.e.,
Sozav Sn:Xl++Xna
where (X;)n>1 are iid. with P[ X, = +1] = 3. Set
T:= min{nENO; Sn :00rSn:g}.

(1) Show P[ST = 0] = % and P[ST = g] = %. Hint. Use Theorem 3.2.33.

(i) Show that E[T'] = a(g — a).

(iii) Compute the pgf of T’

00
fa(s) == E[ST] = g P[T =n]s"
n=0
Hint. Condition on X;. Alternatively, use the de Moivre martingale and the Optional Sampling Theorem

3.1.29.

O

Exercise 3.22. Suppose that (S,),>0 is the standard random walk on Z. Thus
So=0, Sp,=X1+--+ X,
where (X,,)nen are independent Rademacher random variable IP’[Xn = j:l] = %, Vn. Let
a € Z~o and denote by T, the first moment the random walk reaches the location a,
Ta:min{neN; Sn:a}.

(i) Prove that
1 (2n
P[Tyo > 2n] =P[S2, =0] = 22”<n)
and deduce that P[Tg = OO] = 0. Hint. Have a look at Example 1.2.37.
(ii) Prove that P[T, = oo] = 0.

(iii) Compute the moment generating function of Tj,.
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Exercise 3.23. Suppose that (X,,),>1 is a sequence of integrable random variables defined
on a probability space (€,8,P) such that for any S € 8§ the sequence IE[X NI g] has a finite
limit.

(i) Prove that

supsup‘E[XnIg] ‘ < 00.
Se8§ neN

and deduce that Sup,eN ]E[ ‘ X, | ] < 00. Hint. Use the metric d in Exercise 2.13 and Baire’s

category theorem.

(ii) Prove that the sequence (X )p>0 is UL
g

Exercise 3.24. Suppose that (X,,),>0 adapted to the filtration (F,),>0 and 7' is a stopping
time adapted to the same filtration such that IP’[T < oo] =1 and X7 € L'. Prove that

E[Xr||F,] =X, on {T >n}.
Hint. Have a look at the proof of Theorem 3.1.29.

Exercise 3.25. Suppose that (X,)n,>1 is a sequence of i.i.d., nonnegative, integer valued
random variables with finite mean. Set

Spi=X1+ -+ Xy,
Fork=1...,n,set F_p = O'(Sk,S]H_l,...,Sn), Y_ = Si/k.
(i) Prove that for j < k we have
E[X;[|F-k] = Xk

(ii) Prove that (Y_j ) is a martingale with respect to the filtration (F_ )

1<k<n 1<k<n’
(Compare with Example 3.1.31.)
(iii) Show that
P[Sy <k, V1<k<n|S,]=(1-S./n)".
Hint. (iii) Set 7' = inf{ —n<k<-1; Yp>1 }, where we define inf ) = —1. Use Exercise 3.24. |

Exercise 3.26. Suppose that f : [0,1] — R is a Lebesgue integrable function. For any
n € Ny we define the step function f, : [0,1 — R by setting f,,(0) = 0 and

1R ~1
fn(x):/ f(z)dz, if0§M<x§£§1.
2" J(k—1)/2n 2n 2n
Prove that f, converges a.s. and L' to f as n — oo. O

Exercise 3.27. Suppose that (X, ),>0 is a supermartingale such that, there exist fy,g > 0
with the property

Xo=/fo as., 0<X,<g as., YneN.
Prove that for any stopping time 7" such that IP’[T < oo] =1 we have IP’[XT = g] <

=g
O
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Exercise 3.28. Consider the branching process (Z,),>0 with initial condition Zy = 1 and
reproduction reproduction law p € Prob(Np) such that

m ::IE[,u] = Zn,un < 00, Up = u[n]
n>0
Assume g > 0. Denote by f(s) the probability generating function (pgf) of u
fls) = Z,uns” = ]E[le ]..
n>0
We set

fn(8) == fo---0f(s), neN.
——

n
(i) Show that if m > 1 the equation f(s) = s has a unique solution r = r(u) in the
interval (0,1). Compute 7(u) when
pn = qp", n € No,
where p € (1/2,1), ¢ =1—p.
(ii) Prove that
]E[SZ"] = fn(s),; Vs € [0,1].
(iii) Denote by E the extinction event
E=|]J{Z.=0}.
n>0
Prove that
1, m <1,
r(p), m>1.

n—o0

P[E] = lim f,(0) :{

(iv) Assume m > 1. Prove that the sequence (r#") _  is a martingale.

n>0
(v) Set
1
Wy, = — 5 4n
Assume
m > 1, E[Zf] :Zn Ly, < 00,
n>
and set
W= lim W,
n—oo

Denote by Py the probability distribution of W and by ¢(\) its Laplace transform
p(\) =E[e MW ] = / e Py ldw], A\€C, Re\> 0.
R
Prove that

PO =1, o) = f(\/m)) =3 pmp(A/m))", YReA>0.  (342)

n=0
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(vi) Prove that there exists at most one probability measure v € Prob ([0,00) ) such

that -
/ t2[dt] < oo
0

and its Laplace transform
ou(N) = / e_/\ty[dt], AeC, Re) >0,
0

satisfies (3.4.2).

Hint. Consider two such measures vg, k = 0,1, denote by ®(t) their characteristic functions. Set

D(t) = P1(t) — Po(t), v(t) = D(¢)/t, t # 0. Prove that |y(mt)| < |y(¢)| and conclude that ® = 0.

O

Exercise 3.29. Let &,, denote the group of permutations of I, := {1,...,n}. We equip it
with the uniform probability measures. A run of a permutation 7 is a pair (s,7) € I,,, s <r
such that

Mol > T < Mgy < v < Ty > Ty,
where mp :=n + 1 and m,41 := 0. We denote by R, (7) the number of runs of 7 € &,,. Set
1
X, :=nR, — in(n +1).
(i) For 7 € &,11 we set k; := 7 1(n + 1) and denote by ¢, the unique increasing

bijection

gpﬁ:}ln—ﬂlnﬂ\{kﬂ}.
Set T := 7 0 ;. Show that the random maps

6n+1 S ki Eﬂn+1, 6n+1 ST TE S,

are independent and uniformly distributed on their ranges.
(ii) Prove that (X)) is a martingale.
(iii) Compute E[ R, | and E[ R ].

(iv) Show that
s B[(32-3)"] =0
O

Exercise 3.30. Suppose that (X,,),>0 is an L2-martingale adapted to the filtration (F,),>0
and (X,) is its quadratic variation; see Definition 3.1.15 . Fix a bounded predictable process
(Hp)n>0 and form the discrete stochastic integral (H o X) (see Theorem 3.1.17.

(i) Show that
B[X2] —E[X3] = E[ (X)n .
(ii) Prove that the martingale (H o X) is an L? martingale.
(iii) Prove that

(HoX)m=(H>o (X)), => Hp((X)p — (X)p-1), Yn>1.
k=1

n



364 3. Martingales

(iv) Prove that
n
E[(HeX)2] = E[ S HE(X - Xk—1)2], Vn > 1.
k=1
Exercise 3.31. Suppose that (X,)nen is an exchangeable sequence of random variables and
T is a stopping time adapted to the filtration F,, = o(X1,...,X,,). Prove that if " < N a.s.,
then X741 has the same distribution as Xj. O

Exercise 3.32. Suppose that (X,),en is a sequence of random variables such that for any

n € N the distribution of the random vector (X1,..., X)) is orthogonally invariant, i.e., for
any T € O(n), TgPx, . x, = Px,. . x,. Prove that (X,)n are conditionally i.i.d. N(0,0?)
given a random variable o2 > 0. O
Exercise 3.33. Prove Lemma 3.3.6. O
Exercise 3.34. Finish the proof of Proposition 3.3.13. O
Exercise 3.35. Prove Proposition 3.3.15. O

Exercise 3.36. Let N(t) be a Poisson process with intensity A as described in Example
1.3.7. Denote by (F;) the natural filtration, ¥, = U(N(s), s < t).

(i) Prove that N(t) is an R-process.
(ii) Prove that Fpp = F;, vVt > 0.
(iii) Prove that E[N(t) || Fs] =E[N(t) || N(s)], V0 < s < t.
O

Exercise 3.37. Suppose that W : L2( [0, oo)) — L?(Q,8,P) is a Gaussian white noise; see
Example 2.5.9. Fix f € L2( [0, 00) ) and consider the Wiener integral (see Example 2.5.9 and
Exercise 2.75)

t
Xt = /0 f(S)dB(S) = W(I[()’t]f), t Z 0.

(i) Prove that (X;) is an L? martingale adapted to the filtration ¥ := o ( X,, s <t).

(ii) Use Kolmogorov’s Continuity Theorem 2.5.12 to show that (X¢)¢>o admits a con-
tinuous modification.

O

Exercise 3.38. Let B(t), t > 0 be a one-dimensional Brownian motion started at 0. For
each n € N and each t > 0 we set

Xp = B((k- 1)t/n)(B(k:t/n) — B((k—1)t/n) )
k=1

(i) Prove that for any n € N the stochastic process ( X;") is an L*-martingale.

(ii) Prove that for each t > 0 XJ* converges to B(t)? —t in L? as n — oo.
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Exercise 3.39. Suppose that (W;);>0 is a pre-Brownian motion defined on a probability
space (£2,8,P); see Definition 2.5.2. Let to,d > 0. Set

R(to,6) = sup | B(t) = B(t)|-
t€QNto to+0]

(i) Prove that
2

P[R(to,6) > ¢] < il

—, Ve, 6 > 0.
gt ©

Hint. Use Doob’s maximal inequalities.

(ii) Prove that W} is a a.s. uniformly continuous on Q> and conclude that (W;) admits
a modification continuous on [0, co)

O

Exercise 3.40. Let (Bt)¢>0 be a standard Brownian motion and —a < 0 < b. Set T' = min(T_,, T3)
where for ¢ € R, we set T, = inf {t >0; Bi=c } Prove that

E[T] =E[B%] = ab. O
Exercise 3.41 (P. Lévy). Let (By)i>0 be a standard Brownian motion and ¢ > 0. For a € R
we denote by 7, the reflection 7, : R = R, ry(z) = 2a — x.

(i) Prove that for any Borel subsets U_ C (—o0, —c|, Us C [¢, 00) we have

P[T.<T-¢,Bi€U_|+P[T.>T ,B1 €r.(U-) | =P[By € r.(U-)]

P[T.>T ¢,Bi €Uy | +P[T. <T-c,Bi €r_c(Us)| =P[B1 € r_o(Uy) ]
(ii) Denote by J the interval [—c, ¢]. Prove that

P[T.<T-cA1,Bi€J|=P[Bi€rc(J)] —P[T. > T, By €7r:(J)],

P[T-c<T.AN1L,Bi€ J|=P[Bi€r_c(J)]| —P[T. <T-¢,B1 € 7_c(J)].
(iii) Prove that
P[ sup |Bi| <c|] =P[B; € J]
te(0,1]

~(P[T.<TcA1L,B € J]+P[TcST.ALB € J]).
(iv) Prove that
P[ sup |Bi| <c]=P[|Bi|<c]—P[c<[B1| <3c| +P[3c<|By| <b5c] -
te[0,1]
O

Remark 3.4.2. Exercise 3.41 is a special case of a more general result called the support
theorem. For any continuous function f : [0,1] — R such that f(0) = 0 and any € > 0 we
have

P[ sup |B;— f(t)|<e] >0. (3.4.3)
te(0,1]

For a proof we refer to [69, Ch.1,Thm.(38)].
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Let us describe an amusing application of this fact. Suppose that (B}):>o, i = 1,2, are
two independent Brownian motions and f*: [0,1] — R, i = 1,2 are two continuous functions
such that f*(0) = 0. The equality (3.4.3) implies immediately that for any £ > 0 we have

sup }Bz — f’(t) ‘ < 5]
0,1]

IP’[ max
tote]

3.4.4
=P[ sup |B/ — f'(t)| <e|P[ sup |Bf — f2(t)| <e] >0. (344
tel0,1] t€[0,1]

The pair of functions (f!, f2) defines a path
F:[0,1] = R% F(t)=(f'1), £°1)).
Think of F(t) as tracing the motion of the tip of an infinitesimally fine pen as you sign a
planar piece of paper, starting at the origin.
Any other path G = (gt, %) : [0,1] — R? satisfying
|g'(t) — f'(t)| <e, Vte[0,1], i=1,2,
will follow closely the original motion of the fine pen, producing a curve essentially indistin-

guishable with the naked eye from the original signature. In fact, if € > 0 is sufficiently small,
one cannot distinguish the two curves, even using a magnifying glass.

The random path (B}, B?) is the so called planar Brownian motion started at the origin.
The equality (3.4.3) shows that the probability py that this random path follows closely the
motion of the tip of the fine pen is positive. For this reason the inequality (3.4.3) is sometimes
referred to as Lévy’s forgery theorem. a



Chapter 4

Markov chains

The Markov chains form a special but sufficiently general class of examples of stochastic
processes. Their investigation requires a diverse arsenal of techniques, probabilistic and not
only, and they reveal important patterns arising in many other instances.

The foundations of this theory were laid by the Russian mathematician A. A. Markov
at the beginning of the twentieth century. By most accounts, Markov was a rather uncon-
ventional individual. He discovered what we now know as Markov chains in his attempts to
contradict Pavel Nekrasov, a mathematician/theologian of that time who maintained on a
theological basis that the Law of Large Numbers was specific to independent events/random
variables and cannot be seen in other contexts. Markov succeeded in proving Nekrasov wrong
and in the process laid the foundations of the theory of Markov chains. For more on this
history of this concept we refer to the very readable article [89].

So what did Markov discovered? Think of a Markov chain as a random walk on a finite
set X. From a given location x the walker can go to a location 2’ with probability g, ..
Suppose that at some location zo € X we placed a pile of sand consisting of giddy grains of
sand: every second one of them starts this random walk and performs a billion steps (think
of a fixed but very large number of steps). After all the grains of sand performed this ritual,
the initial pile of sand is redistributed at various points of X. Denote by m.! the mass of the
pile of sand relocated at x. Next, collect the piles from their locations and move them back
to the initial location z.

Run the above experiment again we get a new distribution of piles of sand at the points
of X. Denote the mass at x by m2. Markov observed that

1
m
—g ~1, Vz.
mit

Run the experiment a third time to obtain a third distribution of mass (m2)zcx and the
conclusion is the same

367
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To put it differently, if m is the mass of the pile of sand at xg, then, for any x € X,

1 2 3
msz:CmeN

—_—N e N N

m m m
This phenomenon is one manifestation of the Law of Large Numbers for Markov chains.

During this more than a century since its creation, the theory of Markov chains has
witnessed dramatic growth and generalizations, and has found applications in unexpected
problems. For example, Google’s PageRank algorithm is a special application of the Law of
Large numbers for Markov chains.

The present chapter is an introduction to the theory of Markov chains. We present the
classical results and spend some time on some more recent developments. As always, we try
to illustrate the power of the theory on many concrete example. Needless to say, we barely
scratch the surface of this subject.

4.1. Markov chains

In the sequel X will denote a finite or countable set equipped with the discrete topology.
We will refer to it as the state space. The Borel sigma-algebra of X coincides with the
sigma-algebra 2% of all subsets of X.
4.1.1. Definition and basic concepts.
Definition 4.1.1. A Markov chain with state space X is a sequence of random variables
X, : (,8,P) — (%,2%), n e Ny,

satisfying the Markov property

]P)[Xn_;,_l = Z‘n+1‘ Xn = xn] = P[Xn—i-l = xn+1| Xn =Tn,-... ,X() = xo], (4.1.1)

Vn €N, xg,21,...,%Tn, Tnt1 € X.

The filtration associated to the Markov chain is the sequence of sigma-subalgebras
Fn = O'(XQ,... ,Xn), n € Ny.

The probability distribution of Xg is called the initial distribution of the system.

The Markov chain is called homogeneous if, for any x,z’ € X, and any n € N we have
P[Xn_H = x/{ X, = $} = IP’[Xl = x" Xy = x}
In this case, the function
Q:XxX—101], Qxo,z1) = Qupz, = P[Xl = xl‘ Xo = xo]

is called the transition matriz® of the homogeneous Markov chain. We denote by Markov(X, u, Q)
the collection of HMC-s with state space X, initial distribution g and transition matrix Q). O

11 made the decision to break with the tradition and use the letter Q@ to denote the transition matrix after teaching
this topic and realizing that there were too many P’s on the blackboard and this sometimes confused the audience.
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Remark 4.1.2. (a) Let us observe that the Markov property can be written in the more
compact form

P[Xp1 =2 Xn] =P[Xpp1 =2 Fn], VneN, zeX. (4.1.2)
In view of Proposition 1.4.18, the last property is equivalent to the conditional independence
Xnt1 L x, Fno1, ¥neN. (4.1.3)

Exercise 1.62 shows that this is also equivalent to the condition
Xnt1 L x, Fn, VneN. (4.1.4)

One can show that this further equivalent to that
O'(Xn+1,Xn+2,...) A anFn (415)

This is colloquially expressed as saying that the future is conditionally independent of the
past given the present.

(b) It is convenient to think of a Markov chain with state space X as describing the random
walk of a grasshopper hopscotching on the elements of X. The decision where to jump next
is not influenced by the past, but only by the current location and the current time. For
a homogeneous Markov chain the decision where to jump next depends only on the current
location and not on the “time” n when the grasshopper reaches that state. Thus Q) is
the probability that the grasshopper, currently located at zg, will jump to z;.

We can represent an HMC with state space X and transition matrix () as a directed graph
(loops allowed) with vertex set X constructed as follows: there is a directed edge from zg to
x1 if and only if Q) ., > 0. O

If (Xp)n>0 is a homogeneous Markov chain (or HMC for brevity), then its transition
matrix @ is stochastic , i.e.,

QIO,Il > 0, ZQIO,I =1, Vzg,z1 € X. (4.1.6)
zeX

In other words, the entries of the matrix () are nonnegative and the sum of the entries in
each row is equal to 1.

If py, is the distribution of X,,, then, for any x € X we have
P[XnJrl:x]:Z]P)[ n=a sz—ZHn Qxx

z’'eX r'eX
Think of u, and pn+1 as matrices consisting of a single row. We can rewrite the above
equality as an equality of matrices pup+1 = pun@. In particular,

n = 110Q", (4.1.7)

where Q" denotes the n-th power of the matrix @, Q" = (Q%y) From (4.1.7) we
deduce that

ryeX’
P[Xn = xn‘ Xo = 370] = men- (4.1.8)

For this reason the matrix Q" is also known as the n-th step transition matrix.
Let us show that given any matrix @ : X x X — [0, 1] satisfying (1.2.21) and any proba-

bility measure 1 on X, there exists a homogeneous Markov chain, with state space X, initial
distribution g and transition matrix Q, i.e., Markov (X, u, Q) # 0.



370 4. Markov chains

Observe that we can view () as a kernel or random probability measure
Q:Xx2%=[0,1), (2,4) = Q:[A] =D Qua
acA
Note that Qm[ — ] is a probability measure on X. It is described by row z of the matrix Q.

Consider the set N0 equipped with the natural product sigma algebra &; see Definition
1.5.3. In this case it coincides with the sigma algebra generated by m-system consisting of
the cylinders

0507517---75k = {2 = (l‘n)TLENo € %NO; Ti = Sq, Vi = 0) ) k }

Let us observe that there exists a probability measure P, : € — [0,1] uniquely determined
by the conditions

k
Pul Copsronsi ] = 1[50 ] [ [ @sicrosi- (4.1.9)
i=1
To prove that such a measure does indeed exist for any p and @ we will rely on Kolmogorov’s
existence theorem, Theorem 1.5.6.

The equalities (4.1.9) define probability measures P, = ]P’Z’Q on the product spaces
x{0:L-k} by setting

k
Pi[ (50, v s) ] o= plso] [ Qeivoss (4.1.10)
i=1
Note that for f: x{0L-k} 5 R we have

[ fanmB dao - do]
x{o,l ,,,,, k}

= Z Z Z M[l‘o}on,xl--~Qx,€,1,xkf(a:o,...,xk)

roEX r1€X rpeX

(4.1.11)

The family of measures (Py)r>o is projective since the transition matrix @) is stochastic.
Indeed,

Pk+1[(80,...,8k) X :{] :Z]P)k_;,_l[(So,...,Sk,x)]

zeX
k
= (,U,[SO]EQSZ'_L& > ngk’x (4.1.12)
—

=1
k
= pu[so] HQSi—l,Si = Pk[ (5055 8k) ] .
i=1

Kolmogorov’s existence theorem, then implies the existence of P, € Prob (Z{NO) satisfying
(4.1.9). Moreover, the equality
B= Z 12 [.’B ] O

zeX
implies that

Py => pla]Ps, P:=Ps, (4.1.13)
zeX
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For n € Ny we denote by &, the sub-sigma-algebra of € generated by Xg, X1,...,X,. Note
that IP,, can be identified with the restriction of P, to &,.

For ;1 € Prob(X) we denote by E, the expectation (integral) with respect to P,

E,: L'(x™,&,P,) > R, E,[F] :/ F(z)P,[dz]. (4.1.14)
xNo

For x € X we set
E; =Es .

x

(4.1.15)
We have a shift operator
O :xNo 5 xNo O(xg, 21, 20,...) = (z1,22,...).
Note that X,, = Xgo©", " =0Qo---00.
n
Theorem 4.1.3. Consider the random variables
X, XN 5%, X,(z) =2z, neNg.
Then the stochastic process (Xy,)nen, s an HMC, defined on (xNo g IP,,) with transition state

space X matriz Q and initial distribution p. The probability space (X0, &, P,) is called the
path space of this HMC.

Moreover, if F € Ll(.’{NO,E,IP’M), then
E[FoO" | &,] =E.[F| X, ]. (4.1.16)

Proof. For each x we have a probability measure @), on X given by

Qx[{xl}] = Qx,x’: Vz' € X.
We will show that for any A C X we have the equality of random variables
P X1 €All&n] =Qx, [A] =D Qxpa- (4.1.17)
acA
Let B € &,. It is a cylinder of the form

B:{XoeBo,...,XnEBn}, Bo,Bl,...,BnC%}.

Then
E[I4( X)) Ip] =Pu[{Xnt1 € AANB] =P,[Xo € Bo,..., X, € By Xpq1 € A
4.1.11
N / Qx, [A]dP,.
B
This proves (4.1.17).
The random measure () x,, is a regular version of the conditional probability P [ Xn+1 € — | X, ] ,

ie.,
Qx,[S] =P[Xnt1 € S[ Xn], VS CX.
Using Proposition 1.4.24 we deduce that for every bounded function f : X — R we have
E[f(Xor) €] =) Qx,af (). (4.1.18)
reX

Let M C L'(xMNo, &, P,) denote the collection of functions F' satisfying (4.1.16). Clearly M
is a vector space and if F), is a sequence in M such that F,, * F, F € L', then F € M. To
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show that M = L! we use Monotone Class Theorem so it suffices to show that there exists a
m-system C C € that generates € such that I'c € M.

Denote by € the set of cylinders
Cop oty = {2 € XN 2;€ Ay i=1,... N }.

Note that

and

N
n __
ICAO 77777 Ay © 0" = H I{Xn-HceAk}
k=0

By definition € generates €. Since M is a vector space it suffices to check that I € M for
C € C of the form

C=Ca,y,. Ay Ap =A{zx}, o€ X, k=0,1,...,N.

To verify (4.1.16) for sets of this form and arbitrary n we argue by induction on N. For
N =1 this follows from (4.1.17). For the inductive step note that

N
E[I{Xn:xO,Xvﬂ»l:xl:~~~7Xn+N:$N} ” 8"] = E[ H I{Xnk=rk} ” 8”}
k=0

N
— E[I{Xn:mo}E[ ]}_[1 I{Xn+k=$k} H E”Jrl} H 8n}

N
- E[I{Xn:wo} E[ ]};[1 Iix, =2} H X"Jrl} H En]

-~

=:f(Xn+1)

(use the inductive assumption)

N
= E[ Lm0 (K1) [ Xa ] = B[ T, 200 B] [T Loy | €1 | [ X |
k=1

:f(Xn+1)
(0(Xn) C Ens1)
N
= E{ H I{Xn+k=frk} H X”] :
k=0

O

Remark 4.1.4. We have deduced (4.1.16) relying on the Markov property. The above proof
shows that the Markov property (4.1.17) is a special case of (4.1.16). For this reason we can
take (4.1.16) as definition of Markov’s property. O
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Given a homogeneous Markov chain X, : (£2,8,P) — X, n > 0, with state space X, initial
distribution p and transition matrix @), we obtain a measurable map

X:(2,8) = (X0,8), we X(w) = (Xa(w) )50

The distribution of the Markov chain is the pushforward measure
P4 := X 4P € Prob (XM ¢).
It is uniquely determined by the equalities

k
PX [0507817“-ask ] = P[XO = S0,.-- ,Xk = Sk] = IU()[S()] H Qsi_l’si. (4119)
i=1
We deduce
Pg =P
For every, F' € Ll(%NO, 8,}1”#), we have

Ep[F(Xp,X1,...)] = E,[F] :LNU F(2)P,[dz].

This is a special case of the change in variables formula (1.2.23).

This shows that the distribution of the Markov chain is uniquely determined by the initial
distribution p € Prob(X) and the transition matrix Q).

Remark 4.1.5. One can define any HMC on probability spaces other than XNo. Here is a
such a construction corresponding to state space X transition matrix ¢ and initial probability
distribution p. We set pg := u[w]

First, a little bit of terminology. We say that an interval is convenient if it either empty
or the form [a,b), a < b. If [a,b), [c,d) are nonempty convenient intervals, then we say that
[a,b) precedes [c,d) and we write [a,b) < [¢,d) if b < c. The empty set is allowed to precede
or succeed any nonempty convenient interval. Assume that X is a subset of N. As such it is
equipped with a total order.

The probability space is the unit interval [0, 1) equipped with the Lebesgue measure. The
random variables X,,, depend on the choice of initial distribution, and are defined inductively
as follows.

e Partition [0,1) into convenient intervals I, = I2, # € X of Lebesgue measures
My = )\[IS], such that

r<a =1, <Iy.

e Partition each interval Igo into convenient intervals I} | of sizes pipoQug a1 5 To, 1 € X,

To,T
such that
/
<z = I;O’x < I;O,x/.
. o . n . : : n+1
e Inductively, partition each interval Ij;, . . into convenient intervals I;7772 T
of sizes
n
n —
A [ IIEO"’El,...,(En }anyxn-&-l - iuxD H ijvxj+1’
J=0
such that
/ n+1 n+1
T<T = Ixo,...,xn,x = Ixo,xl,“.,mn,m"
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Now define X, : [0,1) — X by setting
Xn(t) =z if 1€ U I;?nylwwftn
TOYL] ey pn—1 EX

Note that these random variables are defined on the same probability space
([0’ 1]7 B[0,1}7 )\)a
but they depend on the choice of the initial distribution.

This is different from the construction based on path spaces. In that case we are given
measurable maps defined on the same measurable space €2, §8), but we obtain different HMC’s
by choosing different probability measures on (£2,8). O

4.1.2. Examples. The homogeneous Markov chains appear in many and diverse situations.
According to the discussion in the previous subsection, to describe an HMC it suffices to
describe the state space X and the transition matrix ). We will remain vague about the
initial distribution u.

Example 4.1.6 (Gambler’s ruin). Consider the gambler’s ruin problem discussed in Example
3.2.35. The state space is X = {0,1,..., N}. Then X,, is the fortune of a gambler at time n.
The gambler flips a fair coin with two faces labeled +1. If its fortune is strictly in between
0 and N, then its fortune changes by the amount shown on the face of the coin. The game
stops when its fortune reaches either 0 or N. Concretely

QN =0, Vk<N, Qnn =1,
Qo,j = 07 v.] > 07 QCLO = ]-7
1 . . .
Qkk+1 = Qrr—1 = 2 Qrj =0, if [k—j|>1, 0<k,j<N.
The directed graph describing this HMC is depicted in Figure 4.1 where, for clarity, we have

0.5 0.5 0.5 0
0 0.5 0.5 0.5

Figure 4.1. The gambler’s ruin chain

omitted the loops at 0 and N O

Example 4.1.7 (The Ehrenfest Urn). Consider the following situation. There are B balls
in two urns. Equivalently, think of an urn with two chambers. Pick one of these B balls
uniformly at random and move it in the other box/chamber. Denote by X, the number of
balls in the left box at time n. Then (X},),>0 is an HMC with transition probabilities

B —1
Qiit1 = B

L i=0,1,...,B—1, Qi1 = %, i=1,...,B,

Qiﬂ' =0, |Z—j| > 1.
This HMC is known as the Ehrenfest urn. Note that during this process it is more likely that
a ball moves from the more crowded box to the less crowded one, similarly to what happens

in diffusion processes. a
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Example 4.1.8 (Random placement of balls). Consider a sequence of independent trials
each consisting in randomly placing a ball in one of r given urns. We say that the system is
in state k if exactly k& urns are occupied.

We obtain an HMC with state space {0, 1,...7} with transition probabilities

J
Qjj =", Qjg+1=

) o<j<n

and of course Q;; = 0 for any other pairs (j, k). If Xo = 0, so initially all boxes are empty,
then X,, = r — N, ,, where N, is the number of empty boxes investigated in Exercise 2.30.
a

Example 4.1.9 (Random walk on Z%). Suppose that (Xpn)n>1 are ii.d. Z%-valued random
variables. Denote by 7 their common distribution. Set

So=0, S, =X1+---+X,.
Then the random process (Sy,)nen, is an HMC with transition matrix
Qm.n :P[Xl :'n,—m] :’/T[’I’L—m], m,n c i

One can imagine this process as a person starting at the origin of Z¢ and walking with random
step sizes, with X,, the size of the n-th step.

A standard random walk is obtained as follows. Denote by ey, ..., ey the canonical basis
Z% and choose 7 to be uniformly distributed on the set { +eq,..., ey }, ie.,

ﬂ[iek]: kZl,...,d.

1

2
For example, when d = 1, this corresponds to a random walk on Z where, at each moment,
going one step ahead or one step back is decided by flipping a fair coin. O

Example 4.1.10 (Simple random walk on a graph). Consider an undirected graph G = (V| E),
where V' is the set of vertices, and E denotes the set of edges. We do not allow for multiple
edges connecting two vertices. For every vertex v we denotes by deg(v) is degree, i.e., the
number of edges of E at v. We assume that the graph is locally finite, i.e., deg(v) < oo,
Yo e V.

Suppose now that a grasshopper hopscotches on the set vertices V' according to the
following rule: if situated at a vertex vg, the grasshopper will jump to one of the neighbors
of vg in V' chosen uniformly randomly. Denote by X, the location of the grasshopper at time
n. then (X,)n,>0 is an HMC with state space V' with transition matrix

1 . .
Toa(uo)’ if vg and vy are neighbors,

QUO W1
0, otherwise.

O

Example 4.1.11 (The branching process). Consider again the branching process with re-
production law g described in Example 3.1.8. Recall that it deals with the evolution of
a population of individuals of a species with u[ j ] denoting the probability that a given
individual will have j € Ny offsprings.
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Denote by Z,, the size of the n-th generation population. We assume that Zy = 1. Then
(Zn)n>0 is an HMC with state space No.

To see this, choose a sequence of i.i.d. random variables (£ )reny With common distribution
. Then

P[Zn+1 :j‘znzi] :P[§1+~-+§i :j],
The distribution of the random variable &; + - - - +¢&; is the convolution of *?, the convolution
of i copies of u. More precisely,

wli] - Zk‘_'u[lﬁ] sl k]

The transition matrix is then Q; ; = i [ j ] a

Example 4.1.12 (Queing). Customers arrive for service and take their place in a waiting
line. During each period of time one customer is served, if at least one customer is present.
During a service period new customers may arrive. We assume that the number of customers
that arrive during the n-th service period is a random variable &,, and that the random
variables &1,&a, ... are ii.d. with common distribution u € Prob(Np). We set p; := pu[i],
i € Np. For notation convenience we set u, = 0 for n < 0.

We denote by X, the number of customers in line at the end of the n-th period. Note
that

Xnt1 = (Xn - 1)+ + &n-
The sequence (X,),>0 is an HMC with state space Ny and transition matrix
Kj 1 =0,
Qij=1" .
pj—i+1, ©>0.
O

Example 4.1.13 (Noisy dynamical systems). Suppose that 7' : X — X is a selfmap of an at
most countable set X. This defines a dynamical system (7"),en which can be viewed as a
trivial Homogeneous Markov Chain with transition matrix

1, 2'=T(x),
Qx,x/ = ’
0, o #T(x).
We can obtain more general Markov chains if work with “noisy” selfmaps.
More precisely suppose that (S,8) is a measurable space and
T:Xx8—=% (x,5)— Ts(x)
is a measurable map. In other words, (7s) is a measurable family of maps X — X.

Fix an S-valued “noise”, i.e., a sequence
Ly (Q,CF,IP’) — (5,8), neN

of i.i.d. S-valued random variables and an X-valued random variable Xy independent of the
Z’s we obtain a noisy dynamical system

Xpi1 =Tz,,,(Xn), Vn €N,
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Hence
Xpn=Tz,0-- OTZ1(X0).
The sequence (X,,)n>0 is an HMC. Indeed,
P[ Xn+1 = Tnt1| X = Tn, ..., Xo = 20 |
= P[TZn+1($n) = mn—l—l‘Xn =xn,...,X0= xo]
= ]P)[Tzn-s-l (Tn) = Tns1 }

since the event {X,, = xy,, ..., Xo = 20} belongs to the sigma algebra generated by Xy, Z1, ..., Z,
and thus is independent of Z,, ;1. On the other hand, obviously

P[TZ,LJA(:U?L) = xn+1] = P[Xn—l-l = xn—l—l‘ Xn=2n ] .
This Markov chain is homogenous since the random variables Z,, are identically distributed.

The standard random walk on Z is a Markov system generated in an obvious way by a
random dynamical system defined by the map

T:ZXZ—7Z, (mz)—T,(m)=m+z

and the noise described by a sequence of i.i.d. Rademacher random variables (Z,,)nen. Then
Xn+1 = Xn + Zp41. One can show that any Markov chain can be produced in this fashion,
as iterates of random maps. O

4.2. The dynamics of homogeneous Markov
chains

In this section we will consistently adopt the dynamical point of view on Markov chains
described in Remark 4.1.2 (b) and extract some useful consequences.

4.2.1. Classification of states. Suppose that (X;,),>0 is an HMC with state space X and
transition matrix Q.

Definition 4.2.1. (a) A state 1 € X is said to be accessible from a state xg € X, and we
denote this by xg — x1, if > (0 for some n € Ny.

n

Z0,21
(b) The states z¢ and x1 communicate if xg — x1 and 1 — 1. We indicate this using the
notation xg < x1. O

Recall that to an HMC with state space X we can associate a directed graph with vertex
set X; see Remark 4.1.2 (b). A walk from z to 2’ in this graph is a sequence of vertices

/
T =T0y Lly-e.y Tpn =2

such that, for any ¢ = 1,...,n, there exists a directed edge from z;_1 to x;. If x # 2/, then
x' is accessible from z if there is a walk from z to z’.

Proposition 4.2.2. The communication relation “~7” is an equivalence relation.

Proof. Reflexivity. = <+ x since Q%I =1
Symmetry. The relation is symmetric by definition.

Transitivity. Suppose that xg > 1 and x1 <> x3. Then, there exist m,n € Ny such that
Quy.zy > 0and Q. > 0.
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Observe that

m+n __ m n m n
T0,T2 Y T0,T1 YL1,T2 + E : QIO,I T,T2 > 0.
zeX\{z1}

>0
Hence g — x2. The opposite relation xo — xg is proved in identical fashion. O

Definition 4.2.3. The equivalence classes of the relation <+ are called the communication
classes of the given HMC. a

Example 4.2.4. (a) Consider the HMC associated to the gamblers’s ruin problem described
in Example 4.1.6. The state space is {0, 1,..., N} and there are three communication classes

Cept ={0}, C={1,...,N -1}, Cy = {N}.
Note that no state in C' is accessible from Cep or Cy.

(b) The HMC associated to the Ehrenfest urn model in Example 4.1.7 has state space
{0,1,..., N} and any two states communicate so that there is only a single communication
class.

(c) The HMC corresponding to the random placement of balls problem in Example 4.1.8 has

state space {0,1,...,7} and communication classes
Cept = {0}, {1},...,Cr = {r}.
Note that for j > ¢, the class C; is accessible from the class Cj. O

Definition 4.2.5. Let (X,)nen, be an HMC with state space X and transition matrix Q).
(i) A subset C' C X is closed with respect to this HMC if no state outside C is accessible
from a state in C.

(ii) A subset of X is called irreducible if its is closed and contains no proper closed
subset.

(iii) A state z € X is called absorbing if the set {z} is irreducible.
(iv) The HMC is called irreducible if its state space is irreducible.

O

Example 4.2.6. For the HMC corresponding to the random placement of balls problem in
Example 4.1.8 with state space {0, ...,r}, all the subsets {k,k+1,...,7} are closed and the
state r is absorbing. This is not an irreducible Markov chain. O

Note that a subset C' C X is closed if and only if for any « € C' we have
> Quy=1.
yel
Equivalently, this means that ]P’[Xn € C‘ Xy € C’] =1

Using the intuition of the randomly hopping grasshopper, this says that, once the grasshop-
per steps in a closed set it will be trapped there. In particular, this argument proves the
following result.
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Proposition 4.2.7. A closed subset of the state space of an HMC' is a union of communi-

cation classes. O
3 5
7
7 4
Y
B L) 8

Figure 4.3. Another HMC with a single irreducible subset.

Example 4.2.8. Consider an HMC with associated digraph depicted in Figure 4.2. It con-
sists of three communication classes

Cy:=1{1,2,3,4}, Cy:=1{5,7,8}, C3:={6}.
The communication class C3 is closed while Cy and Cy are not. The only irreducible set is
Cs. In particular the state 6 is absorbing.

Suppose now that we change the directions of the edges 4 — 5 and 4 — 6 as depicted in
Figure 4.3. This HMC has the same communication classes C', Co, C3, but this time only C}
is closed. 0

Lemma 4.2.9. Let C C X be a closed subset. Then the following are equivalent.
(i) C is irreducible.

(ii) C is a communication class.

In particular, an HMC is irreducible if and only if it consists of a single communication
class.

Proof. The implication (ii) = (i) follows from Proposition 4.2.7: a closed set is a union of
communication classes.
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(i) = (ii) Suppose that C is an irreducible subset of X. In particular, C' is a union of
communication classes

N
C=|JCj, NeNU{o}.

j=1
Suppose that N > 2. Set jg := 1. Since C}, is not closed, there exists ji1 # jo, =, € Cj, and
xj, € Cj, such that x;, — x;,. In fact, any class in Cj, is accessible from any class in Cj,.
We write this Cj, — Cj,.

Next, we can find jo & {jo,j1} such that C;, — Cj,. Clearly no class in Cj, U Cj, is

accessible from Cj,. Iterating, we obtain a (possible finite) subsequence in NN [1, N]

jO?jl?’ * '7jk7’ c
where the j;’s are pairwise distinct, such that

Cj0_>Cj1_>Cj2_>"'

and no state in Cj, U--- U Cj, is accessible from Cj, ., Note that
' =] co\g,
k>1
is a proper closed subset of C, contradicting the fact that C' is irreducible. a

Definition 4.2.10. Suppose that (X, )nen, is an HMC with state space X and transition
matrix Q.

(i) The set of periods of a state z € X is
Po={neN; Qp,>0}.

(ii) The period of a state x is d = d(z) := ged P, where “ged” stands for greatest
common divisor. When P, = () we set d(z) := c.

(iii) A state x is called aperiodic if d(z) = 1.
O

Lemma 4.2.11. Let (X,)n>0 be an HMC with state space X and transition matriz Q. Sup-
pose that x € X and d(x) < oco. Then the following hold.

(i) The set P, is a semigroup of the additive semigroup (N, +).
(ii) There exists N € N such that nd(z) € P,, ¥Yn > N.
(iii) If z <> y, then d(x) = d(y).

Proof. (i) Follows from the fact that Q}';" > Q7. Q% ..
(ii) We claim that there exist £ > 2 and myq,...,my € P, such that
d(z) = ged(my, ma,...,myg).
Pick my,my € P, and set d; := ged(mq, mo). Then d < dy. If d < dy define
do 1= min{ ged(my, mo, m); m € P, }
Then d < dy <dj and dy = dy iff d =dy = d;. If dy < dy choose m3 € P, such that

dy = ged(my, ma, m3) > d.
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If d < dy define
ds = min{ ged(my, ma, m3, m); m € P, }
If d3 = do we stop because d3 = d. If d3 < do, we iterate the above procedure. Clearly this
procedure will stop after finitely many iterations.
An old result of I. Schur [181, Thm.3.15.2] implies that the set

{m1n1+-~+mknk; Niy...,Ng € N}
contains all the sufficiently large multiples of d.
(iii) For z,y € X we set
Poyi={neN; Qyy >0 }.
Thus P, = P, . Suppose z <+ y. Note that
Pry +Pye C Py
Hence d(z)|( Pyy + Pyo ). From the inclusion
Poy + Py +Pya CPy

we deduce that d(x)|P, so d(x)|d(y). Reversing the roles of x,y in the above argument we
deduce d(y)|d(x) so d(z) = d(y). 0

According to the above result, all the states of an irreducible HMC have the same period
so we can speak of the period of that HMC.

Definition 4.2.12. An irreducible HMC is called aperiodic if each of its states has period
1. O

Example 4.2.13. (i) Each state in the standard random walk on Z locally finite graph has
period 2.

More generally, given a vertex v in a locally finite, connected graph, its set of periods
with respect to the standard random walk coincides with the set of lengths of paths in the
graph that start and end at v. Since there is such a path of length 2 we deduce that the
vertex is aperiodic if and only if there exists a path of odd length starting and ending at x.

(ii) The Ehrenfest urn in Example 4.1.7 is irreducible with period 2. O

Proposition 4.2.14. Let (X,)n>0 be an irreducible HMC with state space X, transition
matriz Q, and period d < co. Fix xg € X. Consider the HMC' (Y,)n>0 with state space X,
initial state Yy = xo and transition matriz T = Q%. Denote by Cr the set of communication
classes of T. For each x € X we denote by [x|p the T-communication class of x. Then the

following hold.

(i) There exists a bijection 1 = gy : Cp — Z/dZ such that v ( [z]r ) = k mod d iff there
exists n € No such that Qo > 0.
(ii) If Qzy > 0, then r(y) = r(z) + 1 mod d.

(iii) Fach T-communication class is T-closed.
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Proof. As in the proof of Lemma 4.2.11 we set
Pry :{nGN; Qg7y>0}.
Let us observe that
Ve,y € X, Vn,m € Py, : n=mmodd. (4.2.1)

The claim is obviously true if n = m. Suppose that n > m. Then n —m € P, so d = d(y)
divides n — m.
Thus, for any x,y € X there exists r = r(z,y) {0,1,...,d— 1} such that

Py Cr(z,y) + dNo.
For any x € X we set r(z) := r(xo,z). We want to prove that
[z]r = lylr ==r(x) = r(y). (4.2.2)

Indeed, suppose that [z]7 = [y]7. Then there exists n such that T, > 0, i.e. Q"d > 0. Fix
m € Ny such that Q7" . > 0. Then Qm+”d > 0. Clearly

Zo,xr
r(y) = m+nd =m = r(z) mod d.

Conversely, suppose that 7(z) = r(y). Fix na,ny € Ng such that Q2 ., Qx4 > 0. Choose N
large enough such that Nd > n, and Nd € P,,. Then Nd —n, € P, and n, € Py, so
Nd —n; +ny € Py ,. Hence

0=r(y) —r(z) =ny —ny mod d.

We deduce that there exists m € Ny such that md = Nd —n, +n,. Hence T} m > 0. In other
words y is T-accessible from x. A symmetric argument shows that x is T -acce551ble from y
so that [z]7 = [y]r. This proves (4.2.2) and (i).

The statements (ii) and (iii) follow immediately from the equality
r(z,z) = r(z,y) + r(y,2) mod d,
sor(y) =r(z) +r(z,y). 0
Remark 4.2.15. Suppose that (X,,)n>0 is an HMC as in the above proposition and
Cept, C1,...Cq—1 C X

are the communication classes of Q. If Xy € C;, then X,, € City mod ¢, for any n. Thus a
grasshopper hopscotching following the prescriptions of this Markov chain will jump from a
region C; to somewhere in the next region C;y; and so on, returning after d jumps to the
region where he started.

Observe also that the map r : Cr — Z/dZ depends on the choice of xzy. On the other

hand, the action of Z/dZ on Cr is independent of zy and it is free and transitive. Thus Cp
is naturally a Z/dZ-torsor. O
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4.2.2. The strong Markov property. Suppose that X,, : (€2,8,P) — X, n > 0is an HMC
with state space X and transition matrix Q. As usual, we denote by (F,)n>0 the filtration of
8 determined by this random process, i.e., F, = 0(Xo,..., Xy), n € Np.

Suppose now that 7" is a stopping time adapted to this filtration. In (3.1.6) we defined
the sigma-algebra Fr associated to T' by the requirements

SE?T@SD{TSH}E?H, Vn € Ny.

Example 4.2.16 (Return times). Let (X,)nen, be an HMC with state space X. For A C X
we define

Ta ::min{nZI; XHEA}.

We will refer to T4 as the return time to A. This is a stopping time with respect to the
canonical filtration &,,. For z € X we set T}, := Tiay-

Note that the event S belongs to F7, if at any moment n we can decide using the
information collected up to that point in F,, whether S occurred and we have returned to A
up to that moment. O

Example 4.2.17 (Hitting times). Let (X,,)nen, be an HMC with state space X. For A C X
we define

Hy = min{nZO; X, EA}.
We will refer to Hy as the hitting time of A. This is a stopping time with respect to the
canonical filtration F,. For z € X we set H := H,. O

Theorem 4.2.18. Let X,, : (2,8,P) — X, n € Ny, be an HMC with initial distribution u
and transition matriz Q). Suppose that T is a stopping time adapted to the canonical filtration
(Fr)nen,- Conditional on X7 =z € X and T < oo the stochastic process

Y, = Xr4n, n € Ny,
is in Markov(X, 6., Q) and independent of Fr. More explicitly, if A is the event
A:{T<oo, XT:m},
and Py : 8 — [0, 1] is the probability measure IP’A[S} = IP’[S! A], then the stochastic process
Y, (2,8,Py) = X
is Markov (X, d,, Q) and independent of Fr.

Proof. For n € N denote by T}, the stopping time T}, := T + n. Denote by S the event
S = {T<oo}ﬂ{XT:x0:w, X711 ::cl,...,XT+n:xn}
:AO{XT+1 :xl,...,XTJrn:xn}.
Note that S € F7,,. We have to show that
PA[Y74nt1 = Zns1] 5] = Quprnsns

ie.,
PA[{XT+n+1 :$n+1}ﬁSﬁA] —Q
PA[S] I
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or
P[ {XT+TL+1 == .Tn_|_1} N S N A] ]P)[ {XT+n+1 - $n+1} N S}

P[SNA] - P[S] = Qunenia-

We have
]P)[{XT+TL+1 == $n+1} N Sj| == Z]P)[{Xk-‘rn-i-l == l'n_t,_l} nsn {T == k}}
k=0

(use the Markov property (4.1.2) and the definition of S)

= P{T =k} 5] Qupirnr
k=0

= Qupanys O PHT =k} NS] = Qupa,y, P[S].

k=0

To prove the independence of Fp given A = {Xp =z, T < oo} it suffices to show that each
of the events

FoZ{XT:$},...,Fn: {XT:.’L'OziL‘,XT+1:wl,...,XT+n:$n},...
are independent of Fp given A = { X7 =z, T < co}. Let S € Fr. We have
o0
P[SNT,NA] =) P[SNT,N{T =k}]
k=0

(use the Markov property repeatedly)

= ZP[{T = k} ﬂ Sﬂ FO]Q$07$1 e anfl,xn
k=0

=P[SNToN{T < 00} |Qupey - Qun 1200 = P[SOA]Qug iy -+ Qup 10
i.e.,
P[Sﬁf‘n ﬂA] = ]P’[SﬂA]QxO’xl Q-
Then

Pl SNA
P[Sﬂfn}A] = |:]P)[AA:|} : on,xl "'Qz‘nfl,l‘nv o= .

Since the stochastic process Y, : (£2,8,Pp) — X is Markov(X, d,, Q) we deduce

Qwa’Ul "'an_l,xn = P[Fn‘ A].
Hence}P’[SﬂFn‘A]:P[S‘A].P[Fn‘A]_ .

In the following subsections we will have plenty of opportunities to see the strong Markov
principle at work.
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4.2.3. Transience and recurrence. Suppose that (X,)nen, is an HMC with state space

X and transition matrix Q). For any z € X we denote by T, the return time to z, i.e.,
T,:=min{n >1; X, == }

Moreover,

P, =P — | Xo=2], E,:=E[ —|Xo=z].

Definition 4.2.19. A state z € X is called recurrent or persistent  if ]P’x[Tx < oo} = 1.
Otherwise it is called transient.

Example 4.2.20. If X is finite and irreducible, then any state of X is recurrent. Indeed the
‘sooner-rather-than-later’ Lemma 3.1.33 implies that Ex[Tx] < oo, Vr € X. |

We set T} := T, and we define inductively
TfH = min{n > Tf; Xn==x },
Ny = #{k € N; Tff<oo}:#{nEN; Xn=12} € NU{oo}.
Thus TF is the time of the k-th return to  We will refer to N, the number of returns to x.
We set
D= Py ::PI[TI < oo}

Lemma 4.2.21. For any n € Ny we have P, [Nx > n] = p". In particular, if x is recurrent,
i.e., p=1, then N, = 0o a.s. and, if X is transient, then

E,[N,] = 2.

Y2

Proof. Set p, := IP>36[N9C > n] We will prove inductively that p, = p™.
Clearly ]P’[Nm > 1] = IP’[Txl < oo] = p. Suppose that p, = p"”. The post-T,' process
Y, = Xrny, starts at x and the strong Markov property implies that it is a HMC with the
same transition matrix. In particular, the probability that it returns to z is p. On the other
hand, Y, returns to z if and only if N, > n + 1. Since the post-T}' process is independent of
Frn we deduce
IP’[NI >n+ 1} :pIP’[Nx > n} :p"+1.

a
Corollary 4.2.22. Assume that Xg = x a.s.. Then the following hold
x is recurrent <= N, = 00 a.s. <= EI[NI] = 0.
T s transient <— EI[NI] < 0.
a

Clearly the recurrence/transience of a state depends only on the transition matrix. The
next result characterizes these features in terms of the transition matrix

Theorem 4.2.23. Let x € X. The following statements are equivalent.

(i) The state = is recurrent.
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(i)
> Q=0

neN

Proof. Observe that
Ny = Z I{Xn:x}

neN
and
= Z ]Ex [I{Xn::c} ] = Z Qg,z
neN neN
The result now follows from Corollary 4.2.22. O

Corollary 4.2.24. Let x,y € X. If x — y and x is recurrent, then
(i) z <y,
(ii) Py [Ty <oo] =1,

(iii) the state y is recurrent.

Proof. The state x is recurrent so N, = oo a.s.. Since x — y we deduce that
Py[Ty <oo] =P[T, < oo| Xg=x] > 0.

The post-Ty chain Y, = X417, n > 0, will almost surely reach x since N, = oo a.s.. Using
the strong Markov property at T, we deduce that Y, has the same transition matrix ). Hence
y — x, i.e. z <> y. In particular, the original chain, started at y will almost surely reach x,
ie,P[T, <oo|Xg=y|=1.

Since x <> y there exist j, k € N such that
c= mln{Qxy, Q];’w} > 0.

We deduce
k k j 2
Qn+]+ Q T g:b,:csz,y >c Z,x? Vn e N.
Hence
m 2
Z Qyy = Z wy 2 € Z Qzy
m>1 m>j+k n>1

O

The above result shows that if C' is a communication class then, either all classes in C' are
recurrent, or all classes in C' are transient. In the first case C' is called a recurrence class and
in the second case C is called a transience class. An irreducible HMC consists of a single
communication class. Accordingly an irreducible HMC can be either transient, or recurrent.

Proposition 4.2.25. Suppose that (X,,)n>0 is an irreducible transient HMC with state space
X, transition matriz QQ and initial distribution p. Then,

E,[Nz] < o0, VzeX.
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Proof. We first prove that given z¢ € X there exists C' = Cy, > 0 such that

Ey[NxO] <C, VyeX.

Indeed, using the strong Markov property as in the proof of Lemma 4.2.21 we deduce that
for any y € X we have

Ey[Nay| =D Py[Nuy =n] = Puy[ Ny > n—1]Py[ Ty < 0]

n>1 n>1

Pry [ Neg = 0] Py[ Ty < 00| + Py[Tyy < 00] Y Pay[ Nuy > m ]

m>1

g

Eag [ Nag |
=Py [Toy <00](1+Es[Nag]) <1+ Egy[ Ny |
N—————

Cug
Now observe that

By [ Nay | = Z“[HEZ/[NJCO] < G-

Theorem 4.2.26. Suppose that C' is a recurrence class and Xog = x € C a.s.. Then,
P[Ny,=oc| Xo=2] =1, VyeC.
In particular, with probability one, the chain visits every state of C' infinitely often, i.e.,
P[VyeC, Ny=oo,| Xo€C] =1.
Proof. Let z,y € C. We have

P[Nx:oo‘onx] =1, ]P’[Ty<oo‘X0:x] = 1.

The strong Markov property shows that the post-T; chain has the same distribution as the
chain started at y. Since y is recurrent we have P[Ny = oo| Xo = a:} = 1 and we deduce that

P[N, <oo|Xg=2] =0, Vz,y€C,

P[N, <oo|XoeC] =0, VyeC.
In particular,

P[yeC, Ny<oo|XoeC] <) P[N,<o0|XgeC]=0.

yeC
Hence

IP’[VyEC, Ny:oo,‘XoeC]zl—IP’[HyEC, Ny<oo‘X0€C] =1.

Proposition 4.2.27. A recurrence communication class C' is closed.
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Proof. Suppose that C' is not closed. Then there exist ¢ € C and = € X\ C such that ¢ — z.
Since C' is a communication class x does not communicate with any y € C. Fix ng € N such
that p := P[Xno = x‘ Xo = c] > 0. In particular, since & does not communicate with C' we
deduce that P[Xn eX\X, Vn> no‘ Xo = c] > p. In particular ]P’[Nc < noy Xo = c] > p.
This contradicts the fact that IP’[NC = oo‘ Xo = c] =1. O

The set of communication classes X := X/ < is itself the state space of an HMC with
transition matrix

52070/ — P[Xl € C/}X(] S C]

Each state of X is in itself a communication class of the new Markov chain. The state space
X is partitioned into two types: transient states and recurrent states. The recurrent states
are closed, i.e., they are absorbing as states in X. Given a recurrent state R € X, no other
communication class is accessible from R.

Example 4.2.28. Consider for example the gambler’s ruin problem with total fortune N € N;
see Example 4.1.6. This can be viewed as a Markov chain with state space {0, 1,..., N} and
transition probabilities

Giit1 = 5 VO<i<N, qo=qnn =1

The communication classes of this Markov chain are
{0}, {N}, {1,2,...,N —1}.

The first two are recurrent while the third is transient. O

If X is finite, the argument in Example 4.2.20 shows that a communication class is closed
iff it is recurrent.

Example 4.2.29 (G.Polya). (a) Consider the standard random walk on Z. We denote by @
the transition matrix. This is an irreducible Markov chain and each state has period 2. To
decide whether it is transient or recurrent it suffices to verify if the origin is such. Note that

g;‘fl =0, Yn € N. To compute Q(Qﬁ) we observe that a path of length 2n starts and ends
at the origin if and only if it consists of exactly n steps to the right and n steps to the left.

Since each such step occurs with probability % we deduce

on 1 [2n (2n)!
Q00 = 521 = Sana
2 n 22n(nl)
Using Stirling’s formula (A.1.7) we deduce that, as n — oo, we have
(2n)! 4mn 1
22n(ph2  27n \/wn’

Z Q5,0 = 0.

neN
Thus, the 1-dimensional standard random walk is recurrent.

SO

(b) Consider the standard walk on Z2. It is irreducible. We want to decide if the origin is
recurrent or transient. To compute Qg’% we observe that a path of length 2n starts and ends
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at the origin if and only if the number of steps up is equal to the number of steps down and
the number of steps to the right is equal to the number of steps to the left. We deduce that

n n 2
om (2n)! _ (2n)! n
00— kz_:_o 420 (kN)2((n — k)12 42n(n!)2 kZ::o k
Using Newton’s binomial formula in the equality

(x+y)*" =(x+y) " (@@ +y)"

and identifying the coefficients of 2"y™ on either side of the above equality we deduce
n — k)\n—k Pt k
1 (20> 1
2n
Qo,%— (22"<n>> an as n — 00.

n
> Qbo=0c
neN
so the standard 2-dimensional random walk is also recurrent.

so that

Hence, again

(c) Consider the standard random walk on Z3. Arguing as in the 2-dimensional case we

deduce )
1 (2n)! 1 [/2n n!
Qo= D '1212|2:2n< ) > (,,,n)
Now observe that

, jlkler3r\3 3 3/ 7
JHk+H=n
=Pjke
Hence
> Dike Smaxpire > pjke = Maxpjke,
j7k7é j?k)e
SO

1 /2n
Q%ZB < 2% < n ) maxp;k.e-
Let us observe that the maximum value of p; 1, is achieved when j, k, ¢ are as close to n/3
as possible. Indeed, if j < k </, j < £, then
+ 1
G+ 1) 1) = %j!ﬁ! < 1o
SO
Djt1,k0—1 = Pjk,e-
Assume now that n = 3m. We deduce

1 /2nY (3m)!
2
QﬁSQ%(n>@m%%r
Using again Stirling’s formula we deduce that, as m — oo we have

(3m)! Verm V3

(ml)333m = (2mm)3/2  2wm
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On the other hand

L 2n 1

22n \ n Jan  3tm.
We deduce that

o = O(m_3/2) as m — 00.

Arguing in a similar fashion we deduce

8?3“, 8?3“ = O(m_3/2) as m — oo.
We conclude that
ZQG,O = Z Qg,% < 00,
neN neN
so the standard 3-dimensional random walk is transient! a

4.2.4. Invariant measures. Suppose that (X;)nen, is an HMC with state space X and
transition matrix Q). We will identify a o-finite measure A on X with function

AiX = [0,00), Ay =A[{z}].

Definition 4.2.30. An invariant or stationary measure for the HMC (X,,)nen, is a o-finite
measure A on X such that A = \Q, i.e.,

Ae =3 A\Qya, Vr€X. (4.2.3)
yeX
An invariant or stationary distribution is an invariant probability measure. O

Example 4.2.31 (Time reversal). Suppose that 7 is an invariant probability distribution for
(Xn)n>0 such that m, > 0, Vo € X. Suppose additionally that
IP’[XO = a:] =7, VréeX.
Then
P[Xl = l‘] = ZP[Xl = :U} Xo = y]ﬂ'y = ZwaWC = Ty.

yeX Yy
Iterating we deduce that the random variables (X, )nen, are identically distributed. For
z,y € X we set
P[Xl = y‘ X() = .CC]IP)[XO = JZ]

P[ X =y]

Ry,x :P[X():l“Xl:y] = :%Qm,y-
Yy

Note that for every z,y € X we have

1
ZRy,a: = ;y Zﬂ'a:Qac,y =1,
x x
50 (Ry )z yex s a stochastic matrix describing the so called time reversed chain.
Suppose now that 7 is a probability distribution on X such that w, > 0, Vz € X and
satisfying

Qy,m = Ry,:p = %Qz,y, Va,y € X. (4.2.4)
Y
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From the equality
s
1= Qua=)_ —“Quy
Yy
x T

we deduce that 7 is a stationary distribution and the time reversed chain coincides with the
initial chain. This is the reason why the chains satisfying (4.2.4) are called reversible. O

Definition 4.2.32. An irreducible HMC with state space X and transition matrix is called

reversible if there exists a function A : X — (0, 00) satisfying satisfying the detailed balance
equations

Ay Quyz = AeQuy, YT,y € X. (4.2.5)

g

Observe that if ) satisfies the detailed balance equation, then an argument as in Example
4.2.31 shows A defines a QQ-invariant measure

Example 4.2.33. (a) If Q,y = Q. for any x,y € X, then the corresponding chain is
reversible and any uniform measure on X is invariant. This happens for example if (X,,)n>0
describes the standard random walk on Z¢.

(b) In the case the standard random walk on a locally finite connected graph we have
1
Qx,y = @7 dng : Qx,y =1= degy . Qy,x-
Hence @ is in detailed balance with invariant measure x — deg x. If, additionally, X is finite,

then the probability measure
degx
Ty =

- X, degy

is invariant. O

Example 4.2.34 (The Ehrenfest urn). Consider the Ehrenfest urn model detailed in Exam-
ple 4.1.7. We recall that the state space is X = {0,1,..., B}, B € N and the only nontrivial
transition probabilities are

B—-k k

5 Qri—1=—-

Qkj+1 = B

Note that 5
Qi1 B—Fk _ (k1)
Qr+1r  k+1 (f)

Then the measure k — A\, = (f ) is invariant and

1 (/B
’ﬂ'k:zB(k), kIO,l,...,B,

is an invariant probability distribution. O

Theorem 4.2.35. Suppose that (Xy,)nen, @s an irreducible and recurrent HMC with state
space X and transition matriz Q. Fiz xqg € X, and denote by Ty the time of first return to
Zo, i.e.,

Ty := T, = min {n >1; X, =xg }
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For any x € X, define

To
Nx = Z I{anm}I{nﬁTO} = Z I{Xn:ac}v (426&)
neN n=1
Eyo | Nz |, ,
Az = Az,aco = { O[ ] v ?é o (426]:))
1) Tr = Xg.

In other words, A, is the expected number of visits to x before returning to xg when starting
from xg. Then, the following hold.

(i) Az € (0,00), Vo € X and the associated measure \ on X, given by
AMA{z}] =X, VX
18 tnvariant.
(i) AN X] =Egy [T |-

(iii) The measure A is the unique invariant measure such that Ay, = 1.

Proof. (i) We follow the approach in [22, Thm. 3.2.1]. Clearly A\;, = 1. For z € X\ {x0}
and n € N we set

pz(n) = P[Xn =z, n< TO]-

Thus, p,(n) is the probability of visiting state z at time n before returning to zp. The
equality (4.2.6a) implies that

Ap = pr(n), VY # x. (4.2.7)
neN

Let us prove that A satisfies (4.2.3). Observe first that p;(1) = Q.. From the Markov
property we deduce

pe(n) = > py(n —1)Qy.a- (4.2.8)
Y#To
We deduce that
A ED S ) =+ 3 () Qe
neN y#xo neN
=Xy

()\zo =1, px(l) = on,x)
= A0Quzp + Z AyQye = Z AyQy.a-
y#zo Y
This proves (4.2.3). Let us now show that the numbers A, defined by (4.2.6b) are positive.

Suppose that A, = 0 for some x € X. Obviously x # x9. Moreover, from the equality
A= AQ", VYn € N we deduce

0=X =Q1 .+ Z MA@y o
y#Zo

Thus @, , =0, Vn € N, which contradicts the fact that zp and x communicate.
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Finally, let us prove that A, < oo, Va. Observe that
1= Xep =D 2@l (4.2.9)
zeX

Suppose that A\, = oo for some z # xp. Since the chain is irreducible, the state g commu-
nicates with x so there exists n = n(z) such that @7} . # 0. The equality (4.2.9) implies

To,T
Ao < .
r — Q""LI:,QJO

(ii) We have

D> Iixem iy =)D Tixu=atIn<n) = ) In<my = To-

reX n>1 n>1zeX reX
Hence
AMx] =2 =3 Eo[Iix,—aplnemy ] = Euo [T0].
zeX zeXn>1

(iii) We follow the approach in [2, 135]. Consider the matrix K : X x X — [0, 1]
o {Qx,yv ) 75 Zo,

'T7y -

0, Y = o,
Consider the sequence (pn)n>0 of measures on X defined by
o = Oz, un[ac] =p.(n) = P[Xn =z, n< TO], x € X.
Note that ,un[xo] = 0, Vn. The equality (4.2.8) implies that
Mn = pn—1K, Vn >1

SO fn, = 0z K™. Observe that

A= Z,un = Zéon”.

n>0 n>0

Fix an invariant measure v such that v, = 1. The invariance condition reads v = d,, + VK.
We deduce
V= 0z + (0 + VK ) K = 0y + 620 K + VK.

Arguing inductively we deduce

n n
v=>Y 05 K™ +vK" > "5, K™, YneN.
m=0 m=0
Letting n — oo we deduce v > p. The difference 0 = v — p is also an invariant measure such
that a[a:o] =0. Set g, := a[a:].
Fix z € X\ {zo}. Since the Markov chain is irreducible there exists n € N such that
> 0. From the equality ¢ = c@Q" we deduce

_ _ n n n
0=04 = UIQx’xO + E O'ny@O > leQm,:vo'
y#T

n
,x0

Hence 0, =0, Vz € X so that v = A.
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Remark 4.2.36. The example of the standard random walk on Z? shows that even transient
chains can admit invariant measures. O

Suppose that (X,),>0 is irreducible and recurrent. For each € X we denote by 7* the
unique invariant measure on X such that 7* [m] = 1. We know that for z,y € X the measure
¥ is a positive multiple of 77,

= cy.m".
From the equality 7*[ 2] = 1 we deduce ¢, = [z ] so that
¥ =n¥[z]7n". (4.2.10)
From Theorem 4.2.35(ii) we deduce that
™[ X] =B [T ]. (4.2.11)
In particular this shows that the following statements are equivalent
(i) 3z € X such that E, [T} ] < oc.
(i) Vo € X, Ex [Ty ] < oo.
Definition 4.2.37. Let (X,),>0 be an irreducible recurrent HMC.

(i) The chain is called positively recurrent if B, [T, | < oo for some z € X.

(ii) The chain is called null recurrent if E,[ T, | = oo for all z € X.
O

Corollary 4.2.38. An irreducible recurrent HMC is positively recurrent if for some (for all)
x € X we have

[ X] < oc. (4.2.12)

In particular, a positively recurrent irreducible HMC admits a unique invariant probability
measure To, described by

1
Moo = ———7, Vo e X|
E,[T:]
In other words
1
Too| @] = , VYoeX| (4.2.13)
E.[T:]
O
Proof. The equality (4.2.13) follows from the equality 7* [1:] =1. O

Corollary 4.2.39. Any irreducible HMC with finite state space Xadmits a unique stationary
probability measure. a

Proof. As shown is Example 4.2.20 this chain is recurrent since the state space is finite. The
finiteness of X implies (4.2.12). O
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Example 4.2.40 (Random knight moves). Consider a regular 8 x 8 chess table and a knight
that starts in the lower left-hand corner and then moves randomly along, making each per-
missible move with equal probability.

This is an example of random walk on a graph with vertex set X consisting of the centers of
the 64 squares of the board, where two vertices are connected by as many edges as possibilities
for the knight to go from a square to the other in one move.

It is easily seen that this is a connected graph so the corresponding random walk is
irreducible and has a unique invariant probability distribution given by

d
TI'[I] = eng’ Z = Zdegy.
yeX

Now observe that Z is twice the number of edges of this graph.

To count them observe that each 2 x 3 sub-rectangle of the chess table determines four
edges in this graph, two for each diagonal. The same is true for the 3 x 2 rectangle. Moreover,
any knight move is corresponds to a unique diagonal of such a rectangle. If Nsys and
respectively N3xo denote the number of 2 x 3 rectangles respectively 3 x 2 rectangles, then

Noy3 = N3y =: N.

There are two diagonals per rectangle, and 2N rectangles so there are 4N edges. Hence
Z = 8N. Now observe that since a 3 x 2 rectangle is uniquely determined by the location of
its lower-left corner we have N = N30 =6 X 7=42s0 Z = 8- 42.

If x corresponds to the left-hand corner square of the chess table, then degxz = 2 so

1 842

Thus, given that the knight starts at x, the expected time to return to = is 168. O
Theorem 4.2.41. Suppose that (X,,) is an irreducible HMC with state space X and transition
matriz QQ. Then the following are equivalent.

(i) The chain is positively recurrent.

(ii) There exists an invariant probability measure.

Proof. We have already shown that (i) = (ii). To prove the implication (ii) = (i) fix an
invariant probability measure 7. Thus 7 = Q™x, Vn € N, so that

W[y} :ZW[;U} n, YyeX neN (4.2.14)

x?y’
zeX

Fix yo € X such that ﬂ[yo] # 0. We prove first that if the chain is recurrent then it has to
be positively recurrent. Denote by Ay, the unique invariant measure such that A, [yo] =1.
The measure Ay, is a constant multiple of 7 so it is finite. Hence

Eyo [Tyo ] = Ao [X] < 0,

showing that the chain in fact positively recurrent.
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We now argue by contradiction that the chain is indeed recurrent. Assume that our
Markov chain is transient. Proposition 4.2.25 implies that for any « € X we have

o) >E7r[Nat] = ZEW[INz:n] = Z Z QZ,:’:'W[UU’] 2 W[yo] ZQQWO'

n x'eX
Hence
> @iy, <oo and lim Qp, =0, VreX. (4.2.15)
n

Set qn(z) = Q% , Vx € X. The equality (4.2.14) implies that

z,Y0’
/ gn(z)7[da] = 7[yo] >0, VneN
X

On the other hand, the equality (4.2.15) coupled with the Dominated Convergence theorem
implies

lim [ g(z)7r[dz] = 0.

n—oo x

This contradiction completes the proof. O

Example 4.2.42. We have shown in Example 4.2.29 that the standard random walks on Z
and Z? are recurrent. Let us show that they are null recurrent.

Note that for k = 1,2, the measure on Z* defined by /\[x] =1, Vo € ZF is invariant. By
Theorem 4.2.35, A is the unique invariant measure such that )\[O] = 1. Since )\[Zk ] =00
we deduce that there is no invariant finite measure. O

Proposition 4.2.43. Suppose that (Xy,)n>0 is an irreducible, positively recurrent HMC with
state space Xand transition matriz (). Then

Ey[Ty] < o0, Vz,y € X.

Proof. Fix x € X. Let Y C X denote the set of y € X such that Ey[Tx] < 00. Note that
r €Y.
For y € Y we have

]Ey[Tx] = Ey[Tx‘ Xl = y]Qy,y + ZEy[Tx‘ Xl = Z]Qy,z'
2y

Hence
Yy # 2z, Qy,z>0:>Ey[Tx‘X1:Z] < 00
Now observe that for z # y

z =,

1,
Ey[Tx‘Xl :Z] - {1 —I—EZ[TI] z # .

We deduce that y € X and Q. > 0, then z € Y. We conclude iteratively that
yeld, Yy, x—y.

Since the chain is irreducible we deduce Y = X. O
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Let (X,)n>0 be an HMC with state space and transition matrix ¢). Recall that for any
set A C X we denoted by T4 the time of first return to A

Ta ::inf{nz 1, X, GA}.
Note that T4 <T,, Va € A, so
Em[TA] < EI[TQ], Vr € X, Va € A.
We deduce that if the chain is irreducible and positively recurrent then
Ex[TA] <oo, VxeX, VACX.
We have a sort of converse.

Proposition 4.2.44. Suppose that (X,)n>0 is an irreducible HMC with state space Xand
transition matrix Q. If there exists a finite subset A C X such that

Ea[TA} <00, Vac€ A,

then (Xp)n>0 is positively recurrent.

Proof. We follow the approach in [22, Chap. 5, Sec. 1.1]. Set
My = I;leaj(Ea[TA].
Consider the epochs of return to A,
T':=Ts, T" :=min{n>TF X,cA}.
Fix ag € A and suppose that (X,,),>0 starts at ag, Xo = ag a.s.. We set
Yo = Xo, Yi:=Xp, keN

The strong Markov property shows that (Yj)r>o is an HMC with state space A. Since (X,)
is irreducible we deduce that (Y3)r>0 is such. Since A is finite, the chain (Y}) is positively
recurrent. Denote by T the time of first return to ag of the chain (Yj)r>0. Set

So=T", Sp=TF1_TF
If T,, denotes the time of first return to ag of the original chain, then

Ty = Z SkI{k<fO}’ Eap [Tao} = Zan [SkI{k<f0} J
k=0 k=0

On the other hand,

Eao [ Sk ety ] = O Eao [ Sk ety L (x,0=a} |-
a€A

Observe that the event {k < T 0} belongs to Fpr. We deduce

Eao [ SkT gy T (X puma} | = Bao [ Sk| k < To, X = a]Puy [k < T, Xpu = a]
(use the strong Markov property for T%)

= Ea, [ Sk| Xt = a]Puy [k < To, Xpn = a] =Eq[Ta Py, [k < To, Xpw = a]

< MaPg [k < To, Xpw = al.
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Hence
o0
Eao[Tap] < Mad (me[ﬁ) >k, Xpw = a]>
k=0 \acA
0 A~ A~
= MAZPQO[TQ > k] = MAEaO[TO] < 00,
k=0
since the chain (Y}) is positively recurrent. O

4.2.5. Martingale techniques. Suppose that (X;),>0 is an HMC with state space X,
transition matrix @ and initial distribution my. We assume that all the random variables X,
are defined on the same probability space (2,8, P). Set
T =70 - Q", Vn €N,

We denote by JF,, the filtration

F, = O'(Xo,Xl,.. . ,Xn) cs8, n>0.
We want to investigate the (sub/super)martingales with respect to this filtration and show
some of their applications to the dynamics of the underlying HMC.

Note that any function ¥ — R is measurable with respect to the sigma-algebra 2%. For
this reason we will denote by £°(X) the space of functions X — R. We think of a function
f € LX) as a column vector ( f(z) )zex and we denote by Qh the function described by
the multiplication of the matrix () with the column vector f. More precisely,

(Qf)(x) = Z Quyfly), Yo €X.
yeXx

There is a small problem with this definition namely, if X is infinite, then the above series
may by divergent. Since the rows of ) define probability distributions on X we see that the
above sums are finite if f is bounded. We obtain in this fashion a linear map

Q1 LX) —» £2(X), [ QF.

We say that the transition matrix is locally finite if each of its rows has only finitely many
nonzero entries. Equivalently, at each state x € X the system can transition only to finitely
many states. In this case () defines a linear map

Q: L0%) — £x).
Note

QIx=1Ix, f20=Qf =0.
If we think of 7, as a row vector, then for any g € £(X,7,) we have

/ gdmn =Ty - g,
X
where the “” denotes the multiplication of a one-row matrix m, with a one-column matrix
g. We deduce
Tn g = (mo Q") g=mo-(Q"g).
Thus

ge LY%,m,), Vn>0<=Q"ge L'(%X,m), VYn>0.
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Definition 4.2.45. A function f € £LY(X,m) is called a Lyapunov function of the HMC
(Xn)n>o if the stochastic process ( f(Xy) ) is a supermartingale adapted to the filtration
Fn, ie.,

n>0
f(Xn) € LY 8,P), E[f(Xn+1) || Fn] <hW(Xn), Yn>0. O

Since the distribution of X,, is m,, we deduce that
f(X,) € LYQ,8,P) = f € L' (%, 7).
The Markov condition implies E[ f(Xn41) || Fp | = E[ f(Xn+41) || Xn]. Let us observe that

E[f(Xns1) || Fa] = E[F(Xni1) | X0 ] = QF(Xa), ¥ = 0. (4.2.16)

Indeed,
E[f(Xn+1)‘ Xp = :C] = Zf(y)P[XnJrl = y’ Xn = :L’]
yeX
=S Q) = (@)@
yeX

Proposition 4.2.46. Let f € L°°(X). Then the sequence (f(Xn) )n>0 is a martingale (resp.
supermartingale) iff Qf = f (resp. Qh < h). N O

Definition 4.2.47. The operator A := 1 — Q : L(X) — £>(X) is called the Laplacian® of
the HMC. 0

Observe that for any f € £°(X) we have
(AN@) = Quy(Fx) = fW))-
yeX

Thus f(X,) martingale iff Af = 0, i.e., h is harmonic with respect to this Laplacian. This se-
quence is a supermartingale iff Af > 0, i.e., f is superharmonic with respect to the Laplacian

A.
A function f: X — R is said to be harmonic on a subset U C X if
Af(u)=0, VueU <= f(u) =Y Quaf(z), Yuel.
zeX

Example 4.2.48. Fix a nonempty subset Y C X and zg € X\ Y. We denote by Hy the
hitting time of Y, and by H,, the hitting time z¢. For z € X we set

f(z) =Py Hyy < Hy |,
i.e., f(z) is the probability that the system started at x hits z¢ before it hits E. Note that
0=f(y) < flx) <1= f(xp), Yo €X, YyeY.
Note that for any =z ¢ {zo} UY we have
f(l’) = Px[on < HY} = Z Pz[Hmo < HY’ X1 = fL'l] Qx,x/ = Qf(l')
z'eX o
=f(z)
Thus f is harmonic on X\ ({zo} UY ). 0

2Here we are using the geometers’ convention. As defined, the Laplacian is nonnegative definite.
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Proposition 4.2.49 (Lévy’s martingale). Suppose that f € B(X). For each n € Ny we set

n—1
M = f(Xn) — f(Xo) + > Af(Xy)
k=0
n—1
= f(X,) — f(Xo) + Z (Xk —E[f(Xes1) [| X ] )-
k=0

Then the sequence (Mg) s a martingale.

n>0

Proof. Note that
M~ M = [(Xpi1) = [(X0) + AF(X,)
and
E[ M, — M F.] =E[ f(Xnit) | Fn] — F(Xn) — AF(X,)

UED O F(Xn) = F(X0) + AF(X,) = 0.

O

Let I : X — R denote the indicator of X, I(x) = 1, Vo € X. Since @ is a stochastic
matrix we have QI = I, so that the constant functions are harmonic.

Theorem 4.2.50. Suppose that the HMC (X, )n>0 is irreducible and recurrent. Then any
bounded Lyapunov function is constant.

Proof. We argue by contradiction. Suppose that h is non-constant bounded Lyapunov func-
tion on X. There exist zg,x; € X such that h(xg) # h(z1).

Suppose that mp = d5,. The sequence h(X,) is a bounded supermartingale. The Sub-
martingale Convergence Theorem implies that the sequence h(X,,) converges a.s..

On the other hand, since (X,,) is recurrent we deduce
P[Xn =z i.o.] = P[Xn = i.o.] =1.

Thus, the sequence h(X,,) has a.s. two different limit points h(xg) and h(x1) and thus h(X,,)
is a.s. divergent! a

Corollary 4.2.51. If the irreducible HMC (X,)n>0 admits a nonconstant, bounded Lya-
punov function then it must be transient. O

Example 4.2.52. Suppose that (X,,),>0 describes the simple random walk on a locally finite

connected graph G = (V, E) with vertex set V and edge set E. A function f:V — R is then

superharmonic with respect to this Markov chain if its value at each vertex is at least the
average of the values at neighbors

1

flv) =

degv

> fw), Ywev,

u~v
where u ~ v indicates that the vertices u and v are neighbors, i.e., connected by an edge.

Suppose that G is a rooted binary tree. This means that G is a tree, it has a unique
vertex vg of degree 1, and every other vertex has degree 3. One can think that any vertex
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other than the root has a unique direct ancestor and two direct successors. The root has a
unique succesor

One can think of vy as the generation zero vertex. It has a unique successor. This is
the generation 1 vertex. Its two succesors form the second generation of vertices. Their 4
successors determine the third generation etc. Equivalently, a vertex belongs to the n-th
generation, n > 1, if its predecessor is in the (n — 1)-th generation. We obtain in this fashion
a generation function

g:V — Ny, g(v):= the generation of the vertex v.
Define
f:V—=10,1], f(v)= 2-9(v),

Any vertex v # v has two vertices of generation g(v)+1 and one vertex of generation g(v)—1.
Hence

Z f(u) =279+ L 9. 9= f)=1 — 3. 9790) — 37 (y),

so that

F0) = 5 37w, %0 €V {uo}.

u~v
Obviously f(vg) > f(v), Vv € V' \ {vg}. This proves that f is superharmonic, nonconstant
and bounded so the random walk on G is transient. O

Definition 4.2.53. A function f € £%(X) is called coercive if, for any C' > 0, the set {f < C}
is a finite subset of X. O

Proposition 4.2.54. Let (X,)n>0 be an irreducible HMC with state space X and transition
matriz Q. Suppose that there exists a nonnegative coercive function f : X — [0,00) and a
finite set A C X such that

> Quyfy) < fx), Vo e X\ A (4.2.17)

yeX

Then (Xp)n>o0 is recurrent.

Proof. We follow [62, Sec. 2..2]. The condition (4.2.17) is equivalent to
Eo| f(Xnt1) — f(Xp)| Xp =] <0, Vo e X\ A

Denote by T4 the time of first return to A. For x € X \ A we denote by (Y,¥) the process
started at = and stopped upon entry in A, Y,, := X,a1,.

The sequence F? = f(Y,¥) is a bounded below supermartingale adapted to o(Xo, ..., X5,).
From the submartingale convergence theorem we deduce that F); converges a.s. to FZ.
Moreover, Fatou’s Lemma implies

In particular, P, [ FZ = oo] =0, Vz € X\ A. Hence
P, [ lim f(Xpa7,) = 00| =Py [ FL = 00| = 0.

We can now argue by contradiction. Suppose that the chain (X,,) is transient. Then, with
probability 1, the chain X,, will exit any finite set never to return; see Exercise 4.11. Hence,



402 4. Markov chains

for z € X\ A, with probability 1, the chain X,, exits the finite set {f < N}, never to return
so that
Px[ lim f(X,) :oo} = 1.

n—oo

We deduce
Po[Ta<oo] =1, Vo e X\ A

Indeed, if it does not return to A in finite time, then

P[ f(Xn) = f(Xnary), VR] >0
so that
P, [ lim f(Xpa7,) = 00] > 0.
Since (X)) is transient, with probability 1, it will exit A in finite time, never to return. This

is impossible because we have just shown that if outside A it will return to A in finite time.
O

Remark 4.2.55. We want to mention that the condition (4.2.17) is also necessary for recur-
rence. For a proof we refer to [62, Sec. 2.2]. O

Theorem 4.2.56 (Foster). Let (X,,)n>0 be an irreducible HMC with state space X and tran-
sition matriz Q. Suppose that there exists a function f: X — [0,00), a finite set A C X and
e > 0 such that

> Quyfy) < flw)—e, Vo€ X\ A (4.2.18a)
yeX
> Quyfly) < oo, Vo€ A (4.2.18b)
yeX

Then (Xyn)n>0 s positively recurrent.

Proof. We follow [62, Sec. 2.2]. Denote by T4 the time of first return to A and set
Y, = Xpar,. Suppose Xog =x € X\ A. Then (4.2.18a) reads

Em[f(yn—i—l) — f(Ya) |l Yn} = Ew[f(yn—i—l) | Yn] -Y, =< _EI{TA>n}-

Thus f(Y,) is a nonnegative supermartingale and

Ex[f<Yn+l)] _Ex[f(yn)] < _€]P>ac[TA > ?’L]

Hence
B[/ (Vuen)] - F(2) = Be [ f(¥en) ] — Bu[ f(%0)] < €3 [T > )
so that -
SR, [Tu> k] < L i)
Letting n — oo we deduce o
E,[Ta] < éf(a:), Vz e X\ A (4.2.19)

Now let a € A. Then
Ea[TA] :ZQa,b+ Z Qa,z(1+Ez[TA])

beA zeX\A
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(4.2.19) 1 (4.2.18b)
=1+ Z Qa,xEx [TA] < 1+ g Z Qa@f(x) < 0.

TzEX\A TzEX\A

Thus EQ[TA] < 00, Ya € A and Proposition 4.2.44 implies that (X,,)n>0 is positively recur-
rent g

Remark 4.2.57. (a) Note that condition (4.2.18a) reads
Af(z) > e, VoeX\ A

Moreover, condition (4.2.18b) is automatically satisfied @ is locally finite, i.e., on each row
there are only finitely many nonzero entries.

(b) If (X,)n>0 positively recurrent, zg € X, then the function f : X — [0, 00)

f(ZL') _ {Em[Taco]v z 7é Zo,

0, T = x0

satisfies the conditions of Theorem 4.2.56 with A = {x¢}, ¢ = 1. 0

Example 4.2.58. Consider the biased random walk on Ny = {0,1,...} with transition
probabilities

QO,I =1, Qn,n-ﬁ-l = Pn, Qn,n—l =qn:=1—pn, Vn €N,

Above p,,q, > 0, Vn € N, so that the corresponding Markov chain is irreducible. Consider
the coercive function

f : No — [0,00), f(n) =n.
Then, Vn > 1 we have

Af(n)=n—(pa(n+1)+gn(n—1)) = gn — pp.

Thus, if g,, > pn, this random walk is recurrent. Moreover if

inf (g, — pn) >0
neN

then this random walk is positively recurrent. O

4.3. Asymptotic behavior

Suppose that (X, )nen, is an irreducible, positively recurrent HMC with state space X and
transition matrix Q. It thus has a unique stationary probability measure 7 € Prob(X). In
this section we will provide a dynamical description of 7o, and prove a Law of Large Numbers
that involves this measure.

4.3.1. The ergodic theorem. Fix an arbitrary state xg € X, let T := T}, denote the
time of first return to x¢ and denote by 7° the unique invariant measure on X such that
7 [aco] = 1. The results in the previous section show that

To
Wo[x] = E:vo |: ZI{Xn=I}I{TLST0}] = E;CO [ ZI{XHZI}}, Yy € X. (4.3.1)
n=1

n>1
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For n € N we set
v(n) = vg,(n ZI{Xk —z0}-
In other words, the random variable v, (n) is the number of returns to zy during the interval
[1,n].
Proposition 4.3.1. Suppose that f € L' (.’f, 7['0). Then

nlglgo — Zf Xk) / f(2)n°dx] = Zf(x)ﬂ'o[x], Py, — a.s.. (4.3.2)

zeX

Proof. We follow the proof in [22, Prop. 3.4.1]. Using the decomposition f = f* — f~ we
see that it suffices to consider only the case when f is nonnegative. Let Tp =7 < 1 < ---
denote the successive times of return to xg. We set

Up = Z”: f(Xk).

]C:Tpfl-i-l

The strong Markov property shows that the random variables Uy, Us, ... are i.i.d.. We have

Eao[ Ut ] ZE% = Eq, [ i D F@)x, = }

k=1xzeX
= flz) mo[ZI{Xk r}] 42 Zf
reX zeX

The Strong Law of Large Numbers implies

plggoszk_Zf P, —a.s.

zeX
In other words

,Zka _>Zf |, Pay —as..

reX
Observing that 7,(,) <n < 7,(,)41, we deduce that for nonnegative of f we have

1 Tv(n) 1 n Tv(n)+1
f(Xg) < (Xk) < (Xk)
k=1 k=1

Tu(n)+1

_ vin)+1 1 Z F(X).
k=1

v(n) v(n)+1
Since the chain is recurrent we have v(n) — oo so

1
i 2 1

= 1.
n—oo y(n)

Hence the extremes in the last inequality converge to > 5 f (x)m0 [x}, Py, — a.s.. O
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Corollary 4.3.2. We have
1
v(n) R
n Ez, [Txo

] = Too |20 |, Pay — aus. (4.3.3)

Proof. Let f =1 in Proposition 4.3.1. This f is integrable so
n (4.2.11)
vy R B [T ]

O

Corollary 4.3.3 (Ergodic Theorem). Suppose that (Xy)n>0 is a positively recurrent irre-
ducible HMC' with state space X, transition matriz QQ and stationary distribution 7o,. Let
f € LY(X, 7). Then, for any u € Prob(X) we have

i BN = —a.s
nlggon;f(xk)_/xf(x)%o[dx], P, — a.s.. (4.3.4)

Proof. Assume first that (X,,) are defined on the path space (XN, &, P,,).
Suppose p = d5,. If we divide both sides of (4.3.2) by Ey, [ T, | we deduce

n

i L = xT)m x
T}EI;OW;]C(XH—/%JC( ) oo[d ]

Now observe that

and (4.3.3) implies

More generally, for any p € Prob(X),
P, = p[x]P, € Prob (XM ¢).
zeX

we denote by C, the set

n—oo n

C:= {x: (zo,21,...) € X0 ¢ lim l(f(acl)+—i—f(:L‘n)) :/3€f(x)7roo[dx] }
From the above we deduce that Pm[e] =1, Vzx € X. Then
pae] “EY S ula)pafe] = 1.

zeX

Suppose that random maps (X,,) are defined on a probability space (2, 8,P), not necessarily
the path space. Using the map X : Q — XN0 we reduce this case to the situation we have
discussed above. O

The above Ergodic Theorem is a Law of Large Numbers for a sequence of dependent
random variables!
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4.3.2. Aperiodic chains. When (X,,),>0 is an irreducible, aperiodic, positively recurrent
HMC the Ergodic Theorem can be considerably strengthened. We need to introduce some
terminology.

Let X be a Polish space with Borel sigma-algebra B. The wvariation distance d,(u,v)
between two Borel probability measures pg, p1 € Prob(X) is defined by

dy(p,v) = sup ‘,ug[B] — i [A] ‘ = sup (,uo[B] —,ul[A]) (4.3.5)
BCB BCB
The second equality follows from the elementary observation
o] = [A] | =max{ (uo[ B] = [B]), (no[B] —m[B]) }.

The variation distance defines a metric on the space Prob(X) of Borel probability measures
on X. We will refer to it as the variation metric.

If X, Y are X-valued random variables, then the variation distance between them is defined
to be the variation distance between their distributions Py, Py,

dy(X,Y) := dy(Px,Py).
Lemma 4.3.4. Let pg, 1 € Prob(X). Suppose there exists a sigma-finite Borel measure v

on X such that bot g and py are absolutely continuous with respect to . We denote by p;(z)
the density of p; with respct to v, i.e.

,ui[da:} :pi(x)u[da:], 1=0,1.

Then )

dy(po, p1) == 2/X | po(z) — p1(z) |v]dx]. (4.3.6)
In particular, if X is finite or countable and v is the standard counting measure, then

dy(po, 1) = fralesumxeX}po(:n) —pi(z) ‘ (4.3.7)

Proof. Define

DF = {x €X; +(po(z) —p(z)) >0 }
Note that

0:/(p0(x)—p1(w))V[dﬂf:/

D+

(m(e) = m(@)v[do] + [ (i) - pr(e) o[ da],
X

[ @) = m(@) [ vlda] = [ (i) = pata))olda] = [ (mo(o) = () ) do].
X D+

=2/D+ (po(z) = pr(z) Jv[dz] =2(po[ DT ] = m[DT]).

Observe that for any B € B we have

,u()[B] —ul[B] = /BmD+ (po(x) —pl(x))l/[dx} +/ (po(x) —p1(x))y[dx]

BND~

S/BHDJr (po(z) — p1(x)) v[dx] S/D+ (po(z) — p1(2)) v[da].

In above inequality we have equality when B = D*. Hence

sup (u[B] =v[B]) = po[ D" ] =y [ D] =

/\po(w)—pl(fv) .
X
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O

Definition 4.3.5. The coupling time of two X-valued stochastic processes (Xp)nen, and
(Y )nen, is a stopping time 7' of the process (X,,Y,,) such that

X,=Y, Vn>T.

The stochastic processes are said to couple if they admit an a.s. finite coupling time. O

Lemma 4.3.6. Suppose that the X-valued processes (Xn)nen, and (Yn)nen, couple with cou-
pling time T'. Then

do(Xn,Yn) <P[T >n].
In particular, if T is a.s. finite,

lim dy(Xn,Y,) =0.

n—o0

Proof. For all A C X we have
P[X,€A]-P[Y,€A]|=|P[X, €A, T<n]|+P[X,€A, T>n]

—P[Y, e AT<n]||-P[Y,€AT>n]

(Xp—=Y,,Vn>T)
=P[X,€A T>n]-P[Y,€AT>n|<P[X,€A, T>n|<P[T>n].
g
Theorem 4.3.7. Suppose that Q is a probability transition matrix on the state space X such

that the associated HMC's are irreducible, aperiodic and positively recurrent. Denote by
the unique invariant probability measure on X. Then, for any p € Prob(X)

lim d,(pQ", ) = 0. (4.3.8)
n—oo

In particular, if p = 0,,, we deduce that
T[z] = nh—>noloQZO$ (4.3.9)

Proof. Consider two independent HMCs (X, )nen and (Y,),>0 with state space X, transition
matrix @ such that initial distribution of (X,,) is p and the initial distribution of Y,, is .
Since 7 is stationary, the probability distribution of Y}, is 7, Vn.

We will construct a third HMC (Z,,) with state space X and transition matrix @} such
that Y,, and Z,, couple and Px, =Pz , Vn. Then d,(X,,Y,) = dy(Z,,Y,) and Lemma 4.3.6
implies

lim dy(Zp,Y;) = 0.

n—o0

Consider the stochastic process (X,,Y,). This is an HMC with state space X x X and
transition matrix Q)

Q(xo,yo),(xl,yl) = Quo,21 - Quoyr-
Since @ is irreducible and aperiodic we deduce that for any xg, x1,y0,y1 € X, ANg > 0 such
that Q7 .. - Q" . >0, Vn > Ny. We deduce that there exists N > Ny such that

z1,71 Y1,91
n n
zo,e1 " Wyoy = 0, ¥n > N.
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This shows that @ is irreducible and aperiodic.

The product measure 7 ® 7 is an invariant probability measure of the chain (X,,Y},).
Theorem 4.2.41 implies that @ is positively recurrent. Proposition 4.2.43 shows that for any
Ty, € X, the chain (X,,Y,,) will almost surely return to (zg,zp) in finite time. In other
words, for any xg € X the stopping time

Ty, ::min{nEN; X,=Y, :xo}
is a.s. finite. Fix g € X set T' = T}, and define

Xn, n<T,
Iy =
Y., n>T.
Clearly T is an a.s. finite coupling time for the processes (Y;,) and Z,. It remains to prove
that (X)) and Z,) have the same distributions.

Indeed, the strong Markov property for the Markov chains with state space X x X and
transition matrix Q shows that the process (X7yn, Yriys) is a Markov chain on X x X has
the same distribution as the Markov process (A,,, B,,) with the same transition matrix Q and
initial condition Ay = By = g = X7 = Y;. In particular this shows that the processes Xr4,
and Y74, have the same distributions. O

Remark 4.3.8. Suppose that @) is the transition matrix of an irreducible, positively recurrent
Markov chain with state space X and invariant probability measure m. We form a new

stochastic matrix .

Q:§(1+Q).

The chain with this transition matrix is called the lazy version of the original chain. It is
irreducible and 7 is the invariant probability measure of the lazy version as well. However,
the lazy chain is also aperiodic, even if the original chain is not. This follows from the equality
n
~ 1 /n
n o __ k
=51 ()e,
k=0
This shows that if Qg,y # 0, then ng > 0, Vn > k. Using the terminology of generalized

convergence in [86], we can say that the Fuler means of the sequence (Q;y) converge to

n>0
the invariant measure. O

4.3.3. The coupling technique. The technique behind the above proof of Theorem 4.3.7
was pioneered by W. Doeblin [52] in 1938. It took almost three decades for the mathematical
community to appreciate the novelty of his ideas, distill the key principles, and organize them
into what is now referred to as the coupling technique.

We want to describe a few coupling concepts that will put the results in of the previous
subsection in the proper context. For more details and applications we refer to [116, 169].

Definition 4.3.9. Let X be a Polish space space with Borel algebra B.

(i) A coupling of a family (u;);cr of Borel probability measures on X is a probability
measure /i on (X!, B) such that



4.3. Asymptotic behavior 409

where [1; is the i-th marginal of [, i.e., fz; is the pushfoward of i under the natural
projection

T . XI — X, (.%Z')Z'g[ = I;.
We will use the notation i € Couple (,uz-, 1el ) to indicate that 1 is a coupling of
the family (p)ier

(ii) A coupling of a family X-valued random variables (X;);cs, defined on possibly dif-
ferent probability spaces, is a family of X-valued random variables (X;);cs, defined
on the same probability space,

X;: (0,8,P) = (X,B), icl,
such that P¢ = Px;, Vi € I.

Let A C X2 be the diagonal
A= {(330,331) S XQ; o = T1 }

The set A is a closed subset of X? and thus it is Borel measurable. Since X2 is a Polish space
we have (see Exercise 1.5)
Bx2 = Bx ® Bx
so A is also BE?-measurable. In particular X? = X2\ A is also BE*-measurable.
The next result explains the relevance of couplings in estimating the variation distance
between two measures.

Proposition 4.3.10. Let X be a Polish and p,v two Borel probability measures on X. Set
X7 = { (w0, 21) € X wo # w1 }.

Then,
dy(p,v) < )\[Xi], VA € Couple(p, v). (4.3.10)

Proof. For any B € B we have
X2>BxB°=BxX\BxB
SO
A[X2] > A[BxX] - A[Bx B]
>A[BxX]-A[XxB]=pu[B]-v[B].
Hence

A[X:] 2 sup ([ B] —v[B]) = du(p.v).
d

Remark 4.3.11. The inequality (4.3.10) is optimal. When pu, v are absolutely continuous
with respect to a Borel measure 8 on X we can explicitly describe a coupling A so that we
have equality in (4.3.10). We call such a coupling optimal.

More precisely, if we set

pldx| =p(x)B[dz], v]dz]=q(z)3]dz].
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we define
A, B [ dzodzy ] = p(xq, :El)B@Q [ dzodzy ]
where
p(zo) A gq(z0), Ty = X1,
P(20,21) = 3 (p(ao) -p(zo)na(@o) ) (ater)—pla)rg(er) )
o (o) , T F T1.

Above, d, is defined by (4.3.6) and we use the convention % = 0. A simple computation
shows that indeed A, , g is an optimal coupling.

Let us observe any two Borel probability measures u, v on X are simultaneously absolutely
continuous with respect to the probability measure g = %(u +v ) Hence for any two Borel
probability measures on X there exists an optimal coupling. O

Remark 4.3.12. Suppose that }A/, Z: (Q, S, IE”) — X define are a coupling of the X-valued

random maps Y, Z. A coupling event is an event whose occurrence guarantees that Y =27
Formally, a coupling event is a measurable set S C 8§ such that Y (w) = Z(w), Vw € S. If we
denote by ® the measurable map

P:0 X2 W) = (Yw),Z(w)),
then S is a coupling event iff S € ®~!(A). This shows that if S is a coupling event, then
S¢D CI>_1(X§), so that
Suppose that the X-valued stochastic processes (X, )nen, and (Yy)nen, couple. Denote by T
the coupling time T'. Define a new process (Zp)nen, by setting

Y,, T >n,
Ly =
Xn, T <n.

Note that for any n the pair (X, Z,) is a coupling of (X,,Y,). The event {T" > n} is a
coupling event and we deduce

do(Xpn,Yn) <P[T >n].

This is precisely the conclusion of Lemma 4.3.6. O

4.4. Electric networks

4.4.1. Reversible Markov chains as electric networks. Suppose that (X,,),>1 is an
irreducible, reversible, locally finite HMC with state space X and transition matrix ). We
recall that local finiteness means that

Vr € X, #{ye.'f; Qx,y#0}<oo.

The reversibility means that there exists a function ¢ : X — (0, 00) such that

C(y)Qy,m = C(x)Qx,y Vr,y € X. (4.4.1)
Note that any positive multiple of ¢ also satisfies (4.4.1). We set

c(z,y) = c(x)Qzy, Yr,y € X.
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The detail balance condition (4.4.1) shows that c(z,y) = ¢(y, x) and c(z,y) # 0 iff Q54 > 0.
Note that
c(z,y)
Quy = PR c(z) = Z c(z,y). (4.4.2)
It is convenient to visualize this Markov chain as a random walk on an undirected graph

with vertex set X and weighted edges. Two vertices x, y are connected by an edge if and only
if Q4 > 0. Since the Markov chain is irreducible, this graph is connected.

y~z

We use the notation x ~ y to indicate that the vertices /nodes z,y are connected by an
edge. We say that two vertices x,y are neighbors if z ~ y. For x € X we denote by N(x)
the set of neighbors of z. If y € N(x), then we weigh the connecting edge with the weight

c(z,y) = c(y, z).
We will assume c(x,z) =0, Vo € X, i.e., the associated graph has no loops.
The Markov chain dynamics has the following equivalent description: if the system is at

the state/ vertex z it will transition to a neighbor y with a probability proportional to the
weight ¢(z,y). The weights { c¢(z) }x cx define a Q-invariant measure p on X

pe[S] =" cls). (4.4.3)

ses

Formally, an electric network is a triplet (X, E, ¢), where (X, E) is a locally finite, con-
nected, unoriented graph and ¢ : X x X — [0,00). The set of vertices X is assumed to
be at most countable. We regard the set of edges F as a symmetric subset of X x X, i.e.,
(z,y) € E<=(y,x) € E. We assume there are no loops, i.e., V(z,y) € E, x # y. We will
frequently use the notation x ~ y to indicate that (x,y) € E.

The function ¢ : X x X — [0, 00) satisfies
o ¢(z,y) > 0= (x,y) € E.
o ¢(z,y) =c(y,x), V(z,y) € E.
We have seen that a reversible Markov chain determines an electric network.

Conversely, an electric network (X, E, ¢) determines a reversible Markov chain with state
space X and transition matrix @ : X x X — [0, 1]

mey:c@(w)/), @)= Y clzy)
ar yEN(x)

An electric network corresponds to a real electric network in which an edge between two
nodes x,y corresponds to a resistor between these two nodes with resistance

1
c(z,y)

r(z,y) =
The quantity c(z,y) is called conductance.

4.4.2. Sources, currents and chains. The connection between electric networks and the
dynamics associated Markov chain is through the classical physical laws of Kirchhoff and
Ohm. As shown in the pioneering work of Nash-Williams [131], this point of view can shed
remarkable insight into the behavior of the Markov chains. In the remainder of this section
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we will highlight some of this fruitful interplay between probability and physics. For more
about this we refer to [54, 80, 119, 159] which served our sources of inspiration.

First, a matter of notation. For every pair of elements s, s’ of a set S we denote by d5 ¢
the Kronecker symbol
1, s=4¢,
53,5’ = ’
0, s#5s'.

As observed by R. Bott and by H. Weyl, see e.g. [18], the physical laws of electric networks
have simple geometric interpretations, best expressed in the language of Hodge theory.

The main objects in Hodge theory are the chain/cochain complexes. To define them we
need to make some some choices.

Consider a locally finite graph (X, E). An orientation of the graph is a subset £y C F
such that for any edge (x,y) € E either (z,y) € E; or (y,z) € E4, but not both.

One can obtain such an FE; by assigning orientations (arrows) along the edges. Define
E, as the collection of positively oriented edges. More precisely (x,y) € E, if and only if
the arrow of the oriented edge goes from x to y.

The vector space of 0-chains, denoted by Cqpt, consists of formal sums of the type
ji=Y i@z, j(z) R, VoeX
zeX

Equivalently, Cepr = R*, In physics a 0-chain is known as a source (of current) and j(x) = 0
for all but finitely many =x.

The vector space C] of 1-chains consists of skew-symmetric functions
i:E—>R, (z,y)—i(x,y).
For any (z,y) € E, define [z] ® [y] : E — R by setting

1, €= (l‘, y)
[zl © [y](e) =4 -1, e=(y,z),
0 otherwise.

If we fix an orientation F, we will identify an oriented edge e = (z,y) € E with the current
[z] ® [y] and we write i := [2] ® [y].
Once we fix an orientation E; we can describe each current as a formal sum of the type

i= Y ieyblok=5 Y iklobl

(zy)€EL (z,y)eE

where E is an orientation of the edges. In physics, 1-chains are knowns as currents.

One should think of [z]®[y] as representing the edge (z,y) oriented from x to y. A current
can then visualized as an assignment of arrows and weights on edges with the understanding
that we get the same current if we reverse any of the arrows and change its weight to the
opposite.

A 0-chain j is called compactly supported if j(z) = 0 for all but finitely many x. Similarly,
a 1-chain ¢ is compactly supported if i(z,y) = 0 for all but finitely many edges (z,y) € E. For
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k = 0,1 we denote by Cgpt the space of compactly supported k-chains. There are boundary
operators

9:C1— Copty, 0:0P =R
defined as follows.
e If 1 € (1, then
ot = Zw(m)[a:], w(z) = Z i(x,y) = — Z i(y,z), Vo eX.
zeX yEN () yEN ()

In particular, for xg,x1 € X,

Izo] © [21] = [21] — [0].

0j =Y jlx)eR

zeX

o lfje ngtt, then

Let us observe that for any compactly supported current i we have 0?4 = 0. Indeed
=2 2 ey = ) ixy=0
ze€X yeN(z) (z,y)eE

since i(x,y) + i(y,x) = 0 whenever x ~ y.

Remark 4.4.1. If X is infinite, then there could exist 1-chains ¢ such that 07 € ng,f yet

0% # 0. 0

The (finite) paths in the graph are special examples of compactly supported 1-chains. By
a path of length n we understand a sequence of neighbors
T, L1y -y Ty Th—1~ Tk, Tp—1F Tk, VE=1,...,n.

The associated 1-chain ¢ = %, 2, ... 4, IS

n
Tzo,21,....w Z Tg— 1

k=1
Note that
g z1,yin = [2n] — [20]-

The path is closed if g = x,, or, equivalently, 0%z, 4,,...z, = 0.

4.4.3. Kirkhoff’s laws and Hodge theory. The actual sources and currents in real elec-
tric network are governed by Kirchhoff’s laws. We refer to [10, Chap.12] for a more detailed
description of the physical aspects. Fix an electrical network (X, E, ¢).

Kirchhoff’s first law states that the source of a (physical) current ¢ € C is the 0-chain
J = —0i. More explicitly, this means that

j@)+ > ile,y) =0, VzeX. (4.4.4)
YEN ()

This is a purely topological condition in the sense that it is independent of the choice of
conductance function.
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The physics/geometry enters the scene through the conductance function. More precisely,
in physics each current 4 in an electric network has finite energy® defined by

Eli] =5 Y rlxyi(z,y)’ (4.4.5)
(z,y)EE
If we fix an orientation F of the edges we obtain the equivalent description
: 2
efi]= X rlaiwa?= Y 10U
(e0)€ B+ wyer. Y

We denote by C7° the space of finite energy 1-chains. The space C7° is endowed with a
(resistor) inner product

(4.4.6)

<i17i2>7“ = Z T(l‘,y)il(iﬁ,y)iz(%,y). (447)
(:E,y)GE'+
Thus, a physical current is an element of C7°.

To formulate Kirkhoff’s second law we need to introduce the concept of cochain. The
cochains are objects dual to chains. The space of 0-cochains (resp. 1-cochains) is the dual
vector space of Cepy (resp. Ch)

C% = C},, = Hom(Cept, R), C' := Cf = Hom(C1,R).

One we can think of a 0-cochain as a function u : X — R. Physicists call such functions
potentials. For each x € X denote by 6% € C the elementary 0-cochain defined by

0" ([y]) = Oz, Yy X.

u = Z u(x)o”.

reX
For each (z,y) € E denote by dx ® dy : E — R the elementary 1-cochain defined by

L (@) =(z,9),
de®dy(',y') = -1, («.y) = (y,),
0, otherwise.

A 0-cochain is then a formal sum

A 1-cochain should be viewed as a formal sum
1
v="> wv(z,y)deody = 5 > v(@y)dz o dy, viz,y) = —v(y, ).
(a:vy)eEJr (m,y)EE

More concretely, we identify a 1-cochain with a skew-symmetric function on v : £ — R. In
physics such a function is called voltage and it is measured in Volts.

We define the “integral” of a 1-cochain v along a path

Y=, L1y 5T,
to be the real number
n
[vi= > vtanr,m).
v k=1

3The physical units of the expression in (4.4.6) are indeed the units for energy, Joules.
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There exists a coboundary operator d : CY — C' that associates to each function u : ¥ — R
its “differential”

du = Z (u(y) — u(z))dz ® dy (4.4.8)
(zy)eb+
A 1-cochain v is called ezact if it is the differential of a 0-cochain.

The following fact is left to the reader as an exercise.
Lemma 4.4.2. A 1-cochain v is exact if and only if its integral along any closed path is 0.

FEquivalently, this means that the integral along a path depends only on the endpoints of the
path. O

The energy of a 1-cochain
v = Z v(z,y)dx ® dy
(z,y)EEY
is

1
E‘C[U] = Z C(IE,y)'U(I’,y)Q = 5 Z C(l’,y)U(l’,y)Q.
(zy)ely (z,y)EE

We denote by CL the space of finite energy 1-cochains. It is a Hilbert space with (conduc-
tance) inner product

(v1,v9)¢ = Z c(z, y)vr(z, y)va(z,y). (4.4.9)
(zy)eEL

Hence
&lv] = (v,v)e.

We have a “resistor” duality map R : C° — Ct, C 3 4 — Ri = i*,

R D imyklob | = Y r@yi(ry)de o dy.

(z,y)EE+ (m,y)€E+
Note that since r(z,y) = ﬁ we have
E[Ri]= D> cayr(y’ilzy)’= > ryilzy)’=2¢E[i],
($7y)€E+ (mvy)€E+

so that R induces a (bijective) isometry of Hilbert space Cf° — CL. In fact CL, can be
identified with the topological dual of CT° with the induced inner product and norm. For
this reason we will refer to Ri as the dual of ¢« and, when no confusion is possible, we will
write ¢° := R(4).

Ohm’s law states that for any current ¢ in an electric network there is a difference of
potential /voltage u(z,y) between any two neighbors x ~ y related to i(x,y) via the equality

u(z,y) = r(z,y)i(z,y). (4.4.10)

In other words, the collection of voltages associated to the current ¢ is the dual 1-cochain Rz
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Kirchhoff’s second law states that a finite energy currents ¢ generated by a source —j = 01
has a special property: the dual 1-chain of voltages is exact. In other words, there exists a
function v : X — R such that du = —i* = —R4, i.e.,

c(@,y)(u(y) —u(x)) = ) (uly) —u(2)) =i(z,y), V(z,y) € By

Note that
Ec[du] := (du,du). = (i,2), = & [1] < oc. (4.4.11)
Definition 4.4.3. A Kirkhoff currrent is a finite energy current ¢ such that its dual i* = R

is exact. A function u € Cepy such that 4" = —du is called a potential of the Kirchhoff current.
O

Suppose © is a Kirckhoff current and w is a potential of 2. If the graph is connected, then
any other potential of ¢ differs from « by an additive constant. The source j = —0% of 7 can
be described explicitly in terms of a potential v of 4. The equality ¢ = —j reads

S el y)(uly) - ulx) = ~je), Vo€ X,
yEN ()

Since c(z,y) = ¢(x)Qy,y we deduce

Z Qz,y(u(y) _U(l‘)) = —7]'(113), Vx € X.

yEN ()
Equivalently, this means that
b
c(x)
where A = 1—Q is the Laplacian of the HMC with transition matrix ; see Definition 4.2.47.

Denote by C% space of finite energy 0-chains, i.e., 0-chains u satisfying

2 c(x)u(z)?.

Au(z) = j(x), Vo e X, (4.4.12)

This defines an inner product on CY,

(ur,ug)e = Y c(@)ur(z)us(z). (4.4.13)

reX
As such, C%, can be identified with the Hilbert space L?(X, u.) where p, is the Q-invariant
measure on X determined by the detailed balance equations; see (4.4.3).

We denote by Cgpt the spaces of functions v : X — R vanishing outside a finite set. Let us
observe that if oy, g are k-cochains and at least one of them is compactly supported, then
we can define (v, a2). using the same expressions (4.4.9), (4.4.13) as above.

Proposition 4.4.4 (Discrete integration by parts). For any u € C° and any v € C’gpt we
have

(Au,v)e = (du, dv). = (u, Av),. (4.4.14)
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Proof. We have
(Au,v), = Z c(x)Au(z)v(zx)

zeX

=D | D el@)Quy(ulz) —uly)) | vix) = Y elz,y)(ulz) - uly) )o(@)

zeX \yeY z,yeX
= > cwy)(u@) —u@)v@) + D el y)(ul@) - uly) )v(z)
(z.y)EEL (y,x)eE4

(change variables x <+ y in the second sum)

= Y clay)(ul@) —uly))v@) + D elzy)(u(y) —uz) )v(y)

(zy)€EL (z,y)€EY

= Y czy)(u@) —uy))(v(@) - o(y)) = (du,dv)..
(x7y)eE+
The same argument, with the roles of u and v reversed show that

(du, dv). = (u, Av),.

The above expressions are well defined since both dv and Av are compactly supported because
the graph is locally finite. O

Here is a simple consequence. We say that a set S C X is cofinite if X\ S is finite.

Corollary 4.4.5. Suppose that S is a nonempty cofinite set and u € X is a solution of the
boundary value problem

Au(z) =0, Ve e X\ S, u(s) =0, VseS.
Then u(x) =0, Vz € X.

Proof. We have 0 = (Au, u). = (du, du).. Hence du = 0 and since X is connected, we deduce
that u is constant. Since S # ), we deduce that u is identically zero. O

4.4.4. A probabilistic perspective on Kirchoff laws. Denote by (X,,),>0 the random
walk on the weighted graph defined by the electric network (X, E, ¢)

Let S C X be a nonempty subset. Recall that we denote by Hg, respectively Tg, the
hitting and respectively return time to S. Fix a bounded function ¢ : S — R and define
u=uy: X =R, u(@)=E;[0(Xng)]

Conditioning on neighbors we deduce wu is harmonic on X\ S and u = ¢ on S. Corollary 4.4.5
shows that if S is cofinite, then w is the unique function on X that is harmonic on X\ S and
equal to ¢ on S.

Let us investigate a special case of this construction. Consider a cofinite set S_ and
ry €X\S-. Set S:={r JUS_. If p=1Ig y:S — R, then the computation in Example
4.2.48 shows that u,, is

u(z) = Uy, s (2) =Py [Hs = H,, | =P, [H, < Hs_]. (4.4.15)
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Thus u(x) is the probability that the random walk started at x reaches x before S_. Clearly
this function has finite energy since it has compact support. To this function we associate a
current ¢ defined by Rt = —du. More precisely

i= Y clo.y)(u) - u(e))le] © o]
(zy)

and its source is
. ) ) (4.4.12)
J=Js.5 ' X=R, j@) =" c(x)Au(z).

The current ¢ has compact support contained in the finite set of edges with one end in the
finite set X\ S_. Hence 6% = 0 so

0=> j(@) =) cl@)Au(). (4.4.16)

rzeX rzeX
The energy of u is
(du,du)e = (u, Au), = Z c(x)u(x)Au(x)
X (4.4.17)
= c(zi)u(zy)Au(zy) = u(x4)j(z4).

Now observe that u(z;) = 1 so that

Au(zy)=1-— Z Qz, zu(z)

TEN (z4)
=1- Z Qm+,zP$[HS,>Hz+]:Pz+[Tm+>H57].
zEN(z+)
Hence
(4.4.17) .
Foldul © = elm ) Au(r) = o 5, ) (4.4.18)

= c(x4)Py, [To, > Hg_ | =: K(z4,5-).

The quantity x(z,S_) is called the effective conductance from x4 to S_. Its inverse is called
effective resistance between x4 and S_ and it is denoted by Zeg (x4, S—). Thus

1

Fe ,9_) = .
@+, 5-) o(z4 )Py, [Te, > Hs_]
We set
_ 1 1
— = —_— T g 71@13 HIE H - .
4= TS H(.Z'_;’_,S_)u 5 H(x-i-vs—) [ + <48 ]

This is the potential of the compactly supported Kirchhoff current zx +,5_ such that

Riz, 5 = dis, 5|, (4.4.19)

with source
- - 1 . C(l’)
= = = Au(x), 4.4.20
.7 J:E+,57 K(x+7s_).7:v+,s+ C($+)Px+ [Tx_'_ > HS_] ( ) ( )

where wu is defined in (4.4.15), u(z) = P, [H:C+ < Hg ] Note that

jx+75'7 (LU+) = 1
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Its energy is

B, s - w&c[duu,g] - W:S_) s (24). (4.4.21)
Since
Uy, 5 (x) = Px[Hs_ < TIJJ <l=wu; s (x4), Vx e X,
we deduce

0<tu,s ()<t s (x4)=FE, s, VreX. (4.4.22)
Let us observe that if X is finite and S_ = {z_}, then the equality (4.4.16) shows that
0= Zj:v+,:v, (.CL‘) :jaur(x-i-) +jm, (.1‘_)
reX
and thus
= ( ) +1, z=uxy,
xr) =
oo 0, T # rL.
Definition 4.4.6. A flow from x4 to S_ on the electric network is a finite energy current 4

such that d¢é = —j,, ¢ . The source j,, g defined in (4.4.20) is called the unit dipole with
source x4+ and sink S_. O

A flow from x4 to S_ satisfies the second Kirchhoff law if and only if it has finite energy
and ¥ is the differential of a function u : X — R. We will refer to such flows as Kirchhoff
flows.

Lemma 4.4.7. Suppose that © is a compactly supported current such that 0t = 0. Then for
any u: X — R we have (¢*,du). = 0.
Proof. We have

Z i(r,y) =0, Vo e X.
yEN (z)

We recall that i(x,y) = —i(y, z), V(z,y) € E. We have
(@ duye = > r(w,y)e(,y)ile,y) (uly) —ul@))

(z.y)EEL

= > iz (uly) —u@) =2 > ilz,y)(u(y) - ulz))

(z,y)EE+ (z,y)EE

==2> u@) | Y dizy) | +2) u@) | D iy | =o.

TzeX yEN(z) yeX €N (y)
All the above sums involve only finitely many terms since ¢ is compactly supported. O

Theorem 4.4.8. Suppose S_ is cofinite and x4 € X\ S_. Then the following hold.

(i) The current g := 133;%57 defined by (4.4.19) is the unique compactly supported
Kurchhoff current with source the dipole 3o = j,. s . In particular it is a Kirchhoff
flow from x4 to S_
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(i) The woltage function u = u,, s_ that determines ig is the unique solution of the
boundary value problem

Av(z) =0, Vo e X\ (S-U{z4})

1 _
ooy { T (4.4.23)
0, xesS—.
(iii) The energy of iy is
1

elio] = EBuy s =ty s (v4) = =Kot (4,5-).

c(z4)Po, [T06+ > Hg_ ]
(iv) If 41 is another compactly supported flow from x4 to S_, then

elin] > €l 5 .

Proof. (i) Set ug :=u,, s . Recall that ug has compact support. Suppose that #; is another
compactly supported Kirchhoff flow from z; to S_. Then there exists a function u; : X - R
such that ¢] = du;. We deduce from (4.4.12) that the functions ug, k = 0,1 are solutions of
the same equation

Aug(x) = C(lx)jo(ac), Vo € X.
If we write u = u; — ug, then Au =0 on X. The function u may not have compact support,
but du does. We have

(du,du)e =5 Y elz,y)(ul(z) —uly)) (u(@) —u(y))

(z,y)EE

N —

S eloy) (ule) ~uly)Jula) — 5 D elwy)(ulz) — uly) July)

(z,y)EE (z,y)€EE

Sule) Y elry)ule) —ulw)) +5 S ul) Y el o)(uly) - u())
reX

yEN () yeX zEN(y)

N | =

N | —

=c(x) Au(z)=0 =c(y)Au(y)=0
=0.
Hence du = 0 so that 29 = 1.

(ii) If vy, v9 are two compactly supported solutions of (4.4.23), then the argument above
shows that (dv,dv). = 0 and, since v is compactly supported, we deduce that v = 0.

The equality (iii) follows from (4.4.21)
(iv) Set @ =41 — 9. Then
E[ir] = €[i+i1] = (85, 88)c + 2035, i )c + (5%,4%)c
———
>0
(% = du)
> &[] + 2(du,i")..

Lemma 4.4.7 shows that (du,4"). = 0 since % has compact support and 97 = 0. O
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Remark 4.4.9. (a) Part (iv) of the theorem is known as the Thompson or Dirichlet Principle.
It classically states that the Kirchoff flow is the least energy compactly supported flow sourced
by the dipole g, ¢ . Observe that the energy of the Kirchhoff flow carries information about
the dynamics of the Markov chain associated to the electric network.

(b) The Kirchhoff flow from x to S_ is the unique compactly supported current ¢ such that
[ ] 82(.1‘+) = —1.
e There exists a function u : X — R, identically zero on S_, such that ¢* = du.

O

4.4.5. Degenerations. To proceed further we perform a reduction to a finite network. We
set