WIENER CHAOS AND LIMIT THEOREMS

LIVIU I. NICOLAESCU

ABSTRACT. I survey the concepts of Gaussian Hilbert spaces, their chaos decomposition and the ac-
companying Malliavin calculus. I then describe how these ingredients fit in the recent central limit

theorems of Nourdin and Peccati [26] in the Wiener chaos context.
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NOTATION

o We set

N::{nEZ; n>0}, Ny := {nGZ; n20}.
e If V is areal vector space, we denote by £ (V') the space of linear operators V' — V.
e 14 denotes the characteristic function of a subset A of a set S,

1, ac€ A,

14:5—{0,1}, 14(a) {07 ac S\ A

e Fork € NgU{oo} and n € N we denote by CF(R™) the space of C*-functions with bounded
derivatives of order < k .

e We will write N ~ N(m,v) to indicate that N is a normal random variable with mean m
and variance v.

e If C is a symmetric, nonnegative definite m x m matrix, we write N ~ N(0, C) to indicate
that N is an R"-valued Gaussian random vector with mean 0 and covariance form C'

e If f: R™ — R is a twice differentiable function, then we denote by Hess( f) its Hessian.

INTRODUCTION

A few years ago I learned about central limit results of the type Breuer and Major [4] pioneered
in the early 80s and I had the distinct feeling that such results would be helpful in my search of a
CLT concerning the distribution of critical points of random functions. The work of Kratz and Léon
[15, 16] convinced me that my initial suspicion had merits. I started these notes with the goal of
learning Major’s techniques and the subsequent developments.

The common set-up of the Breuer-Major type theorems is that of a Gaussian Hilbert space so the
first part of these notes is devoted to this concept. I was greatly influenced by S. Janson’s elegant and
comprehensive book on this subject [12] and by Major’s notes [19]. For a novice in probability such
as myself, Major’s book was extremely helpful since it discusses the type of Gaussian Hilbert spaces
canonically associated to a random function on R"”, and it offers a lot of intuition about the Wiener
chaos decomposition of L2, nonlinear functionals on Gaussian Hilbert spaces.

Part 1 of these notes discusses several important facts about such spaces, and in particular, it
introduces the concept of multiple Ito integral and Wiener chaos decomposition. The diagram formula
plays an important role in this story. I found Janson’s approach in [12] the easiest to digest and it is
the one I have included in Part 1.

While I was learning this subject, and coping with many other academic duties, I did not pay close
attention to things that had developed or were developing in this area. I am talking here about the
new approach to central limit theorems being developed by 1. Nourdin, G. Peccati and others' based
on a very elegant and convenient marriage between Malliavin calculus and the Stein method. The
recent paper of Estrade and Léon [10] was a wake-up call. Luck would have it, Nourdin and Peccati
published their excellent monograph [26] which made my learning job easier, dramatically changed
my thinking and the way I thought about the organization of the paper.

Part 2 is devoted to Malliavin calculus. I follow [26] rather closely, though in some parts I followed
points of view in Bogachev [3] and Janson [12] that looked more appealing to me. I have to say
that Malliavin’s magnum opus [20] has had a great influence on me. I found his monograph very
difficult to penetrate due to its terseness and somewhat confusing notation. My struggle with [20]
had a nontrivial impact though. Malliavin’s elegance and concision are hard to match. Many of his
approaches and points of view are very versatile and I have subconsciously adopted them.

I apologize in advance to anyone whom I have omitted.
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Part 3, is the reward for the theoretical foundations in the first two parts. Here I followed unashamedly
Nourdin and Peccati, [26]. In Section 11 I discuss the basics of Stein’s method method, while in Sec-
tion 12 I describe how to blend the Malliavin calculus in Part 2 with the Stein method to produce the
key central limit result, Theorem 12.15.

I make no claim of originality. These notes will certainly reflect the fact that my mathematical
background is not that of a probabilist, but I hope they will convey my recent found fascination
with the probabilistic thinking. These notes represent no substitute for the references from which
they draw their inspiration, but may perhaps ease the way of a beginner such as myself into a more
profound investigation. I worked on-off for two years on these notes. Typos and naiveté aside, I am
overall pleased on how these notes turned out and I am posting them with the hope that somebody
else will benefit from this effort. (I will update them, fix typos or clumsy explanations, enhance some
arguments that do not seem as clear in hindsight.)

As I mentioned earlier, the motivation for learning these techniques came from my investigations
of critical points of random functions. This learning process had an immediate payoff for me. In
the span of two months I was able to solve some problems that resisted my efforts for several years,
[23, 24]. That is a most enthusiastic endorsement of the power of the results in [26]!

PART 1. GAUSSIAN HILBERT SPACES AND CHAOS DECOMPOSITIONS
1. FINITE DIMENSIONAL GAUSSIAN MEASURES

1.1. Gaussian measures and random vectors. Denote by -+, the standard Gaussian measure on R
given by

12
e zdx.

1
dx) =
71 ( ) \/ﬂ
For any v > 0 and p € R we denote by -, , the probability measure on R given by
1 (z—

- 2”)2d >0
Youlda) = § o€ T
O v =20,

where ¢, denotes the Dirac measure supported at . When 1 = 0, we use the simpler notation
Yv = Yuu=0- The probability measure =, , is called the Gaussian measure on R with mean v and
variance v. A real valued random variable X is called Gaussian if its probability distribution Px is a
Gaussian measure v, x) ,(x) i.¢., for any Borel set B C R

PIX € B] = v,(x),ux)(B)-

The quantities p(X') and v(X') are respectively the mean and the variance of X. The Gaussian random
variable is called centered if its mean is zero.

Remark 1.1. The above definition has one @sthetical flaw: it is “coordinate dependent”. One can de-
fine the concept of Gaussian random variable without explicitly describing its probability distribution.
More precisely an integrable random variable X is a mean zero Gaussian random variable if given
two independent random variables Y, Z with the same distribution as X, then, for any 6 € [0, 2],
the random variable (cos #)Y + (sin 6)Z has the same distribution as X . For a proof we refer to [35,
Sec. 2.2.1]. O

For t > 0 we denote by R; the rescaling map R — R given by R;(x) = tx. Then

Yo = (:R\/T))#FYD
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where (R;)4 denotes the pushforward operation on measures induced by the map R;. For 4 € R we
denote by T, the translation R — R given by T,(x) = p + «. Then

Yo = (Tu)#’h = (TN)#(‘{R\/E)#’YT

Given a sequence (vg, ) € R>o X R, the sequence of Gaussian measures (7y,, ,, ) converges weakly
if and only if the sequence (vy, p1;) converges to some (v, 41) as k — oo. If this happens, then

Yop e = You 8 k — oo.

where “=-" denotes the weak convergence of probability measures.
The Fourier transform of the measure -,, , is the function fAym u o R — C given by

Yo u(&) = / 0y, (dar) = W31 = T (1.1)
R

Example 1.2. Suppose that X is a real valued, centered Gaussian random variable with variance v
defined on the probability space (€2, F,P). Then,

vt2

E[eX] =e7. (1.2)
Indeed,

_ 12 —2vtz+v2t2

E[etX T/ W) gy — =T a2y

1
R
2mv JR
2
_ €tv /2 _(c—;;t)Qd _ t’U2/2
\/T e t=ce .
™ JRr

In particular, we deduce that

e e LP(Q,F,P), Vpel,o00), (1.3)

0 n =1 mod 2
E[x"]={"" 1.4
(X" {vk1-3---(2k—1), n = 2k. (19
O

Suppose that X is a finite dimensional real vector space. Denote by B x the o-algebra of the Borel
subsets of X. A Gaussian measure on X is a Borel probability measure v on X such that, for any
¢ € XV := Hom(X,R), the pushforward 4~ is a Gaussian measure Yo(e),u(e) on R with mean
w1(€) and variance v(§). More precisely

u(€) = Ble = [ e@ptdn), o©) = [ (¢(e) = n(©) (da).
X b'e
The linearity of the expectation of a random variable implies that the map
XY 3& - p(€)

is linear, and thus defines a point p1 = p1~ € V called the mean or barycenter of .
Equivalently, after fixing a norm on X, we can define ji as the Bochner integral

1= [ av(da),

The map
X3¢ v(é)eR
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is a nonnegative definite quadratic form and thus defines a symmetric, nonnegative definite bilinear
form
C=0Cy: X" x XY >R,
called the covariance form of . The Gaussian measure - is called centered if y1 = 0.
The Fourier transform of - is the function 4 : X — C given by

3(6) =E[ €] = / 6 (d) = HEm) 3O (EE)
X

An X -valued random variable is called Gaussian if its probability distribution is a Gaussian measure
on X.

Observe that if (,,) is a sequence of Gaussian measures on X with barycenters fi,,, covariance
forms C,,, and converging weakly to a probability measure ~y, then for any ¢ € X" the Gaussian
measures {47, on R converge weakly to {x~. Hence, {47y is a Gaussian measure for any linear
functional £ : X — R. Thus, the limiting measure -y is also Gaussian. Moreover

fy = li7rln P, , Cy = li7ILn Cy, -

If Y is another finite dimensional real vector space, A : X — Y is a linear map and =y is a Gaussian
measure on X, then the pushforward A~ is a Gaussian measure on Y with mean

IU’A#’Y = AM’Y?

and covariance form C4,~ described by

Cayy (1, m2) = Co (A1, AVma), Yi,me €YY,
where AY : YV — XV is the dual or transpose of A : X — Y.

Remark 1.3. If the vector space X is equipped with a Euclidean inner product (—, —), and ~ is a
centered Gaussian measure on X with covariance form C, then we can identify X" with X and the
resulting symmetric bilinear form C' with a nonnegative symmetric operator S : X — X,
C(.%‘l,m'z) = (Sa:l,wg), Vai,z9 € X.
We will denote by I's this Gaussian measure.
If S happens to be invertible, then the measure I'g admits the more explicit description
1

1 —1
To(dr) = —— e 357 1) g O
s(da) vdet 27 S

In general, if -« is a centered Gaussian measure on the n-dimension real vector space and
C:X"xXY—=R

is its covariance form, then we can choose a basis £1, .. ., &, of XV that diagonalizes C, i.e.,
0, i F ]
E|&E | = .
[&"L&]] {/U’i c {0’1}’ ’L:]

The basis {&1,...,&,} of XY determines a dual basis {e1, ..., e,} of X, the forms & are then the
coordinates on X determined by the basis {ej,...,e,} and -y can be identified with the product
measure on R”

Y(d€) = Q) Vo (dér).- (1.5)
k=1

O
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Definition 1.4. A Gaussian random field parametrized by the set S is a family (X;)ses of real
valued random variables defined on the same probability space (€2, F,P) such that, for any finite
subset ' C S the Rf-valued random vector

Q5w (XS(W))seF e RF

is Gaussian. The random field is called finite, if the set S is finite, and centered, if all the random
variables X, s € S, are centered. O

Remark 1.5. Suppose that (X})1<x<p, is a centered Gaussian random field such that
E[X;X;] =0, Vi#j.

The discussion in Remark 1.3, especially (1.5), shows that the random variables (X})i<i<, are
independent. In other words, in the Gaussian world, uncorrelated random variables are independent.O]

1.2. Wick’s formula. Suppose we are given a centered, finite Gaussian random field, (Xj)1<x<n-

A Feynman diagram on these random variables is a graph I with n vertices labeled X1, ..., X,
such that any vertex is connected to at most one other vertex. In other words, a Feynman diagram
is a partial matching of the random variables X}. The weight w(e) of an edge e = [X;, X;] of a
Feynman diagram is the correlation w(e) := E[X;X}].

If I' is a Feynman diagram, we denote by &(I") the set of edges of I, and by J(I") the set of isolated
vertices. The number of edges of a Feynman diagram I' is called the rank of the diagram and it is
denoted by r(T").

A Feynman diagram is called complete if it has no isolated vertices, i.e., each vertex is connected
with exactly one other vertex. The weight of a Feynman diagram I is the random variable

w@) = J] we)| [] X

ecé(T) keI(I)
When the diagram is complete, its weight is the real number
w@) = ] wle),
ec(I)
where €(I") denotes the set of edges of T".
Lemma 1.6. Denote by d,,(r) the number of Feynman diagram of rank r with n vertices.

n n!

dn(r) = <n " 27) (r =l = g

Proof. Let us first observe that

(1.6)

i) = (, ", )

dQT(T) == (27’ - 1)d2r,2(7" - 1)

Indeed, in a complete Feynman diagram with 2r vertices the vertex labelled 1 is connected with a
unique other vertex. Therefore there are (2r — 1) way of producing an edge that has vertex 1 as one
of his edges. After removing this edge we are left with a complete Feyman diagram with (2r — 2)
edges. O

Next observe that
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We have Wick’s formula

E[ X1 Xn] =) w(@)] (1.7)
r
where the summation is carried over all the complete Feynman diagrams on the variables X7, ..., X,,.

Note that if n is odd, then the sum in the right-hand-side of (1.7) is trivial.
To prove (1.7) we first observe that

1 on
1 B ar n=mta=oEL(

Next, we observe that t1 X7 + - - - + ¢, X,, is a centered Gaussian variable with variance

v(ty, ...ty ZIEXX ttj—ZE 23+ 2 EIX X, tit

,5=1 i<y
If we let n = 2k, we deduce from (1.4) that

E[Xan]: thl—l--“—l—tan)n].

2k k
E[(t1X1+...+t2kX2k)2k] (2k—1 (ZEXX]tt) .
i,7=1

so that

k k
k-1 o &
EX1 - Xaw] = 8t1~--8t2k‘t1=“'=t2k=0 leE[Xin]titj

1,]=

(2’%! Zw => w(l).

T

2. GAUSSIAN HILBERT SPACES AND THEIR FOCK SPACES

Definition 2.1. A Gaussian linear space is a vector space 2 of real random variables defined on the
same probability space (€2, F,P) such that any random variable X € 2 is centered Gaussian. If the
vector space 2" is closed in L?(Q, F, P), then we say that 2" is a Gaussian Hilbert space. 0

Example 2.2. If X is a finite dimensional real vector space equipped with a centered Gaussian
measure, then its dual XV is canonically a Gaussian Hilbert space. O

Example 2.3 (The Main Example). Suppose that (X;)er is a centered Gaussian random field pa-
rameterized by the set 7. Thus, there exists a probability space (€2, F,P) and a map

X:TxQ=R, TxQ3(tw) — Xi(w) ER

with the following properties.

(i) For any t € T, the map X; : {2 — R is measurable.
(ii) For any n € N and any ¢y, ...,t, € T the random vector (X;, )1<k<n € R™ is centered
Gaussian.

The closed subspace 2~ C L?(£2, F,P) generated by the collection (X;)sc7 is called the Gaussian
Hilbert space associated to the random field (Xy)ier. We can then view the random field as a map

To>t— X, € 2.
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The space R” of functions T — R is equipped with a natural o-algebra, namely the smallest o-
algebra such that all the natural projection m; : R — R are measurable. For every w € ) we denote
by X (w) the function 7" — R given by ¢ — X;(w). The resulting map

Q5w X(w) eRT

a probability measure on the space of functions R”". Thus, we can view a random field parametrized
by T as a random function on 7T'.

Conversely, any probability measure 1 on R such that all the projections 7; are measurable, then
we can regard R” as a sample space and the projection 7; as a random function on 7". Additionally,
if for any finite subset S C T the pushforward on R® is a centered Gaussian measure, we get a
tautological Gaussian random field parametrized by 7',

X:TxRT =R, (t,RT) > (t,f) — X;(f) == f(t) €R. O

Definition 2.4. An isonormal Gaussian process is a triplet (H, 2",W) where 2" is a Gaussian
Hilbert space, H is a Hilbert space and W : H — 2 is an isomorphism of Hilbert spaces. The map
W is called the white noise map of the isonormal process. O

Example 2.5. Suppose that H is a separable, real Hilbert space with inner product (—, —)g. A
Gaussian measure on H is a Borel probability measure I' such that, for any h € H, the linear
functional L;, : H — R, L (z) = (h,x), is a centered Gaussian random variable. In particular, the
collection (L, )nep is a Gaussian random field parameterized by H.

We denote by C'(hy, ho) the covariance of Ly, , Lp,,

C(hy,hy) = E[ Ly, Ly, |.

This defines an inner product on H* = Hom(H,R). As explained in [8], there exists a symmetric,
nonnegative trace class operator () such that

C(hl,hg) = (th,hg)H, Vhi,hs € H.

Assume for simplicity that ker () = 0.

To this Gaussian measure we can associate the Gaussian Hilbert space Hy. defined as the closure in
L?(H,T) of the vector space spanned by (Ly,)xcr. Note that we have a continuous map with dense
image

L:H — Hy, hw— Ly. 2.1
The Hilbert space Hy. is canonically isomorphic with H as a Hilbert space. To construct this isomor-
phism consider the dense subspace QY2H.

W:QYPH —» L*(H,T), Q" H>zw W, :=Lg 15,
Clearly the image of W is equal to the image of the map L in (2.1). Observe that
E[WZ1WZ2 ] = (Zl, ZQ)H, V21,29 € Q_l/QH.

This shows that the map W extends by continuity to an isometry W : H — Hp.. This isomorphism
of Hilbert spaces is called the white noise map. Observe that the triplet (H, Hy., W) is an isonormal
Gaussian process.

The subspace QY/2H C H is called the Cameron-Martin space. If we identify H with its topo-
logical dual we observe that H* = H C Hy.. One could think of the elements of H}. as measurable
linear functional H — R.

We fix an orthonormal (e, )xen (complete) basis of H consisting of eigenvectors of @,

Qen = Apen, n €N,
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The collection of linear functionals

1
We, = —=L.,, n€N
is an orthonormal basis of the associated Gaussian Hilbert space Hy.. g

Suppose that 2" C L?(Q, F,P) is a Gaussian Hilbert space. We denote by F the o-subalgebra of
F generated by the collection of random variables X € 2" and we define

2 =120, F,P) C L2(Q,F,P).

For reasons that will become clear a bit later, we will refer to 2 as the Fock space* of 2. To

understand what happens when we pass from a Gaussian Hilbert space 2~ to its Fock space Z we
consider first the simplest possible case, dim 2" = 1.

2.1. Hermite polynomials. Consider the standard Gaussian measure P = v, on {2 = R,
1
xTr) =
71( ) \/ﬂ
As explained in Example 2.2, this tautologically defines a one-dimensional Gaussian Hilbert space
Z1 spanned by the identity function 1. In this case JF is the o-algebra By of the Borel subsets of R
and & = Bg. Moreover, we have

_2?
e 2dx.

LX(Q,F,P) = 27 = LR, m).

We see in this example that the Fock space 3%/”; is much larger than 2Z7. A convenient orthogonal
basis of 27 = L?(R,~,) is given by the Hermite polynomials (H,)n>0, [20, V.1.3].
To define these polynomials we introduce the creation operator 6, : C*(R) — C*°(R),

5uf (@) = —7 0,77 f(a)) = ~0,f(2) + 2f (a). 22)

The creation operator is the formal adjoint with respect to the inner product in L?(R, ~;) of the usual
differential operator 0, , i.e.,

/f )y (dz) /f 529(x)m(dz), Vf,g € C&(R).

Then
H,(x)=461. (2.3)

xT

Equivalently,

O (e~ ) = (“1)" Hy(x)e 5.

Let us observe that the operators 0., d, satisfy the Heisenberg identity

[0z, 0,] =
Using this iteratively we deduce
Oy Hy () =nHp_1(x), Vn €N, (2.4a)
0;0.Hy(x) = nHyp(z), ¥Yn € N. (2.4b)
From the defining equation (2.3) we obtain the recurrence relation
Hyii(x) =0, Hy(z) = —H] (z) + xH,(z), Vn > 0. (2.5)

>The “Fock-space” terminology does not seem to be very used in probabilistic circles, but it is what it is.
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For example,
Ho(z) =1, Hi(z) ==, Hy(z)=2a>—-1, Hy(z) =2’ -3z,
Hy(z) = 2" — 62® +3, Hs(z)=2"—102" + 152, Hg(x) =2° — 152" + 452° — 15.
More generally

5] 5]
— 2 (_1)m n—2m (1_6) : _1\m n—2m
H,(z)=n! E o x = g (—=1)™dp(m)x . (2.6)
m=0

I(n — |
m!(n —2m)! =

Observe that the leading coefficient of H,,(x) is 1. Note that for |x| > 1 we have

n 1 m 1 n
|Hp(z)| < > (:)wm (2> = (2 + |xy> , Vx| <1, (2.7a)

m=0

|H,(z)| < (g) . Yz < 1. (2.7b)

From the equalities (2.3) and (2.4a) we deduce that the collection (H,, ), >0 is orthogonal in L? (R,v,),
/ H,, )y (dz) = dpmnl. (2.8)

Moreover, the collection (H,,),>o spans a dense subspace in L?(R,~;) so that any f € L?(R,~,)
admits a Hermite decomposition

[ = ch n n TL' / f 71(d$)

Let us point out that if g € C°°(IR) has the property that
g(k) € Lg(R771)7 vk Z 07

then we have the following expansion in L?(R,~;)

o) = 37 2, [ Ho(a), 2.9)

n>0
where [E,, denotes the expectation with respect to the probability measure 7y, . If in the above equality
we choose

)\x—ﬁ

g(x) =gr(z) =77,
Then

n n Az 22 n n 22 - (12) .,
gg\)(:n):)\ M7 ]E,yl[gg\)]:)\e 2 /Re’\ v, (dz) =" \".

This proves that
A" /\xfﬁ

Y Hu(x)5 =M 7 = gy(), (2.10)

where the above series converges in LQ(R, 7, ) for any A € C. The estimates (2.7a) and (2.7b) show
that the above series also converges uniformly on the compacts of R x C.
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2.2. Hermite decompositions. Suppose that 2~ C L?(, F,P) is a separable Gaussian Hilbert
space. Fix a complete orthonormal base (X, ),>1 of 2. In particular, we have

E[Xin] = 0;; = the Kronecker 0,

and thus the random variables (X, ),>1 are independent. Additionally, each of the random variables
Xy, is Gaussian with mean zero and variance 1, and the o-algebra o(X;, X»,...) generated by the

collection (X,,) coincides with the o-algebra .
Consider the space RY, equipped with the product measure

N =) i (dzn),

neN

3

defined on the Borel -algebra BY of the space RY equipped with the product topology.
We have a natural map

X:0=RY we (X1(w), Xa(w),. .., ).
Then
F=0(X1,X,...,)=X"YBY
and
X4 (P) =Y.
This yields an isomorphism of Hilbert spaces
2 =L*(Q,F,P) — LARY, 4.

Moreover, a function f : Q — Ris (X1, Xo,...,)-measurable if and only if there exists a BN
meansurable function F : RY — R, such that

f(w) = F(Xl(w),Xg(w), . ..), Yw € Q.

Additionally f € 2 iff F € L2(RN, ).
We can construct an orthonormal basis of LZ(RY, 4)') as follows. For any multi-index

a=(a1,a9,...) € N
such the ay, = 0 for £ sufficiently large, we consider the multi-variable polynomial

H,(z) = H He, (1), == (x1,29,...) € RN,
keN

The collection H, thus obtained is a complete orthogonal basis of L? (]RN , 711\1 ) and (2.8) shows that

o0
| Ha H;(sz,ﬁ) =al:= [ ! (2.11)
k=1

3For a construction of countable products of probability measures we refer to [14, Sec.14.3].
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3. THE WIENER CHAOS DECOMPOSITION

Fix a probability space (2, F,P). Suppose that 2~ C L?(£2, F,P) is a separable Gaussian Hilbert

space. We want to describe a coordinate independent orthogonal decomposition of the Fock space 2~
that is closely related to the coordinate dependent Hermite decomposition described above.

Proposition 3.1. The vector space
spang{& &y nEN, &,...,6 € 2}
is dense in 2 = L3(9, 7, P).
Proof. Fix a complete orthonormal basis X1, Xo,..., X,,... of 2. We will prove that
Pc = spanC{X‘)‘1 e Xem o neNy) ap, ..., an € N }

is dense in :%c = 2 &iZ . We follow the approach in the proof of [12, Thm.2.6].
Denote by ’P(c the closure of P¢ in 3&”@ We will prove prove that
%(c C (.P(C.

Set
V., = span{Xl,Xg, coy Xy }, V= U V.
n>1
The result follows from the following two facts.
A.etX € %zfjtifforanyXG Z.
Proof. Let X € 2. Then
=2
k=0
where the above series converges in L?(€2, F,P). This proves that e*X € 2¢.
B.If Z € 2¢ and E(Ze'X) = 0, VX € V, then Z = 0.
Proof of B. We set
Fn =0(X1,Xo,...,Xp),
so we get a filtration of o-algebras

FCFyC---
such that

F= G F,,. (3.1
n=1

Suppose that Z € 2¢ and E(Ze*X) =0,VX € V. We set

Zn =E[Z|F,].
The definition of conditional expectation implies that

E[Z,eX] =0, VX €V,.
Now observe that since Z,, € LQ(Q, Fn, P) we have
Zn(w) = en( X1(w), ..., Xn(w))
for some ¢ € L?(R"™, v7). We deduce that
E[on(X1,..., Xp)et Xt HinXn ] — 0wy o, € R
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In other words, the Fourier transform of the complex valued measure
n(@1,. .., zn)y1(d21) -y (dy)
is trivial so that ¢,, = 0. Hence Z,, = 0,Vn € N, i.e.,
E[Z|F,] =0, ¥YneN.
Using (3.1), we deduce from Doob’s Martingale Convergence theorem®

Z =E[Z|F] = lim E[Z|F,]=0.
n—o0

For n € Ny we define P,,(:2") to be the closure in Z of the subspace
{p(&,...,{m); m>0, &,....6m €2, pER[TL,...,Tm], degpgn}.

Proposition 3.1 shows that the vector space
P(X) = | Pul(2),

n>0
is dense in 2. Clearly P,_1(2") C Pn(2Z"). We denote by 2" the orthogonal complement of
Prn—1(2) in P, (Z"). We deduce that

2= 2, (3.2)

n>0

where the direct sum in the right-hand-side indicates a Hilbert-complete direct sum, i.e.,
Ee@P 2 e=E= (Enzo, b€ 2™, D |l&nll7e < oo
n>0 n>0

The decomposition (3.2) is called the Wiener chaos decomposition of 2. We will denote by Proj,,
the orthogonal projection 2~ — 2.

Example 3.2. Suppose that 2" is the 1-dimensional Gaussian Hilbert space generated by a standard
Gaussian random variable ¢ with mean 0 and variance 1. In this case

Pu(27) = spang{Hy(£); k <n}.
Since E[H;(§)H(§)] = 0 for j # k, we deduce that
2" = span{H, (&) }.
Moreover, (2.9) implies that, Vn > 0 we have

ey (’;)E{gn—ﬂﬂk(s) s (Z)E[&?ﬂm_ma (3.3)

k=0 j=0
= an/%j_l)”<n>H ©
2 "o n—2;(&)-
In particular,
Proj,, (") = Hn (). (3.4)

This is a very special case of the martingale convergence theorem. However, even this special case is rather nontrivial
because it implies (a form of) Lebesgue’s differentiation theorem. We refer to [34, Cor. 5.2.4] for a proof.
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If 2" is a separable Gaussian Hilbert space and X = (X,,),>1 is a complete orthonormal basis of 2",
then the computations in Example 2.2 show that P,,(.2") is the closure of the subspace of L?(£2, F, P)
spanned by the ’polynomials”

HQ(X) - Ha(X13X27 .. ')a

where o € N} is any multi-index such that || < n, where we recall that

la] :=a1 +ag+ - . 0

From the above example we obtain the following useful consequence.

Corollary 3.3. Suppose that X = (Xj,)i>1 is a complete orthonormal basis of 2. Then the collec-
tion
Ho(X), aeNy, |a|=n,

is an orthogonal basis of 2™ O

4. WICK PRODUCTS AND THE DIAGRAM FORMULA
Fix a probability space (€2, F,P), a separable real Gaussian Hilbert space 2~ C L2(,F,P).
Denote by 2" the Fock space of 2", and consider the Wiener chaos decomposition
F=@
n>0
As usual, we denote by Proj,, the orthogonal projection 2 — 2. We have bilinear maps
L gy grimin)i - grimi e grini g (&,n) — & o0 := Proj,, ., (&n).

Remark 4.1. If X = (X}),>; is a complete orthonormal basis of 2, and «, 5 € Ny are such that
|a] = m, |5| = n, then

Ho(X) @ Hy(X) = Hoy5(X). (4.1)
Indeed
Ho(X) o Hg(X) = Y ey Hy(X).

[v|=m

Now observe that for any multi-index ~y such that |y| = m + n, and v # a + [ the coefficient of
X8 in H.(X) is 0, while the coefficient of X in H,, 5(X) is 1. 0

Definition 4.2. Fix n random variables &1,...,&, € £ and a polynomial P € R[x1,...,x,]| of
degree m. The random variable Proj,, P(&; - - - &,) is called the Wick polynomial associated to P
and it is denoted by : P(§1 -+ &) . O

Theorem 4.3. Let &1, ...,&, € 2. Then

b = Y () Du(D)| (42)

T

where the summation is over all Feynman diagrams with vertices labelled by &1, . . . , &,
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Proof. Denote by L(&1, ..., &) the left-hand-side of (4.2) and by R(&, . . ., &y,) the right-hand side.
Observe that both L and R are symmetric multi-linear forms in the variables 1, . . . , 0, and thus

L(glvagm):R(£177§m)7 vﬁl?aém)<:>L(§a7§) (5)75) V§

m m

Let§ € 2 such that Var [5 ] = 1. Then

L(&...) =2 H, ().
S—_
m
We set I, = {1,...,m}. For any finite set S we denote D.(.S) the set of complete Feynmans

diagram with vertices in S. Then

R(&....e)=>(-1 | S Y |

r>0 SCly, TeD(S
m 2=, (S)
Now observe
d(r)=| >, > |
SCly T'e€D.(S)
#S=2r

where d,, (r) denotes the number of diagrams of rank r on a set of m vertices. Hence

_or (2:6)
R(&.§) =D (1) dm(r)e™™ =" Hun(€) = L( &1 §)-
m r>0 m
g
The equality (4.2) has the following immediate consequence.’
Corollary 4.4. Consider n-random variables &1, . ..,&, € 2 . For any nonnegative integer m we

define
Pr(ry..yxm) = span{fa = a €LYy, ol < m} C Pn(Z).
and we denote by 2™ (&1, ... ,&m) the orthogonal complement of Pp,—1(&1,...,&,) in the space

Prn(&ry- - &n)-
If P € Rlz1,...,xy,) is a real polynomial of degree m, then : P(&1,...,&,) : is equal to the
orthogonal projection of P(&1,...,&,) on 27" (&1, .., &n)- O

Corollary 4.4 and (3.3) imply the following result.
Corollary 4.5. Suppose that &1, ...,&, € 2 is an orthonormal system, i.e.,
E[§i&j] = dij, Vi, J.
Then for any o € Njj we have

D6y = Ho (&1, -0 6n)-

SFor a more direct proof of Corollary 4.4 we refer to [19, Prop. 2.2].
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Proof. Set m := |a/|. Since the random variables &1, . . ., £, are independent, we deduce that

E[Hﬁ(glv"wgn)H’Y(glv”'7§n HE ‘HB] 5] (5])]7 vﬁ77 € ZTZLO

j=1
We deduce from the orthogonality of the Hermite polynomials that the collection

(Hs(1s -2 6n)) 51<m

is an orthogonal basis of P,,, (1, . . ., &, ). In particular, we have a unique linear decomposition
= > egHp(9), (4.3a)
|8]1<m
€% =) cgHg(€) (4.3b)
|B|=m

For any multi-index /3 such that |3| = m, the coefficient of ¢° in the right-hand-side of (4.3a) is cg.
We deduce that c3 = 0 for all § such that || = m and 3 # «. The conclusion of Corollary 4.5 is
now obvious. O

Corollary 4.6. The space
Span{ (: £1§2§Tb :) ; £17"'a§n S %}
is dense in 2™

Proof. Follows from Example 3.2 and Corollary 4.5. O

Theorem 4.7 (Diagram Formula). Consider an array of random variables
={;e2; 1<i<k, 1<j<li}.
Denote by D' (&) the collection of Feynman diagrams compatible with the array
(i,7), 1<i<k, 1<j<¥.
This means that

e its vertices are labeled by the variables &;;, and
® 1o edge connects variables situated on the same row of the array €.

We let D.(€) to denote the sub collection of D'(§) consisting of complete diagrams. For i =
1,...,k we set

Y; := Proj,, Hﬁm s =0+ + .

In other words, Y; is the Wick product of the variables situated on the i-th row. Then

EYi---Yil= > w())} (4.42)
reD(§)

Vi Ve= Y (w@))= Y Pm“), yw(I) | (4.4b)

reD/(€) reD/(¢
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Proof. We follow the approach in [12, Thm. 3.12, 3.15]. Denote by D; the Feynman diagrams with
vertices on the i-th row of the array and by D, (&) the collection of all complete Feynman diagrams
with vertices in the array. Theorem 4.3 implies

Y= 30— u(r),

I',eD;
k

Vi i=]11 Y ()" wm)
1=1 I',eD;

k
— 3 (—1) X (@) [
=1

(I‘l,...,Fk)eD1><~-><Dk
so that
E[Y; - Y] = Z (—1)xi= i rTOR !Hw ]
T1yeey Fk)ED1><~~~><Dk

Given (I'1,...,I'y) € Dy x -+ x Dy we denote by D(T'y, ..., I';) the subcollection of D, () that
contains I'y U - - - U T, as a sub diagram. We deduce from Wick’s formula (1.7) that

k
E[Hw(l“i)]: > w()
=1

'eD(T'y,....Ts)

Hence
E[Yi - Yy = Y w(l’) > (pEer®
1N (Fl,...,Fk)eD1><~~~><Dk
T uU---ur,cr’
=55(1)

Now observe that

Now observe that S;(I'") = 0 if I has edges connecting vertices on the i-th row, and it is = 1
otherwise. Thus

. f1 Tene,
3= {o, I € D(€) \ DY(E).

This proves (4.4a). Denote by L, respectively R the left-hand-side respectively the right-hadn-side of
the equality (4.4b). The (4.4a) which implies that for any random variables

nl,...,nmESpan{&jE%,; 1<i<k, 1§j§€i}

we have
E[LZ) =E[RZ], Z :=(:n1 0 :).
The equality (4.4b) now follows from Corollary 4.4. O
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Example 4.8. Let us apply the diagram formula in the special case when the array (&) consists of two
rows and &;; = &, V(i5), E[¢?] = 1. Assume that £; > {5. Then

Y= HZ'L (5)

and we deduce

C N (e
Hh Hﬁz Z H€1+€2 2r(T (g) ZT!<;><:>HK1+K2—2T(£)'

rebD’/(¢) r=0

More generally, assume the array has two lines, but the variables on the first line are equal to &;, while
the variables on the second line are equal to &, E[¢7] = E[¢2]%. Then, if we set ¢ := E[£1&], we
deduce

l
/ I
Hy (&1)Hy, (&) = Z“(;) <:>CT Projg, 1 e, 2,( fl " 52 ). 4.5)

r=0
If {1 = €5 = ¢, then (4.4a) Implies that

E[ Hy, (&1)He, (&2)] = 0! (2j> (4.6)
O
The equality (4.4b) implies® that for any positive integer n there exists a constant C (n) > 0 such
that for any X € P,,(2") we have
[X]lzs < Cn)[I X[ 2
In particular, this shows that the bilinear map
X x 235 (X,Y) — X oY 1= Proj,, . ,(XY) € 27"
is continuous. Corollary 3.3 now implies that the multiplication e satisfies the associativity property
(Con)el=Ce(ne(), Y€ 2% ne 2™, Ce ™, Vi m,neN. 4.7
Indeed, (4.1) shows that the above equality is true for
&n.¢e{Ha(X); a€ Z>0> la] < oo},

The general case follows from the multi-linearity and continuity of (4.7) in &, n, (. A similar argument
shows that

foen=mnes, V&€ 2, ne 2. (4.8)

We thus obtain a structure of commutative and associative R-algebra on 2" called the Wick algebra
of Z". The product e is called the Wick product. In general, if

fzzgm 77:2777“ §nstin € 27T,

n>0 n>0

then

Eon:=) | D &em

n>0 \ j+k=n

6See [12, Lemma 3.44] for details.
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5. TENSOR PRODUCTS AND THE FOCK SPACE

5.1. Tensor products of separable Hilbert spaces. The tensor product of two Hilbert spaces Hy, Ha
is defined as follows. Construct the algebraic tensor product H; @ H>. The universality property of
the tensor product implies that there exists a unique inner product (—, —) i, gm, of H; ® Ha such
that, for any x;,y; € H;, i = 1,2, we have

(ml ® T2, Y1 ®y2)H1®H2 = (21, y1) 1, - (T2, Y2) ;-

We denote by H;®Hs the completion of H; ® Hjy with respect to the norm defined by the above
inner product. The Hilbert space H;® Ho is called the (analytic) tensor product of the Hilbert spaces
Hy, Hs.
For example if, (M;, M;, u;), i = 1,2, are two measured spaces such that H; = L?(M;, M, u;),
then there exists a unique isomorphism of Hilbert space
Hi®Hy — L*(My x Ma, jiy @ ),
such that

[1® farr (i ® fo: My x My = R), fi® fao(x1,22) = fi(x1)fa(x2).

For details we refer to [31, Thm. I1.10] or the original source [22].

The tensor product of two separable Hilbert spaces Hi, H2 can also be realized as the space of
Hilbert-Schmidt bilinear functionals v : H; X Hs — R. This means that for any complete orthonor-
mal bases (€, )m>1 of Hy and (fy,)n>1 of Hy we have

> fulem, fo)|? < oo.
m,n>1
The tensor product of Hilbert spaces enjoys the usual commutativity and associativity properties
H\®Hy = Hy®Hy, (Hi®H)®H; = H1®(Ho@H3).
Given a Hilbert space H we denote by H®" its algebraic n-th symmetric product, i.e., the subspace
of H®™ consisting of elements fixed by the obvious action of the symmetric group &,,. The closure

of H®™ in H®" is denoted by H ©n and it is called the analytic n-th symmetric power of H.
Note that we have a natural projector Sym : H®" — H®" defined by

1
Sym[z] ® -+ ® xy) = Z To(1) @+ @ To(n), VT1,...,Tn € H.

’ UEGn

For xq,...,x, € H we set
1
21O Oay i=VaISymlz1 ® - @] = —— Y To1) @ @ Ty(n). .1
V!
ceG,
Note that
2" =20 ©x = Vnlz®"
N————

and

227 * = nl]|2*". (5.2)

This is a manifestation of a more general phenomenon.

Lemma 5.1. Ifey, ..., e, is an orthonormal system and oo = (a1, . .., o) € N, then

)7 := flef™ © - @ e | = al = (a1]) - (an!) = [ Hall*. (5.3)
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Proof. Consider the multiset

E::{61,...,61,...,6717---76“}7
~—— ~—

[e%) Qn

Define a permutation 7 of the multiset £ to be a map
m:{1,...,|la]} = {1,...,n}

such that #7 1 (k) = ag, Vk = 1,...,n. (The entries of E equal to e; are moved to occupy the
positions in the set 71 (k).) We denote by P(E) the set of permutations of the multiset . Then

« al!
R R R et
ql,y...,0p QpiccQp.

To each m € P(E) we associate the element
er = er(1) @+ @ €r(ja)) € go®lal
Let us observe that
(ex,€nr) = Opnr, Vm, 7 € P(E).
Then

Oa __ HZ:I ak!

evY = ‘ er,
Vil reP(E)

2
a2 _ M ’Ck’ = (« o (
o —( e ) (o) =)t

so that

The above lemma implies’ that we have continuous bilinear map
oF HO™  gO™ _ H@(m+n)

defined by

XoY:= <n+m>8ym(X®Y), VX € H", Y € HO"|
m

We obtain in this fashion a graded associative and commutative algebra
P aen.
n>0
Its completion
@ uon
n>0
is called the Fock space of H and it is denoted by F'(H).

"The details are straightforward and not particularly illuminating.
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5.2. The Fock space of a Gaussian Hilbert space. Suppose that 2~ C L?(Q, F,P) is a separable
Gaussian Hilbert space. We have a linear map

On: 2" = 27, (5.4)
naturally determined by the correspondences
SO O &e -0 =8
Corollary 4.5, (2.11) and (5.3) imply that if &1, ..., &, is an orthonormal system in 2", then

Vallsymigi @ @&l = |6 o0&l =& & (55)
We obtain isometries ©,, : 2" — 27 and thus an isomorphism of graded Hilbert spaces
0:F(2)—> Z.

The associativity (4.7) shows that ¥ is actually an isomorphism of algebras.
If 21, 2> C L*(Q,7,P) are two Gaussian Hilbert spaces, then any bounded linear operator
A 21 — %5 induces bounded linear operators

A9 2P 2P n e Ny
uniquely determined by the requirements
AL O 0 ) = (AG) O O (A), Y,... .6 € 21.
In particular A®? = 1. Moreover
A= = [|A]"
If ||A|| < 1, the operators A®™ combine to a bounded linear operator
F(4): F(23) > F(25).
We deduce that if ||A|| < 1, then A induces a bounded linear operator A : 2 — 2 uniquely
defined by the equalities

A(gr o 0&,)=(Ag ) e 0 (AL,), VE,... & € 2h.

Note that N
[A]l = 1.
In particular, a unitary isomorphism 7" : 27 — 27 induces a canonical unitary isomorphism
T: 2, — 2

which preserves the Wick algebra structure.
Example 5.2. Suppose that H = L?(M, M, 11). Observe that we have a Hilbert space isomorphism
H®m = LQ(MmaM(X)mnu@m)v fl Q- ® fm(xla e 7xm) = fl(zl) e fm(ﬁCm)

Denote by M®"™ C M®" the o-algebra consisting of §,,-invariant M®"-measurable subsets.
Let us observe that a function f : M™ — R is M®"-measurable if and only if it is &,,-invariant.®
We set

©n 1

pe"t = —p

XN
n! ’
For any f1,..., fn € L?(M,M, i) define

i@ @fn:M" =R, (fi©-0 f)(x1,...,70) = Z ka(wso(k))-

0eG, k=1

8For a proof of this fact we refer to [7, Thm. 11.4.4].
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Clearly, f1 © --- © f, is Gp,-invariant. Arguing as in the proof of Lemma 5.1 we deduce that if
{f1,..., fa} C L?(M, ) is an orthonormal system and a1, .. ., a;, € N, then

n
1fi@--@f1@ @ fn®@- @ fu |2 upial yorery = L]
— — )

k=1

a1 an
We thus obtain a Hilbert space isomorphism
U, o L2(M,M, p)®" — L2(M™, MO, 1®™) (5.6)
uniquely determined by the the requirement
V(OO fa) =fi® @ fn, Vfi,..o, fu € L2(M, M, p). (5.7)
Observe that L?(M, M, 1)©™ can be identified with the closed subspace
L(M™ M, y®™)g, C L*(M™, M, ")

consisting of symmetric L?-functions F' : M™ — R.
The orthogonal projection onto L?(M™, M®", ™) is the symmetrization operator

1
F— Sym[F], Sym([F](z1,....2n) = — > F(@o(i)ys - Tom))-
.0'6677‘

Note that

1 1
— Fdu®" = — Sym(F)du®" = Sym(F)du®".

Remark 5.3. Let  denote the unit interval, B o-algebra of the Borel subset of I and A the Lebesgue
measure on B. For any positive integer n we denote by A,, the simplex

An:{(:cl,...,mn)eln; xlgng---gxn}.

Observe that the space L*( A, B®", A*" ) is isometric to the subspace

L2(1n78®n7)\@n)6n — LQ(In,B®n’%A®n)Gn' 0

Example 5.4. Consider the one-dimensional Gaussian Hilbert space 2~ spanned by a standard nor-
mal random variable £. In this case
‘@-\: L2 (R7 ’71)
Any linear operator 2~ — 2 has the form 1, and it is a contraction provided |r| < 1.
Any f € L*(R,~,) has the form
1 1
PO =3 Jun®), fu= ELOHAQ)] = 1 [ Fla)Halwpy ()

n!
n>0

Since : £" := H,,(£) we deduce that ﬁHn(é) =r"H, (&) and

rIf =71 | Y fulHa(€) | = D far™Ha(€).

n>0 n>0
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The operator 71 : L2(R,~v,) — L2(R,~,), |r| <1 is called the Mehler transform. It is an integral
operator with kernel

7,.n
M, (z,y) = Z Hn(‘r)Hn(y)ﬁ S L2(R2, '71@2)'
n!
n>0
The above series converges uniformly for (z,y,r) on the compacts of R? x (—1,1). We denote by
M, the integral operator 1. Consider the function

ga(@) = 3 Hy(a)

n>0

22
_ e)me

)\n
n!
Observe that for |r| < 1 we have M,.g) = g,-. This equality determines M, (x, y) uniquely. Consider

the function
1 o (’I“l’)z — 2rxy + (ry)2
————exp | — .
VT2 P 2(1 — 12)

A direct but tedious computation shows that”’

/R M, (7, y)gx(y)dy1(dy) = gra()

M, (x,y) =

so that
r" 1 (rz)? — 2rzy + (ry)?
S o) H0) oy = g (- <
n>0
The function M,.(x,y) = M, (x,y) is called the Mehler kernel.
The family of operators Ty := e~t1, ¢ > 0 is called the Ornstein-Uhlenbeck semigroup. O

6. GAUSSIAN NOISE AND THE WIENER-ITO INTEGRAL
Suppose that (2, F,P) is a probability space space.

Definition 6.1. A Gaussian Wiener-Ito integral is defined by a measured space (M, M, 1) and a
Hilbert space isometry

J: LP(M,M, p) — L*(9,5,P),
whose image 2~ C L?(Q, F,P) is a (real) Gaussian Hilbert space.

A complex Gaussian Wiener-Ito integral is defined by a measured space (M, M, 1) and a complex
Hilbert space isometry

J: LE(M, M, ) — LA(Q, T, P),

whose image is a complex Gaussian Hilbert space. O

Remark 6.2. We see that a Wiener-Ito integral is a special isonormal Gaussian process (H, 2", I)
(see Definition 2.4) where H = L?(M, M, p). 0

Example 6.3. Suppose that (X;);crn is a centered stationary Gaussian random field defined on the
same probability space (€2, F,P). The stationarity implies that there exists a function C' : R — R
such that

E(X:X,)=C(t—s), Vt,s€R. (6.1)

9For a more conceptual approach we refer to [12, Example 4.18], [20, V.1.5] or Lemma 9.3.
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Assume that ¢ — C'(t) is continuous. Then Bochner’s theorem [2, 11] implies that there exists a finite
positive Borel measure . on R such that

C(t) = / ei10) u(dg). (6.2)
The measure o is the so called spectral measure of the stationary field. The exponentials
e(€) = e9 t e R, (6.3)

span a subspace dense in L?(R™, 1(d¢)). The equalities (6.1,6.2,6.3) show that the map
J: spanc{et; teR" } — span(c{Xt; teR" }, er — X,
is an isometry. This induces an isometry
J: LE(R", p(d€) ) — 2,

where Z¢ is the complex Gaussian Hilbert space generated by the random field (X¢);ern. This
proves that Gaussian stationary fields on R™ with continuous covariance kernel come equipped with
a canonical complex Wiener-Ito integral. O

Example 6.4 (Malliavin). Denote by A the Lebesgue measure on I = [0, 1] by B the o-algebra of
Borel subsets of I. Let us explain how to construct a probability space (€2, F,P) and a Gaussian
A-noise
W:B - L*(Q,7,P).
Forn =0,1,2,... we denote by B,, C B the o-algebra generated by the closed intervals
Lnp=[(k=1)/2"k/2"), k=1,...,2"
Note that we have inclusions
qn : L*(I,Bp, \) — L*(I,Bpi1,N), n=0,1,2,...
and orthogonal projections
E[—|B,] : L*(I, Bys1,A) — L*(1, By, N).
From Doob’s martingale convergence theorem we deduce that
U LQ(Ia Bna )‘)
n>0

is dense in L2(I, B, X).
Consider a probability space (€2, F,P) containing a family of Gaussian random variables

W(Ix) € L*(Q,F,P), n=0,1,..., k=1,...,2"
such that, foralln = 0,1, 2, ..., we have
E[W(Li)W(Ing) | = Mg N Ing) = (11,5011, ) 1o(n) V1< kg <27, (6.4a)
W(ILk) = W(Ing1,2k—1) + W(lpyr01), V1< k<27 (6.4b)
The collection
17,,, k=1,...,2"

is an orthogonal basis of L2(I, B,, A) and the equality (6.4a) shows that we have an isometry
Wy : L*(I, B, A) < L*(Q,F,P).
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We denote by 2, the image of this isometry. The equality (6.4b) shows that we have a commutative
diagram

LX(I, By, N) — L2(I, Bryr, A)

Wn+ 1
m ‘

L*(Q,F,P)
For any function f € L?(I, B) we set
fo = BB = 3 JUnp)l, € PUIBN), [T i= [ @A)
1<k<2n Tk
For m < n we have, f,, — f, € L?(I,B,, \) and
Wa(fn) = Win(fm)ll 22 = [IWa(fn) = Wa(fm)llz2 = [fn = fmllz2-
Thus the sequence W, ( f,,) converges in L? to a Gaussian random variable W ( f). The resulting map
W :L3(I,B,\) — L*(Q,F,P), f— W(f),
is a Gaussian Wiener integral. The stochastic process
B(t) =W(Ijpy), t€l0,1]

is, up to a modification, the Brownian motion started at the origin. a

The notion of Wiener-Ito integral is intimately related to the notion of Gaussian noise, or Gaussian
stochastic measure.

Definition 6.5. Suppose that (M, M, p) is a finite measured space. A (complex) Gaussian -noise
consists of a probability space (€2, F,P) and map

W:M— L*(Q,7,P),
with the following propertite.

o VA €M, W(A) is a centered (complex) Gaussian random variable.
e VA BeM

E(W(A)-W(B)) = un(ANB).
e VA BeM,ANB =0,

W(AUB)=W(A)+W(B), as..

Observe that if J : L2(M, M, ) — 2 is a real Wiener-Ito integral, then the correspondence
M3A—W(A) =Wy(A):=J(1Q4x) e X

is a Gaussian p-noise. Similarly, if J : LA(M,M, u) — 2¢ is a complex Wiener-Ito integral, then
the correspondence
M3A—Wi(A):=J1a) e X
is a complex Gaussian p-noise.
Conversely, suppose that (W (A))
any A € M we set

Acn 15 @ Gaussian g-noise, W(A) € L*(€2,F,P). Then for

Jw(14) := W(A).
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We define a simple function on M to be a measurable function f : M — R with finite range. Denote
by 8(M, M) the vector space of simple functions. For f € S(M M) We define

Jw : 8(M, p) — L*(Q,F,P), Jw(f):=> tW(f
teR
From the properties of a Gaussian p-noise we deduce that the map J , is linear and

1w (D> = £l -

Thus, Jy extends to an isometry
Jw : L*(M, M, p) — L*(Q, F,P)

whose image is a Gaussian Hilbert space. Traditionally one uses the notation
/ f(®)Z,(dz), Vf e L*(M,M,p).
Example 6.6 (Brownian motion). Consider the Brownian motion (B;)¢>0 on [0, 00). It is known that

cov(By, B;) = min(t, s).

The “differential” W (dt) = dB, is a A-white noise on [0, c0), where A denotes the Lebesgue mea-
sure. The usual Ito integral [13, 17] associates to each function LZ(RZO, A) a Gaussian random

variable -
/ F(s)dB,
0

with mean zero and variance || f||7,. We denote by 2" the Gaussian Hilbert space generated by
(Bt)t>0. The correspondence

(Rs0,0) 3 £ T(f) = [ F)dE.
0
is an isometry onto .2, and

t
By = J(l[O,t]) = / dBs. O
0

Remark 6.7. We see that there exists a bijective correspondence between Wiener-Ito integrals and
Gaussian white noise measures on (M, M, p). If the measured space is sufficiently regular, say M is
a smooth manifold, M = the o-algebra of Borel sets and p the measure induced by a Riemann metric
on M, then on can describe Gaussian u-noises as certain Gaussian measures on the space C'~>° (M),
the space of generalized functions on M. For details we refer to the beautiful presentation in [11,
Sec. I11.4]. O

Suppose that J : L2(M, M, ) — 2 is a Gaussian Wiener-Ito integral with associated Gaussian
p-noise W. The isometries (5.4) yield isometries

L2(M, M, )" — 27 ¥n € Ny.
Using the isometries (5.6) in Example 5.2 we obtain isometries
-1 ~
Ty LM, MO, 5@ Y L2, )@ O g,

For example if

F= Sym[f1($1) e fn(mn)] = %fl (ORERNO) fn('fla cee 7«7371) S LQ(Mn7M®n7N®n)7
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then
U F) = [0 S TalF] = T(f) e e T(fa)
For F' € L2(M™ M®" ™) we define its multiple Wiener-Ito integral to be the random variable
I,[F] :=n!J,(Sym[F]).

Often one uses the integral notation
/ Fdw" = / F(zy1,...,xn)W(dzy) - W(dzxy,) := I,[F], YF: M" — R.

In particular, if F € L2(M™, M®") is symmetric, then

L[F] = nlJu[Fle=J,(F) = % / FdW™,

Note that if F(x1,...,2,) = fi(z1) - fu(®n), fi,...s fn € L?(M,M, 1), then we obtain the
important equality

Lo[fi(z1) - fu(@n)] = In[Sym[ fi(z1) - fa(zn)] | = - T(f1) - T (f) i (65)

This equality uniquely determines the multiple Ito integral.
Note that since .J,, is an isometry we deduce that for any F' € L?(M™, M", ™) have

E||LIFI?| =E[|L[Sym[F]] [*| =E ||, [Sym[F]] |

= [|n! Sym[F]H%?(Mn,wn) = nl| Sym[F]H%g(Mn’#@n) < ”!||F\|%2(Mn,u®n)'

We observe that any X € 2 hasa unique orthogonal decomposition

X=) ILiF]=> /Mn EpdW™,

n>0 n>0

where F}, : M"™ — R are symmetric L?-functions. Moreover

ELXY = S 0l Bl agn oy = S (02 Bl (agoons-

n>0 n>0

Remark 6.8. There are many normalization conditions involving the multiple Ito integrals and there
is danger of confusion. In [28], the Hermite polynomials have a different normalization than the one
we use in these notes which is the more commonly used. If F' : M™ — R symmetric function, then
I,,(F), as defined in [28] coincides with the multiple integral I,,[F'] defined above.

The operator J,, that we have described in this section coincides with the operator I in [19]. The
correspondence L?(M, i) > f +— I1(f) = J(f) € 2 is the white-noise map which explains why,
in many books it is denoted denoted by f — W (f).

When the measure p has no atoms, the multiple Ito integral can be given a constructive description
that justifies the terminology integral. Fo details refer to [21, §VI.2] or [28, §1.1.2]. O

Suppose that we are given a (real) Gaussian Wiener integral J : L?(M, M, p) — 2 with associ-
ated p-noise W. If ' : M? — R is an integrable function we define the contraction

CF := /M F(z,z)p(dx).
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More generally, if F': M™ — Rand 1 < i < j < n we define the contraction C;; ' : M n=2 5 Rto
be

csz:::]/ F(o1, . n)ermay—s p(de)
M

Given a Feynman diagram I" with vertices labelled by {1, ...,n} we define
Cr:= ][] Ce
ec&()

where for any edge e = (7, j) of I we set Ce = Cj;.

Lemma 6.9. Suppose we are given functions F; € L*>(M™), i = 1,..., k. We define
k
F=R® @F:M">R, n=>Y n,
=1

k
Fre--- ®Fk($11;---7$1n1§--- ;xkl,...,xknk) = HF}'(:L'jl,...,xjnk).
7=1

For any Feynman diagram I' compatible with the array
(i,), 1<i<k, 1<j<n;,

we have

k
ICr(Fr & -+ @ Fi)ll 2 gam-2rmry < [T I1F5 122
j=1

Proof. We use induction on k. The case k = 1 is trivial since I' has no wedge and thus Cr(F') = F.
For k = 2, we can assume, after relabeling the variables, that the (I") edges of I' connectd the
vertices (1,7) and (2,5),j = 1,...,r. Then for

x/ 6 Mnl—r’ x// 6 Mng—r’ y e MT’
we have
Crp( ) = [ Fi(ya)Fa(y. o) (dy)

T

and thus, by Cauchy-Schwarz

cor P < ([ A ([ ma?) @)

Integrating the remaining variables (z’, ") we deduce
ICr(F)I172 < 1 FalZ2 - [ Bl 72

This disposes of the case k = 2.

For k > 2 we set

Fy=fo® - ®F.

Denote by I'; the subdiagram of I" consisting of the edges that have one vertex on the first row, (1, j),
1 < 5 < ny, and denote by I's the subdiagram of I" determined by the edges of I' that connect points
on rows different from the first row.

We than have

Cr(F) = Cr, (F1 ® Cr,(F3) ).

Thus, using the inequality established for £ = 2 and the induction assumption we reach the desired
conclusion. O
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Suppose we are given functions F; € L2(M™),i=1,... k. We set
Y; =I,,[F]| =I,,[Sym[Fj]] € 2" 1<i<k.

From the Diagram Formula (Theorem 4.7) we deduce rather easily (see [12, Thm. 7.33] for details)
the following important result.

Theorem 6.10. We set n :=nj + -+ + ny. Then

VieeYe=> I omCr(Fi e ® F)), (6.6)
I'eD

where D denotes the collection of Feynman diagrams compatible with the array

In particular

EY;-Yi]= > Cr(Fi®- & F), (6.7)
reDe
where D¢ C D denotes the collection of complete Feynman diagrams compatible with the above
array.

Proof. Lemma 6.9 shows that all the contractions and stochastic integrals are well defined. From the
definition of the multiple Wiener-Ito integrals we deduce that the right-hand side of (6.6) defines a
continuous multilinear map

k
[T 22, ey — Z.
=1

Thus it suffice to verify the equality (6.6) in the special case when each f; is a monomial

fi(xh . "xmi) = fil(l'l) o flmz(‘rmz)

This special case follows immediately from the Diagram Formula. a

Remark 6.11. Theorem 6.10 corresponds to [19, Thm. 5.3] where it is referred to as the Diagram
Formula. O

Corollary 6.12. Suppose that f € L*( M", u®"), h € L*(M, p1). Define

f th(mla-'-7xk—17xk’+1>"'7xn) = /Mf($1,,$n)h(xk)ﬂ(dxk)
Then
L[fIIi[h] = Tnp[f @ B+ > Tnalf xi B, O

k=1
PART 2. MALLIAVIN CALCULUS
7. THE MALLIAVIN GRADIENT AND GAUSSIAN SOBOLEV SPACES
Suppose H is a real Hilbert space, and 2~ C L?(£2,F, P) is a real Gaussian Hilbert space.

e We denote by L%-(12) the space of F-measurable functions f:Q—=R.
e For p € [1,00] we denote by L%,.(Q) the subspace of L%-(£2) consisting of p-integrable
functions equipped with the usual LP-norm. Note that 2~ = L?,-(Q2).
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e If H is a Hilbert space, then we denote by L%(Q, H) the space of F-measurable maps
f:Q — H,and by L") (Q, H) the subspace L% (Q, H) consisting of maps f : Q — H
such that || f|| € L*,-(€2). The norm in this space is

A
The space LY%-(£2, H) is equipped with a bilinear map
(= —)m : L%(, H) x LY (Q, H) — L% (Q),

(fag)H(w) = (f(w)ag(w))Ha Vf,g€ LO%’((LH)

e A function f : R® — R is called admissible if it is smooth and its derivatives, of any order,
have at most polynomial growth.

We will construct various Banach subspaces LgZ(Q). These depend only on 2.

Definition 7.1. (a) We denote by 8(2") C L% () the set of random variables of the form f (X7, ..., Xy)
where f : R™ — R is an admissible function.

(b) We denote by P(27) C 8(2") the set of random variables of the form P(Xy,..., X,,), where
P : R™ — R is a polynomial in m variables with real coefficients. O

Given f(X1,...,Xy) € 8(Z), define Df(X1,...,X,) € L% (2, Z)

DXt X)) = 3 ggj;(mu), X)) X (). (.1)
J
Remark 7.2. (a) For X € 2 we set
Dx (X, Xon) (@) = Z(.fi(mm e X)) (X5, X), (12)

where (—, —) denotes the inner product in 27, (X,Y’) = E[ XY ]. We have the almost sure equality

Dyf = iig%é(f(xl(w) +e(X1, X)X (@) + (X, X)) = F( X1 (@), 2y Xom(w) ) )
(b) From the definition (7.1) it is not clear whether the equality
f( X1, ..., X)) =9g(Y1,...,Y,) € 8(Z),
where f and g are admissible, implies that
Df(X1,...,Xm) =Dg(Y1,...,Y,) € L%(Q, Z).

This is indeed the case, but the proof is more involved and requires an alternate definition of D based
on the Cameron-Martin shift. For a proof we refer to [12, Thm.14.1& Def.15.26]. The resulting
operator

f(X1,....Xm) — Df(Xy1,...,Xm)

is called the Malliavin gradient or derivative. g

Example 7.3. Let X € 2. Then DX is the constant map ) — 27, w — X. For this reason we will
rewrite (7.1) in the form

Df(X1,...,Xm)(w) = Z ;UJ;(Xl(w),...,Xm(w))DXj : (7.3)
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This notation better conveys the nature of the two factors 8 (X 1(w), ..., Xm(w)) and DX;. The
T j
first is a scalar, while the second is an element of 2". Note also that
DxF = (DF,DX) 4 € L% (). 0
For a positive integer p and f(X7, ..., X,,) as above we define

DPf(Xy,..., Xpm) € L9%(Q, 27°7)
by setting

DPf(Xy,..., X Z

i1, 721771

X vy Xim DX;, ®---®@ DX, .
ale---am( (), X)) e '

Remark 7.4. Arguing as in Lemma 5.1 we deduce that

Z L(Xl( ),y Xm(w) ) DX, ® -+ ® DX;
8.7]21' 8$1p m 11 ip

Zl7 7Zp_

=P > aagf(Xl(w),...,Xm(w))(DXl)%c>~.@(1))<m)@am

aEeNY;|al=p
1
= Z Jagf(X1(w)7...,Xm(w))Sym[(DX1)®a1®...®(DXm)®am]‘ 0
aeNgslal=p

Observe that the class 8 contains the algebra generated by the polynomials H,(X), X € 2 .
Arguing as in the proof of Proposition 3.1 we deduce that 8 is dense in L%,-(Q,P), Vg € (1,00).

Proposition 7.5. Let p € Nand q € (1,00). Then the operator
DP:8(27) C L% (Q) — LY(Q, 2°°7)
is closable.

Proof. We follow closely the proof of [26, Prop.2.3.4]. We consider only the case p = 1.
Let F,G € 8(Z") and X € 2 suchthat || X| ;2 = 1. Note that FG € 8(X ). We can assume that

FG = f(X1,..., Xn),
where {X1, ..., X,,} C Z is an orthonormal system, X; = X, and f is admissible. Then

z2+-~+z%
E[(D(FG),X),%] = (277)7”/2 of —(21,...,xn)e" = dr
Rn 8.’1:1
(integrate by parts along the x1-direction)
@+ + n
— (27r)—”/2/ zif(xy, ... zn)e” . dr=E [XFG].

Clearly D(FG) = G(DF)+F(DG). We deduce the following Gaussian integration by parts formula
E[G(DF,X)y | = —E[F(DG,X) 4 | +E[XFQ] | (7.4)

Using the notation (7.2) we can rewrite the above equality in the more suggestive form

E[GDxF ]| =E[F(-Dx + X)G] | (7.5)

The above equation extends by linearity to all X € 2", not necessarily of L?-norm 1.
Now let (F,) be a sequence in $(.Z") such that the following hold.
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(@) Fp — 0in L%-(Q).
(ii) The sequence DF,, converges in the norm of L% (9, 27) to some n € L% (Q, Z).

We have to show that n = 0 a.s.. Let X € 27, G € §(%"). Since F,, — 0in L? and XG and
(DG, X)) 2 belong to L7 7 we deduce from (7.4) that

E[G(n,X)] = lim E[G(DFy, X)y | = = lim E[F,(DG,X)y |+ lim E[XF,G] =0.

n—oo
Thus
E[Gn,X)a ] =0, VGeS(Z), XeZ.

Since 8(.Z") is dense in any L", r € [1, c0), we deduce that
VXeZ, 0,X)o =0 a.s..
Thus, if (ex)ken is an orthonormal basis of 2", there exists a negligible set N C €2 such that
(n(w),en)2 =0, VneN, we Q\N.
Thus 7 = 0 a.s. O

Definition 7.6. Let p € N and ¢ € [1, 00). We define the Gaussian Sobolev space DP(.2") to be the
closure of §(.Z") with respect to the norm

1
p q
| F[|pp.a = (ZE[ ID*FII, ., D : 0

k=0

According to Proposition 7.5, the operator DP can be consistently extended as a continuous oper-
ator

DP :DPU(Z) = L (Q, 2°P).
Remark 7.7. (a) For any € > 0, any m € Ny, any p € N and any ¢ € (1, 00) we have

DPate - pptma,

(b) The space DP2(2") is a Hilbert space with inner product

(F,G)prz = Y E[(D'F,DIG) s, ].

M-

voL

J

(c) The space 8(X) is dense in DP4(.27), ¥p > 0, ¢ € [1, 00). O

Example 7.8. Suppose that 2" is a finite dimensional Gaussian Hilbert space, dim 2~ = n. Fix an
orthonormal basis X1, ..., X,. Then

- 2
[2%(Q) = L2(R™,Ty(dz) ), Ty(dz)=(2r) "2~ da.

If f € C°°(R"™) is a function such that is derivatives of any order have at most polynomial growth,
then the Malliavin gradient D f(X1, ..., X,,) corresponds to the differential of f

af =) a—xkdxk.
k=1
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Furthermore, the Gaussian Sobolev space corresponds to the weighted Sobolev space WP 4(R™, T')
equipped with the norm

q

Ifllone = | 32 [ 1ees@irTian) | - 0

|| <p

Proposition 7.9. Ler f € %ff\ p € N. Recall that Proj,, denotes the orthogonal projection onto the
n-th chaos Z™. The following statements are equivalent.

() F e DP2(Z).
(i)
Z nP| Proj,, F|* < occ.
n>0
Outline of proof. Fix an orthonormal basis X = (X} )r>1 of Z". We have
PI‘Ojn - Z ca(f>Ha(X)'
a€Np, |a|=n
From the equality (2.4b) we deduce that

0j Ho(2)0; Hg ()T (dz) = aj( Ha, Hg)

n L2(r)’

This implies that
IDHa |72 = |all| Hall 2.
In particular, we deduce that
2 CDY2(Z), |Fl3. = A +n)||F|J2,, VFe 2™,

The proposition is now an immediate consequence of the above fact. O
Example 7.10. For any n € N, and any p € Ny, the n-th chaos 2" is contained in DP2(27). O

Since §( %) is dense in in D19(.27) we obtain the following useful result.

Proposition 7.11 (Chain Rule). Suppose that ¢ : R™ — R is a C*-function with bounded derivatives.
Then for any Fy, ..., F, € DY"% we have p(Fy, ..., F,) € D' and

Do(Fy,....Fp) =Y +(Fi,...,Fy)DFp. (7.6)
g

The Chain Rule holds in the more general case when ¢ is a Lipschitz function, [28, Prop. 1.2.4].

Proposition 7.12 (Extended Chain Rule). Suppose that o : R™ — R is a Lipschitz function, then for
any Fy, ..., F, € DY such that the probability distribution of

—

F=(F,....,F):Q—R™
is absolutely continuous

O with respect to the Lebesgue measure on R™, then cp(ﬁ ) € DY and (7.6)
continues to hold with % defined a.e. O

1

107hig assumption is needed to give a precise meaning to % (ﬁ ) since %(1:) is well definite only for x outside a
Lebesgue negligible subset N C R™.
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Remark 7.13. The Gaussian Hilbert spaces D¥? can be given an alternate definition; see [12, Def.
15.59]. The fact that our definition agrees with the definition in [12] requires some work and it follows
from [12, Thm. 15.104].

The definition in [12, Def. 15.59] has certain technical advantages. In particular, it leads naturally
to the following important result.

The probability distribution of any non-constant random variable F € DY“P(2"),
p € [1,00), is absolutely continuous with respect to the Lebesgue measure on R.

For a proof we refer to [12, Thm. 15.50]. Yet other approaches to this absolute continuity theorem
can be found in [21, Thm. II1.7.1] or [33]. O

8. THE DIVERGENCE OPERATOR

The divergence operator ¢ is the adjoint of the Malliavin gradient viewed as a closed unbounded
operator

D DY) c L% () — L% (Q, Z).
Similarly, for p € N, the operator ¢ is the adjoint of the closed unbounded operator

DP - DP2(Z) C L% (Q) — L5(Q, 2).

The domain of §? is the space
Dom(6?) := {u € L2(Q, 2°%);3C > 0 |E[(DPF,u) ,-0,]| < C\/E[ F?], VF € 8(Z) }
If u € Dom(d?), then 6Pu is the unique element in L?,-(Q2) = 2 such that
E[FéPu] = E[ (DPF,u) ger |, VF € 8(Z). (8.1)

Example 8.1. (a) Suppose that dim 2~ = n < oo. Fix an orthonormal basis { X7, ..., X} of 2 .
Let

= (up,...,up) € L% (Q,R").
Then each u; is a measurable function of (X1,. .., X,,). For any admissible function f € C*°(R")
we have

n

E[f(X17aXn)6u] =E Zfalrj(Xla >Xn)uj(X17 7Xn)
j=1

8
"3‘&;.1\)

dx = f(z) Z( —0y,uj(x) + xju; )Ti(dz).
R" =

— o [ S @y
]Rn
j=1

Thus

n
5(’&1, o ,un) = Z( —ax].uj‘(Xl, o ,Xn) + Xj’LLj(Xl, e ,Xn) )
j=1
Observe that in the case n = 1 the divergence operator coincides with the creation operator (2.2).
(b) Suppose that 2" C L?(2,F,P) is a separable Gaussian Hilbert space and X € 2". It is not hard

to verify that DX € Dom(d). We want to compute § D X.
For ' € L?,-(2) we have

E[FSDX]| =E[(Df,DX)2 |, V8(Z).
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We can assume that | X ||;2 = 1 and that F' = f(X3,..., X,), where { X1, ..., X,,} is an orthonor-
mal system, X = X7 and f is an admissible function. We have

B[(D£.0X)7] = [ f@Tudn) = | fe)eiT(de) = BIFX]
Hence
S(DX)=X, VX € 2.

(c) Suppose that F' € §(Z) and X € 2. Then DxF = (DF,DX)4 € 8(X). Indeed, we can
assume that F' = f(X1,...,X,,), f admissible, { X1, ..., X,,} orthonormal system, X; = X. Then

(DF,DX) 9 = fg’jl(Xl,...,Xn) € 8(X).
Observe that

n
1.
D(DxF)=D(DF,DX)y = > fi,(X1,...,X)DX; = a1X1D2F,
j=1
where for any X € 2~ we denoted by 7 x the contraction
ix: 2% - 290D peN
which is the ®-derivation uniquely determined by the condition
ixY =(X,Y)y, YWWeZ. O

The next result follows immediately from the definition of . We refer to [26, Prop. 2.5.4] for
details.

Proposition 8.2. Let F' € DV%(2") and u € Dom(0) such that
E[F?||ul|%] + E[F?6(u)?] + E[(DF,u)%] < cc.
Then
d(Fu) = Féu — (DF,u) . 0
Example 8.3. Suppose that F' € §(.27), X € 2 so that
u=FDX € 8§(Z,2).
Then v € Dom(¢) and we deduce from Proposition 8.2 that
bu=FX — (DF,DX)y = FX — DxF.
This shows that du € D2 and for any Y € 2~ we have
Dy (éu) = (DyF)X + FDyX — DyDxF = (DyF)X + F(X,Y) 9 — Dy DxF.
On the other hand
Dyu=DyF ® DX,
d(Dy Fu) = (DyF)X — DxDyF.
Hence
Dy (6u) — §(Dyu) = (DyF)X + F(X,Y)9 — DyDxF — (DyF)X + Dx Dy F
=F(X,Y)+[Dx,Dy]F =F(X,Y) = (u,Y) .
We have thus proved the Heisenberg identity
Vu € Dom(d), Y € 2 [Dy,dlu= (u,Y)z. (8.2)
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The operator 7 is closely related to the multiple Ito integrals. We have the following result.
Proposition 8.4. Let X1,..., X, € 2. Then (compare with (6.5))
(DX, ®--®@DX,)=6"(Sym[DX; @ @ DXp]) =: X1--- Xp : . (8.3)

Proof. Fix an orthonormal basis {Y, } ,eny of Z". Clearly it sufficers to prove the result in the special
case when

DX, ®---®DX,=(DY)®*, aeN), |af=p
Suppose that f = f(y1,...,ys) is an admissible function. Then
E[f(Y1,...,Yn)0(DY®) | =E[ (D f(Y1,...,Ys), (DY)®Y) gron |

From Remark 7.4 we deduce

E[(DPf(Yi,...,Yn), (DY)®Y) yop | \FZ E[00f(Y1,....Ya) (DY P, DY®?) yo, |
Iﬁlp

= VIE[O(Viv o V)] =V [0S )T ()
(5yk = _ayk + Yk 517,51 = Hozk (yk))

=/p! | @) Ha(y)T(dy).

Hence
SP((DY)O%) = /|| Ho(
1.e.,
1
0" (Sym|[(DY)®?]) = maﬁ((m/)@a) = Hy(Y) = YooY -
al!
This proves the second equality of (8.3). The first one is proved in a similar fashion. O

Remark 8.5. Using the equalities (5.1) and (5.4) we deduce that
= /PO, (u), ¥peN, Yue 2.
If we are given a Hilbert space isomorphism
Z:LA(M,M,p) — 2,
then the resulting map
LA(MP, 1) — 2790 2

coincides with the multiple Wiener-Ito integral I,,; see (6.5). For this reason we set

I,[F] := 6P F = 6P(Sym[F]) = \/p!©,(Sym|[F]), VF € 2P| (8.4)

Using the isometry relation (5.5) we deduce that

E[I,[F]?] = | I,[F]|* = p!l|F |?, VF € 2P| (8.5)
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Remark 8.6. For any Hilbert space H and any £ € N we have a Malliavin derivative
DY :8(2 ,H)— 8(2,H® 2
with adjoint 6’;{ defined by the equality
E[F(h,6(Gh @u)), | =E[(D*F&h,Gh' @)
VE,G € 8(Z), h,h' € H,u € 2%, Forany p € N we have
Dt =DV oD, 5"t =6 04
Arguing as in the proof of Proposition 8.4 one can show
poP Y (u) = D6P(u), Yue 2 @ 2 °PD, (8.6)

The above equality generalizes (2.4a). In fact, (8.6) follows from (2.4a). If as in the previous remark
we set

H®%®k]’

I, 1[u] = 0" Y(u), Yuec 2 @ 2P,
We can rewrite (8.6) as
pI, 1[u] = DI[u], Yue 2 @ 2P, (8.7)

9. THE ORNSTEIN-UHLENBECK SEMIGROUP

Let 27 C L?(£2,F,P) be a separable Gaussian Hilbert space.

Definition 9.1. The Ornstein-Uhlenbeck semigroup is the semigroup of contractions P : X — e%/”\,
t > 0, defined by
T,F = Ze_"t Proj, F, VF € 2, Vt >0,
n>0

where we recall that Proj,, : Z — 2™ denotes the orthogonal projection onto the n-th chaos. O

The above definition shows that 7} is indeed a semigroup of selfadjoint L2-contractions. We want
to present an equivalent, coordinate dependent description of this semigroup.
Fix an orthonormal basis of 2,

X =(X1,Xo,...,. Xp,...).
Observe that the semigroup 73 is uniquely determined by its action on P(2").

Proposition 9.2 (Mehler’s formula). Let P : R™ — R be a polynomial in m real variables. Set

—

X :=X1,....,.Xnm).
Then

—

T,[P(X)](w) = / . P(e—t)?(w) +v1- e_Qty)I‘]l(dy), 9.1)

where T'y denotes the canonical Gaussian measure on the Euclidean space R™.

— —

Proof. It suffices to prove the result in the special case when P(X) = H,(X), o € N{". In this case,
the left-hand side of (9.1) is equal to

TIP(X))(w) = ¢ " Ho(X (w)) = [T 7" Ha, (X;(1)).
j=1
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The Fubini theorem shows that the right-hand side of (9.1) is equal in this case to
m
I [ Hoy (7000 4 VI= 20y,
i=1"F
Thus, to prove (9.1) it suffices to prove that

/ H, (eftx + 41 —e 2 y)*y(dy) =e ™H,(z), Yn €Ny, t>0, Vz cR. 9.2)
R

We follow closely the presentation in the proof of [20, Prop. V.1.5.4]. We have the following useful
identities.

Lemma 9.3. Define the linear operator

T, Rla] > Rlal, TiP(x) = [ P(e o+ +v/T— e 2y)y,(dy),

R
Then the following hold.

() The operator Ty is symmetric with respect to the L*(v)-inner product on R[z).
(i) 8,T; = T},
(i) T,6, = e~16, T,

Proof of Lemma 9.3. To prove (i) observe that
TP.Q) = [ [ P(e o+ +vT= ) Qe)ma(dn)m (o) ©03)
Seta =et, b=+1— e 2 sothat a® + b2 = 1. We have
(TiP.Q) = [ Plea + by)Qa)T (dody).

Now consider the orthogonal change in variables

x| ba| |u
y| | —a b v |’
Since I'y is invariant under orthogonal transformations we deduce

/]12{2 P(az + by)Q(x)T'y (dzdy) = / P(v)Q(av + bu)T'y (dudv) = (P, T:Q).

R2
This proves (i). The equality (ii) follows by differentiating the definition (9.3) of T;[P]. The equality
(iii) is obtained from (ii) by passing to adjoints, and using the symmetry of 73 proved in (i). g

Clearly, T;1 = 1. From Lemma 9.3(iii) we deduce that
T,H, = Ti6"1 = e ™I Ty1 = e ™ H,,.
O

Definition 9.4. The Ornstein-Uhlenbeck operator, denoted by L, is the infinitesimal generator of the
Ornstein-Uhlenbeck semigroup. O

Recall that F' € Dom(L) C 2 if and only if the limit

lim © (TtF _ F>
tN\O t

exists in L?((, 7, P). We denote by LF the above limit.
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Proposition 9.5.
Dom(L) = {F € 2; Y n?|Proj, [}, < o0} = W**(2).
n>0
VneN, VFe "™ : LF=-nF=-0DF.

Proof Let F € 2. We set F,, = Proj, F. Then

1 e — 1
Z(TtF _ F) = P
n>0

Now observe that

e ™ 1
)f‘ <n, V>0, NeN,.
so that )
1
H (nF-F)| <> n?IFl3
t 12
n>0
This proves that if
ZnQHFnH%Q < 00,
n>0
then 1
lim - (TtF - F)
t\O t
exists in L? and it is equal to
d —nt
S e S,
n>0 n>0

Conversely, if the above limit exists in L2, then
. 1 . . 1
Pri (Jy (- ) ) =y (75 - ) ) = -0

1
lim—(TF ~ F) = =Y nF, € I = Y n?|Fll32 < oo.
lm - > > wIel
The equality LF = —nF, f € Z7™ follows from the above discussion. To prove the equality
0DF =n, F € 2™ it suffices to consider only the special case when F' = H, (X1, ..., X)) where
(X;) is an orthonormal system and « is a multi-index such that |a| = n. In this case the equality
follows from (2.4b). O

Thus

Remark 9.6. Using Proposition 7.9 we deduce that Dom(L) = D*2(.2"). Note also that L is non-
positive. O

Example 9.7. (a) Suppose that dim 2~ = n. By fixing an orthonormal basis X1, ..., X, of 2~ we
can identify .2” with L?(R",T'y). Then

Lf=> 02f= a0 f=(—A—aV)f,
j=1 j=1

for any functionf € C?(R™) with bounded 2nd order derivatives. Above, A is the Euclidean geome-
ters’ Laplacian. O
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Definition 9.8. We define L~! to be the bounded operator L~ : e given by
1
L'F=-) —Proj, F.
Z ~ Proj, F O
n>1

Note that L~ is a pseudo-inverse of L. More precisely, if ' € D*2(2") is such that E[F] = 0,
i.e., Proj, F' = 0, then
L'LF=LL'F=F.

Proposition 9.9. Let F' € DV2(2"). Then forany X € %,

X||z2 = 1, we have
o0
DxL7'F = —/ e 'TyDxFdt = (L —1)"'DxF. (9.4)
0

Proof. It suffices to prove the result in the special case
F=Hy(X1,...,Xm),
where { X1, ..., X,,} C 2 is an orthonormal system, X = X7, |o| = n > 0. Note that
DxF = a1Hg(X1,...,Xm), b= (1 —1,00,...,00).

1 oo
— = / e "dt
n 0

-1 1 = -1 = -
L7 F=—-——F=— TiFdt = Dx L™ F = — DxT,Fdt = — e "T;Dx Fdt.
0 0 0

Using the identity

we deduce

n
On the other hand

(L—1)"'DxF = (L —1) oy H) = —————

Proposition 9.10 (Key integration by parts formula). Suppose that F, G € DY2(.2") are non-constant
and g : R — R is a Lipschitz function. Then

E[Fg(G)] =E[F]-E[¢(G)] +E[¢'(G) - (DG, —~DL™'F)4 ]| 9.5)

Proof. Suppose first that g € C*(R). Let I, = F — E[F]. Then
E[Fg(G)] =E[F]-E[g(G) ]| +E[ FLg(G)].
Since F| = LL~'F we deduce
E[F.g(G)] =E[LL 'Fg(G)] = ~E[0DL ' Fg(G)]
=-E[(DL7'F,Dg(G))s | = —E[(DL'F,¢'(G)DG) 4 |
=E[¢(G)(DG,~DL'F) 4 |.
To prove the general case when ¢ is only Lipschitz, we approximate g by C! Lipschitz functions g.
using a nonnegative mollifying family (p.). > 0,
Je = Pe * g-
Then 0,.9. = pe * (0rg) so that
1029¢|l00 < Lip(g)
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where Lip(g) is the (best) Lipschitz constant of g. Since F,G are nonconstant, we deduce from
Remark 7.13 that the law of F' is absolutely continuous with respect to the Lebesgue measure on R.
Thus, although ¢’ is only defined a.e., the composition ¢'(F') is a.s. well defined. To obtain (9.5) in
the general case, use (9.5) for the functions g, and then let ¢ — 0. O

10. THE HYPER-CONTRACTIVITY OF THE ORNSTEIN-UHLENBECK SEMIGROUP

We know that T} defines a continuous semigroup of contractions L?(£2, F ,P) — L2(9, F ,P). Ttis

not hard to see that 7} defines continuous semigroup of contractions LP(2, 7, P) — LP(£2, 7, [P) for
any p € (1, 00). We limit ourself to proving that

ITPllo < | Pllis, ¥P € P(Z).

To see this assume P = P(X), where X = (X1, ..., X,,) is an orthonormal system in 2. Using
Mehler’s formula (9.1) we deduce

—

TP w) = [ P(e X @)+ VI ey Ta(dy)
Since the function f(x) = aF, x > 0, is convex for p > 1 we deduce from Jensen’s inequality that

ITPEN@ [ < [ [P Rw)+ VI=ey) [Tatan)

Invoking Jensen’s inequality once again we conclude that

E[|T,PP] < /RmEH P X (w)+ V1 - e y) ‘p]rﬂ(dy)

:/RMXRM‘P(e—tH 1ezty)‘ppﬂ(dx)rﬂ(dy):/Rm’p(x)‘prl(dx)

where at the last step we used the fact that if X, Y are independent standard normal random variables
and a2 + b2 = 1, then a X + bY is also a standard normal random variable.

The semigroup 7; satisfies a hypercontractivity property, namely, for any py € (1, co) there exists
an increasing, unbounded function p : [0, 00) — (0, 00) such that pg = p(0) and, V¢ > 0, the operator
T} induces a bounded linear map 73 : LP0 — L) We will spend the remainder of this subsection
proving this fact.

Theorem 10.1 (The log-Sobolev inequality). For any n € N, and any f € W2(R",T) we have

Pa)tog ot <2 [ [9i@PTEn) + [ P [ fera).
R® R R R®
(10.1)

where I' = I'y is the canonical Gaussian measure on R™ and 0 - log 0 := 0.
Proof. We follow the presentation in [3, §1.6]Assume first that f € Cp°(R"™), ie., f and all its
derivatives are bounded. We distinguish three cases.
A. 3c > 0 such that f(z) > ¢, Vo € R™ Set ¢ = f2 so that

1

Vf=—=Vp
2./

and (10.1) is equivalent to

1 1
/ wlog pdl’ —/ wdI log (/ <pd1"> < 2/ ;\V@\er. (10.2)
n n n Rn



42 LIVIU I. NICOLAESCU

Consider the Ornstein-Uhlenbeck semigroup
T, : L*(R™,T) — L*(R",T).
Using the equality (9.1) we deduce that
Ti[el(z) > ¢, Yz € R", t > 0.

Jim Tl oa i) = [ wdrlog( / sodr)

we see that the left-hand side of (10.2) is equal to

—/Omi/ﬁ[“’] log T[] dT.

Taking into account the fact that

d
STg) = LTilg), ¥g € G (R")

- [ 5 | mleloeTiplar
//nLTt |log T3[¢] dT — / /nTt Tt th[]dr
= LT,[¢)log Ty[] dT — LTt[gp] dT

J, . e

Since L is symmetric and L1 = 0 we deduce

/n LT,[¢]dT" = 0.

/ @logpdl’ — /RSOdI‘log</n<de‘> / /HLTt log Tyig] dT
/ /néDTt |log T[] T = / /n th | VlogTii ])d
:/0 /n Tt[(p]‘VTt[SOH dr.

F(t)

Since

we deduce

Hence

Using Lemma 9.3 (ii) we deduce
O, Ti[¢) = e " Ty[0s, ), Vi=1,...,n,
so that

F(t)=e 2 /R ) Ttip] Z(Tt[axigo])2df.

i=1
The equality (9.1) implies that for any g, h € C;°(R™) we have

Tylg) < Tillgl] < llgllz=, (Tilgh])” < Tig*ITilR)>

i (o S o[ 4]

Hence
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Thus

2
F(t) <e 2 / Vel or
no P
The inequality (10.2) follows by integrating the above inequality.

B. f € WL2(R™,T), f > 0 a.s. . This case follows from case A by choosing a family of functions
f: € C3°(R™), fe > ¢, f- — [ in W2 and then letting £ \, 0.
The general case, f € W12(R™, T'), follows from case B applied to |f|. O

Remark 10.2. If (2, O, p) is a probability space and f : 2 — [0, co) is measurable function, then its
entropy with respect to u is

Eulflog f] = Eulfllog Eulf], Epflog(1l+ f)] < oo,
Ent,(f) =
+00, E,[log(1+ f)] = oo.

where 0log 0 := 0. Observe that Ent,,(f) is nonnegative and positively homogeneous of degree 1.
The log-Sobolev inequality (10.1) can be rewritten as

Entr[f?] < 2/]1@ IV f(z)|*T(dx).

As explained in [18, Sec.5.1], the log-Sobolev inequality leads to rather sharp concentration of mea-
sure inequalities. O

Theorem 10.3 (Hypercontractivity). Let p € (1, 00). Define
q(t) :==1+e*(p—1), Vt>0.
Then
1T fll oy < N fllLws Vf € LP(R™,T), t>0. (10.3)

Proof. We follow closely the arguments in [3, Thm. 1.6.2]. It suffices to prove the inequality for
smooth functions f € Cp°(R™) such that

c:= inf f(x)>0.
zeR?

Under this assumption the function [0,00) > ¢t — G(t) = || f|| 4 is differentiable. The inequality
(10.3) reads G(t) < G(0) so it it suffices to prove that G'(¢t) < 0, Vt > 0.
Applying the log-Sobolev inequality to the function f"/2, r > 0, we deduce

T _1 T T r r—2
[ Fiog jar 7"/Rnf AT (log/Rnf dI‘> §2/Rn(f Vf,Vf)dT

= # r—1 — _L r—1
- 2(7’ _ 1) /R" (Vf >Vf)dr 2(7’ — 1) /Rn fTTLfdr.

Hence

" log fdT — 1/ f7dr <log/ f’"di[‘) < —7’/ FrILFAT, Ve > 0. (10.4)
R" T JRrn Rn 2(r—1) Jgn

We set

F(t) = . Ty[f] dT.
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Then G(t) = F(t)"/4®) and we have
0= o0 (O o iy O
G(t)—G(t)< lgF(t)+q >

q(t)? ) F(t)
Since ¢'(t) = 2q(t) — 2 > 0 it suffices to show that
1 F'(t)
———F(t)log F'(t) + <0. 10.5
gy O gy = 10

Observing that

we conclude that (10.4) is equivalent to

HREE [ (i) omiflar + 50 [ (10)"0 Lrifsar <o
This is precisely the inequality (10.4) with r = g(t). O

We conclude by mentioning, without proof, the Kree-Meyer inequality.

Theorem 10.4 (Kree-Meyer). For any p € (1,00), and any k,{ € Ny, there exist positive constants
cp(k, €) < Cp(kl such that
£
cpl| Fllprter < |[(L = L)2F|preo < Cp||Fllprten, YE € 8(Z). (10.6)
O

For a proof we refer to [3, Sec. 5.6], [20, Chap 2] or [28, Sec. 1.5]

PART 3. LIMIT THEOREMS
11. THE STEIN METHOD

11.1. Metrics on spaces of probability measures. Let us recall several concepts of of pseudo-
distances on the spaces of Borel probability measures on R

Definition 11.1. Let J{ be a set of Borel measurable functions R? — R. We denote by P(R?) the
space of Borel probability measures on R¢.

(1) We set
PR, H) := {p e PRY); Hc LR )}

(ii) We say that 3 is called separating if for any u, v € P(R?)
p=v<=E,h] =E,[h], YVhe HnL R p)n L (R, v).
(iii) If J is separating and p, v € P(R?, H(), we set

distgc(p, v) := sup| E,[h] — E, [R] |.
heXH

(iv) If (22,0, P) is a probability space and F, G : Q2 — R are random variables whose probabil-
ity distributions belong to P(R?, J{), then we set

dists(F, G) := 22&\ E[h(F)] — E[h(G)]|.
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It is easy to check that if 3{ is separating, then dists is indeed a metric on P(R?, ).
Example 11.2. (a) If H is the class of functions
1(—oo,e1]x-x(—00,cq]s Cly---:Cd € R,
then the resulting metric distgc on P(R?) is called the Kolmogorov distance and it is denoted by
dist g ;.

(b) If 3 is the class of functions Borel measurable functions i : R? — [0, 1], then J is separating
then the resulting metric on P(R?) is called the total variation metric and it is denoted by dist7y .

(c) If 3 is the class of Lipschitz continuous functions R? — R satisfying Lip(h) < 1, where Lip(h)
is the (best) Lipschitz constant of h, then J{ is separating, the resulting metric is called the Wasserstein
metric and it is denoted by distyy .

(d) If H denotes the class of Lipschitz continuous functions h : R? — R such that
[[h]| e + Lip(h) < 1,
then I is separating, the resulting distance is called the Fortet-Mourier metric and it is denoted by
dist FM-
(e) If H C C} (R9) denotes the class of C2-functions f : R? — R satisfying

[flle2 < 1,
then J is separating. We denote by dist2 the resulting metric. g

Remark 11.3. (a) Clearly
dist gy < distpy, distyy > distpys > distee .
Thus
lim diStTv(Fn, F) =0= lim diStKOl(Fn, F) =0.
n—oo n—oo

Moreover, if
lim diStKol(Fn, F) =0,

n—oo
then F,, — F in law.

(b) Also, one can prove (see [9, Thm.11.3.3] that F;,, — F' in distribution of and only if F,, — F'in
the Fortet-Mornier metric. It is not hard to see that dist. induces on P(R?) the same topology as
dist zps, the topology of convergence in law. Moreover, (see [6, Thm.3.3]), if N ~ N(0, 1), then

dist o (F, N) < 24/disty (F, N). O

The Stein method provides a way of estimating the distance between a random variable and a
normal random variable. We present the bare-bones minimum referring to [5, 6, 32] for more details
and many more applications. We follow the presentation in [26, Chap.3,4]. It all starts with the
following simple observation.

11.2. The one-dimensional Stein method. Suppose that N ~ N(0,1) and ¢ € D'2(R), i.e.,
g(N),g'(N) € L% Then
(=@ +ag@)m@) = [ sga)- 1) = [ o) @) =0

so that
E[Ng(N)] = E[¢'(N)], Vg€ D"?(R). (11.1)
It turns out the the converse is also true.
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Lemma 11.4 (Stein’s Lemma). A random variable N is a standard normal random variable if and
only iffor all g € DY2(R) we have g(N),g'(N) € L' and

E[Ng(N)] =E[¢'(N)]. (11.2)
Proof. We have to prove only the if part. Applying (11.2) with g(z) = z¥, k = 0,1,..., we deduce

E[N**1] =kE[N*'], VE=0,1,2,....
This proves that
E[N*] = / 2F~,(dx), Yk =0,1,2...,
so that :
E[efV] = / e, (dx), Yt e R= N ~N(0,1).
. O
Stein’s lemma suggests that for a random variable X the quantity E[X f(X) — f/(X) ] should give

an indication of how far away is the distribution of X from the normal distribution.

Definition 11.5. Let N ~ N(0,1) and h € L'(R,~,). The Stein’s equation associated to h is the
o.d.e.

g'(x) —zg(x) = h(z) - / h(z)v1(dx) = h(z) — E[A(N)]. (11.3)
=—0z9(x) .
We set by (x) := h(z) — E[h(N)] so that
E[h, (N)] =0. O

Observe that Stein’s equation can be rewritten as
e 0y(e” 2 g(x)) =hi(2),
This implies immediately the following result.

Proposition 11.6. The general solution of (11.3) has the form

9(z) = gnelzr) = ceF + o7 /w hl(y)e_édy, T €R, (11.4)
—oc0
where ¢ € R is an arbitrary real constant. Moreover the solution
@) =gnea =% [ hit)e Sy (1L3)
is the unique solution g(x) of (11.3) such that
lim e_ég(x) =0. (11.6)

xr—r+00

If now F'is a random variable, then taking the expectation of the equality

9n(x) — xgn(x) = h(z) — E[(N)]
with respect to the probability distribution of F' we deduce
E[(F)] = E[h(N)] = E[g,(F) — Fgn(F)]. (11.7)
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Thus, if H is a separating collection of Borel measurable functions h : R — R we deduce
distg¢(F, N) = }szugg} E[gn(F) — Fgn(F)]|. (11.8)
€

We want to use the above equality to produce estimates on the Wasserstein distance between two
Borel probability measures on R.

Proposition 11.7. Let h : R — R be a Lipschitz continuous function. Set K := Lip(h). Then the
function gy, given by (11.5) admits the representation

00 —t
n () :—/ %E[h(e*tx+\/1—6—2tN)N]dt. (11.9)
0

— o2t

2
lgh oo < \/;K (11.10)

Almost a proof. We know that —¢,.g;, = h and we conclude that
—0z0zgn = Ozh a.e. on R.
Using the Heisenberg identity [0, d,] = 1 we deduce —0,0, = —1 — §,0, = (L — 1). Thus
(L —1)gn = Ozh.
From the condition (11.6) we deduce'! g, € L*(R, ;). Clearly d,h € L*(R,~,). Hence

Moreover, gy, is a C*! function and

gn = (L—1)"'9,n X /OO =T, [0, h]dt.
Using Mehler’s formula (9.1) we deduce ’
TlohI(@) = [ W a+ /1= ey ()
We set u, := etz + m and we observe that for fixed  we have
D ) = W (u d“x T = e W () = B () = —— L h(uy).

dy V1—e2tdy
Hence
T0M@) = =g [ oh(ue)r(ds) = <= [ Byv(a)
1

=——0@E[h(elz+V1—e2N)N].
Vi—e 2t [ ( ) ]
This proves (11.9).
Clearly gy, is a C''-function. To prove the estimate (11.10), we derivate (11.9) we respect to  and
we deduce
o] 6—215
gn(x) = —/ ————E[W(e 'z +V1—e2N)N]dt.
0 1—e 2
Since |W/| < K we deduce

2

|4 )]<KIE[[NH/OO < K\F/l W _ g
T - dt = = — = =,
Ih - 0 V1—e 2 T Jo 2v1—w 0

UThis needs a proof, but we skip it since it is neither hard, nor particularly revealing.
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From the above proposition and the equality (11.8) we obtain immediately the following useful
result.

Corollary 11.8. Let N ~ N(0, 1). Then for any square integrable random variable F' we have

distpas (F, N) < disty (F, N) < sup E[g’(F) — Fg(F)} , (11.11)
9E€Fw
where
2
= 1 . / < \/> ' .
Fw {geC(R), 9 llo < W} (11.12)
O

11.3. The multidimensional Stein method. The Stein method has a multidimensional counterpart.
To describe it we need to introduce some notation. Denote by £(RR™) the space of bounded linear
operators R” — R"™. We define the Hilbert-Schmidt inner product on L(R™) to be

(A, B)gs :==tr AB* =Y A;;B;j, VA, B € L(R").
i7j
The next result generalizes the one-dimensional Stein lemma

Lemma 11.9 (Multidimensional Stein lemma). Let d € N and C' € L(RY) be a symmetric operator
such that C > 0. Let N = (Ny,...,Ny) be a random d-dimensional vector. Then the following
statements are equivalent.

(i) N ~N(0,0)
(ii) For any C? function f : R* — R with bounded first and second order derivatives we have

E[(N,Vf(N))|=E[(C,Hess f(N)) ;- (11.13)

Proof. (i) = (ii). If C' > 0, then the implication follows from an immediate integration by parts and
the equality

I'c(dz) = ;6_%(003’93)(1%.

Vdet(27C)

The general case follows from the general case applied to the nondegenerate matrices C. = C + €1
and then (carefully) letting ¢ — 0.

(ii) = (i). Fix G ~ N(0, C) independent of IN and a C2 function f : R — R as in (ii). We set

o(t) ::E[f(\/%NnL\/l—tG)].
Then

and thus

:/IE[(Vf(\/%NJr\ﬂ—tG),N)]C”—/IE[(Vf(ﬁN+\/1—tG),G)]
0 2Vt Jo

Using (11.13) we deduce by conditioning on G that, for any = € R?, we have

E[(Vf(\/EN—i—\/l—tw),N)] :\/EE[(C’,HeSSf(\/{fN—{—\/l—tac)HS].

=:hy(x,t)

dt
2v1 -t
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Since G ~ N(0, C) it satisfies (11.13) and, conditioning on IN, we deduce that for any x € RY, we
have

E[(Vf(Viz+vVI—1G),G)] =E[(C, Hess f(Vtx + VI—1G)) ] -

=:ha(x,t)

Integrating hq (x, t) and ho(a, t) respectively with respect to the law of G and the law of IV, and then
integrating with respect to ¢ we deduce that

E[f(N)]=E[/(&)],

for any C2-function f : R? — R with bounded first and second order derivatives. Since the class of
such functions is separating we deduce that N ~ G ~ N(0, C). 0

Definition 11.10. Let N ~ N(0, 1) and h : R™ — R a measurable function such that e[ |h(IN)|] <
oo. The Stein’s equation associated to h and IN is the p.d.e.

d
Lf(®) = -Af(z) —x Vf(x) = h(z) —E[R(N)], A==>0;. (11.14)
j=1

Observe that if  : RY — R is a Lipschitz continuous function, then the function
hy(x) := h(x) —E[h(N)] € L>(R%,T) and / hy (x)T(dx) = 0.
R4
Thus, A lies in the range of the Ornstein-Uhlenbeck operator L : D*2?(R%) — D%2(R?) so there
exists a unique function fj, € D?2(R?) such that

Lfyn(x) =hy(x) and ) fn(@)T(dz) = 0.
R
More precisely, f, = L™'h = L~ 'h,. We can now state the multidimensional counterpart of
Proposition 11.7.
Proposition 11.11. Let h : R? — R be a Lipschitz continuous function. Then the function
fan=Lt'h=L"1h,

is well defined, C* and admits the representation
[e.e] o
fu(x) = / Tylhy]dt = / E[A(N)—h(e 'z +V1—e 2N )]dt. (11.15)
0 0

Moreover, if Lip(h) < K then,
sup || Hess fy () |gs < KVd. (11.16)

zeRd
Proof. Let h,, € L*(R? T) be the n-th chaos component of /(). Then, in L2, we have the following
equalities

h(w) = ha(z), hi(z) =) hn(@),

n>0 n>1
1 oo o0
Ly (1) = =3 Shaa) = - Z/ eh (1) = —/ Tyhydt.
o1 n>1"0 0

This proves the first part of (11.15). The second part of this equality follows from Mehler’s formula.
The C?-regularity of fj, is a consequence of basic elliptic regularity results.
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To prove (11.16) we observe that

00 —2t
8§lz]fh($) = —/ \/%E[axjh(e_tw + 1— e_2tN)Ni:|dt
0 — e

Thus, if B € £(RY), we have

‘ (B,Hessfh(a:))HS‘ = Zaixjfh(w)
1,7

— ‘/OO f_z;%E[(BN,Vh(e—txmﬂ—e2tN))}dt‘dt
. VI o

o) —2t
gHVhHOOIE[\BN\Rd}/O ﬁdtﬁlﬁ/ﬁ IE[\BN@J,

because || VAo < K+/d and
00 672t
| i1,
0 1— 6721‘,

E[|BN [5.] = 1BI%s.

A simple computation shows that

This completes the proof of (11.16). O

Proposition 11.11 admits the following immediate generalization.

Proposition 11.12. Fix a symmetric positive definite operator C € L(R?). Denote by Apin(C)
and respectively A\pax(C) the smallest and the largest eigenvalue of C. Fix a random vector N ~
N(0, C) and a Lipschitz continuous function h : RY — R. Set K := Lip(h). Then the function

Jn(z) :/ E[h(N)—h(e e+ V1—e2N)]|dt (11.17)
0
is well defined, it is C? and satisfies the Stein’s equation
(C,Hessf(a:))HS— (2, Vf(z)) = h(z) — h(N). (11.18)
Moreover
dAmax(C)

sup H Hess fr(x) ||ps < K (11.19)

zcRd )\mm(c)

Main Idea. The above proposition can be obtained from Proposition 11.11 by choosing an orthonor-
mal basis fy, ..., f, of R? that diagonalizes C,

Cf=MeJp k=1,...,d, 0< X <--- <)\

The last result implies the following multi-dimensional counterpart of Corollary 11.8.

Corollary 11.13. Fix a symmetric positive definite operator C € L(R?) and a random vector N ~
N(0,C). If F' is a square integrable R%-valued random variable, then

distrar(F, N) < disty(F, N) < sup E[ (C, Hess f(F)) ;5 — (F, Vf(F))}

fe€Fq
where F; consists of the C*-functions f : R — R satisfying (11.19) with K = 1. O

. (11.20)
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12. LIMIT THEOREMS

12.1. An abstract limit theorem. Fix a separable Gaussian Hilbert space 2~ C L*(Q,F,P). As

usual, we set X = L2(9Q, F ,IP) and we denote by Proj,, the orthogonal projection onto the n-th
chaos 2. For any number N € Ny we set

Proj<y = @ Proj,, Projony =1 —Projcy.
0<n<N

For F € 2 and n € Ny we denote by Var,, (F') the variance of Proj,, (F).
We have
Var(F) = Z Var, (F),
n>1
and we set

N
Var<y := Z Var, (F'), Varsy(F) = Z Var, (F') = Var(F) — Var<y(F).
n=1 n>N
We begin by describing a simple sufficient condition guaranteeing the convergence in law to a normal
random variable of a sequence of random variables in 2.

Proposition 12.1. Consider a sequence of random variables (F),),>1 in 2 such that
E[F,] = 0,Vv,
i.e, Projy(F,) = 0, Vv. Suppose that the following hold.

(C1) Forany n € N, the sequence of variances Vary, (F,) converges as v — oo to a nonnegative
number v,
(C9) The sequence

Vn :=sup Vars y(F),)
v>1

converges to 0 as N — oo. In other words, as N — oo, the “tails” Proj x F, converge to
0 in L?, uniformly with respect to v.

(Cs) Forany N > 0 the sequence of random variables Proj 5 (F), ) converges in law to a normal
random variable. -

Then the following hold.
(i) The series ), -, v, is convergent. We denote by v its sum.
(i) -
lim Var(F,) = v.

V—00

(iii) As v — oo, the random variable F,, converges in law to a random variable F, ~ N(0,v).

Proof. (i) Fix € > 0. We can find N(g) > 0 such that for any N > N(g) we have Vy < e. For all
n >m > N(e) we have

Z Varg(F,) < Z Varg(F,) < Vy <e
k=m k>N

which shows that

Vn > M > N(e): Z v = le Z Var,(F,) <e.
k=m k=m
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To prove (ii) observe that for any N > 0 we have

| Var(F,) —v| < Z ‘Varn(F,,) — vy

+ > Vara(F,)+ Y vn

n<N n>N n>N
< Z )Varn(F,,) — | + VN + Z Un
n<N n>N

This proves that
limsup | Var(F,) —v| < Vy + Z Up, VN > 0.

V—r00 7L>N
The conclusion (ii) is obtained by letting N — oo in the above inequality.

(i) Let X € 27, || X|| = 1, so that X € N(0,1), /vX € N(0,v). We will show that for any
bounded Lipschitz function & : R — R we have

lim E[h(F,)] =E[h(vvX)]. (12.1)

Observe that if v = 0, we deduce from (ii) that F}, — 0in L? so F}, converges in law to the degenerate
normal random variable with variance 0. Assume v > 0. Without loss of generality we can assume
v=1.

Fix a bounded Lipschitz function / : R — R and set

For N > 0 we set
Gyn = Projen(F,), Hyn =F, —Gy,n = Proj.n(F,)
UN= ) Un, ON=\/UN

n<N

so that, as v — oo G, v converges in law to oy X and H, n converges in L?t00.

|E[1(5)] —E[n(vo X)]| < |E[A(R)] - E[A(G0n)] |

+E[1(Gun)] ~E[h(onX)] | +|E[h(onX)] ~ E[A(vo X)].|
Now observe that

E[|A(Gun + Hun) = W(Gu) ]| < KE[ |y |] < K| Hy 2,

lim | B2 = 0, lim [E[A(Gun) ]~ E[AlonX) ]| =0,

so that
limsup| E[A(F,)] — E[(X)] | < |E[h(oxX)] = E[n(vo X)] |

V—00

Letting N — oo we deduce

lim |E[1(F,)] ~E[h(o X)] | =0,

v—r00

for any bounded Lipschitz function h. This proves (iii).
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In the remainder of this section we will explain how to combine the Stein method with the Malli-
avin calculus to prove central limit results of the type described in Proposition 12.1, with condition
Cs replaced by one that is easier to verify in concrete situations. These techniques were pioneered
by D. Nualart and G. Peccati in [29] and have since generated a lot of follow-up investigations'?; see
e.g. [25, 27] and the references therein. We follow the presentation in the recent, award winning
monograph of 1. Nourdin and G. Peccati, [26].

12.2. Central limit theorem: single chaos. The following proposition is the key result in the im-
plementation of the Stein method in the Wiener chaos context.

Proposition 12.2 (Key abstract estimate). Let F € DY2(27) such that E[F] = 0, E[F?] = 1. If
g : R — Ris a Lipschitz function and K = Lip(f), then

E[g(F)] ~E[Fg(F)] | < K- |E[ (1= (DF,-DL7'F) ) ) ]|} @22

Proof. Note first that ¢’ is defined only a.e.. However, the law of F has a density, so the random
variable ¢'(F) is a.s. well defined. Using the integration-by-parts formula (9.5) with F = G we
deduce

[B[¢/(F)] - B[Fo(F)] | = |E[¢(F) (1~ (DF.-DL'F) , ) ]|

<K-|E[(1-(DF,-DL7'F) ) ]|

d
Corollary 12.3. Let F € DY3(2)) with E[F] = 0, E[F?] = 02 > 0. If N ~ N(0, 02), then
[ 2
disty (F,N) <1/ — E[|o? = (DF,-DL7'F) . |]. 12.3
istw (F, N) < R [|o* — (DF, )J] (12.3)
If, in addition, F € DY4(2"), then
E||o®~ (DF,-DL7'F) . |] < \/Var[ (DF.~DL-'F),,|. (12.4)

Proof. The case 0 = 1 follows from Corollary 11.8 and the inequality (12.2). The general case of
(12.3) follows from the case o = 1 applied to the new random variable o' F'.
To prove (12.4) we observe that

E||o®— (DF,-DL7'F) .|| < VE[ (02— (DF,-DL'F) ,.)*].
From the integration by parts formula (9.5) we deduce that
E[ (DF, —DL‘lF)%] -
so that,
E|(0? - (DF,-DL™'F) )" | = Var| (DF,~DL'F) ..
To show that the above variance is finite observe that

E|(DF,-DL7'F)% | < \/E[HDFHM -\/IE[HDLlFHf‘%].

The Kree-Meyer inequalities (10.6) imply that the quantities in the right-hand-side above are finite.
D

121van Nourdin maintains a site dedicated to this novel way of approaching limit theorems
https://sites.google.com/site/malliavinstein/home.
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Remark 12.4. The method of proof of Proposition 12.2 and the statement of Corollary 12.3 rely on
the assumption o > 0 which may not be easy to verify in some concrete situations. g

Proposition 12.5. Let F € DY2(%") such that E[F] = 0, E[F?] = ¢% Ifh € C}(R) and N ~
N(0, 02), then

|E[n(F)] —E[A(N)]]| < %||h”||oo : EH (DF,-DL™'F), ) -o? ‘ } (12.5)

In particular, if F € DY, then

distca(F, N) < %EH (DF,-DL'F) ) - o?|| < ;\/Var[ (DF.-DL-'F),|. (126)

Proof. The results is obviously true if 02 = 0 so we can assume that 02 > 0. We set

o(t) = \/127/_00 E[h(efox+ V1 —e2F)|dz.

Note that
SO(OO) :E[h(F)]’ 80(0) :E[h(N)],
so that )
B[h(F)] - B[] = [ &
0
We have y
¢'(t) = i/gE [/OO h/(e*tax—k mF)xexzdli]
o2t / _
iiere \ﬁ FEh (efox+V1-eF) e

Performing an usual integration by parts in the first integral and using the Malliavin integration by
parts formula (9.5) in the second integrand we deduce

—2t 2 oo »2
go’(t):—e U E{/ h”(etox+\/1—e—2tF)e2dat]
V2T PN
721‘/ oo} ”( ; )( 1 ) z2
W (e tox+/1—e2F)(DF,—~DL"'F), ]e_de
=/ B ”
67215 > " t ( 1 ) 2 z?
- E[h (e— ox + 1—e—2tF) : ( DF,-DL"'F), —o )}e‘Tda:.
V2 3
We deduce

E[A(F)] —E[h(N)]

oo ,—2t t [e’¢) 22
e\/; E[h’/(e*ta:c +/1- e—2tF) : ((DF, ~DL'F),, - 02) ]f?dx.
00 ™ J—oco

We reach the desired conclusion by observing that

EHh”(e‘taaB—i- 1— e‘2tF> H < W |oos Ve
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Observe that when F' € 2%, ¢ > 0, then F' € D4 and
1
-1 2
(DF, —DL F)% = 5‘|DFH£

In this case we can provide more detailed information. This will require a bit of Ito calculus and a bit
more terminology.
Given p,q € N and r € Ny such that » < min{p, ¢} we define the map

@y X x O grOPHa=)

to be the unique continuous bilinear map such that

T
(X1®-0X) & Vi@ 0Y)=|[[EXY]|Xme 0X0Yme -0,
j=1
We define
G2 XOP x X0V grOpta=2r)
to be
u@v = Sym|u®,v]|, Yue L, ve X,
Remark 12.6. If W : L?(M, M, ) — 2 is a white noise isomorphism then we can isometrically

identify .2"“P with the space L?(MP, M®P, u®P). Thus we can view f € 2 %P and g € 2°%9 as
L?-functions

f:MP >R, g: M?—R.
Then f ®, g can be identified with the function MP~" x M9~" — R given by

f®7’ 9($r+1,- . '7xp7y7‘+17"‘7yq)

= F@, et gty )Gyt Uity - - - Yg ) & (dty - - - dty).
MT

Lemma 12.7. Letq € N, ¢ > 2 and f € X, Set F = I,[f]. Then the following hold.

—1 2
1 2 2 S q—1 =
5;\ DF|% =E[F?] + q;(r —1)! <T ) Tea2rlf0f], (12.7a)
1 1 7\>
Var (qu DF||2%> =2 Z r2(r!)? <r> (2¢ = 201 FRr FI1 %y o20-2m (12.7b)
r=1
3 q—1 q 2 )
E[FY] — 3E[F?]? = y S22 <T> (2¢ =200V | f O f 1o sza—2n)
=1 (12.7¢)
= q 2 2 2q —2r = 2
=@ () (170 + (02280 Proman )
r=1

1 9 qg—1 4 212 1 2
Var(qHDFH%> < ?(E[F ] — 3E[F2] ) < (q—l)Var(qHDFH%) . (12.7d)
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About the proof. Let us point out that (12.7b) follows immediately from (12.7a) via the isometry
(5.4). The inequality (12.7d) follows immediately from (12.7b, 12.7¢). Thus it suffices to prove only
(12.7a) and (12.7¢).

To prove (12.7a) it is convenient to consider a more general problem, that of finding the chaos
decomposition of

(DF,DG),, F,.Ge 2

‘%’7
We write ' = I,[f], G = I,lg], f,g € 2 ©%. Using the polarization trick we can reduce the
problem to the special case

f=X% g=Y% XYeZ, EX}=EY?=L1
Thus
F = H,X), DF =qH, ,(X)DX,
G =H,Y), DG =qH, |(Y)DY,
(DF,DG) , = ¢°Hq—1(X)Hy1(Y)E[XY].

The equality (12.7a) now follows by invoking (4.5), (4.6) and the isometry equality (8.5).
The proof of (12.7¢) requires a bit more work. The hardest part is the 2nd half of this equality. It
is based on the (non-obvious) elementary identity

q—1 2
ONIES 1o = 2o + @ 3 () 15 00 foiarans F€ 291, (128
r=1

A convenient way to prove this is to use a white noise isomorphism as in Remark 12.6. We refer to
[26, Lemma 5.2.4] for details. O

Corollary 12.8 (The fourth moment theorem, [29]). Suppose that F € 2%, q > 2 and E[F?] =
02 > 0. Then for N € N(0, o) we have

12.9)

. 1 2 1 [(2¢—2)(E[FY] - 30%)
<= — )<= :
distyy (F, N) < U\/Var( —IDFIZ, ) < U\/ —

Thus, given a sequence (Fy,)n>0 in Z°%, ¢ > 2 and N ~ N(0,0) the following statements are
equivalent.

(i) The sequence (F},),>0 converges in probability to N.
(i) Asn — oo, E[F?] — E[N?] = o%and E[F}] — E[N?] = 30
Qi) If Fy = Ig[ful, fo € 29, then
nlglgo an®7‘fn||g}j®(2qf2r) =0, Vr=1...,¢-1
(iv) Var(|[DF,|*)— 0asn — oc.

Proof. In this case we have

(DF,~DL7'F),, = j]H DF|J,.

The desired conclusions follow from Corollary 12.3, (12.7b) and (12.7d). O
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12.3. Central limit theorem: multiple chaoses. The results proved in the previous subsection have
a multidimensional counterpart. The next result, is the multi-dimensional counterpart of Proposition
12.2 and Corollary 12.3

Proposition 12.9. Fix d > 2 and let F = (F},..., Fy;) be a random vector such that Fy, ..., Fy €
DY4(27) with E[F;] = 0, i. Let C € L(R?) be a symmetric positive definite operator and let
N ~N(0,C). Then

d

. dAmax(C
disty (F, N) < MCS)) 3 IE[ (Cy — (DF}, —DL*le)%)Q} (12.10)

ij=1
Proof. Let M be the random operator M : Q — £(R?) with the (i, j)-th entry given by
Mjj := (DF;,—DL™'F;) ,-

Arguing as in the proof of Corollary 12.3 we deduce that M;; € L? since F;, F; € DM(.2). For
g € C%*(R?) such that

dAmax(C)
:uRIjiH Hessg(z) || s < T (C)
we have
d
|E[(C, Hess g)us(F) — (F, Vg(F))ga ] | = 3" G2, 0(F)] - 3 B[ Fowg(F)]
i,j=1 i=1
(use the integration by parts formula (9.5))
d d
- ZC’JE[ :v:vg Z :Jc DFJ"_DLilFi)%]
ij=1 j=1

d
Y CyE[8;,,,9(F)(Cij — (DF;,—DL™'F;) 5]
ij=1

= \E{(Hessgw),c— M)ps] | < /E[ || Hess g(F)lI3s - /ELIC - Mg

VPl €) wa [11C — M.
mln

We conclude by invoking Corollary 11.13. O

The next result, is the multidimensional counterpart of Proposition 12.5 and explains what to do
when the covariance matrix C' is possible degenerate.

Proposition 12.10. Fixd > 2 and let F = (F}, ..., F;) be a random vector such that F, ..., F; €
DYY(Z) with E[F;] = 0, i. Let C € L(R?) be a symmetric, nonnegative definite operator and let
N ~ N(0,C). Then for every h € C?(R?) such that ||h" ||« < 0o we have

|E[A(F)] —E[A(N ]|<7\|h”Hoo ZE[ (DF;,~DL'F,) )2} (12.11)
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Proof. Without any loss of generality we can assume IV is independent of the Gaussian space 2 .
Let h as in the statement of the proposition. For ¢ € [0, 1] we set

U(t) :=E[h(VI—tF +VtN)].

Then

‘We have

'(¢) :iﬂi [azih(\/ftFJr\/iN) <2\1/ENZ~— 2\/%17)] .

At this point we want to use the following elementary but useful identity.

Lemma 12.11. If f = f(y1,...,yq) : R? — R is C! with bounded derivatives, N ~ N(0,14) and
T,S € L(RY), then

d
E[f(SN)(TN);] =) E[0, f(SN)(TS")ir], (12.12)
k=1

where (TN )i denotes the i-th component of the random vector TN and (T 'S*);;, denote the (i, k)-
entry of the matrix T'S™

Proof of the lemma. We have
d
E[f(SN)(TN);] =) E[f(SN)T;N;]
j=1
((5j = —8Nj + Nj)

F(SN)T;0;(1)]

|[V1&

(integrate by parts using the equalities GN. = > 1 Oy ON, Uk Yk = ; SkiNj)

d d d
=D B[y, f(SN)SKTy] = Y E[0,, f(SN)(TS")ir].

j=1k=1 k=1

Now observe that if f : R? — R is a C''-function with bounded derivatives, and N ~ N(0,1,) is
such that, N = v/C'N, then (12.12) shows that
d
E[f(N)N;] =E[f(VCN)(VCN);| =) E[8,,f(SN)Cy]. (12.13)
k=1

We have
E[&wih(\/mF + \/EN)NZ-] ~E, [ E[axih(\/mw +VEN)N,

=l

(12.13) \/zijm[cijE[agixjh(x/li—tw +VIN)|F=a] |

Jj=1
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—JZQ@[ (m_F+fNﬁ

Using the integration by parts formula (9.5) we deduce

M%Mﬂfﬁ+ﬂNm}ﬂ4ﬂ%Mﬁfﬁ+ﬁ@EN:

“| |

Hence

}:/ﬂ vT?7F+va)( — (DF;,-DL'F;),,

3,j=1

We now have (almost) all the information we need to prove the following remarkable result.
Theorem 12.12. Letd > 2 and q1, . . . ,qq € N. Consider the d-dimensional random vector
F = (Fl,...,Fd), F,e 7%, i=1,...,d.

Let f; € 2 ®% such that I,,,[f;] = F;. Denote by C the covariance matrix of the random vector F,
Cij = E[F;Fj], and let N ~ N(0, C). Consider the continuous function

Y:(RxRsg)4=R>0

given by

d
\I/(flfl, Yi,--., 24, yd) = Z 6‘]in
ij=1
d min(g;,q5)— qi L
£ 30 0=t [ (2Aag))* fael¥ 4+ 2 ¢ %+%—”Wﬁ)m2v
ij=1
and set

m(F) = ’(ﬁ(TrM(Fl) — 3TTL2(F1)2,7T7,2(F1), NP ,M4(Fd) - Smg(Fd)Q,mg(Fd) ),
where we recall that my,(X) denotes the k-th moment of a random variable X. Note that
w(xhylv <oy X, yd)xl:m:xd:(] =0.

Ifh: R4 — Ris a C? function with bounded second derivatives, then

|E[F] — E[N]| < ~[[1"]|som(F).
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The main ideas. We plan to use Proposition 12.10 so we need to estimate from above the quantities
2 1 2
E[(Cy - (DF;,-DL7'R),. ) | =E| (EIRF] - —(DF,DF) . ) |-
di
Note that C;; = 0if ¢; # ¢;. Thus, we need to produce suitable upper estimates for quantities of the
form 1
E[a . f(DF,DG)%-}, FeZ™ Ge2% ack.

p

This is what the next lemma accomplishes.

Lemma 12.13. Let F = I,[f], f € 2P and G = I,|g], g € Z“%, p,q > 1. Suppose that « is a
real constant.

(@) Ifp = q then

E[(a—;(DF,DG)%-)Q} < (a-E[FG])?

o p—1 (12.15)

p p—1 4
D) ;“ - 1! (7, _ 1) (2p = 2r)!([If @p—r f

(i) Ifp < q, then

oo + 19 @p_r gl %2 )

1 2 —1\?
B[ (10r06)2 ) ] <0?(12 1) @ DA el 9 80mp ol o

P K p—1\*(q— 1)
- 0(2]) (C2)) a2 S e+l 8ol o)

r=1
(12.16)
Main idea of the proof. The lemma follows from the identity
min(p,q) p—1\ (g1
(DF,DG) , =pg Z (r—1)! <r _ 1> (7’ _ 1>Ip+q—2r[f ®r g,
r=1
which can be reduced to the equality (4.5). g
Using (12.7c) we deduce that for any ¢ > 2 and any f € 2“7 we have
2
ri(qg—r)! 2
I1f ®r o2 < ((q!)zl)(E[Iq[f]él} —3E[I,[f]?] )
Theorem 12.12 now follows from the above lemma after some simple algebraic manipulations O

Theorem 12.12 implies the following remarkable result.

Theorem 12.14 (Peccati-Tudor, [30]). Let d > 1 and q1,...,q4 € N. Consider the sequence of
d-dimensional random vectors

F, = (f717TL,...,f717177L)7 Fj,n e XY, 5=1,...,d, neN.
Suppose that C € L(R?) is symmetric and nonnegative definite and
lim B[ F; Fj, | =Cij, Vi, j=1,...,d.

n—o0

Then the following statements are equivalent.

(i) The random vector F,, converges in probability to a Gaussian vector N ~ N(0, C).
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(ii) Foreachj =1,...,d the sequence of random variables ( Fin )n
to a Gaussian r.v. N; ~ N(0, Cy).

oy converges in probability

O

The above result leads to the following substantial strengthening of Proposition 12.1

Theorem 12.15. Consider a sequence of random variables (F,),>1 in 2 such that E[F,] =0, Vv,
i.e., Projy(F,) = 0, Yv. Suppose that the following hold.
(Ch) Forany k € N, Ju, > 0 such that
2
lim E{ (Projk Fy> } = V.
V—r00
(C9) The sequence
2
Vy 1= sup Z E{ (Projk Fu> }
v2l SN

converges to 0 as N — 0.
(C%) Forany k € N

4
lim IE[ (Proijl,) } = 302,

V—00
Then the following hold.
(i) The series ., ~, v, is convergent. We denote by v its sum.
(ii) -

lim Var(F,) = v.

V—r00
(iii) As v — oo, the random variable F,, converges in law to a random variable F, ~ N(0,v).

Remark 12.16. (a) The fourth moment theorem (Corollary 12.8) shows that the conditions C; + Cf
are equivalent with the requirement that, Vk € N, as v — oo the random variables Proj,, [F},| converge
in probability as v — oo to a normal random variable Ny € N(0, vg).
(b) If we write

Projk[Fu] = Ik’[fl/,k]) fl/,k € %:k:a
the Corollary 12.8 shows that the condition CY is equivalent to

g2 =0, VE>1, Vr=1...k—1

lim ”fl/,k®rfu,k
V—00
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