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0. Introduction

In 1996 Meng and Taubes [16] have established a relationship between the Seiberg—
Witten invariants of a (closed) 3-manifold with b; > 0 and the Milnor torsion.
A bit later Turaev, [29, 30], enhanced Meng—Taubes’ result, essentially identifying
the Seiberg—Witten invariant with the refined torsion he introduced earlier in [27].
In [29] Turaev raised the question of establishing a connection between these two
invariants in the remaining case, that of rational homology spheres.

Around the same time, Lim [12] succeeded in providing a combinatorial de-
scription of the Seiberg-Witten invariants of integral homology spheres. Namely,
in this case they coincide with the Casson invariant. In [19] we investigated a spe-
cial class of rational homology spheres, the lens spaces, and we proved that the
Seiberg-Witten invariants of such spaces are determined by the Casson—Walker
invariant and the Reidemeister—Turaev torsion in a very explicit fashion. In that
paper we also raised the question whether this is the case in general. Recently Mar-
colli and Wang [15] (see also the related work of Ozsvath—Szabd [23]) have shown
that the Seiberg—Witten invariants of a QH S determine the Casson—Walker invari-
ant. Additionally, they have proved a very general surgery formula involving the
Seiberg—Witten invariants.

The main result of the present paper is Theorem 2.4 where we prove that for
rational homology spheres we have
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SW <— CW + RT de:f Casson—Walker invariant + Reidemeister—Turaev torsion.

Our strategy is based on analytic surgery formulae for Seiberg—Witten invariants
developed in [13, 15, 23], and topological surgery formulae for the Casson—Walker
invariant and the torsion, described in [30-32].

Although this approach is similar in spirit to the one in [16], there is, how-
ever, a serious obstacle one has to overcome, which was not present in [16]. More
precisely we cannot rely as Meng—Taubes did, on the Seiberg—Witten invariants of
3-manifolds with boundary because the required analytical set-up is incompatible
with surgeries leading to rational homology spheres. This has the effect of severely
limiting the amount of information carried by the various surgery formulae we can
employ. We outline below some the difficulties of this approach and the method we
propose to get out of trouble.

Both the Seiberg—Witten invariant and the CW+RT-invariant can be thought of
as Q-valued functions on the first homology group H of a given rational homology
sphere M. We denote by Dy, the difference of these two functions. Proving the
equality of these two invariants is equivalent to showing that Dy, = 0.

We found it extremely convenient to work not with Dj,; but with its Fourier
transform Dy, : H? — C, where H! is the Pontryagin dual of H. For example,
Marcolli-Wang result [15] translates into Dys(1) = 0, for all rational homology
spheres. This is not just an artificial trick. The true nature of the surgery formulae is
best displayed in the Fourier picture. To explain the gist of these formulae consider a
3-manifold N with b; = 1 and boundary T2. N can be thought of as the complement
of a knot in a QHS. Pick two simple closed curves c¢1, co on ON with nontrivial
intersection numbers with the longitude A € H1 (0N, Z).

By Dehn surgery with ¢; as attaching curves we obtain two rational homology
spheres My, My and two knots K; «— M;, ¢ = 0, 1. Let H; := H1(M;,Z), G :=
H1(N,0N;Z). The knot K; determines a subgroup K;- C Hf, consisting of the
characters vanishing on K;. These subgroups are naturally isomorphic to G and
thus we have a natural isomorphism

The surgery formulae have the form?®
</\7 C2>[)1\/[1 (X) = <>‘v Cl>DM2 (f(X)) + |G"C7 VX € KlJ_v

where (e, o) denotes the intersection pairing on H;(9N,Z), and K is a universal
correction term which depends only on the divisibility mg of the longitude and the
S Lo(Z)-orbit of the pair (c1, c2) with respect to the obvious action of this group on
the space of pairs of primitive vectors in a 2-dimensional lattice. We will thus write

aThe reader should compare this description of the surgery formula with the ones in [15, 23]
(see also Sec. 3 of this paper) to truly appreciate the amazing simplifying power of the Fourier
transform.
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Konoi[er,e2]» and call the triplet (mo; [c1, c2]) the arithmetic type of the surgery. The
results of [23] prove that
’Cl;[cth] = 0, V[Cl,CQ] .

We call surgeries with mo = 1 primitive, and the surgeries with trivial correction
term, admissible. We denote by X the class of rational homology spheres M such
that Dy; = 0. Both the family of admissible surgeries and the family X are “time
dependent” families, and during our proof we will gradually produce larger and
larger classes of surgeries/manifolds inside these families.

The class X is closed under connected sums and certain primitive surgeries (see
Sec. 4.1). Using this preliminary information we are able to show that all homology
lens spaces belong to X. This follows from the general results in [4] concerning 3-
manifolds related by Dehn surgeries of special types. We also present an alternate
proof, based on Kirby calculus, which we learned from Saveliev. As a bonus, we can
include many more arithmetic types of Dehn surgeries in the class of admissible
surgeries.

Loosely speaking, the homology lens spaces have the simplest linking forms.
We take this idea seriously, and we define an appropriate notion of complexity of
a linking form. The proof then proceeds by induction, including in X manifolds
of larger and larger complexity. This process also increases the class of admissible
surgeries, which can be used at the various inductive steps. Such a proof is feasible if
we can produce a large supply of complexity reducing Dehn surgeries. Fortunately,
this can be done using elementary arithmetic.

Our proof also shows that the invariant introduced by Ozsvath and Szabd in
[23] also coincides with CW+RT-invariant, thus answering a question raised in
that paper. Moreover, the main theorem leads to a novel description (in the 3-
dimensional case) of the Brumfiel-Morgan [1] correspondence between spin struc-
tures and quadratic refinements of the linking form. This new description of the
Brumfiel-Morgan correspondence plays an important role in our recent investiga-
tion [17].

Basic Notations and Terminology. We will denote by M a closed, compact,
oriented 3-manifold. We will set H = Hy(M,Z) = H?*(M,Z), and we will denote
the group operation multiplicatively. Set vy := |H|. A homology orientation on M
is an orientation on H ® R. Define

©=0y:= > heZH.

heTors(H)

For any P = Y,y Puh € Z[H] we set P := ", _;; P,h~'. The letter N will be
reserved for compact, oriented three-manifolds with boundary ON =2 T? such that
b1(N) = 1. Equivalently, N can be viewed as the complement of a knot in a rational
homology sphere. We set G = H;(N,0N) = H?(N,Z).
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We will denote by Spin“(M) the space of isomorphism classes of spin® structures
on M. We will denote a generic spin® structure by o. Spin®(M) is an H-torsor, and
we will denote by

Spin®(M) x H 3 (o, h) — ho

the natural action of H on Spin®(M). The natural involution on Spin®(M) will be
denoted by ¢ +— &. The complex line bundle associated to ¢ will be denoted by
det(o). We can identify det(o) via the first Chern class and the Poincaré duality
with an element in H. Note that

det(ho) = h* det(o) .

We will denote by Spin(M) the space of isomorphism classes of spin-structures
on M. A generic spin structure will be denoted by e. Spin(M) is naturally a
HY(M,7Z/2) = Hom(H, Z/2)-torsor. We use the same notation to denote the action
of Hom(H,Z/2) on Spin(M). Every spin structure e induces a canonical spin®-
structure o(e). Moreover

ole) =0o(e), o(he)=pP(h)o(e), VheHom(H,Z/2),

where 3 : H'(M,Z/2) — H?(M,Z) denotes the Bockstein morphism whose image
is the 2-torsion part of H.

For any finitely generated Abelian group A we will denote by Af its Pontryagin
dual,

A = Hom(A, S1) = Hom(A,Q/Z).
Finally for every x € H* and any P =Y, _,; Poh € C[H] we set
P(y) = Z Pyx(h) e C.
heH
The function H* 3 y — P() is essentially the Fourier transform of P. Note that
P(1):=> Py
heH

Moreover

Ou(1) = [Tors(H)|, Oun(x) =0, if x#1, and 3Im > 1x(H)C Up,.

For every positive integer m we denote by U,, C S' the multiplicative group of
mth roots of 1.

1. The Modified Seiberg—Witten Invariants of 3-Manifolds

We want to present, in a form suitable for our goals, some basic structural facts
concerning the Seiberg—Witten invariants of 3-manifolds. For more details we refer
to [13, 14, 16).

The Poincaré duality defines a natural orientation on H, (M, R) which by default
will be the orientation we use in defining the Seiberg—Witten invariants of M. To
describe them in more detail we need to differentiate three cases.
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1.1. The case by > 1
The Seiberg—Witten invariant of M is a function
swys : Spin(M) — Z.

swys (o) is a signed count of o-monopoles, objects determined by additional ge-
ometric data on M, Riemannian metric g, and a closed 2-form 7. The canonical
orientation on H, (M, R) associates a sign to each monopole, and the signed count is
independent of g and 7. The Seiberg—Witten invariant has the following properties.

e swys(o) =0 for all but finitely many o’s.
o swy (o) =swp(d), Vo.

For every o we can form the element

SW, € Z[H], SWu, =Y swuy(h 'o)h.
heH

Note that for every hg € H we have
SW s hoo = hoSWiro .
Moreover
SW s, = det(0)SW s 5 = det(0)SW s -
In particular, for any spin structure e we have det(o(e)) = 1 so that
SWiso(e) = SWaro(e) -

For simplicity we set SWy,c := SW 5 (o), Ve.

1.2. The case by =1

In this case we need to fix an orientation 0 on H®R, i.e. an isomorphism H®@R — R.
To describe the Seiberg—Witten invariant of M we need to recall the rudiments of
its construction.

Fix a metric g. The chosen orientation on H ® R defines a harmonic 1-form wy
such that wy induces the chosen orientation on H ® R, and |lwgy||z2(y) = 1. Note
that this orientation also produces a surjection

deg, : H— H/Tors(H) = 7.
For o € Spin®(M) denote by P,(g) the space of closed 2-forms such that
we (o, 1) == /M wg A —2mer(det o) #0.
It is decomposed into two chambers

P (g9.0) = {n € Pulg); Fwo(on) >0}
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For nn € P,(g) we denote by swys(o,n) the signed count of (o, g,n)-monopoles. It
is known that

sw(o,n) =swy(a,—1n),
sws(o,n) = 0 for all but finitely many o’s, and
sw(o,m) =swar(o,n2), if we(o,m) wy(o,m2) >0.
We set
swi (0,0) :=swp(0,7,0), where +w,(a,1) > 0.

The wall crossing formula (see [13]) states that
swi (0,0) —swy,(0,0) = % deg,(det o).
Set
SWron =swy(h™to,n)h € Z[H],
SWi,, =Y swi(h'o)h e Z[[H].
heH

Suppose we pick 0 = o(€) and 1 = g such that

/ w Ao
M

Fix T € H such that deg,(T) = 1 and set deg® o = max(+deg,,0). We can
rephrase the wall crossing formula in the more compact form

0< < 1.

OnT
+/p-1 M
SW?\_/[,U(E) = SWMvU(G)Wo + Z dego (h )h = SWMvU(G)Wo + (1 — T)2 :
heH

We set Wy = (1 T)2 € Z[[H]], and we will refer it as wall-crossing correction of
M. We set

SWioi = SWihi o — 2 degd (W1)h = SWy oo €ZIH].  (1.1)

heH

The wall-crossing formula implies the equality

SWir o) = SW i) — > deg, (B ")h
heH

SW%,U(E) is a topological invariant which satisfies the symmetry condition
SWM o(e) — W(I)M,a(e) )
and the equivariance property
SWY, o(hoe) = = B(ho)SWY; o) Vho € Hom(H,Z/2).

We will refer to SWMJ(E) as the modified Seiberg—Witten invariant of M.
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1.3. The case by = 0

Suppose now that b (M) = 0, i.e. M is a rational homology sphere. Fix o €
Spin®(M). In this case the signed count of (o, g,n)-monopoles depends on (g,7)
in a more complicated way. To produce a topological invariant we need to add a
correction to this count. For simplicity, we describe this correction only when n = 0.

Denote by S, the bundle of complex spinors determined by ¢. The line bundle
det 0 = det S, admits a unique equivalence class of flat connections. Pick one such
flat connection A, and denote by ® 4, the Dirac operator on S, determined by the
twisting connection o. We denote its eta invariant by n4i;(g, ). Also, denote by
Nsign(g) the eta invariant of the odd signature operator determined by g. Finally
define the Kreck—Stolz invariant of (g,0) by

KS(g,0) = 4nair(g,0) + nsign(g) .

Define the modified Seiberg—Witten invariant of (M, o) by
1
swi, (o) = gKS(g,a) +swy (o) €Q.

As shown in [13], the above quantity is independent of the metric, and it is a
topological invariant. Set

SWY,, ==Y swy(h 'o)h € Q[H].
heH

If o = o(€) we have

0 o —0
SWM,J(E) - SWIM,U(&) :

1.4. Summary

Let us coherently organize the facts explained so far. The modified Seiberg—Witten
invariant associates to each closed, compact, homologically oriented 3-manifold M,
and each € € Spin(M) a “Laurent polynomial” SW%“ € Q[H] with the following
properties.

SWY, . € Z[H], if by(M) >0, (1.2)
SW(JJW,E = W?M,e? (1.3)

and
SWis hoe = B(ho)SWh, ., Vho € Hom(H,Z/2). (1.4)

2. The Modified Reidemeister —Turaev Torsion of 3-Manifolds

In this section we survey the results of Turaev [26-31] in a language appropriate to
our goals.
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2.1. Turaev’s refined torsion

The Reidemeister—Turaev torsion associates to each homologically oriented 3-
manifold M, and each spin® structure o on M a “formal power series” Ts,, € Q[[H]]
with the following properties.

Tme € Z[[H], bi(M)>1
(1-T)*Tyo €Z[H], bi(M)=1, degT =1
Tao € QH], Taro(1)=0, bi(M)=0.
Moreover
T hoo = hoTm,e, Vho€ H,
and
Tro = det(a)‘j'z\/b7 .
For e € Spin(M), set Tase = Tar,0(c)- It follows that
Tare = Tose -
Using [28, Sec. 4.2] and [30, Appendix 3] we deduce that when b;(M) = 1 we have
Th.e = Tare — War € ZH], (2.1)
and moreover
70 0
When b1 (M) = 0 we denote by CW), the Casson—Walker invariant of M and define

76 76 :

UﬂM,e =TMe— %CWMGM- (2.2)

Observe that —T%, (1) = $|H|CW), = the Casson-Walker-Lescop invariant of M
(see [11, p. 80]).

We we will refer to the quantities T3,  for b1(M) = 0, 1 the modified
Reidemeister—Turaev torsion of M. For uniformity, we set 79, = Tjs when
by (M) > 1.

Summarizing, we conclude that the modified Reidemeister—Turaev torsion as-
sociates to each homologically oriented 3-manifold M, and to each spin structure e
on M a “Laurent polynomial” T?w,e € Q[H] with the following properties.

The € Z[H], if by(M) >0, (2.3)

Tote = Tire (2.4)

and

Trnoe = B(ho)T8r., Vho € Hom(H,Z/2). (2.5)

€
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2.2. Relations between the torsion and the Seiberg—Witten
invariant

The Seiberg-Witten invariant and the modified Reidemeister torsion are related.
More precisely we have the following result.
Theorem 2.1. (a) SWYy, =79, _if by(M) = 1.

(b) SWiy,(1) = T,(1) if ba(M) = 0
(c) SW4; =79, if M is a lens space.

Proof. Part (b) follows from [12, 15] while Part (c) follows from [19].> Only Part
(a) requires a bit of work. According to the results in [16, 29, 30] we have an equality

SW, . =+Tue <= (SWY .+ War) = =T} + War)
To prove that the correct choice of signs is “+” we argue by contradiction. Suppose
SW;{LE =—TMe-
Then this implies that
Tare — War = —SWY, —2Wy, € Z[H|

which contradicts (2.1). |

Part (c) of the above theorem can be slightly strengthened to
SW9, = 7% | if M is a connected sum of lens spaces. (2.6)

This equality follows from the additivity of the torsion and of Casson—Walker in-
variant under connected sums [31, Sec. XII.1] and the additivity of the Kreck—Stolz
invariant which follows from the very general surgery results for eta invariants in [9].
In this case the formulae in [9] simplify considerably since the gluing occurs along
a 2-sphere which admits metrics of positive scalar curvature. For a more general
result of this type we refer to the discussion at the beginning of Sec. 4.1

Later on we will need the following consequence of Theorem 2.1(a).

Proposition 2.2. If M is a homologically oriented 3-manifold such that by(M) =1
then

3,(1) = SW4, (1) = L8%(1),

bThere is a sign discrepancy between the definition (2.2), and the definition of the modified torsion
in [19]. This is due to the definition in [32, Proposition 6.2] of the lens space L(p, q) as the p/q-
surgery on the unknot. The traditional definition is as the —p/g-surgery on the unknot as in [6,
p. 158], or [7, pp. 66—67]. This is the convention we adhere to in this paper.
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where Ay € Z[[TY?, T2 denotes the symmetrized Alexander polynomial of M
normalized such that Ay (1) = |Tors(H)].

Proof. The projection deg : H — Z induces a morphism
aug : Z[[H]] — Z[[t,t~"]]

called augmentation. Fix T' € H such that deg T = 1. The symmetrized Alexander
polynomial Aj; is uniquely determined by the condition

An(T)
Tar,e = TH?
aug Tar, 12
for some k € Z. Using Theorem 2.1(a) we deduce
An(T)
TH? ——2 = aug SW; = aug SW} e
1-1) aug SWy = aug SW), + aug(Oxr) 1—7)
— aug SWY, + |Tors(H)|
_aug M+| Ors( )|m

We conclude that
TH2 AN (T) = (T — 2+ T~ Haug SWY,(T) + |Tors(H)| .
The symmetry of SW implies SW9,(T) = SWY,(T~1), and since Ay satisfies a
similar symmetry we conclude k/2 — 1 = 0. Hence
Ay (T) = (T — 2+ T Haug SW,(T) + |Tors(H)| .
Differentiating the above equality twice at T'= 1 we deduce

—0
AL(1) = 2aug SW (1) = 2SW (1). O

Remark 2.3. Observe a nice “accident”. Suppose M is as in Proposition 2.2. Then
War = O Z nT" .
n>1

Formally

War(1) = Oa(1) Y n=|[Tors(H)| Y n

n>1 n>1

= |Tors(H)|¢(—1) = —11—2|T0rs(H)|,

where ((s) denotes Riemann’s zeta function. In particular

— _—— 0 N 1 1
SWi(1) =SW,, (1) + Wi(1) = 3 N1 — E|Tors(H)| .

The expression in the right-hand side is precisely the Lescop invariant of M.
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We can now state the main result of this paper.

Theorem 2.4.
SW4, =79,

for any rational homology 3-sphere M.

3. Surgery Formulae
3.1. Dehn surgery

We want to survey a few basic facts concerning Dehn surgery. For more details and
examples we refer to [22].

Consider a 3-manifold N as in the introduction, i.e. by(N) = 1, N = T2 and
set G := H{(N,ON;Z). We orient ON as boundary of N using the outer-normal
first convention. Denote by j the inclusion induced morphism

j: H(ON,Z) — Hy(N,Z).

The kernel of j is a rank one Abelian group. We can select a generator A\ of kerj
by specifying an orientation on H'(N,Z) = Hy(N,ON;Z). We can write A = moAg
where mo > 0 and A\g € H1(ON,Z) is a primitive class. A is called the longitude of
N and my is called the divisibility of N. Fix uo € H1(ON,Z) such that Ao - po = 1,
where the dot denotes the intersection pairing on H; (0N, Z).

Denote by X the solid torus S* x D?, so that X = T2. Set Iy = S x {pt} and
my = {pt} x dD?. We regard lp and mg as elements in H;(dX,Z). They satisfy
myg - lg = 1. Fix an orientation reversing diffeomorphism I" : 0.X — 0N such that

Li(mo) =po, Ti(lo) = Ao

Every ¢ € SL2(Z) determines an isotopy class of orientation preserving diffeomor-
phisms of T2. We can use ¢ to construct a closed 3-manifold

M,=x J[ N.
Top:X =N
We say that M, is obtained by Dehn surgery with gluing map ¢. The integer mg is
called the divisibility of the surgery. The manifold M,, is uniquely determined up to
a diffeomorphism by the attaching curve ¢ = I' o p(myg). We can write c = ¢/, :=
pio + qho, (p,q) = 1. The diffeomorphism type of M, is uniquely determined by
the ratio p/q. Instead of M, we will write M,,/,. We set Hy,/, := Hy(M,,q,7Z). The
core of the solid torus determines an element K/, € Hp/,.

We want to point out that the integer ¢ depends on the choice of ug while p is
invariantly determined by the equality p := Ao - ¢. We refer to p as the multiplicity
of the surgery.

The group H,/, is determined from the short exact sequence

0 — (jcp/q) — H1(N,Z) — Hy/y — 0.
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We also have canonical isomorphisms

®pyq: G— Hp/q/<Kp/q> .

: H

We obtain a natural projection m,, »

pair (N, 9ON) implies

q /¢ — G. The long exact sequence of the

G =H(N,Z)/jH.(ON,Z) .
We deduce the following result.

Lemma 3.1. The characters of G are precisely the characters of Hi(N,Z) which
vanish on jH1(ON,Z). Also, we can think of the characters of G as characters x of

Hy/q such that x(K, /) = 1.

When p # 0, H,/, is a finite Abelian group and
|Hp/q| = pm0|G| .

In this case, we denote by 1k, /, the linking form of M, ,.

Observe that by (Mo/1) = 1. Ky/1 can be written as moh where h € Hy/, gen-
erates the free part of Hy/y. My,; carries a natural homology orientation, induced
from the orientation of H*(N,Z) and H*(X,Z) (see [30] for more details on this
rather painful issue). Fix T' € Hy/; such that deg(7) =1, and Ko/, = moT. There

exists xo € Hg /1 uniquely determined by the requirements

Xo(T) =P, Xo|Tors(o,) = 1,

where p is a primitive moth root of 1. According to Lemma 3.1 we can think of g
as a character of G.¢

We then have a natural isomorphism H; (X) 2 Z, and via the Poincaré duality, a
natural isomorphism H?2(X,0X) = Z. The solid torus is equipped with a canonical
relative spin® structure ox uniquely determined by the condition

ci(detox) €1 € H*(X,0X).

For any orientation reversing homeomorphism ¢ : X — ON we have a gluing map
(see [26, Chap. VI])

#, : Spin“(X, 0X) x Spin®(N,IN) — Spin“(M), (o1,02) — o1#,02 .
In particular we obtain a surjection
Spin“(N,0N) — Spin“(M), o+ 0, = 0x#,0.

¢The Universal Coefficients theorem and the Poincaré duality identifies G = Hy (N, dN;Z)¥ with
the torsion subgroup of Hi(N,Z). Via this identification we have xo = jho € H1(N, Z).
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3.2. Surgery formula for the modified Seiberg—Witten invariant

We can now state the main surgery formula for the modified Seiberg—Witten in-
variant. Let N, M, ,, etc. be as above.

Any relative spin® structure o on N induces spin®-structures o,,, on M, ,. We
fix o so that o9 on My, is induced by a spin structure ep on My,,. For h € Hy 4
we will write swg/q(h) for sw?w (h Yo,/q).

Theorem 3.2 ([15, Marcolli-Wang], [23, Ozsvath—Szabd]).? For every p,q
there exists

Jp.amo 1 Umg — Q
which depends only on p, q, mg but not on N such that for every g € G we have

Z Swg/q(h)

Tp/q (h)=g

=P Z S""1/0 Z Swg/l(h) + fp.a.mo(X0(9)) - (tg)
71'1/0(’1 71'0/1(’1):9
To get more information out of this formula we will take a partial Fourier trans-
form. Let x € G*. Using Lemma 3.1 we can identify y with a character of H. p/a
with the property that x(h) = x(h') whenever 7,/,(h) = m,/4(h’). If we multiply
(t4) by x(g) and we sum over g € G we deduce

SW,,,(x) = PSW! 10(x) +aSWo 1 () + 3 oo (x0(9))x(9)
geG

To gain further insight we need to simplify the sum on the right hand side. We have

> Fogimo (xo(@)x(9) = > Z Framo(p) | x(9)

geG PEUmy \x =p

- Z Z X(g) fp,q,mo(p).

PEUmg \xo0(9)=p
Observe that if x #Z 1 on ker xo then
Z x(g) =0, VpeUpy,.
xo(g)=p
If x =1 on ker xo then there exists j € Z such that x = Xf) and
|G
> x(g) = |kerxolp = |

| .
e
xo(g)=p 0

dThe surgery formula for the monopole count is contained in [15], while the surgery formula for
the Kreck—Stolz invariant is contained in [23]. These involve metrics displaying very long necks
around the splitting tori. See also the discussion at the beginning of Sec. 4.1.
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Denote by F}, 4,m, the function

. 1 )
Fpq.mo Z/mOZ —-C, Fp.q.mo (] mod Z) = m_o Z fp)qymo (p)pj .

PEUm,

F.q,mo is precisely the Fourier transform of m%) fp,q,mo- We deduce
_— 0 —0 —=0
SW,,,,(x) = pPSW ,5(x) + ¢SWy 1 (x)

+ |G| Fp,q,mo (j) lf X = Xg)
otherwise

3.3. Surgery formula for the modified Reidemeister —Turaev
torsion

The modified Reidemeister—Turaev torsion satisfies a surgery formula very similar
in spirit to (3.1). We first need to survey a few algebraic facts in the special setting
of the surgery formula. For details and proofs we refer to [22, Secs. 1.5 and 1.6],
[26].

For any finite Abelian group G we set

Q[Glo ={P € Q[G]; P(1)=0}.

Consider a rank 1 Abelian group A = Z & Tors(A), C a finite cyclic group of order
m, and ¢ : A — C an epimorphism. Fix a generator u € A of Z C A, and let

Z[[A]l+ = Z[A] + ©aZ[u,u™", (1 —u) ']

We refer to [26, 30] or [22, Proposition 1.27(b)] for an invariant definition of Z[[A]] 4,
which does not rely on the non-canonical decomposition A = free part @ torsion.
The morphism ¢ induces an “integration-along-fibers” morphism (see [22, Propo-
sition 1.30])

¢y Z[[All — Z[Clo -

Its definition is best expressed in terms of Fourier transforms. Think of an element
f € Z[[A]]+ as a function f: A — Z. As such, it has a Fourier transform

frAP—C, fO) =) flax(h).
ach

The above infinite sum may not be convergent for all x, but the Fourier transform
still makes sense as a distribution on the compact Lie group A* with singular
support contained in {1} C A* (see [22, Sec. 1.6]). The epimorphism ¢ induces by
duality an inclusion

oh: CF — AP



Seiberg—Witten Invariants of Rational Homology 3-Spheres 847

If we regard f as a (generalized) function on A? then the Fourier transform of oy f
is the function on C¥ obtained by pulling back f to C* via the inclusion ¢f. The
only possible problem arises at x = 1 where f could have a singularity. Let x € C*.
In [22, Sec. 1.6] we have shown the following.

e If f € Z[A], so that f has finite support as a function A — Z, then f is a genuine
function A* — C and we have

— {f(w”x), if f(x) # 1,
0, if pf(x) =1.

o If f =O,4(1—u)"! then f is a distribution on A with singular support {1} and
we have

(3.2)

(e f)(x) =

— { Oale*X) (1 — @ x(T))7, if pix #1, 53)

0, if piy=1.
Suppose now that x : A — U, is a surjective character, and f € Z[[A]]+. The

identity function ¢, : U,, — U, is a character of Uy, and x*(t,,) = x. We get an
element xyf € Z[Uy)o. If f € Z[A] then

, ifm>1,
() (tm) = {f A (3.4
0, ifm=1.
If f= % then
(a0 X)) £ 1L,
(i) (um) = {07 o (33

If ¢ : A — B is a surjective morphism of finite Abelian groups then we get mor-
phisms [22, Sec. 1.6]

ey : Q[A]o — Q[BJo, gﬁﬁ - Bf At
Then for f € Q[A]o and x € B! we have

— [, X AL
(@ﬂf)(x)—{m oy =1,

We can now return to topology. We will continue to use the notations in the previous
section. Applying [30, Lemma 6.2] (or [31, Lemma VIII.1.4]) iteratively we deduce
the following result.

Theorem 3.3. Suppose x is a nontrivial character of G = H1(N,0N;Z), so that
X(GQ) = Uy, for some m > 1. Then

X1Tp/q = Px¢T170 + ax3T0/1 -
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Above and in the sequel we use the convention
Object,, /, := Object(M,,,) .

To proceed further we take the Fourier transform of the above formula and we get

o — o —

(XeT/a) (tm) = (PXeT170) (b + (0X2T0/1) (i)

where m = ord (x). Recall that

1 1
Tp/q = ‘J-g,q - ECWP/qep/q’ 71/0 = ‘J.{l)/o - §CW1/0@1/0’
r.To/l = 3-8/1 + m .

Using (3.4) and (3.5) and the identities ©,/,(x) = 0 = 1 0(x) for x # 1 we deduce

70000 = pT7 600 + 70,1 (x)

N Oo/1()X(T)(1— x(T)) 72, if x(T) #1,
0, if (T)=1.

The last term is nontrivial if and only if x(T) # 1 and X|Tors(H0/1) = 1. This
is possible if and only if x = X%, for some j = 1,2,...,mg — 1. Additionally,
60/1()(%) = |Tors(Hy/1)| = |G|/mo. We conclude that if x is a nontrivial character
of G we have

T0/a(00) = P72 1000 + 35,1 (%)

G | —20 ity =), j=1,....mo—1,
X

We need to relate

5 |Hp/q] pmo|G|

p/q(l) = g . CWy/q = 2 CWoyq s
. |Hy o] mo|G

10(1) = —;/0 CWyp = 02| |CVV1/0,

and
A 1
To,0(1) = §Alz(4(,/1 (1).

This follows from the surgery formula for the Casson—Walker invariant [11, Sec. 4.6],
[32, Chap. 4]. More precisely, the arguments in [23, pp. 38-39] yield

_ q g(mg —1)  pmos(q,p)
CWoyy =pCWigo + S, (1) + 161 (LFE =L - morlaen))
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where s(q, p) denotes the Dedekind sum of the pair of coprime integers ¢, p. Putting
all of the above together we deduce that for every pair of coprime integers (p, q),
and every positive integer mg there exists a function

Gp.gmo + L/moZ — C
such that
Gp,q.mo (), ifx= X% )
, otherwise .

707400 = T2 10(x) + 4301 (x) + |G { (3.6)

The similarity with (3.1) is striking. The results in [15, 23] show that
FP>‘17m0(1) = Gp,qymo(l) ) Vp7 q,mo -
In particular
Frog1=Gpg1, YD,q.

Let us briefly comment on the “flavor” of the surgery formulae (3.1) and (3.6). Note
first that the first homology group of a rational homology 3-sphere can be naturally
identified with its dual using the linking form. We can think of the invariants T%,
and SW9, as functions on H'(M,Z), as well as functions on the dual.

Suppose we perform Dehn surgery on a knot K < M to obtain a new rational
homology sphere M (K) and a knot K’ — M(K). The surgery formula essen-
tially states that if we know the values of these invariants on homology classes
¢ € Hy(M,Z) which do not link with K then we can also compute the values of
these invariants on homology classes ¢ € Hy (M (K),Z) which do not link with K.

More rigorously, consider a pair My, M; related by a Dehn surgery on a knot
K. Denote by N the common knot complement, and set

HZ:Hl(N,Z), I‘IZ ::Hl(Mi,Z), ’L:O,l

We have a diagram of surjective morphisms
H
VN
Hy Hy -

Dualizing we get the diagram

The knot K defines two subgroups
K- :={ceH'; ¢(K)=1}~{ceH;; lku(c,K;) =0},
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i1 =0, 1, and we have isomorphisms

K — G i={xe€H x(jc), Vce H(N)} = H(N,ON).

3

We can think of G as the graph of a correspondence Tk : Hg — H f induced by
the Dehn surgery. The domain of this correspondence is K-, the range is Ki-, and
viewed as a correspondence T C K x Ki it is a group isomorphism.

For a surgery along a knot K — M, whose meridian satisfies A\ - 4 = 1,
and attaching curve ¢ = pu + gAo, we will denote by £ := £k . the induced p.i.
We denote by Gg the group Hy(M\K,0(M\K);Z), by mo(K,c) respectively p =
p(K,c) the divisibility, and respectively multiplicity of the surgery. Finally, set
Dy := SW4,; — T79,. Since 79, = SWY, if b;(M) = 1 we can now rephrase the
surgery formulae (3.1) and (3.6)

lA)MK,c(gK,cX) = pDM(X) + |GK|ICm0;p,q(X) . Vxe€ K+ =Dom (£K,c) )

where the correction term is a function on G i, which is nontrivial only on the cyclic
group of order mg generated by

jXo € Tors(H(N\K,Z)) = G4,
and depends only on the arithmetic of the surgery, p, g, mo. Moreover
Kipq=0.
More invariantly, consider a 3-manifold N such that ON =2 T2, fix a longitude ),
and two primitive classes cg, ¢ represented by two simple closed curves. By Dehn
surgery with attaching curves ¢y, ¢1 we get two manifolds M,,, M., with first
homology groups H.,, H.,, and distinguished classes K., € H,,, ¢ = 0, 1, defined
by the core of the attached solid torus. Set G := H;(N,0N;Z), and denote by
€ey.co the isomorphism Kz — K- described above. We denote by [co, ¢1] the orbit

of (cg, c1) relative to the action of SL(Z) on the space of pairs of primitive classes
o, ¢1 € H1(ON,Z). Then we have

(Ao - Co)ﬁMc1 (€eo.erx) = (Ao - Cl)ﬁMCU (X) + G oo, [coser] (X) 5 (3.7)

Vyx € Kj(‘) The arithmetic type « of a surgery is the pair (mo, [¢1, c2]). We denote
by A the set of all arithmetic types for which the correction term K is trivial. We
know that

(1,[01,62])€A7 Yep, e,
We will call the surgeries of arithmetic type o € A as admissible.

Remark 3.4. As explained in [22, Remark B.5], the orbit [co, cg] is completely
characterized by the extension

0 — Z{co) @ Z{c,) — H"(ON,Z) — H' (ON,Z)/(Z{co) ® Z{c1)) — 0.
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More precisely, the quotient group H (9N, Z)/(Z{co) & Z{c1)) is isomorphic to the
cyclic groups of order |cg - ¢1], and the extension is characterized by a character of

this group. Thus, the orbit [cg, ¢1] is described by the integer ¢ - ¢1, and a character
of Z\Co'q E

4. Seiberg—Witten <= Casson—Walker + Reidemeister —Turaev
Torsion

4.1. Topological preliminaries

Denote by X the family of all closed, compact oriented 3-manifolds M with by (M) =
0 such that

SWY, =79, .

We want to prove that X consists of all 3-manifolds with b (M) = 0.
We already know that M € X if M is an integral homology sphere, or if M is a
lens space. Also, we have

My, My € X, bl(Ml)Zbl(Mg):OﬁMl#MQE%. (41)

We should perhaps dwell upon this statement which is a consequence of the
fact that the modified Seiberg—Witten invariant behaves exactly as the modified
Reidemeister—Turaev torsion (see [31, XII.1]) with respect to connected sums.

More precisely we should think of the manifold M;# M> equipped with a metric
gr, with a very long neck [—L, L] x ¥, ¥ = (round sphere), L > 0, in the region
where we perform the connected sum (see Fig. 1).

The Kreck—Stolz invariant can only change by integral jumps due to the possible
integral jumps in 74i;. These are due to jumps in the dimension of the kernel of the
spin®-Dirac operator on (M, gr,) coupled with a flat connection. Since the cutting

Fig. 1. Stretching a connected sum.
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Fig. 2. Elongated thimble.

hypersurface ¥ has positive scalar curvature, the main result in [21] shows that the
dimension of this kernel® is independent of L > 0. In particular this shows that the
gr-monopole count must also be independent of L > 0.

Now cut (M1#Ms,gr) along the middle hypersurface {0} x ¥ to obtain two
manifolds with boundary M] and M} which have long collars of the form [0, L] x
(see Fig. 1). Now cap Mj, with a long “thimble” of the type depicted in Fig. 2.

We obtain the manifolds M}, equipped with metrics g, displaying long thim-
bles. Denote by Sy, the 3-sphere equipped with the Riemann metric go ; obtained
by gluing two thimbles along 3. Since X is equipped with a metric of positive scalar
curvature and by (M) = 0 we deduce that the gluing results of [9, Example 8.25]
are applicable and we conclude that VL > 0, Vo € Spin®(Mjy)

KS(M\#Ms,01#02,91.) = KS(My,01,91,1.) + KS(M2,02,92,1.) — KS(St, 90,)

where o1#02 is the connected sum of Euler structures defined in [31, XII.1]. The
positive scalar curvature metric g ;, can be deformed to the round metric through
metrics with positive scalar curvature and we deduce that KS(Sr,go,r) = 0.

The gluing techniques in [18, Sec. 4.5] imply that the monopole count is additive
as well

SWan # M, (01702, 91)
=swar, (01,01,0) + sWar, (02,92.1) —sws, , Vo € Spin®(My) .

Since go,;, has positive scalar curvature we deduce that there are no irreducible
monopoles on Sz so that swg, = 0. These identities together with [31, Re-
mark XII.1.3] imply immediately (4.1).

Definition 4.1. A deflating primitive surgery is a Dehn surgery on a knot K in a
rational homology sphere M with the following properties.

(a) The longitude A € Hi(OM\K,Z) is a primitive class.
(b) The attaching curve c of the surgery satisfies ¢- A = +1.

An ezxcellent surgery is a deflating primitive surgery which does not change the
order of the first homology group. Two rational homology 3-spheres will be called
e-related if one can be obtained from the other by a sequence of excellent surgeries.

€In fact, this kernel can be arranged to be trivial for large L > 0 by suitably and generically
choosing the parameters g, n in the Seiberg—Witten problem.
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The attribute deflating is justified by the inequality
|Hy (M, Z)| < |Hy(M, Z)]

when M’ is obtained from M by a deflating primitive surgery. The surgery
is excellent iff we have equality. Note that if My and M; are e-related then
Hy(My,Z) = Hy(My,Z) and they have isomorphic linking forms. The following
result is immediate.

Lemma 4.2. Suppose M € X, by(M) = 0. If M’ is obtained from M by a deflating
primitive surgery then M' € X. In particular, if M € X and M’ is e-related to M
then M' € X.

Proof. Indeed, we have G := H(M',Z) = Hi(M\K,0(M\K);Z) and F, 41 =
Gp.q.1- The surgery formulae establish the equality of 79, and SWY,, as functions
on G*, and G* turns out to be their maximal domain. O

Corollary 4.3. X contains lens spaces, integral homology spheres, and is closed
under connected sums and deflating primitive surgeries.

Before we proceed further we want to briefly recall some basic topological facts.
For more details we refer to [6, 24]. Any rational homology sphere can be obtained
from S3 by performing Dehn surgery on a link L = K; U --- U K,, with surgery
coefficients p1/q1, ..., Pn/Gn- Set = (p1,---,0n)s ¢ = (q1,---,Gn). We denote by
M = M(L,p,q) the 3-manifold obtained by this surgery. We say that a surgery
diagram belongs to X if the corresponding 3-manifold belongs to X.

All the homological data of M (L, p, ) is contained in the n x n linking matrix
A = A(L;p,q) defined by

{pi/qz-, iti=j,
ij = o .
gij y if 4 # J,
where ¢;; = Lk(K;, K;). The surgery diagram is called integral if the linking matrix
is integral.

Denote by u; the meridian of K;, set Q := A~!, and denote by Q the diagonal

n X n matrix @ := diag (q1, ..., qn). The manifold M is a rational homology sphere

if and only if the linking matrix A is nonsingular. The first homology group admits
the presentation

0—z" A zn . H (M) — o0,

so that its order is det(QA).
We have a natural isomorphism H;(S3\L) — Z" defined by

c¢+— (Lk(c, Ky),...,Lk(c, K,)),
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for any closed curve c¢ disjoint from L, where Lk denotes the linking number of two
disjoint knots in S3. More geometrically

c= Z Lk(K;, ¢)p; -
i=1
Such a closed curve defines a homology class [¢] € Hy(M). We have [u;] = —¢;[K;].
The images of the knots [K;] generate Hy (M) and we have

Uk (i), [15]) = —Qijmod Z.

Suppose [c] is a homology class in M of order m. (We set m = 1if [c] =0.) A
surgery on a knot representing [c] has divisibility m( determined by

k
mo := (k,m), lky([c],[c]) = —modZ.
m
A class ¢ € Hi(M,Z) is called primitive if it has divisibility one. Note that if K is a
knot in M representing a primitive class of order m, and M’ is a manifold obtained
from M by deflating surgery then

1
H(M,Z)| = — (M, Z)].

The above observations show that the excellent surgeries are precisely the 1/g-
surgeries on a homologically trivial knots.

The pruning of a surgery diagram is the operation of removing the compo-
nents with surgery coefficients +1 which are algebraically split from the rest of the
diagram. The pruning is equivalent to performing a sequence of excellent surgeries.
We say that two surgery diagrams are p-related if one can go form one to another
by a sequence of Kirby moves and prunings.

Corollary 4.4. If D is a surgery diagram p-related to a diagram in X then D is
also in X.

For every @ € Z"™ we denote by [d] the rational number
i 1
(@] = a1 —
ag —

1
a3_...

The following result is a very special case of the general results in [4]. For the
reader’s convenience we present an elementary proof due to Saveliev [25]

Lemma 4.5 [4, Corollary 3.9]. Any homology lens space is e-related to a lens
space.

Proof. Any homology lens space M is obtained by Dehn surgery on a knot Ky in
an integral homology sphere M’ [2]. Denote by r € Q the surgery coefficient of K.
We can represent the homology sphere M’ as surgery on an algebraically split link
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Fig. 3. Slam-dunking Kp.

L=K U-- UK, in S* with surgery coefficients ¢; = £1, [24]. We can think of
M as obtained from S3 by surgery on the link Ly = Ky U L. Suppose
r=ldl, d=(a1,a2,...,am).

Performing a sequence of slam-dunks as in [6, Sec. 5.3] we can replace Ly with the
link L U K as in Fig. 3. We have thus succeeded in presenting M as an integral
surgery on a link in S with surgery presentation

[+1 0 o .- 0 2 0
0 +1 o - 0 ly 0 0 0
0 0 +1 4, 0 0
P A P | 0
0 0 0 1 a 1
0 1 as 1
L0 - o o0 0 oo o 1

The first part of this matrix is described by the link L, and ¢; := Lk(Ky, Kj).
By sliding Ky over the components of L we can kill the off-diagonal terms ¢;.
This changes the topological type of Ky. It becomes a knot K, and the surgery
coefficient a; changes to some integer aj. Now undo the slam-dunks. We get a
new link algebraically split link Ly = K{j U L where the surgery coefficient of K
is v’ = [a],a2,...,an], and the surgery coefficient of K; is £1. By inserting oo-
unknots and performing a sequence of Rolfsen twists we can replace K, with an
unknot K{/. We can thus describe M as surgery on the algebraically split link

LQZK(/J/UKl"'UKn

with surgery coefficients g = 7/, e = +1,...,e, = £1. The ' surgery on K[/
is a lens space while the surgeries on K; are excellent surgeries. This shows M is
e-related to a lens space. O
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4.2. Proof of the main result

We will present a proof by induction over the “complexity” of a rational homology
sphere. To define the notion of complexity we need to present a few algebraic facts
about the linking forms of such manifolds. We follow the notations in [8].

For each prime p > 1, each ¢ € Z, and each k > 1 such that (p,q) = 1 denote
by A’;(q) the linking form on the cyclic group Z/p* defined by g-g = pik, where
g denotes the natural generator of this group. Also denote by E(’)C ,k>1and EF,
k > 2, the linking forms on Z/2* @ Z/2* defined by the matrices

0 2—k 21—k 2—k ‘|

k
Eg = —k —k 1-k
2 0 2 2

k
] E1:

When referring to A’; (q), E(If, E¥ we mean the corresponding groups equipped with
these linking forms. Define the complexity of A} to be r(A}) = pFt1. Define the
complexity of EI*, i =0, 1 to be k(E!) = 22n+2,

A classical result of Wall [33] shows that every linking form (G, q) decomposes
non-uniquely into an orthogonal sum of A’s and E’s. If q is a linking form on a
p-group, then we define its complexity to be the product of the complexities of its
elementary constituents A and/or E in some orthogonal decomposition. The results
in [8] show that this number is independent of the chosen orthogonal decomposition
of q in elementary parts A and E. We denote by k(q) the complexity of q. For an
arbitrary linking form, we define its complexity to be the product of the complex-
ities of its p-group summands. For every QHS M we denote by vy the order of
Hy,(M,Z), by qu the linking form of M, and by s the complexity of qas. We have
the following elementary result whose proof is left to the reader.

Lemma 4.6. If My and My are two rational homology spheres such that vy, |V,
and vy, < Vm, then Ky, < K, -

We would like to present a few methods of reducing the complexity of a manifold.
The primitive deflating surgeries provide one first example.

Definition 4.7. Let K be a knot in a rational homology sphere M supporting a
nontrivial homology class. The knot K is called good if q s (K, K) # 0. Otherwise,
it is called bad.

Suppose K is a good knot in a rational homology sphere M. If r is order of K

then
q(KJ()zm, oO<m<r,
T

and the divisibility of any surgery on this knot is mg(K) := (m,r). Consider any
surgery with attaching curve ¢ satisfying |c- A| = myg. This is a surgery of divisibility
mo and of type (p, q¢) = (mog, ). We obtain a new rational homology sphere M’ such
that vy = mLOVM/. Lemma 4.6 shows that the complexity of M’ is smaller than the
complexity of M. We have thus proved the following result.
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Corollary 4.8. The complexity of a rational homology sphere can be reduced by
performing surgeries on good knots. Moreover if the original manifold has no 2-
torsion we can arrange that the resulting manifold also has no 2-torsion.

Certain surgeries on certain bad knots also do reduce the complexity. We have
the following technical result whose proof is deferred to the Appendix.

Lemma 4.9. Suppose M is a rational homology sphere with linking form A;(ql) @
Ap(g2) s > 1, and K is a bad knot in M of the form

K=c®co

where the homology class co generates A,r(q2). Then one can perform a surgery on
K such that the resulting manifold is a homology lens space of the same order as

M.

We will call the surgery in this lemma A,-surgery. A knot with the properties
in the lemma will be called a mildly bad knot. Set
Q:={a; au=q= MeX}.

We already know that all the linking forms A%(g) belong to Q.

We need to talk a little bit about admissible surgeries, i.e. surgeries for which the
correction term in the surgery formula (3.7) is trivial. Observe that if two rational
homology spheres in X are related by a Dehn surgery then this surgery is admissible.

Corollary 4.10. The A, surgeries described in Lemma 4.9 are admissible.

Proof. Consider a direct sum of two lens spaces with the above linking forms. This
is a manifold in X. The result of this surgery produces a homology lens space which
is also a manifold in X so the surgery is admissible. O

We also want to mention the following topological result. For a proof we refer
to [22].

Lemma 4.11. Suppose My, My are two rational homology spheres and ¢ is an
isomorphism

¢ (Hl(MlaZ)qul) - (Hl(MQaZ)qu2)'

Suppose K; is a knot in M;, i =1, 2 such that ¢([K1]) = [Kao]. If M! i =1, 2, are
obtained perform surgeries of the same arithmetic type a on Ky and Ko, then there
exists an isomorphism

G+ (Hi (M7, Z),qrr;) — (Hi (M3, Z), quy) -

The basic trick used in the proof of Theorem 2.4 is the following immediate
consequence of the surgery formula (3.7).
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Lemma 4.12. Suppose M is a rational homology sphere, and x a character of
H = H{(M,Z). We identify H with its dual using the linking form. Suppose that
there exists an admissible surgery on a knot K such that

au(x, K)=0<= x e K+

and the result of the surgery is a manifold in X. Then DM(X) = 0. In particular, if
for every x there exists a knot with the above properties then Dy = 0.

The proof of Theorem 2.4 will be carried out in several steps.

e Step 1. Fix a prime number p > 2, and denote by R, the family of rational
homology spheres such that vy = p", r > 0. We will show that R, C X. The proof
will be an induction on the complexity. For £ > 0 denote by Rj the manifolds in
R, of complexity < k.

The homology lens spaces of order p have minimal complexity p+ 1, and belong
to X so that Rg“ C X. Observe that if M € R, then we have a decomposition

n
CIM:@AZJ(‘]J')7 0<s1<s9<--<sp,

and

Ky = p51+"'+5k+k )

The integer k is called the rank, and we denote it by pas. Define the standard
model of M to be the connected sum of lens spaces with the same linking form
as M. We denote the standard model by M. Note that for every M € R, we have
M e X.

Suppose R C X. We want to prove that Ry*! C X. Let M € Ry*t!. Set
H := H(M,Z), and fix a nontrivial character y of H. We distinguish two cases.

Case 1. There exists a good knot K € y*. Then there exists a good knot K in
the model M. We can perform a complexity reducing surgery on K to obtain a
manifold of smaller complexity which by induction we know is in X. This show that
the arithmetic type of this surgery is admissible. We perform this admissible surgery
on the knot K on M and we obtain a manifold of smaller complexity. Lemma 4.12
then implies Dy (x) = 0.

Case 2. x* consists only of bad knots. If the rank of H is 1 then M is a rational
homology space so it is in X. Suppose the rank is > 1. (H,qps) decomposes into a
nontrivial sum of cyclic p groups

H=Z/p"®---®Z/p’, 0<s1<--<sp, k>1.

We get a corresponding decomposition x = x1 @ -+ - @ xx. Observe that all com-
ponents must be nonzero. Indeed, if x; = 0 then the generator of the jth compo-
nent belongs to x* and is a good knot. Thus x1, x2 # 0. It is easy to see that
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Xt N(Z/p** ©Z/p*?) # 0. Pick a mildly bad knot K in this group. Thus all but the
first two components of K are zero, and one of the components generates the cor-
responding summand. Perform an A, surgery on this knot. Using models as in the
first case we conclude that this surgery is admissible. This reduces the complexity
of M. By induction, the resulting manifold is in X that Dy (x) = 0. Thus R, C X.

e Step 2. If v)s is odd then M € X. For each vector p = (p1,...,pn) whose
components consist of pairwise distinct of odd primes. Denote by R the family of
rational homology spheres M such that the prime divisors of vy, are amongst the
primes p;. Again we perform induction on complexity. The first homology group H
of M € Ry decomposes as an orthogonal direct sum of p-groups

H:®Gpju |G;Dj|:p;j-
j=1

Each component G, decomposes as an orthogonal sums of A;j (%). Denote by r;
the number of such components. We have

#(M) = [H|p\" - py -

Suppose x is a nontrivial character of H. We distinguish again two cases.

Case 1. x* contains good knots. In this case we perform a surgery as in Lemma 4.8
which produces a manifold of smaller complexity. Using models as in Step 1 we can
prove that such a surgery is admissible. Thus in this case Dy (x) = 0.

Case 2. If all 7;’s are = 1 then H is a cyclic group, M is a homology lens space,
so that M € X.
Suppose 1 > 1. We set p := p; and
n

GPZ@AZJ(QJ)7 O<51S52§§Sk

j=1

We conclude as in Step 1 that all the components of x determined by the above
decomposition of G}, are nontrivial. By performing an A, surgery on a mildly bad
knot we obtain a manifold M’ satisfying

! ! .
vmMr=vm, Ti=rT1—1, r=r;, Vji=2,...,n.

Thus k(M') < k(M) and we conclude by induction. We can now conclude that
any Dehn surgery which transforms an odd order QHS to an odd order QHS is
admissible.

e Step 3. If qas = A% (q) @ q1, where q; is a linking form on a group of odd order,
then M € X. Denote by R the family of such rational homology spheres. The
complexity of such a manifold is
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KM = 2n+11€(q1) .
The considerations in Step 2 lead to the following complexity reduction trick.

Lemma 4.13. If K is a knot in an odd order QHS such that K+ is a nontrivial
subgroup, then there exists K' € K+ and a surgery on K' producing an odd order
QHS of smaller complexity. Moreover, such a surgery is admissible.

Suppose qu = A%(g) © q1 and ¥ is a nontrivial character of qas. Then x* # 0.
Decompose

X=Xx0DPx1, Xxo€A3(q), x1€q1.

It follows that xi is a nontrivial subgroup in q;. Perform a complexity reduction
surgery on a knot K € yi C q; as in Lemma 4.13 to conclude, as we have done
before, that Dy (x) = 0.

e Step 4. If qu = P}, A2 (qk) ® q1, 1 > ng > --- > ny, > 0, where gy is a
linking form on a group of odd order, then M € X. Denote by Ry the family of
such rational homology spheres. Redefine the complexity of such a manifold to be

Fag o=k <EB A;”“(qk)> — gnuttantm
k=1

For every M € Ry we define its model M to be a connected sum of lens spaces
with the same linking form as M. Again we will carry out the proof by induction
on the new complexity. The basic complexity reduction technique is contained in
the following lemma whose proof is deferred to the Appendix.

Lemma 4.14. (a) Suppose ¢ € A5(q1) ® A5(q2), s > r > 0. Then there exists
K € ¢t of the form
K=K &K, (4.2)
where Ko is a generator of A5(qz2).
(b) Suppose M is a rational homology sphere such that qpr = A5(q1) ® AL(ge)
and K is a knot in M whose homology class satisfies (4.2). Then there exists a

Dehn surgery on M such that the resulting manifold M’ is in RY and has smaller
complezity. More precisely, we can arrange that

= A3(q) ® a1,
where t <1+ s and q1 is the linking form of some odd order lens space.
Let M € Ro. Then we can write

qm = dqo © g1 == <@ A?’“(%)) G qr .

k=1

If m =1 then M € X according to Step 3. We can assume m > 1.
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Any nontrivial character x € qas decomposes as

X=Xxo+tXx1, Xi€q, t=0,1.

Pick K € A" (q1) @ A3?(g2) orthogonal to xo, and satisfying (4.2). We want to
perform a complexity reduction surgery as in Lemma 4.14 but we first must show
that any such surgery is admissible. This can be seen by performing this surgery on
the model M € X. It produces a manifold of smaller complexity which by induction
we know it is in X, and thus proving that the surgery is admissible. We can now
conclude, as we have many times before, that Dy;(x) = 0. This shows that Ry C X.

e Step 5 Conclusion. Suppose M is an arbitrary QHS. Then gy = qo P q1,
where ¢ is a linking form on a 2 group, and q; is a linking form on an odd order
group. The results in [8, Theorem 0.1] show that if we add sufficiently many A’s to
go we obtain a linking form isomorphic to a direct sum of A’s. Topologically this
means that we can find a connected sum X of lens spaces of order 2° such that
M#X € Ry C X. Thus DM#X = 0. Since D is additive with respect to connected
sums we deduce Dj; = 0. This concludes the proof of Theorem 2.4.

5. Final Comments

The invariant introduced by Ozsvdth and Szabd in [23] satisfies the same surgery
formula as the modified Seiberg—Witten invariant, and detects in the same fashion
the Casson—Walker invariant. This shows that the strategy presented in this paper
also answers a question in [23]. More precisely, their invariant is equivalent to the
modified Reidemeister—Turaev torsion.

If we consider the mod Z reduction of the modified Seiberg—Witten invariant
we deduce that

swi, (o) = éKS[w(O’)mOd Z,

where KSys(o) denotes the Kreck—Stolz invariant. In general it depends on the
metric but its mod 8Z reduction is metric independent. Fix a spin structure €. This
choice allows us to think of T and SW as functions H — Q, H := H,(M,Z).

Denote by Fy the space of functions f : H — Q/Z. For each h € H define the
finite difference operator

Ap:F =3, (Anf)(o) = f(h-0) = f(o).
In [28] it is shown that for every h1, ho € H we have
Ikps(hy, he) = Ap, Ap,TmodZ.
Since the constant functions are killed by A, we deduce

AT = AT,
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Our main result now implies the following equality.
1
lkM(hl,hz):—gAhlAthSMmOdZ7 Yhi,ho € Z.
This shows that the function
1 1
H>hw— gKSM(U(G)) - gKSM(h -o(e)) modZ e Q/Z

is a quadratic refinement of the linking form. A simple application of the Atiyah—
Patodi-Singer index theorem shows that this quadratic refinement coincides with
the canonical refinement of the linking form associated to the spin structure e
described in the work of Brumfiel-Morgan, [1]. This simple observation together
with the main result of this paper has important applications in the study of isolated
singularities of complex surfaces. We refer to [17, 22] for more details.

Recently, Deloup and Massuyeau [5] gave a purely topological proof of this
relationship between the mod Z reduction of the Reidemeister—Turaev torsion and
the quadratic refinements of the linking form.

In [20] we associated to each spin structure € on a rational homology sphere an
invariant ¢(e) € Q/Z which was powerful enough to distinguish many lens spaces.
We can now identify it. We have

1 1
C(E) = gKSM(E) + §CWMH10dZ.
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Appendix A. Proofs of Some Technical Results

Proof of Lemma 4.9. A simple model of A, surgery is the manifold given by the
surgery diagram

Dn = {(Klvps/ql)v(KQapT/q2)7(K’n)}7 SZT>O7
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where K7 and K5 are unlinked unknots, and K is a knot such that Lk(K, K;) = ¢,
—p°/2 <ty <p°/2, —p" /2 < €3 < p"/2. The linking matrix of this diagram is

LA

q1

o 2
q2

61 £2 n

We can view K as a knot in the connected sum of lens spaces L(p®, —q1)#L(p", —¢2)-
K is a bad knot if and only if

Ql3 n 4203 _

p? "
The knot is mildly bad if and only if (p,¢3) = 1. Denote by H the first homology
group of the 3-manifold obtained by performing the surgery indicated by D,,. The

keZ. (*)

matrix
P 0 @b
B,:=|0 p" qbs
b1 Uy n

is a presentation matrix for H and has determinant

det(B,) = p*T'n — p*ql? — p" 1 6}

2 2
=p* (n - (ql—fl + %)) =p*t"(n—k).
p p

Observe that |det B,| = p**" whenn=k+1. Let n =k + 1.
Rewrite the condition (x) as

@03+ p el = p°k.

Since (g141,p) = 1 we deduce that (gaf2,p) = 1. To find H we need to find the
elementary divisors di|da|d3 of Bg41. Clearly d; = 1. By looking at the 2 X 2 minor
in the top left hand corner we deduce that dz|p**". On the other hand, if we look
the 2 x 2 minor

0 gt
6 k+1

)

we deduce that it is not divisible by p. Thus dy = 1 which shows that H is a cyclic
p-group of order ps+". O

Proof of Lemma 4.14. Part (a) is elementary and is left to the reader. For Part
(b) it suffices to look at a concrete realization of the given homological data. Any
homology class K € A5(q1) ® AL(ge) satisfying (4.2) can be realized as a knot in a
connected sum of lens spaces X := L(2%,a)#L(2",b). We describe X as surgery on



864 L. I. Nicolaescu

2% !

7b

Linking number = &

Fig. 4. Modeling a complexity reducing surgery.

two unlinked unknots K7, Ko with surgery coefficients —2°/a, —2" /b. Also we can
view K as a knot such that

Lk(K,g)=1, Lk(K,K;)=k.
Assume K has an integral surgery coefficient n (see Fig. 4). Slam-dunking K over
K we obtain a surgery presentation with linking matrix
—2°/a k
k n+b/2"

A=

The first homology group H of the manifold described by this surgery diagram
admits the presentation matrix

—29 ak
2"k 2™n+b

The order of this group is [2"75n + 2%b + 2"ak?|. Pick n to be any number such
that 27+5+1 does not divide the order of this group. Then H is a cyclic group of
the form Z/2' ® Z/(2m + 1), t < r + s. Its A-complexity is smaller than that of
A3 () ® Aj(g2). O
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