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270 Andrds Némethi and Liviu I Nicolaescu

1 Introduction

The main goal of the present paper is to formulate a very general conjecture
which relates the topological and the analytical invariants of a complex normal
surface singularity whose link is a rational homology sphere.

The motivation for such a result comes from several directions. Before we
present some of them, we fix some notations.

Let (X,0) be a normal two-dimensional analytic singularity. It is well-known
that from a topological point of view, it is completely characterized by its link
M, which is an oriented 3-manifold. Moreover, by a result of Neumann [33],
any decorated resolution graph of (X,0) carries the same information as M.
A property of (X,0) will be called topological if it can be determined from M,
or equivalently, from any resolution graph of (X,0).

It is interesting to investigate, in which cases (some of ) the analytical invariants
(determined, say, from the local algebra of (X,0)) are topological. In this article
we are mainly interested in the geometric genus p, of (X,0) (for details, see
section 4).

Moreover, if (X,0) has a smoothing with Milnor fiber F', then one can ask the
same question about the signature o(F') and the topological Euler characteristic
Xtop(F') of F' as well. It is known (via some results of Laufer, Durfee, Wahl
and Steenbrink) that for Gorenstein singularities, any of py, o(F) and Xjop(F)
determines the remaining two modulo a certain invariant K2 + #)V of the link
M. Here K is the canonical divisor, and #) is the number of irreducible
components of the exceptional divisor of the resolution. We want to point out
that this invariant coincides with an invariant introduced by Gompf in [14] (see
Remark 4.8).

The above program has a long history. M Artin proved in [3, 4] that the
rational singularities (ie p; = 0) can be characterized completely from the
graph (and he computed even the multiplicity and embedding dimension of
these singularities from the graph). In [21], H Laufer extended these results
to minimally elliptic singularities. Additionally, he noticed that the program
breaks for more complicated singularities (for details, see also section 4). On the
other hand, the first author noticed in [28] that Laufer’s counterexamples do not
signal the end of the program. He conjectured that if we restrict ourselves to the
case of those Gorenstein singularities whose links are rational homology spheres
then some numerical analytical invariants (including py) are topological. This
was carried out explicitly for elliptic singularities in [28].
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Seiberg—Witten invariants and surface singularities 271

On the other hand, in the literature there is no “good” topological candidate for
pg in the very general case. In fact, we are searching for a “good” topological
upper bound in the following sense. We want a topological upper bound for
pg for any normal surface singularity, which, additionally, is optimal in the
sense that for Gorenstein singularities it yields exactly py. Eg, such a “good”
topological upper bound for elliptic singularities is the length of the elliptic
sequence, introduced and studied by SS-T Yau (see, eg [53]) and Laufer.

In fact, there are some other particular cases too, when a possible candidate is
present in the literature. Fintushel and Stern proved in [10] that for a hypersur-
face Brieskorn singularity whose link is an integral homology sphere, the Casson
invariant A(M) of the link M equals o(F')/8 (hence, by the mentioned corre-
spondence, it determines p, as well). This fact was generalized by Neumann
and Wahl in [35]. They proved the same statement for all Brieskorn-Hamm
complete intersections and suspensions of plane curve singularities (with the
same assumption, that the link is an integral homology sphere). Moreover,
they conjectured the validity of the formula for any isolated complete inter-
section singularity (with the same restriction about the link). For some other
relevant conjectures the reader can also consult [36].

The result of Neumann—Wahl [35] was reproved and reinterpreted by Collin and
Saveliev (see [7] and [8]) using equivariant Casson invariant and cyclic covering
techniques. But still, a possible generalization for rational homology sphere
links remained open. It is important to notice that the “obvious” generalization
of the above identity for rational homology spheres, namely to expect that
o(F')/8 equals the Casson-Walker invariant of the link, completely fails.

In fact, our next conjecture states that one has to replace the Casson invariant
A(M) by a certain Seiberg-Witten invariant of the link, ie, by the difference of
a certain Reidemeister—Turaev sign-refined torsion invariant and the Casson—
Walker invariant (the sign-change is motivated by some sign-conventions already
used in the literature).

We recall (for details, see section 2 and 3) that the Seiberg-Witten invariants
associates to any spin® structure o of M a rational number sw,(c). In order
to formulate our conjecture, we need to fix a “canonical” spin® structure o.qy,
of M. This can be done as follows. The (almost) complex structure on X \ {0}
induces a natural spin® structure on X \ {0}. Its restriction to M is, by
definition, o.qn. The point is that this structure depends only on the topology
of M alone.

In fact, the spin® structures correspond in a natural way to quadratic functions
associated with the linking form of M ; by this correspondence o, corresponds

Geometry & Topology, Volume 6 (2002)



272 Andrds Némethi and Liviu I Nicolaescu

to the quadratic function —qr constructed by Looijenga and Wahl in [25].
We are now ready to state our conjecture.

Main Conjecture Assume that (X,0) is a normal surface singularity whose
link M is a rational homology sphere. Let 0.4, be the canonical spin® structure
on M. Then, conjecturally, the following facts hold.

(1) For any (X,0), there is a topological upper bound for p, given by:
K2+ #V

—x 2P

(2) If (X,0) is Q-Gorenstein, then in (1) one has equality.

sw(])w (Ocan) —

(3) In particular, if (X,0) is a smoothing of a Gorenstein singularity (X,0)
with Milnor fiber F', then
o(F)

—sWO (Cean) = ——.

8

If (X,0) is numerically Gorenstein and M is a Zo—homology sphere then o4y,
is the unique spin structure of M ; if M is an integral homology sphere then in
the above formulae —sw9,(0can) = A(M), the Casson invariant of M.

In the above Conjecture, we have automatically built in the following statements
as well.

(a) For any normal singularity (X,0) the topological invariant
K2+ #V
8
is non-negative. Moreover, this topological invariant is zero if and only if (X, 0)

is rational. This provides a new topological characterization of the rational
singularities.

sw?w (Ocan) —

(b) Assume that (X,0) (equivalently, the link) is numerically Gorenstein.
Then the above topological invariant is 1 if and only if (X,0) is minimally
elliptic (in the sense of Laufer). Again, this is a new topological characteriza-
tion of minimally elliptic singularities.

In this paper we will present evidence in support of the conjecture in the form of
explicit verifications. The computations are rather arithmetical, involving non-
trivial identities about generalized Fourier-Dedekind sums. For the reader’s
convenience, we have included a list of basic properties of the Dedekind sums
in Appendix B.
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Seiberg—Witten invariants and surface singularities 273

In general it is not easy to compute the Seiberg—Witten invariant. In our
examples we use two different approaches. First, the (modified) Seiberg-Witten
invariant is the sum of the Kreck—Stolz invariant and the number of certain
monopoles [6, 24, 26]. On the other hand, by a result of the second author, it
can also be computed as the difference of the Reidemeister—Turaev torsion and
the Casson—Walker invariant [41] (for more details, see section 3). Both methods
have their advantages and difficulties. The first method is rather explicit when
M is a Seifert manifold (thanks to the results of the second author in [38], cf also
with [27]), but frequently the corresponding Morse function will be degenerate.
Using the second method, the computation of the Reidemeister—Turaev torsion
leads very often to complicated Fourier—Dedekind sums.

In section 5 we present some formulae for the needed invariant in terms of the
plumbing graph. The formula for the Casson—Walker invariant was proved by
Ratiu in his thesis [45], and can be deduced from Lescop’s surgery formulae as
well [23]. Moreover, we also provide a similar formula for the invariant K2+ #V
(which generalizes the corresponding formula already known for cyclic quotient
singularities by Hirzebruch, see also [18, 25]). The most important result of this
section describes the Reidemeister—Turaev torsion (associated with any spin®
structure) in terms of the plumbing graph. The proof is partially based on
Turaev’s surgery formulae [49] and the structure result [48, Theorem 4.2.1].
We have deferred it to Appendix A.

In our examples we did not try to force the verification of the conjecture in the
largest generality possible, but we tried to supply a rich and convincing variety
of examples which cover different aspects and cases.

In order to eliminate any confusion about different notations and conventions
in the literature, in most of the cases we provide our working definitions.

Acknowledgements The first author is partially supported by NSF grant
DMS-0088950; the second author is partially supported by NSF grant DMS-
0071820.

2 The link and its canonical spin® structure

2.1 Definitions Let (X,0) be a normal surface singularity embedded in
(CN,0). Then for e sufficiently small the intersection M := X N S2N=! of a
representative X of the germ with the sphere S2V =1 (of radius €) is a compact
oriented 3—manifold, whose oriented C'* type does not depend on the choice
of the embedding and €. It is called the link of (X,0).
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274 Andrds Némethi and Liviu I Nicolaescu

In this article we will assume that M is a rational homology sphere, and we
write H := Hy(M,Z). By Poincaré duality H can be identified with H?(M,Z).

It is well-known that M carries a symmetric non-singular bilinear form
by: Hx H— Q/Z

called the linking form of M. If [v1] and [ve] € H are represented by the 1-
cycles v1 and vz, and for some integer n one has nv; = dw, then by ([v1], [v2]) =
(w-v2)/n (mod Z).

2.2 The linking form as discriminant form We briefly recall the def-
inition of the discriminant form. Assume that L is a finitely generated free
Abelian group with a symmetric bilinear form (,): L x L — Z. Set L' :=
Homy(L,Z). Then there is a natural homomorphism i;: L — L' given by
x — (z,-) and a natural extension of the form (, ) to a rational bilinear form
(,)o: I'x L' - Q. If dy,dy € L' and ndj = ir(e;) (j =1,2) for some integer
n, then (di,ds)g = da(e1)/n = (e1,e2)/n?.

If L is non-degenerate (ie, iz, is a monomorphism) then one defines the discrimi-
nant space D(L) by coker (iz,). In this case there is a discriminant bilinear form

bpry: D(L) x D(L) — Q/Z
defined by bD(L)([dl]a [dg]) = (dl,dg)(@ (HlOd Z)

Assume that M is the boundary of a oriented 4-manifold N with H;(N,Z) =0
and Hy(N,Z) torsion-free. Let L be the intersection lattice (Ha(N,Z),(,)).
Then L' can be identified with Ho(N,0N,Z) and one has the exact sequence
L — L' - H — 0. The fact that M is a rational homology sphere implies that
L is non-degenerate. Moreover (H,bys) = (D(L), —bp(r)). Sometimes it is also
convenient to regard L' as H?(N,Z) (identification by Poincaré duality).

2.3 Quadratic functions and forms associated with by; A map q: H —
Q/Z is called quadratic function if b(x,y) = q(z +y) — q(z) — ¢(y) is a bilinear
form on H x H. If in addition q(nz) = n2q(z) for any 2 € H and n €
Z then q is called quadratic form. In this case we say that the quadratic
function, respectively form, is associated with b. Quadratic forms are also
called quadratic refinements of the bilinear form b.

In the case of the link M, we denote by Q°(M) (respectively by Q(M)) the
set of quadratic functions (resp. forms) associated with bys. Obviously, there
is a natural inclusion Q(M) C Q°(M).
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Seiberg—Witten invariants and surface singularities 275

The set Q(M) is non-empty. It is a G := H'(M,Zs) torsor, ie, G acts freely
and transitively on Q(M). The action can be easily described if we identify G
with Hom(H,Z,) and we regard Zy as (3Z)/Z C Q/Z. Then, the difference
of any two quadratic refinements of by; is an element of G, which provides a
natural action G x Q(M) — Q(M) given by (x,q) — x +q.

Similarly, the set Q¢(M) is non-empty and it is a H = Hom(H,Q/Z) torsor.
The free and transitive action H x Q¢(M) — Q¢(M) is given by the same
formula (x,q) — x + ¢. In particular, the inclusion Q(M) C Q¢(M) is G-
equivariant via the natural monomorphism G — H. We prefer to replace the
H action on Q°(M) by an action of H. This action H x Q°(M) — Q°(M) is
defined by (h,q) — q + bas(h,-). Then the natural monomorphism G < H is
replaced by the Bockstein-homomorphism G = H'(M,Zy) — H*(M,Z) = H.
In the sequel we consider Q°(M) with this H—action.

Quadratic functions appear in a natural way. In order to see this, let N be
as in 2.2. Pick a characteristic element, that is an element k € L', so that
(x,x) + k(x) € 2Z for any x € L. Then for any d € L' with class [d] € H,
define

ap(e)([d)) = 5 (d + k,d)g (mod 2)

Then —qp(r) is a quadratic function associated with by = —bp(r). If in
addition k € Im(ir), then —qp(r) is a quadratic refinement of by .

There are two important examples to consider.

First assume that N is an almost-compler manifold, ie, its tangent bundle T'N
carries an almost complex structure. By Wu formula, k = —¢1(TN) € L' is a
characteristic element. Hence —qp () is a quadratic function associated with
bar. If ¢1(T'N) € Im(ir) then we obtain a quadratic refinement.

Next, assume that N carries a spin structure. Then wy(N) vanishes, hence by
Wu formula (, ) is an even form. Then one can take k = 0, and —qp(r), is a
quadratic refinement of by;.

2.4 The spin structures of M The 3-manifold M is always spinnable.
The set Spin(M) of the possible spin structures of M is a G-torsor. In fact,
there is a natural (equivariant) identification of q: Spin(M) — Q(M).

In order to see this, fix a spin structure e € Spin(M). Then there exists a
simple connected oriented spin 4-manifold N with ON = M whose induced
spin structure on M is exactly € (see, eg [15, 5.7.14]). Set L = (H2(N,Z),(, )).
Then the quadratic refinement —qpr)o (cf 2.3) of by depends only on the
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276 Andrds Némethi and Liviu I Nicolaescu

spin structure € and not on the particular choice of N. The correspondence
€ — —qp(r),0 determines the identification q mentioned above.

2.5 The spin® structures on M We denote by Spin®(M) the space of
isomorphism classes of spin® structures on M. Spin®(M) is in a natural way a
H = H?(M,Z)-torsor. We denote this action H x Spin®(M) — Spin®(M) by
(h,o) + h-o. For every o € Spin®(M) we denote by S, the associated bundle
of complex spinors, and by det o the associated line bundle, det o := detS,.
We set c¢(0) := c1(S,) € H. Note that c¢(h - o) =2h + ¢(0).

Spin®(M) is equipped with a natural involution o «— & such that
c(d) = —c(o) and h-o=(—h)-a.

There is a natural injection € — o(e) of Spin(M) into Spin(M). The image
of Spin(M) in Spin®(M) is

{o € Spin°(M); c(o) =0} ={o € Spin°(M); o=a}.

Consider now a 4-manifold N with lattices L and L’ as in 2.2. We prefer
to write L' = H?(N,Z), and denote by d ~— [d] the restriction map L' =
H?(N,7) — H*(M,Z) = H.

Then N is automatically a spin® manifold. In fact, the set of spin® structures
on N is parametrized by the set of characteristic elements

Cn:={kelL: k(z)+ (z,z) € 2Z for all z € L}

via 6 +— ¢(6) € Cy (see. eg [15, 2.4.16]). The set Spin°(N) is an L’ torsor
with action (d,6) +— d-&. Let r: Spin®(N) — Spin®(M) be the restriction.
Then r(d-6) = [d] - r(6) and c(r(5)) = [¢(d)].

Moreover, notice that r(6) = r(d - &) if and only if [d] =0, ie d € L. If this is
happening then ¢(6) —¢(d-5) € 2L.

2.6 Lemma There is a canonical H —equivariant identification
q°: Spin°(M) — Q°(M).

Moreover, this identification is compatible with the G —equivariant identification
q: Spin(M) — Q(M) via the inclusions Spin(M) C Spin®(M) and Q(M) C
Q(M).
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Proof Let N be as above. We first show that r is onto. Indeed, take any
g € Spin®(N) with restriction o € Spin®(M). Then all the elements in the
H—orbit of o are induced structures. But this orbit is the whole set. Next,
define for any & corresponding to k = ¢(d) the quadratic function gqp(z) -
Then r(6) =r(d- &) if and only if d € L. This means that ¢(6) —c(d- &) € 2L
hence ¢(d) and ¢(d- &) induce the same quadratic function. Hence q°(r(5)) :=
—4D(L),c(0) 18 well-defined. Finally, notice that q° does not depend on the choice
of N, fact which shows its compatibility with q as well (by taking convenient
spaces NN ). O

2.7 M as a plumbing manifold Fix a sufficiently small (Stein) represen-
tative X of (X,0) and let 7: X — X be a resolution of the singular point
0 € X. In particular, X is smooth, and 7 is a biholomorphic isomorphism
above X \ {0}. We will assume that the exceptional divisor E := 7~1(0) is
a normal crossing divisor with irreducible components {E,},cp. Let T'(7) be
the dual resolution graph associated with 7w decorated with the self intersection
numbers {(Ey, Ey)},. Since M is a rational homology sphere, all the irreducible
components E, of E are rational, and I'(7) is a tree.

It is clear that Hy(X,Z) = 0 and Hy(X,Z) is freely generated by the funda-
mental classes {[E,]},. Let I be the intersection matrix {(E,, Ey)}yw. Since
7 identifies X with M, the results from 2.2 can be applied. In particular,
H = coker(I) and bys = —bp(ry. The matrix I is negative definite.

The graph I'(7) can be identified with a plumbing graph, and M can be consid-
ered as an S1-plumbing manifold whose plumbing graph is T'(7). In particular,
any resolution graph I'(m) determines the oriented 3—manifold M completely.

We say that two plumbing graphs (with negative definite intersection forms) are
equivalent if one of them can be obtained from the other by a finite sequence
of blowups and/or blowdowns along rational (—1)-curves. Obviously, for a
given (X,0), the resolution 7, hence the graph I'(7) too, is not unique. But
different resolutions provide equivalent graphs. By a result of W. Neumann [33],
the oriented diffeomorphism type of M determines completely the equivalence
class of I'(7). In particular, any invariant defined from the resolution graph
() (which is constant in its equivalence class) is, in fact, an invariant of the
oriented C'*° 3-manifold M. This fact will be crucial in the next discussions.

Now, we fix a resolution m as above and identify M = 0X. Let K be the
canonical class (in Pic(X)) of X. By the adjunction formula,

"K-E,=FE, E,+2
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for any v € V. In fact, K at homological level provides an element kg € L'
which has the obvious property

—kg([Ey]) = ([Ey], [Ey]) +2  for any v € V.
Since the matrix I is non-degenerate, this defines k¢ uniquely.

—Fk¢ is known in the literature as the canonical (rational) cycle of (X,0) as-
sociated with the resolution 7. More precisely, let Zx = > . roEy, 70 € Q,
be a rational cycle supported by the exceptional divisor E, defined by

Zx - By=-K -E,=F,-FE,+2 foranyve). ()

Then the above linear system has a unique solution, and ), r,[E,] € L ® Q
can be identified with (i, ® Q)~!(—ky).

It is clear that —kg¢ € Im(iz) if and only if all the coefficients {r,}, of Zg
are integers. In this case the singularity (X, 0) is called numerically Gorenstein
(and we will also say that “M is numerically Gorenstein”).

In particular, for any normal singularity (X,0), the resolution 7 provides a
quadratic function —gp( Nks associated with by, which is a quadratic form if
and only if (X,0) is numerically Gorenstein.

2.8 The universal property of ¢p(1)x, In [25], Looijenga and Wahl define
a quadratic function gryw (denoted by ¢ in [25]) associated with bys from the
almost complex structure of the bundle 7'M @ Ry, (where T'M is the tangent
bundle and Ry, is the trivial bundle of M ). By the main universal property
of guw (see [loc. cit.], Theorem 3.7) (and from the fact that any resolution =
induces the same almost complex structure on T'M @R,/ ) one gets that for any
m as in 2.7, the identity qrw = —AD(I) k5 is valid. This shows that AD(1) k¢
does not depend on the choice of the resolution .

This fact can be verified by elementary computation as well: one can prove that
dD(1).k; is stable with respect to a blow up (of points of F).

2.9 The “canonical” spin® structure of a singularity link Assume
that M is the link of (X,0). Fix a resolution 7: X — X as in 2.7. Then
7w determines a “canonical” quadratic function ¢, = —4D(I) k5 associated
with bps which does not depend on the choice of 7 (cf 2.8). Then the natural
identification q°: Spin¢(M) — Q¢(M) (cf 2.3) provides a well-defined spin®
structure (4°)"'(gean). Then the “canonical” spin® structure oeq, on M is
(9°)"Y(gean) modified by the natural involution of Spin(M). In particular,
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Seiberg—Witten invariants and surface singularities 279

c(0can) = —[kg] € H. (Equivalently, o4, is the restriction to M of the
spin® structure given by the characteristic element —k; € C¢.) If (X,0) is
numerically Gorenstein then o4, is a spin structure. In this case we will use
the notation €.qn = Tean as well.

We want to emphasize (again) that o, depends only on the oriented C*°
type of M (cf also with 2.11). Indeed, one can construct g.., as follows. Fix
an arbitrary plumbing graph I" of M with negative definite intersection form
(lattice) L. Then determine Zx by 2.7(x), and take

dean[d) == ~5(d ~ [Z&],d)q (mod 2).

Then ¢.q, does not depend on the choice of I'.

It is remarkable that this construction provides an “origin” of the torsor space
Spinc(M).

2.10 Compatibility with the (almost) complex structure As we have
already mentioned in 2.8, the result of Looijenga and Wahl [25] implies the fol-
lowing: the almost complex structure on X \ {0} determines a spin® structure,
whose restriction to M IS 0¢qpn - Similarly, if 7: X > Xisa resolution, then
the almost complex structure on X gives a spin® structure og on X, whose
restriction to M is 0.q,. Here we would like to add the following discussion.
Assume that the intersection form (, )y is even, hence X has a unique spin
structure €. The point is that, in general, o3 # €5, and their restrictions
can be different as well, even if the restriction of o is spin.

More precisely: (, )y is even if and only if k¢ € 2L'; r(03) € Spin(M) if and
only if k¢ € L; and finally, (o) = 7(eg) if and only if k¢ € 2L.

2.11 Remarks

(1) Infact, by the classification theorem of plumbing graphs given by Neumann
[33], if M is a rational homology sphere which is not a lens space, then already
m1(M) (ie, the homotopy type of M) determines its orientation class and its
canonical spin® structure. Indeed, if one wants to recover the oriented C'*° type
of M from its fundamental group, then by Neumann’s result the only ambiguity
appears for cusp singularities (which are not rational homology spheres) and for
cyclic quotient singularities. The links of cyclic quotient singularities are exactly
the lens spaces. In fact, if we assume the numerically Gorenstein assumption,
even the lens spaces are classified by their fundamental groups (since they are
exactly the du Val A,-singularities).
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(2) If M is a numerically Gorenstein Zo—homology sphere, the definition of
€can 18 obviously simpler: it is the unique spin structure of M. If M is an
integral homology sphere then it is automatically numerically Gorenstein, hence
the above statement applies.

(3) Assume that (X,0) has a smoothing with Milnor fiber F' whose homology
group Hi(F,Z) has no torsion. Then the (almost) complex structure of F
provides a spin® structure on F' whose restriction to M is exactly ocqn. This
follows (again) by the universal property of gras ([25, Theorem 3.7], ; cf also
with 2.8).

Moreover, F' has a spin structure if and only if the intersection form (, ) of F
is even (see eg [15, 5.7.6]); and in this case, the spin structure is unique. If F is
spin, then its spin structure e coincides with the spin® structure induced by
the complex structure (since the canonical bundle of F' is trivial). In particular,
if F'is spin, 0.4y is the restriction of €p, hence it is spin. This also proves that
if (X,0) has a smoothing with even intersection form and without torsion in
H,(F,Z), then it is necessarily numerically Gorenstein.

Here is worth noticing that the Milnor fiber of a smoothing of a Gorenstein
singularity has even intersection form [46].

(4) Clearly, gcqn depends only on Zx (mod 27Z).

2.12 The invariant K2 4 #V Fix a resolution 7: X — X of (X,0) as in
2.7, and consider Z or kg. The rational number Zg - Zx = (kg,kg)o will
be denoted by K?2. Let #V denote the number of irreducible components of
E = 771(0). Then K? + #V does not depend on the choice of the resolution
m. In fact, the discussion in 2.7 and 2.9 shows that it is an invariant of M.
Obviously, if (X,0) is numerically Gorenstein, then K2 4 #V € Z.

2.13 Notation Let X as above. Let {FE,},ep be the set of irreducible
exceptional divisors and D, a small transversal disc to E,,. Then {[E,]}, (resp.
{[Dy]}) are the free generators of L = Hy(X,Z) (vesp. L' = Ho(X,M,7))
with [Dy] - [Ew] = 1 if v = w and = 0 otherwise. Moreover, g, = [0D,]
(v € V) is a generator set of L'/L = H. In fact 0D, is a generic fiber of
the S'-bundle over E, used in the plumbing construction of M. If I is the
intersection matrix defined by the resolution (plumbing) graph, then iy written
in the bases {[E,|}, and {[D,]}, is exactly I.
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Using this notation, kg € L' can be expressed as Y (—e, — 2)[D,], where
ey = E, - E,. For the degree of v (ie, for #{w : Ey, - B, = 1}) we will use the
notation §,. Obviously

Z 0y, = —2 x Euler characteristic of the plumbing graph + 2#V = 2#V — 2.

Most of the examples considered later are star-shaped graphs. In these cases it
is convenient to express the corresponding invariants of the Seifert 3—manifold
M in terms of their Seifert invariants. In order to eliminate any confusion
about the different notations and conventions in the literature, we list briefly
the definitions and some of the needed properties.

2.14 The unnormalized Seifert invariants Consider a Seifert fibration
m: M — . In our situation M is a rational homology sphere and the base
space Y is an S? with genus 0 (and we will not emphasize this fact anymore).

Consider a set of points {x;}%_; in such a way that the set of fibers {7~ 1(z;)};
contains the set of singular fibers. Set O; := 7~ !(z;). Let D; be a small disc
in X containing z;, ¥’ := ¥\ U;D; and M’ := 7= 1(¥'). Now, n: M’ — ¥/
admits sections, let s: ¥’ — M’ be one of them. Let Q; := s(9D;) and let
H; be a circle fiber in 771(0D;). Then in Hy (7~ Y(D;),Z) one has H; ~ o;O;
and Q; ~ —(;0; for some integers a; > 0 and (; with (a;,3;) = 1. The
set ((a4,0i)Y_;) constitute the set of (unnormalized) Seifert invariants. The

number
€= — Z(ﬁl/al)

is called the (orbifold) Euler number of M. If M is a link of singularity then
e <0.

Replacing the section by another one, a different choice changes each 3; within
its residue class modulo «; in such a way that the sum e = — ), (8;/c) is
constant.

The elements ¢; = [Q;] (1 < i < v) and the class h of the generic fiber H
generate the group H = H1(M,Z). By the above construction is clear that:

H=ablq,...qu,h | q1...q, =1, qf‘ihﬁi =1, for all 7).

Let o :=lem(ayq,... ,a,). The order of the group H and of the subgroup (h)
can be determined by (cf [32]):

[H| = ar---ale], [(h)] = alel|.
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2.15 The normalized Seifert invariants and plumbing graph We

write
e=b+ Zwi/ai

for some integer b, and 0 < w; < o with w; = —fF; (mod «;). Clearly, these
properties define {w;}; uniquely. Notice that b < e < 0. For the uniformity of
the notations, in the sequel we assume v > 3.

For each i, consider the continued fraction «;/w; = bj; — 1/(bia — 1/(-++ —
1/biy,)--+). Then (a possible) plumbing graph of M is a star-shaped graph
with v arms. The central vertex has decoration b and the arm corresponding
to the index ¢ has v; vertices, and they are decorated by b1, ... ,b;, (the vertex
decorated by b;; is connected by the central vertex).

We will distinguish those vertices v € V of the graph which have §, # 2. We
will denote by vy the central vertex (with 6 = v), and by v; the end-vertex of
the 7" arm (with 6 = 1) for all 1 <4 < v. In this notation, gz, = h, the class
of the generic fiber. Moreover, using the plumbing representation of the group
H , we have another presentation for H, namely:

H = ab(ggs,,...g0,,h | b0 = Hg‘gj, h = g5 for all ).
i=1

3 Seiberg—Witten invariants of Q—homology spheres

In this section we consider an oriented rational homology 3—sphere M. We set
H := H?(M,Z). When working with the group algebra Q[H] of H it is more
convenient to use the multiplicative notation for the group operation of H.

3.1 The Seiberg—Witten invariants of M  To describe the Seiberg—
Witten invariants we need to fix some additional geometric data belonging
to the space of parameters

P={(9,n); g = Riemann metric, 1 = closed two-form}.

For each spin® structure o on M (cf 2.5), we have the space of configurations
C, (associated with o) consisting of pairs C = (¢, A), where 9 is a section of S,
and A is a Hermitian connection on det o. The gauge group G := Map (M, S!)
acts on C,. Moreover, it acts freely on the irreducible part

Cé-mq = {(waA) € CU; lb 7_é 0}7
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and the quotient BY" := C" /G can be equipped with a structure of Hilbert
manifold. Every parameter u = (g,n7) € P defines a G—invariant function
Fou: Co — R whose critical points are called the (o,g,n)-Seiberg-Witten
monopoles. In particular, F,,, descends to a smooth function [Fy ,,]: Bir — R.
We denote by 9”7 its critical set.

o,u

The first Chern class ¢(o) of S, is a torsion element of H?(M,Z), and thus the
curvature of any connection on det o is an ezact 2—form. In particular we can
find an unique §—equivalence class of connections A on det o with the property
that

Fy =in. (1)

Using the metric ¢ on M (which is part of our parameter u) and a connec-
tion A, satisfying (1), we obtain a spin®~Dirac operator D 4,. To define the
Seiberg—Witten invariants we need to work with good parameters, ie, parame-
ters u such that the following two things happen.

e The Dirac operator ® 4, is invertible.

e The function [¥,,] is Morse, and M, ,, consists of finitely many points.

The space of good parameters is generic. Fix such a good parameter u. Then
each critical point has a well defined Zs—valued Morse index

m: imffg — {£1}

and we set
sw(o,u) = Z m(x) € Z.

irT
€MLY,

This integer depends on the choice of the parameter u and thus it is not a
topological invariant. To obtain an invariant we need to alter this monopole
count.

The eta invariant of ® 4, depends only on the gauge equivalence class of A,
and we will denote it by ng;(o,u). The metric g defines an odd signature
operator on M whose eta invariant we denote by 7sign(u). Now define the
Kreck-Stolz invariant associated with the data (o,u) by

KSy(o,u) = 4n4ir (0, u) + Nsign(u) € Q.

We have the following result.
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3.2 Theorem [6, 24, 26] The rational number
1
gKSM(O', u) + swys(o,u)

is independent of u and thus it is a topological invariant of the pair (M, o).
We denote this number by sw9,(c). Moreover

swi,(0) = sw, (). (%)

It is convenient to rewrite the collection {sw9,(0)}, as a function H — Q (see
eg the Fourier calculus below). For every spin® structure o on M we consider

SW?W,U = Z swl; (b~ o)h € QH].
heH

Equivalently, SW%LU, as a function H — Q, is defined by SW%LU(h) =
sw9,(h~!- ). The symmetry condition 3.2(x) implies

SWY; ,(h) = SWY, (h™") forall he H.

This description is very difficult to use in concrete computations unless we have
very specific information about the geometry of M. This is the case of the
Seifert 3-manifolds, see [37, 38] for the complete presentation. In the next
subsection we recall some facts needed in our computations. The interested
reader is invited to consult [loc. cit.] for more details.

3.3 The Seiberg—Witten invariants of Seifert manifolds We will use
the notations of 2.14 and 2.15; nevertheless, in [11, 27, 38] (and in general, in
the gauge theoretic literature) some other notations became generally accepted
too. They will be mentioned accordingly.

In [27, 38] a Seifert manifold is regarded as the unit circle sub-bundle of an
(orbifold) V-line bundle over a 2-dimensional V-manifold (orbifold) ¥. The
2-dimensional orbifold in our case is P! (with v conical singularities each with
angle &, i=1,... V).

The space of isomorphisms classes of topological V —line bundles over ¥ is an
Abelian group Picg)p(E). Its is a subgroup of Q x [[7_; Z,,, and correspond-
ingly we denote its elements by (v + 1)—uples

Lc; o

s " ’
(65} Oy

)7
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where 0 < 7; < ay, ¢ = 1,--- ,v. The number c is called the rational degree,
while the fractions ;—’Z are called the singularity data. They are subject to a
single compatibility condition

To any V-line bundle L(c; 3t, 1 < < v) we canonically associate a smooth
line bundle |L| — ¥ = P! uniquely determined by the condition
deg|L| =c— s
—
i=1
The canonical V -line bundle Ky, has singularity data (a; —1)/c; for 1 <i <w,
and deg |Kx| = —2, hence rational degree

= 1
k= deg” Ky = —2—1—2(1 — —)
i=1

a;

The Seifert manifold M with non-normalized Seifert invariants ((cy, 8;)7_;) (or,
equivalently, with normalized Seifert invariants (b; (ay,w;)Y_;), cf 2.15), is the
unit circle bundle of the V-line bundle Ly with rational degree ¢ = e, and
singularity data
ﬁ, 1<i<wv, (w;=-pF (mod ;)).

Q;
Denote by (L) C Picx)p(E) the cyclic group generated by Ly. Then one has
the following exact sequence:

0 — (Lo) — Picl,(£) © Picrop(M) — 0,

where 7* is the pullback map induced by the natural projection 7: M — 3.
Therefore, the above exact sequence identifies for every L € PicX)p(E) the
pullback 7*(L) with the class [L] € PicX)p(E) /(o).

For every L € Picy,,(¥), ¢:= deg" L we set

_degvKg—Qc_Fc c

p(L) : 2—6_2_€_Z€Q'

For every class u € Picy,(M) we can find an unique E, € Pic,}ép(E) such that
u=[F,) and p(E,) €[0,1). We say that E, is the canonical representative
of u. As explained in [27, 38] there is a natural bijection

Pictop(M) 3 u— o(u) € Spin®(M)
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with the property that det o(u) = 2u— [Kx| € Picop(M). The canonical spin®
structure ocqn € Spin®(M) corresponds to u = 0. In fact, Pici, (M) can be
identified in a natural way to H via the Chern class. Then o(u), in terms of
the H-—action described in 2.5, is given by u - 0.4, - In this case, if one writes
po = p(Ep) one has

K . o i
PO = {2_6} and E() = ’I?,()Lo, with ng = LQeJ

We denote the orbifold invariants of Ey by 2-. Observe that

1_{w}
(07} (07 .

The Seifert manifold M admits a natural metric, the so called Thurston metric
which we denote by gg. The (0can, go, 0)—monopoles were explicitly described
in [27, 38].

The space M of irreducible (ocun, go,0) monopoles on M consists of several
components parametrized by a subset of

So={E=Ey+nLyem 0<|v(E) < %degv Ky},
where
V(E) := deg" (Eo + nlLg) — %degv K.
More precisely, consider the sets

St = {E € So;: v(E) <0, degl|E|> o},

Sy = {E € So; v(E) >0, deg|Kx — E| > 0}.

To every E € S{)F there corresponds a component ﬁﬁg of MG of dimension
2deg|E|, and to every E € S there corresponds a component M of M of
dimension 2deg|Ky, — E|.

The Kreck—Stolz invariant K S(0can, g0, 0) is given by (see [38])
KSy(0can, 90,0) = £+ 1 — 4Lpo(1 — po)

v
+ pow;
+4VP0—4ZS(%‘,0¢Z 82 s(wi, ag; L0 apo -, —po)

i=1 ’

xn((E) e

(1 - 200) - S, {0} i o 0,

+4
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where
riw; =1 (mod «;), i =1,... 1.
Above, s(h,k;x,y) is the Dedekind—Rademacher sum defined in Appendix B,

where we list some of its basic properties as well.

The following result is a consequence of the analysis carried out in [37, 38].

3.4 Proposition (a) If pg # 0 and M has only zero dimensional compo-
nents then (go,0) is a good parameter and

1 _
SW(J)\/[(O'can) = gKSM(O-caanOuO) + |S(J)r| + |SO |

(b) If go has positive scalar curvature then (go,0) is a good parameter, Sj =
5 =0 and
0

1
SW%/[(O-can) = gKS(Ucana 490, 0)
Notice that part (b) can be applied for the links of quotient singularities.

One of the main obstructions is, that in many cases, the above theorem cannot
be applied (ie, the natural parameter provided by the natural Seifert metric is
not “good”, cf 3.1).

Fortunately, the Seiberg—Witten invariant has an alternate combinatorial de-
scription as well. To formulate it we need to review a few basic topological
facts.

3.5 The Reidemeister—Turaev torsion According to Turaev [48] a choice
of a spin® structure on M is equivalent to a choice of an Euler structure. For
every spin® structure o on M, we denote by

Tao = 3 Tato(h) h € QIH],
heH
the sign refined Reidemeister—Turaev torsion determined by the Euler structure
associated to o. (For its detailed description, see [48].) Again, it is convenient
to think of Tys, as a function H — Q given by h — Ty ,(h). The Poincaré
duality implies that Ty, satisfies the symmetry condition
Turo(h) = Tars(h™t) forall h € H. (%)

Recall that the augmentation map aug: Q[H] — Q is defined by

ZahhHZah.

It is known that aug(Tas») = 0.
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3.6 The Casson—Walker invariant and the modified Reidemeister—
Turaev torsion Denote by A\(M) the Casson—Walker invariant of M normal-
ized as in Lescop’s book (cf [23, Section 4.7]), and denote by H > h +— ‘JE\)/LJ(h)
the modified Reidemeister—Turaev torsion

Thro(h) = Tara(h) = X(M)/|H].

We have the following result.

3.7 Theorem [41] SW%/LJ(h) = ‘J'OM,U(h) for all o € Spin®(M) and h €
H.

3.8 The Fourier transform Later we will need a dual description of these
invariants in terms of Fourier transform. Denote by H the Pontryagin dual
of H, namely H := Hom(H,U(1)). The Fourier transform of any function
f: H — C is the function

fr H=Co f) =Y f)x(h).
heH

The function f can be recovered from its Fourier transform via the Fourier
tnversion formula

1 A
f(h) = ] X%:{ FOx(h).-

Notice that aug(f) = f(1), in particular UA'M,U(l) = aug(Tars) = 0. By the
above identity,

1 1 R
swiy (o) = SWY,,(1) = —@A(M) + il );I‘TM,U(X)
= —LA(M) + T (1). (1)

|H|
The symmetry condition 3.5(x) transforms into
Taro(x) = Tars(X)- (2)

. . . ! .
It is convenient to use the notation Zx for a summation where x runs over all

the non-trivial characters of H .
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3.9 The identification Spin®(M) — Q°(M) via the Seiberg—Witten
invariant Sometimes it is important to have an efficient way to recover the
spin® structure o (or, equivalently, the quadratic function q°(o), cf 2.6) from
the Seiberg—Witten invariant SW%/LJ, or from Tys,. In order to do this, we
first recall that Turaev in [48, Theorem 4.3.1] proves the following identity for
any o and g, h € H.

Tnmo(1) = Tare(h) — T (9) + Taro(gh) = —ba(g, h) (mod Z).

Clearly there is a similar identity for 79,  instead of Ty, . By Fourier inver-

sion, this reads

,—;,Z/?M,a(x)(x(h) —D(x(9) = 1) = ~bul(g, h) (mod Z). 1)

Nea

This identity has a “refinement” in the following sense (see [40, 3.3]): for any
spin® structure o, the map H 3 h — ¢/ (h), defined by,

@y (h) == Taro(1) = Tago(h) = Ths (1) = T3 4 (h)
= SWY,,(1) — SW},,(h) (mod Z),

is a quadratic function associated with by;. Moreover, the correspondence
qS,, : Spin®(M) — Q°(M) given by o +— ¢, is a bijection.

3.10 Proposition ¢, = q°, ie, the above bijection is exactly the canonical
identification q¢ considered in 2.6.

Proof Let us denote q°(o) by ¢,. Since both maps q¢ and ¢S, are H-
equivariant, it suffices to show that g. = ¢/ for some spin structure e on M.
Fix € € Spin(M), and as in 2.4, pick a simple connected oriented 4-manifold
N with ON = M together with a € € Spin(N) such that the restriction of € to
M is e. In particular, gc = —qp(1)0, cf 2.4. For every h € H set o := h-o(e).
Pick ﬁ~€ H2%(N,Z) = L such that [h] = h. For h = 0 we choose h=0. Set
o :=h-o(€) € Spin®(N). Then ¢ (detdp) = 2h. Observe that
1
SW(J)\/[ye(h) = gKS(O’h) (mod Z).

But the Atiyah—Patodi-Singer index theorem implies (see eg [24, page 197]):

1 1 1

gKS(O’h) = g(cl(det an),c1(det o1))o — gsignature(N) (mod Z),
for any h € H. Thus ¢/(h) = —1 (h,h)g = ¢(h) (mod Z). 0
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Via the Fourier transform, the above identity is equivalent to the following one,
valid for any h € H:

r_;frZ'fTM,a<x><x<h> — D =—d'(e)(h) (mod Z). .

3.11 Remark The above discussion can be compared with the following
identity. Let us keep the notations of 2.3. Let o(L) denote the signature of
L, and k € L' a characteristic element. Then the (mod 8)-residue class of
o(L) — (k,k)g € Q/8Z depends only on the quadratic function ¢ = qp(z) . In
fact one has the following formula of van der Blij [51] for the Gauss sum:

v(q) = [H| /2 Z p2mia(x) — 7 (o(L)~(kk)q)
reH

If k € Im(ir) then o(L) — (k, k)g = o(L) — (k, k) € Z/8Z.

4 Analytic invariants and the main conjecture

4.1 Definitions Let (X,0) be a normal surface singularity. Consider the
holomorphic line bundle ng\ {0y ©of holomorphic 2-forms on X \ {0}. If this
line bundle is holomorphically trivial then we say that (X,0) is Gorenstein.
If some power of this line bundle is holomorphically trivial then we say that
(X,0) is Q—Gorenstein. If Q2 is topologically trivial we say that (X,0) is
: ) X\{0} - ) .
numerically Gorenstein. The first two conditions are analytic, the third depends
only on the link M (cf 2.7).

4.2 The geometric genus Fix a resolution 7: X — X over a sufficiently
small Stein representative X of the germ (X,0). Then p, := dim H'(X, O5)
is finite and independent of the choice of 7. It is called the geometric genus of
(X,0). If py(X,0) = 0 then the singularity (X,0) is called rational.

4.3 Smoothing invariants Let (X,0) be as above. By a smoothing of
(X,0) we mean a proper flat analytic germ f: (X,0) — (C,0) with an isomor-
phism (f71(0),0) — (X,0). Moreover, we assume that 0 is an isolated singular
point of the germ (X,0).

If X is a sufficiently small contractible Stein representative of (X,0), then for
sufficiently small 7 (0 < || < 1) the fiber F := f~1(n) N X is smooth, and its
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diffeomorphism type is independent of the choices. It is a connected oriented
real 4-manifold with boundary OF which can be identified with the link M of
(X,0).

We will use the following notations: p(F') = rank Ha(F,Z) (called the Milnor
number); (, )rp= the intersection form of F on Hs(F,Z); (po,p+,p—) the
Sylvester invariant of (, )r; o(F) := py — p— the signature of F'. Notice that
the Milnor fiber F', hence its invariants too, in general depend on the choice of
the (irreducible component) of the smoothing.

If M = OF is a rational homology sphere then py = 0, hence p(F) = puq + p—.
It is known that for a smoothing of a Gorenstein singularity rank Hq(F,Z) =0
[13]. Therefore, in this case u(F') + 1 is the topological Euler characteristic
Xtop(F) of F.

The following relations connect the invariants py, w(F) and o(F). The next
statement is formulated for rational homology sphere links, for the general
statements the reader can consult the original sources [9, 22, 47] (cf also with
[25]).

4.4 Theorem Assume that the link M is a rational homology sphere. Then
the following identities hold.

(1) [Wahl, Durfee, Steenbrink] 4p, = p(F) + o(F).
In addition, if (X,0) is Gorenstein, then

(2) [Laufer, Steenbrink] u(F) = 12p, + K? + #V, where K% + #V is the
topological invariant of M introduced in 2.12.

In particular, for Gorenstein singularities, (1) and (2) give o(F) + 8p, + K% +
4V = 0.

This shows that modulo the link-invariant K2+#) there are two (independent)
relations connecting py, w(F) and o(F), provided that (X,0) is Gorenstein.
So, if by some other argument one can recover one of them from the topology
of M, then all of them can be determined from M .

In general, these invariants cannot be computed from M. Here one has to
emphasize two facts. First, if M is not a rational homology sphere, then one
can construct easily (even hypersurface) singularities with the same link but
different (u,0,py). On the other hand, even if we restrict ourselves to rational
homology links, if we consider all the possible analytic structures of (X,0),
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then again p, can vary. For example, in the case of “weakly” elliptic singulari-
ties, there is a topological upper bound of p, (namely, the length of the elliptic
sequence, found by Laufer and SS-T Yau) which equals p, for Gorenstein sin-
gularities; but p, drops to 1 for a generic analytic structure (fact proved by
Laufer). For more details and examples, see the series of articles of SS-T Yau
(eg [53]), or [28]. On the other hand, the first author in [28] conjectured that
for Gorenstein singularities with rational homology sphere links the invariants
(i, 0,pg) can be determined from the topology of (X,0) (ie, from the link M);
(cf also with the list of conjectures in [36]). The conjecture is true for rational
singularities [3, 4], minimally elliptic singularities [21], “weakly” elliptic singu-
larities [28], and some special hypersurface singularities [10, 35|, and special
complete intersections [35]; in all cases with explicit formulae for p,. But in
general, even a conjectural topological candidate (computed from M) for p,
was completely open. The next conjecture provides exactly this topological
candidate (which is also a “good” topological upper bound, cf introduction).

4.5 The Main Conjecture Assume that (X,0) is a normal surface singu-
larity whose link M is a rational homology sphere. Let 0.4, be the canonical
spin® structure on M. Then, conjecturally, the following facts hold:

(1) For any (X,0), there is a topological upper bound for p, given by:
K2+ #V

s o

(2) If (X,0) is Q-Gorenstein, then in (1) one has equality.

sw?w (Ocan) —

(3) In particular, if (X,0) is a smoothing of a Gorenstein singularity (X,0)
with Milnor fiber F', then
a(F)

—sw?w(ecan) =5

If (X,0) is numerically Gorenstein and M is a Zs—homology sphere then
€can = Ocan 1S the unique spin structure of M; if M is an integral homology
sphere then in the above formulae —sw9,(€.an) = A(M), the Casson invariant
of M.

4.6 Remarks

(1) Assume that (X,0) is a hypersurface Brieskorn singularity whose link is an
integral homology sphere. Then A(M) = o(F')/8 by a result of Fintushel and
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Stern [10]. This fact was generalized for Brieskorn—-Hamm complete intersec-
tions and for suspension hypersurface singularities ((X,0) = {g(x,y)+2z" = 0})
with Hi(M,Z) = 0 by Neumann and Wahl [35]. In fact, for a normal complete
intersection surface singularity with H = Hy(M,Z) = 0, Neumann and Wahl
conjectured \(M) = o(F')/8. This conjecture was one of the starting points of
our investigation.

The result of Neumann—Wahl [35] was re-proved and reinterpreted by Collin and
Saveliev (see [7] and [8]) using equivariant Casson invariant and cyclic covering
techniques.

(2) The family of Q—Gorenstein singularities is rather large: it contains eg
the rational singularities [3, 4], the singularities with good C*—actions and with
rational homology sphere links [32], the minimally elliptic singularities [21],
and all the isolated complete intersection singularities. Neumann—Wahl have
conjectured in [36] that all the singularities in 4.5 (2) are finite abelian quotients
of complete intersection singularities.

(3) If one wants to test the Conjecture for rational or elliptic singularities (or
in any example where p, is known), one should compute the corresponding
Seiberg—Witten invariant. But, in some cases, even if all the terms in the main
conjecture can (in principle) be computed, the identification of these contri-
butions in the main formula can create difficulties (eg involving complicated
identities of Dedekind sums and lattice point counts).

4.7 Remark Notice, that in the above Conjecture, we have automatically
built in the following statements as well.

(1) For any normal singularity (X,0) the topological invariant

K2 +#V
8
is non-negative. Moreover, this topological invariant is zero if and only if (X, 0)

is rational. This provides a new topological characterization of the rational
singularities.

sw(])w (Ocan) —

(2) Assume that (X,0) (equivalently, the link) is numerically Gorenstein.
Then the above topological invariant is 1 if and only if (X,0) is minimally
elliptic (in the sense of Laufer). Again, this is a new topological characteriza-
tion of minimally elliptic singularities.
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4.8 Remark The invariant K? + #) appears not only in the type of re-
sults listed in 4.4, but also in other topological contexts. For example, it can
be identified with the Gompf invariant 6(¢) defined in [14, 4.2] (see also [15,
11.3.3]). This appears as an “index defect” (similarly to the signature defect of
Hirzebruch) (cf also with [9] and [25]).

More precisely, the almost complex structure on TM @ Ry (cf 2.8) determines
a contact structure &eqn on M (see eg [15, page 420]), with ¢1(&.qn) torsion ele-
ment. Then the Gompf invariant 6(£.qy), computed via X, is K2 — 2Xtop(X )—
30(X) = K2+ #V —2.

In fact, in our situation, by 2.12, 6(&.q,) can be recovered from the oriented C'*°
type of M completely. In the Gorenstein case, in the presence of a smoothing,
0(&can) computed from the Milnor fiber F', equals —2 — 2u(F) — 30(F'). The
identity K2 + #V + 2u(F) + 30(F) = 0 can be deduced from 4.4 as well.

The goal of the remaining part of the present paper is to describe the needed
topological invariants in terms of the plumbing graphs of the link, and finally,
to provide a list of examples supporting the Main Conjecture.

5 Invariants computed from the plumbing graph

5.1 Notation The goal of this section is to list some formulae for the invari-
ants K2+#V, A(M) and Ty, from the resolution graph of M (or, equivalently,
from any negative definite plumbing). The formulae are made explicit for star-
shaped graphs in terms of their Seifert invariants. For notations, see 2.13, 2.14
and 2.15.

Let I~! be the inverse of the intersection matrix I. For any v,w € V, I}

denotes the (v, w)—entry of I=!. Since I is negative definite, and the graph is
connected, Iy_wl < 0 for each entry v,w. Since I is described by a tree, these
entries have the following interpretation as well. For any two vertex v,w € V,
let pyw be the unique minimal path in the graph connecting v and w, and
let I(,,) be the matrix obtained from I by deleting all the lines and columns
corresponding to the vertices on the path py., (ie, I(,,) is the intersection matrix
of the complement graph of the path). Then I} = —|det(I(,,))/ det(1)].

For simplicity we will write E,, D,, ... instead of [E,], [D,]....

5.2 The invariant K? + #) from the plumbing graph Let Zx =
>, TwEy. Since Zg = (i ® Q)7 (X (ey + 2)D,) (cf 2.13), one has clearly
ro = (ew +2)I,).
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Then a “naive formula” of K2 = ZIQ( is
Zi =) rmZk-Ey=Y roles+2) = (ey+2)(ew +2)I,,.
v v VW

However, we prefer a different form for r, and ZIQ( which involves only a small
part of the entries of I=!. Indeed, let us consider the class

D=> iL(E,)+Y (2-6,)D, €L

Then clearly D - E, = e, + 0, +2 — 0y, = €, + 2, hence D = (ip ® Q)Zg.
Therefore,

Z =Y B+ Y20, © Q)N (D),

hence
ro =14 (2= 6u) 15
w

Moreover,
Z%( =Zg-D=
> Zk Ey+Y (2-0)ZK Dy=3 (ev+2)+ > (2= 6,0,
v v v

(2

hence by the second formula for r, we deduce

K2+ #V = e, +3#V+2+> (2—6,)(2— 6u) ],

v,W

In particular, this number depends only of those entries of I~! whose index
set runs over the rupture points (0, > 3) and the end-vertices (J, = 1) of the
graph.

For cyclic quotient singularities, the above formula for K2 goes back to the
work of Hirzebruch. In fact, the right hand side can also be expressed in terms
of Dedekind sums, see eg [25, 5.7] and [18] (or 7.1 here).

5.3 The Casson—Walker invariant from plumbing We recall a formula
for the Casson—Walker invariant for plumbing 3—manifolds proved by A Ratiu in
his dissertation [45]. In fact, the formula can also be recovered from the surgery
formulae of Lescop [23] (since any plumbing graph can be transformed into a
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precise surgery data, see eg Al). The first author thanks Christine Lescop for
providing him all the details and information about it. We have

M)=>Y e, +3#V+> (2—6,) I}

If M = L(p,q), then this can be transformed into A\(L(p,q)) = p- s(q,p)/2.
(Here we emphasize that by our notations, L(p,q) is obtained by —p/g—surgery
on the unknot in S3, as in [15, page 158], and not by p/q-surgery as in [52,
page 108].)

5.4 The Casson—Walker invariant for Seifert manifolds Assume that
M is a Seifert manifold as in 2.14 and 2.15. Using [23], Proposition 6.1.1, one
has the following expression:

1 1 =
_ﬁ)\( ) = E(Q—V—Fizla—?)+6+3+12i213(ﬂi,04i).

(Warning: our notations for the Seifert invariants differ slightly from those used
in [23]; and also, our e and b have opposite signs.)

5.5 K24+ #V for Seifert manifolds Using 5.3 we deduce

1
_ﬁ)‘( ) Z ey + 3#V + Z U; vl 2 - V)Ivovo

For Seifert manifolds, 5.2 can be rewritten as

K2+ #V =
v
2+Z€v+3#v+zfi%¢+(2— vovo+2z2_y vov Z vzv;
v =1 i#£]
Using the interpretation of the entries of I=! given in 5.1, one gets easily that
1 1 1
-1 _ 1. -1 _ R Ly »
I’T)QT)O - Eﬂ I’T)Z"T)Q - CT.ZZ" I’T)Z'T)j - COZZ‘CM]' (’L # J5 1 S 1, S V)' (1)

Therefore, these identities and 5.4 give:
1 12 .
K24 #V = g<2—u+za) te+5+12) 85, ).
i=1 " i=1

It is instructive to compare this expression with 5.4 and also with the coefficient
ro of Zk, namely with 7o =14+ (2 —-v+>,1/a;)/e.
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5.6 The Reidemeister—Turaev torsion In the remaining part of this sec-
tion we provide a formula for the torsion T3, of M using the plumbing rep-
resentation of M. We decided not to distract the reader’s attention from the
main message of the paper and we deferred its proof to Appendix A.

5.7 Theorem Let M be an oriented rational homology 3-manifold repre-
sented by a negative definite plumbing graph I'. (Eg, let M be the link of
a normal surface singularity (X,0), and I' = I'(m) be one of its resolution
graphs.) In the sequel, we keep the notations used above (cf 2.13 and 5.1). For
any spin® structure o € Spin(M), consider the unique element h, € H such
that hy « 0cqn, = 0. Then for any x € H, X # 1, the following identity holds:

~ Syp—2
Tare(0) = x(ho) - [T (xto) =1)"
veY

The right hand side should be understood as follows. If x(g,) # 1 for all v
(with 0, # 2), then the expression is well-defined. Otherwise, the right hand
side is computed via a limit (regularization procedure). More precisely, fix a
vertex v, € V so that x(g,,) # 1, and let b* be the column vector with entries
=1 on the place v, and zero otherwise. Then find w* € Z™ with entries {w}},
in such a way that IwW* = —m* - b* for some integer m* > 0. Then

A . 6p—2
Taro(%) = X(ho) -Tim T (£ x(g0) = 1)
veY
The above limit always exists. Moreover, once v, is fixed, the vector w* is
unique modulo a positive multiplicative factor (which does nor alter the limit).
In fact, the above limit is independent even of the choice of v, (as long as
X(gv.) # 1). This follows also from the general theory (cf also A.3 and A.4),
but it also has an elementary combinatorial proof given in Lemma A.7. (This
can be read independently from the other parts of the proof.) In fact, by Lemma
A.7, the set of vertices v,, providing a suitable " in the limit expression, is
even larger than the set identified in the theorem: one can take any v, which

satisfy either x(g,.) # 1 or it has an adjacent vertex u with x(g,) # 1.

5.8 The torsion of Seifert manifolds In this paragraph we use the nota-
tions of 2.14 and 2.15. Recall that we introduced v + 1 distinguished vertices
v;, 0 < i < v, whose degree is # 2 (and gy, is the central vertex). Fix x and
first assume that x(gs) # 1 for all 0 < i < wv. Then, the above theorem reads

Geometry & Topology, Volume 6 (2002)



298 Andrds Némethi and Liviu I Nicolaescu

as

(X(gf)o) - 1)V_2

Hiyzl (X(gﬁi) - 1) .

If there is one index 1 < i < v with x(gg,) = 1, then necessarily x(gz,) =1 as
well. If x(gg,) = 1, then either Ty, (X) = 0, or for exactly v — 2 indices 4
(1 <i<wv)onehas x(gs) = 1. In this later case the limit is non-zero. Let
us analyze this case more closely. Assume that x(gs) # 1 for i = 1,2. Using
the last statement of the previous subsection, it is not difficult to verify that
w* computed from any vertex on these two arms provide the same limit. In
fact, by the same argument (cf A.7), one gets that even the central vertex oy
provides a suitable set of weight w* (for any x). The relevant weights can be
computed via 5.5(1), and with the notation « :=lem(a,...,a,) one has:

: o (g 1)

TM,Uca’n(X) }EI% sz(:1 (ta/ai X(gm) _ 1)
Notice the mysterious similarity of this expression with the Poincaré series of
the graded affine ring associated with the universal abelian cover of (X,0),
provided that (X,0) admits a good C*—action, cf [32].

‘j‘Myo'can (X) =

for any x € H\ {1}.

6 Brieskorn—-Hamm rational homology spheres

6.1 Notation Fix n > 3 positive integers a; > 2 (i =1,... ,n). For any set
of complex numbers C' = {¢;;},i=1,... ,n; j=1,... ,n—2, one can consider
the affine variety

Xco(ar, ... an) ={2€C" : ¢j12{" +-- -+ cjnzpm =0forall 1 < j<n-—2}.

It is well-known (see [16]) that for generic C, the intersection of X (ay,... ,an)
with the unit sphere $?"~! C C” is an oriented smooth 3-manifold whose
diffeomorphism type is independent of the choice of the coefficients C'. It is
denoted by M = X(aq,... ,a,).

6.2 In fact (cf [19, 34]), M is an oriented Seifert 3—manifold with Seifert
invariants

(95 (@1,B0), -+ 5 (@1, B+ 5 @y B+, (s )

S1 Sn

where g denotes the genus of the base of the Seifert fibration, and the pairs
of coprime positive integers («,(3;) (each considered s; times) are the orbit
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invariants (cf 2.14 and 2.15 for notations). Recall that the rational degree of
this Seifert fibration is

Set

a
a:=lem(a; 1<i<n), g:=—, 1<i<n; A::Hai.

@ 1=1
The Seifert invariants are as follows (see [19, Section 7] or [34]):
Qi .
o = oMl Ae g

" lem (aj; j#1) % lem (aj; j#1) aa;’

g:z%(Q—F(n—Q)%—Zsi). (2)

1

By these notations —e = A/(a?). Notice that the integers {a;}j—, are pair-
wise coprime. Therefore the integers (; are determined from (e). In fact
Z]. ¢;B; = 1, hence $;q; = 1 (mod «;) for any j. Similarly as above, we set
a:=lem(aq, ..., ap).

It is clear that M is a Q-homology sphere if and only if g = 0. In order to be
able to compute the Reidemeister—Turaev torsion, we need a good characteri-
zation of g = 0 in terms of the integers {a;};. For hypersurface singularities
this is given in [5]. This characterization was partially extended for complete
intersections in [16]. The next proposition provides a complete characterization
(for the case when the link is 3-dimensional).

6.3 Proposition Assume that Xc(aq,...,a,) is a Brieskorn-Hamm iso-
lated complete intersection singularity as in 6.1 such that its link M is a 3—
dimensional rational homology sphere. Then (a1, ... ,a,) (after a possible per-
mutation) has (exactly) one of the following forms:

i) (a1,...,an) = (db1,dbs,bs,... ,b,), where the integers {b;}"_, are pairwise
() ( Y 9 ) ( Y 9 9 Y ) g ] ]_1 p
coprime, and ged(d,b;) =1 for any j > 3;

(i) (a1,...,an) = (2°b1,2b9,2b3,b4 ... ,by,), where the integers {bj}?zl are
odd and pairwise coprime, and ¢ > 1.
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Proof The proof will be carried out in several steps.

Step 1 Fix any four distinct indices i, j, k,1. Then d;jy := ged(as, aj, ag, a;) =
1. Indeed, if a prime p divides d;jx, then p?|(A/a) and p?|s; for all i. Hence
by 6.2(g) one has p?|2.

Step 2 Fix any three distinct indices 7,7,k and set d;j; := ged(ay, aj,ar). If
a prime p divides d;;i then p = 2. Indeed, if p|d;;i then p|(A/a) and p|s; for
all j, hence p|2 by 6.2(g).

Step 3 There is at most one triple ¢ < j < k with d;;; # 1. This follows from
steps 1 and 2.

Step 4 Assume that d;;, = 1 for all triples 7,7, k. For any ¢ # k set dy, :=
ged(ai, ar). Then A/a =[], 4 dir, and there are similar identities for each s;.
Then 6.2(g) reads as

24+ (n—2)[[da—=>_ [] dwn=0. (eql)

i<k J=1i<ksik#j

i<k

Step 5 Assume that di23 # 1, hence

(al, . ,an) = (2Cb1, Qubg, 2vb3, b4 . ,bn),
with ¢ > u > v, and all b; odd numbers (after a permutation of the indices).
Then uw = v = 1. For this use similar argument as above with 4|(A/a), 4|s; for
i >4, s; and sy (resp. s3) is divisible exactly by the v (resp. u'?)
2.
Using this fact, write for each par ¢ # k, d; := ged(b;, by). We deduce as above

that A/a = 4[], di, and there are similar identities for each s;. Then 6.2(b)
transforms into

power of

%+<n—2)l—[dik—z€f Il dw=0. (ea2)

i<k J=1 i<kii ki
where €; =1/2 for j <3 and =1 for j > 4.

Step 6 The equation (eq2) has only one solution with all d;; strict positive
integer, namely d;; = 1 for all 4, k. Similarly, any set of solutions of (eql) has
at most one d;; strict greater than 1, all the others being equal to 1.

This can be proved eg by induction. For example, in the case of (eq2), if one
replaces the set of integers d;; in the left hand side of the equation with the
same set but in which one of them is increased by one unit, then the new
expression is strictly greater than the old one. A similar argument works for
(eql) as well. The details are left to the reader. O
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6.4 Verification of the conjecture in the case 6.3(i) We start to list
the properties of Brieskorn—-Hamm complete intersections of the form (i).

o ozj:bjforjzl,...,n;

e s1=1, sg=1,and s; = d for j > 3; in particular, the number of “arms”
is v=2+ (n—2)d,;

e a=DB:= H?Zl bj, and —e- B = 1, hence by 2.14 the generic orbit h is
homologically trivial.

e Using the group representation 2.15, and the fact that A is trivial, one has

H=ab(gy, 1<j<n, 1<i<s;|gy =1forall i,j [[g7=1)
Z'7j
Since the integers «; are pairwise coprime, taking the o/ca; power of the last
relation, and using that ged(a;,w;) =1, one obtains that

H=@ab( gy, 1<i<d|gl=1foral i [Jo;=1) =PZ,)""
Jj=3 ¢ Jj=3

. d—1
In particular, [H| = [[;53 bj

e The Reidemeister—Turaev torsion of M By 5.8
(ta _ 1)d(n—2)

Tt 00 = 8 Gaor 1) (e 1) T LT (077 i) — 1)

As explained in 5.8, for a fixed x, the expression ﬁ‘M,aam(X) is nonzero if and
only if for exactly two pairs (i,j) (where j > 3 and 1 < i < b) x(gi;) # 1.
Analyzing the group structure, one gets easily that these two pairs must have
the same j. For a fixed j, there are d(d — 1)/2 choices for the set of indices
{i1,i2}. For fixed j, the set of nontrivial characters of the group

ab( gij, 1§i§d\g§;:1f0raﬂ i Hgij:1>’
i

satisfying x(g;;) = 1 for all i # iy,iy is clearly ij \ {1}, and in this case
X(9i17)x(9ip5) = 1 as well. Therefore

1 ad(n72)
TMoean(1) = H] ;3 %%(%)d...(%)d—2 (&
dd—1) 1
T2 '%(c—n@—l)'

J
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Recall that [H| = [];>3 b;l 1. Hence, by (B.9) of Appendix B and an easy
computation:

ot (1) = 2D g Ly

24 j>3 J

e The Casson—Walker invariant From 5.4 we get

ANM) B l —
[H] __ﬂ( +Z ) 24194r +2ZISJSBJ’

e The signature of the Milnor fiber Since X is an isolated complete
intersection singularity, its singular point is Gorenstein. Hence, by 4.4, it is
enough to verify only part (3) of the main conjecture, part (2) will follow au-
tomatically.

The signature o(F') = o(a1,...,a,) of the Milnor fiber F' of a Brieskorn—
Hamm singularity is computed by Hirzebruch [17] in terms of cotangent sums.

Nevertheless, we will use the version proved in [35, 1.12]. This, in the case (i),
(via B.10) reads as

1
o(F)=—1+ 3—3(1 — (n —2)d*B? +B2Z b—2> —~ 42% s(gj, b
j=1"7
where ¢; = s;B/b; for all 1 < j <n. Since fq; =1 (mod b;) (cf 6.2), one has
s(qj,b;) = s(Bj,b;) for all j. Now, by a simple computation one can verify the
conjecture.

6.5 Verification of the conjecture in the case 6.3(ii) The discussion is
rather similar to the previous case, the only difference (which is not absolutely
negligible) is that now h is not trivial. This creates some extra work in the
torsion computation. In the sequel we write B :=[]; b;.

e a=2°B and A=2"2B. Moreover, a; = 2°"1b; and «;j = b; for j > 2.
o s;=2for j <3 and s; =4 for j > 4. The number of “arms” is v = 4n—6.

e o = 2B, hence —e™! = 2°°2B. Therefore |(h)| = 2 and |H| =
2¢B3/(b1bybs3)?.

e The self intersection number b of the central exceptional divisor is even.
Indeed, equation (e) implies that 1 = Biba---b, (mod ;). Since w; =
—B1 (mod ay), one has 271 + wiby---b,. This, and the first formula of
2.15 implies that b is even.
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e Using 2.15, and the fact that h~° = 1 is automatically satisfied, we obtain
the following presentation for H:

m%%»1§j§m1§i§@;h¢?:hmnmid;rbg:L;ﬁ:Q,
1,J

Clearly (h) ~ Zy, and there is an exact sequence 0 — (h) — H — @ — 0 with

Q= @ab gij, 1<i<sj| gaﬂ =1 for all 3; ng] =1) = @(Zaj)sj_l.

i>1 i>1

e The Reidemeister—Turaev torsion of M We have to distinguish two
types of characters y € H \ {1} since x(h) is either 41 or —1. The sum over
characters x with y(k) =1 (ie, over Q\ {1}) can be computed similarly as in
case (i), namely it is

v—2

a N~ silsi = 1)
z D e e e SR e P T )

_ oc-1p Z Sj(Sj — 1) (1 - i)

24 < 2 o?

j=1 J
The sum over characters y with x(h) = —1 requires no “limit regularization”,
hence it is (—2)"72/(I] ; Pj), where for any fixed j the expression P; has the
form [[,(¢ — 1), where the product runs over 1 < i < s;, (;’ = —1 with

restriction [[, ¢ = 1.

Using the identity —2 = ¢;” — 1 one gets

1 1 a;i—1
- - 1+¢G+--- Q3T

By an elementary argument, this is exactly (a;/2)% . Therefore, this second
contribution is 271 B/8, hence

2071B 2¢71B (~s4(s5 — 1) 1
TMvaan(l) = ) + 24 Z ’ j2 (1 - ?)
J>1 J

e The Casson—Walker invariant From 5.4 and v = 4n — 6 one gets

AM)  2°72B i
e CTEEED SE A B R o) SR
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e The signature of the Milnor fiber Using the above identities about the
Seifert invariants (and a; = 4a;/s; too), [35, 1.12] reads as

o(F) = )
55

1 2¢ 2 2c—4 2 - -
_1+m(1_(n_2)2 CB +20 B JZIOZ_? _4jzlsjs(ﬁj’aj)’

Now, the verification of the statement of the conjecture is elementary.

7 Some rational singularities

7.1 Cyclic quotient singularities The link of a cyclic quotient singularity
(Xp,4:0) (0 < g <p, (p,q) =1) is the lens space L(p,q). X, 4 is numerically
Gorenstein if and only if ¢ = p — 1, case which will be considered in 7.2. In all
other cases 0cqy, is not spin. In all the cases p, = 0. Moreover (see eg [25, 5.9],
or [18], or 5.2):

20 -1

K2+ #V = —12-s(q,p).

On the other hand, the Seiberg—Witten invariants of L(p,q) are computed in
[39] (where a careful reading will identify swQ,(0cen) as well). In fact, cf ([39,
3.16]):

1
(x—DHx1—-1)’

fact which follows also from 5.7. Therefore, using [44, 18a] (or B.8), one gets
that

‘j‘Myo'can (X) =

p—1
TMvacan(l) = 4— - S(q7p)
P
The Casson—Walker contribution is A(L(p,q))/p = s(¢,p)/2 (cf 5.3). Hence
one has equality in part (1) of the Conjecture.

7.2 Particular case: the A, ;—singularities Assume that (X,0)=({z?+
y?> + 2P = 0},0). Then by 7.1 (or [39, Section 2.2.A]) one has sw9,(ecan) =
(p—1)/8 (in [39] this spin structure is denoted by 0gpin). On the other hand,
(, )r is negative definite of rank p — 1, hence o(F) = —(p — 1). (Obviously,
the A,_;—case can also be deduced from section 6.)
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7.3 The D,—singularities For each n > 4, one denotes by D,, the singu-
larity at the origin of the weighted homogeneous complex hypersurface x2y +
y" 1+ 22 = 0. It is convenient to write p := n — 2. We invite the reader to
recall the notations of 3.3 about orbifold invariants.

The normalized Seifert invariants are

(b7 (w17 al)u (w27 (12), (w37 QS)) - (_27 (p7p - ]-)7 (27 ]-)7 (27 ]-))
Its rational degree is £ = —1/p. Observe that k= /.

The link M is the unit circle bundle of the V-line bundle Ly with rational
degree ¢ and singularity data ((p—1)/p,1/2,1/2). Therefore, Ly = Ky . Hence,
p(0can) = {k/2¢} = 0. The canonical representative of o4y, is then the trivial
line bundle Ejy. It has rational degree 0 and singularity data ¥ = (0,0,0). The
Kreck—Stolz invariant is then

3 3

3
KSM(Ucan,go,O):7—423(%,%)—823(%,%;%,—1/2)—42{ = }
i=1 ! ‘

; 20
=1 =1

Using the fact that s(1,2;1/4,—1/2) = 0, this expression equals:

P 2 1
64+ +—+8s(l,p, —,1/2).
+3+3p+ s( p2p /2)
Now using the reciprocity formula for the generalized Dedekind sum, one has
1 4/3 —2p+2p%/3 4 2p
8 177_7]-2: = — —92 —_.
s(1,p o /2) ; 5 213
Thus
p 4 4 2p
SSW%/I(O—C(I”) = KSM(UcanagO) =4+ g — % + % — 24+ ? =2+ p.

On the other hand, the signature of the Milnor fiber is —n = —(p + 2), con-
firming again the Main Conjecture.

7.4 The Es and Fy singularities Both Eg (ie, 2* + y3 + 22 = 0) and
Eg (ie, 2% 4+ y® + 22 = 0) are Brieskorn (hypersurface) singularities, hence the
result of section 6 can be applied. The link of Fg is an integral homology
sphere, hence the validity of the conjecture in this case was proved in [10]. The
interested reader can verify the conjecture using the machinery of 3.3 and 3.4
as well.
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7.5 The E; singularity It is given by the complex hypersurface x® +
2y + 22 = 0. The group H is Zy. The normalized Seifert invariants are
(—2,(2,1),(3,2),(4,3)), the rational degree is —1/12. We deduce as above
thatLo = Ky, with pg = p(0can) = 1/2. The canonical representative is again
the trivial line bundle Ey. Its singularity data are trivial. The Seiberg—Witten
invariant of o.q, is determined by the Kreck—Stolz invariant alone. A direct
computation shows that K Sy;(0can,g0) = 7. But the signature of the Milnor
fiber is o(E7) = —7 as well, hence the statement of the conjecture is true.

7.6 Another family of rational singularities Consider a singularity
(X,0) whose link M is described by the negative definite plumbing given in
Figure 1. (It is clear that in this case M it is not numerically Gorenstein.)

r @ —2
|
|
|m—1
|
|

(m—1z mz (m-—1)x

Figure 1: The resolution graph of the rational singularity (X,0)

The number of —2 spheres on any branch is m — 1, where m > 2. It is easy to
verify that the (X,0) is a rational (with Artin cycle ) F,) (see, eg [29]). M
is Seifert manifold with normalized Seifert invariants (=3, (m,m — 1), (m,m —
1), (m,m — 1)) and rational degree [ = —3/m.

To compute the Seiberg—Witten invariant of M associated with o.q, we use
again 3.4.

The canonical V—line bundle of ¥ has singularity data (m—1)/m (three times)
and rational degree k = 1 + £. The link M is the unit circle bundle of the V—
line bundle Ly with rational degree ¢ and singularity data (m — 1)/m (three

times). Therefore
m— 3
= {51

Geometry & Topology, Volume 6 (2002)



Seiberg—Witten invariants and surface singularities 307

To apply 3.4 we need pg # 0, ie,

m Z 3 (mod 6).
The canonical representative of 0.4, is the V—-line bundle Ey with
3
EO = no]Lo, ng = \;TmJ .

The reader is invited to recall the definition of S(jf. We start with the compu-
tation of Sar . Notice that

1 1
—EdegvKg <V(E)<0<=0<nl< §degvKg.

Hence
1 -3
ﬂdegvKg<n§O, ie, _m

The singularity data of nlLg are all equal to {—n/m} (three times). We deduce

deg [nlLo| = deg" (nlLg) — 3{—_71} = SL_—nJ

m m

<n<0. (1)

Now observe that (1) implies

OS_—n<m_3, hence L—J =0
m m m

for every m subject to the condition (1). Since m # 3 (mod 6), we deduce

sg1= "2 +1=—no (2)

Moreover, all the connected components corresponding to the elements in Sar
are points. Similarly, the condition 0 < v(E) < %degv Ky implies

1 1 1
3 degv Ky <nl < degV Ky — 7 degV Ky <n< ﬂdegv K.

Hence

-3 -3
o §n<—mT. (3)

The singularity data of the V -line bundle Ky —nl are all equal to {(n—1)/m}.
We deduce

—1
deg|Ky —nly| = 143"

—3{(n—1)/m}:1—|—3tn_1J.

But this number is negative (because of (3)), hence S; = (). These considera-

tions show that Proposition 3.4 is applicable. Set
m—3

% " —k 4+ po, 0<pg <1, k non-negative integer.
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Then ng = —k. The canonical representative is Fy = —klLg. It has degree
—k(. Tts singularity data are all equal to ~;/a; = k/m. Then in the formula of
K Sy one has w;=m —1, r; = —1, v; = k for all 7. Hence
—k
K Syi(0can) = €+ 1= 40po(1 = po) + 12p0 +2(3 + £)(1 — 209) — 12{ =}
k -1
—12s(m — 1,m) — 24s(m — 1, m; M, —p0)-
m
Observe now that
m 1 1
_ 1 — s(1 -0, -
k+po(m—1 k4 po(m —1
—s(m —1,m; L, —po)) = —s(=1,m, Ftpom=1) P0s —po)
m m
- S(lvmv P 7_p0)'
Moreover, from the definition of Dedekind sum we obtain
—k k— k(k—1 k—1
3(17m7 pom 7_p0) = 8(17m7 —poa 0) = 8(17m) + (2m ) - 9

Finally, by an elementary but tedious computation we get
KSai(ean) = 3m — % — 928k
The Seiberg—Witten invariant of the canonical spin® structure is then
85wy (0can) = K1 (0can) +8IST | = K Sa1(0can) + 8k = 3m — - — 2.

The coefficients of Zx are labelled on the graph, where the unknown x is deter-
mined from the adjunction formula applied to the central —3—sphere; namely
—3mx + 3(m — 1)x = —1, hence = 1/3. Then Z2 = r,(e, +2) = —1r¢ =
—m/3. The number of vertices of this graph is 3m — 2 so

m

8pg+K2+#V:3m—2—3 (4)

This confirms once again the Main Conjecture.

7.7 The case m = 3 In the previous example we verified the conjecture
for all m # 3 (mod 6). For the other values the method given by 3.4 is not
working. But this fact does not contradict the conjecture. In order to show
this, we indicate briefly how one can verify the conjecture in the case m = 3
by the torsion computation.
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In this case |H| = 27 and h has order 3. First consider the set of characters
x with x(gg) = 1 (there are 9 altogether). They satisfy [[; x(gs,) = 1. If
x(gs,) # 1 for all i (2 cases), or if x =1 (1 case) then T(x) = 0. If x(gg,) = 1
for exactly one index 4, then the contribution in >, T(x) is 2 for each choice
of the index, hence altogether 6.

Then, we consider those characters y for which x(gz) # 1 (18 cases). Then
one has to compute the sum

Z 1-¢}
(1= -GGG
where the sum runs over (1,(s € Zg, (§ = (3 # 1. A computation shows that
this is 9. Therefore, Ty, (1)/|H| = (6 +9)/27 = 5/9.

The Casson—Walker invariant can be computed easily from the Seifert invari-
ants, the result is A(M)/|H| = —7/36. Therefore, the Seiberg-Witten invariant
is 5/9+7/36=3/4. But this number equals (K? + #V)/8 (cf 7.6(4) for m = 3
and py, = 0).

8 Some minimally elliptic singularities

8.1 “Polygonal” singularities Let (X,0) be a normal surface singularity
with resolution graph given by Figure 2.

- ~

Figure 2: The resolution graph of a “polygonal” singularity

Here we assume that v > 2. The negative definiteness of the intersection form
implies that the integers (a1,--- ,a,) € ZY, satisfy

1
6:22—V+Z;<0.
i=1 "
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An elementary computation shows that Zx = 2Ey+ ) . ; E;. If v > 3 then
this cycle is exactly the minimal cycle Z,,;, of Artin. If v = 3 then the graph is
not minimal, but after blowing down the central irreducible exceptional divisor
one gets the identity Zx = Z,,. In particular, (X,0) is minimally elliptic
(by Laufer’s criterion, see [21]). Hence p, = 1. Moreover, by a calculation
K?=8-%""_, a1, and thus

8pg—|—(K2—|-V+1):17—|—V—Zai.
i=1

Now we will compute the Seiberg—Witten invariant via 3.4. The Seifert manifold
M is the unit circle bundle of the V-line bundle Ly with rational degree ¢,
and singularity data 1/a;, 1 <1i<w.

The canonical V -line bundle Ky has singularity data (a; —1)/a;, 1 <1i<w,
and rational degree x := —¢ > 0. Note that Ky = —Lg € PicX,p(Z). We have
po = 1/2, ng = |—1/2] = —1. The canonical representative of 0.4, is the
V —line bundle E() = —LO = KZ .

Resolving the inequalities for S(jf, one gets

Sy ={nlo €Z; £/2<(n+1/2)¢ <0} ={0- Lo},

Sy ={nlo€Z; 0< (n+1/2)0<—£/2} ={-1-Lo}.

Hence, we have only two components ﬁﬁg , i)ﬁ[_(z, both of dimension 0. Thus
M consists of only two monopoles. Thus (go,0) is a good parameter. The
Kreck—Stolz invariant of o4, 1S

v v 3
—1/2 1
KSy(oean) =1—2v —8 § s(1,a;, u, -1/2) — 4 § s(1,a;) +2 § —.
X a; : — a;
i=1 =1 i=1

The last identity can be further simplified using the identities from the Ap-

pendix B, namely

—1/2 ; 1 1
G2 g — (e =y L L

1.
s(l e, — 12" 6a; 4

Therefore

0 B ~oa 1 1 1 .
8SWM(UC(m)—17—21/—12(2;(54—6—%—1))+2;a—i—17+y—;ai.

1=

We have thus verified the conjecture in this case too.
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8.2 A singularity whose graph is not star-shaped All the examples
we have analyzed so far had star shaped resolution graphs. In this section we
consider a different situations which will indicate that the validity of the Main
Conjecture extends beyond singularities whose link is a Seifert manifold. (In this
subsection we will use some standard result about hypersurface singularities.
For these result and the terminology, the interested reader can consult [2].)

Consider the isolated plane curve singularity given by the local equation
g(z,y) = (2% + 3®) (23 + y?) = 0. We define the surface singularity (X, 0)
as the 3—fold cyclic cover of f, namely (X,0) is a hypersurface singularity in
(C3,0) given by f(z,y,2) :=g(z,y) + 23 =0.

The singularity (smoothing) invariants of f can be computed in many different
ways. First notice that it is not difficult to draw the embedded resolution graph
of g, which gives all the numerical smoothing invariants of g. For example, by
A’Campo’s formula [1] one gets that the Milnor number of ¢ is 11. Then by
Thom-Sebastiani theorem (see, eg [2], page 60) p(f) = 11-2 = 22. The signa-
ture o(F') of the Milnor fiber of F' can be computed by the method described
in [30] or [31]; and it is —18. Now, by the relations 4.4 one gets py(X,0) =1
and K2+ #V = 10.

In fact, by the algorithm given in [30], one can compute easily the resolution
graph of (X,0) as well (see Figure 3).

-2 -2 -2 -2 =3 =2 -2 -2 -2

[ L 4 L *—0 O L 4 L)

¢° ¢ ¢ ¢ ¢ ¢? ¢° ¢°
-9 .CQ -2 .Cl
—20(! —2 02

Figure 3: The resolution graph of (2% + 3?)(2® + y?) =0

Then it is not difficult to verify that the graph satisfies Laufer’s criterion for a
minimally elliptic singularity, in particular this also gives that p, = 1.

Using either way, finally one obtains p, + (K? + #V)/8 = 9/4. Using the
correspondence between the characteristic polynomial A(t) of the monodromy
action (which can be again easily computed from the Thom—Sebastiani theorem)
and the torsion of H (namely that |A(1)| = |H|), one obtains H = Zs.

Geometry & Topology, Volume 6 (2002)



312 Andrds Némethi and Liviu I Nicolaescu

Using the formula for the Casson—Walker invariant from the plumbing graph
one gets A\(M)/|H| = —49/36.

Finally we have to compute the torsion. There are only two non-trivial char-
acters. One of them appears one the resolution graph (ie, x(g,) = ("™ with
¢3 = 1). The other is its conjugate. Using the general formula for plumbing
graphs, one gets Ty 4., (1) = 8/9.

Since 8/9 4 49/36 = 9/4, the conjecture is true.
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Appendices

A The Reidemeister—Turaev torsion for plumbings

In this section we prove Theorem 5.7, which describes the torsion T3; of M in terms
of plumbing data. The proof has two parts.

In the first part we use Turaev’s surgery results [49] formulated in Fourier theoretic
terms which will allow us to replace formal objects (elements in group algebras) by
analytic ones (meromorphic functions of several variables). We obtain a first rough
description of T, in terms of surgery data which has a spin® structure ambiguity.

In the second part, we eliminate the ambiguity about the spin® structure using Turaev’s
structure theorem [48, Theorem 4.2.1], and the identities 3.9 (1) and (2) from our
section 3, which completely determine the spin® structure from the Fourier transform
of a sign-refined torsion.

A.1 The surgery data We consider an integral surgery data: M is a rational
homology 3—sphere described by the Dehn surgery on the oriented link £ = L; U
---UL, C 83 with integral surgery coefficients. We will assume that n > 1. We
denote by E the complement of this link. The manifold M is obtained from E by
attaching n solid tori Z3,---,Z,. We denote by u; € Hi(E,Z) the meridian of L,.
Similarly as in the case of plumbing, we can construct lattices G := Ho(M, E,Z) and
G’ .= Homyz(G,Z) and a presentation P: G — G’ for H := H1(M,Z).

Indeed, the exact sequence 0 — Hy(M, E,Z) — H,(E,Z) — Hy(M,Z) — 0 produces
a short exact sequence 0 — G — G’ — H — 0. Moreover, we can identify G = Z" via
the canonical basis consisting of classes [D x #], one for each solid torus Z; = D x S';
and G’ = Z" via the canonical basis determined by the oriented meridians {u;};.
Sometimes we regard P as a matrix written in these bases.

Recall that a plumbing graph provides a canonical surgery presentation in such a
way that the 3—manifolds obtained by plumbing, respectively by the surgery, are the
same. This presentation is the following: the components of the link £ € S? are in
one-to-one correspondence with the vertices of the graph (in particular, the index set
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I, = {1,... ,n} is identified with V); all these components are trivial knots in S*; their
framings are the decorations of the corresponding vertices; two knots corresponding to
two vertices connected by an edge form a Hopf link, otherwise the link is “the simplest
possible”. In this way we obtain an integral surgery data in such a way that the matrix
P becomes exactly the intersection matrix I.

If 7: G’ — H is the natural projection, then the cores K; of the attached solid tori
Z; determine the homology classes 7(K;) in H, and 7(K;) = m(—p;).

For every fixed i € I, we denote by FE; the manifold obtained by performing the
surgery only along the knots K;, j € I,, \ {i}. Equivalently, E; is the exterior of K;
in M. We set G; := Ho(M, E;,Z) and G} := H{(FE;,Z). G} is generated by the set
{Mj}?:l subject to the relations provided by the j-th columns of P for each j # i.
There is a natural projection G’ — G} denoted by m;. Sometimes, for simplicity, we
write K; (j # i) for its projections as well. We write also G := Hom(G’,C*) and
G = Hom(GY,C*). Tt is natural and convenient to introduce the following definition.

A.2 Definition A surgery presentation of a rational homology sphere is called non-
degenerate if the homology class m;(K;) has infinite order in G} for any j # i.

The non-degenerate surgeries can be recognized as follows: the surgery is non-degen-
erate if and only if every off diagonal element of P~ is nontrivial.

Indeed, the fact that for some j # i the class 7;(;) has finite order in G, is equivalent
with the existence of n € Z* and ¥ € G with i-th component v; = 0 such that
nu; = P-U. But this says v; = an;l Notice that in our case, when the matrix
P is exactly the negative definite intersection matrix I associated with a connected
(resolution) graph, by a well-known result, the surgery presentation is non-degenerate.

We can now begin the presentation of the surgery formula for the Reidemeister—Turaev
torsion.

A.3 Proposition Suppose that the rational homology 3-sphere M is described by
a non-degenerate Dehn surgery. Fix a relative spin® structure ¢ on E. For any j,
it induces a relative spin® structures o; on E; and a spin® structure o on M. Let
TE;,c be the (sign-refined) Reidemeister-Turaev torsion of E; determined by o;. Fix

x € H\ {1} and i € I,, such that x(K;) # 1. Then the following hold.

(a) The Fourier transform ‘j'Eg of the torsion of E; extends to a holomorphic function
on G; \ {1} uniquely determined by the equality

‘j'Ei,a(X) ) H(Xil(Kj) -1)= {j'E,&(X)a for all x € G;.
J#i

Here ‘j'E,& is the holomorphic extension of Fourier transform of the Alexander—Conway
polynomial Tg s of the link complement E, associated with the spin® structure o
(normalized as in [49, Section §]).

Geometry & Topology, Volume 6 (2002)



Seiberg—Witten invariants and surface singularities 317

(b) A

TEi,U(X)

‘j'M,a(X) = m

Proof G is complex n—dimensional torus, and the Fourier transform of the torsion
of FE extends to a holomorphic function y — ‘j‘E(X) on G. The elements K ; also
define holomorphic functions on G by y — x(K;)~' — 1. Moreover, G; is an union of
1-dimensional complex tori and the Fourier transform of Tg, extends a holomorphic
function x — Tp, (x) on G;. Since the elements K; (j # 1) have infinite orders in G7,
we deduce from [50, Lemma 17.1], [42, Section 2.5], that ‘j'E is the unique holomorphic
extension of the meromorphic function

‘ATE,&(X)
[L(x Ky — 1)

éi\{1}9X'—>

Part (b) follows from the surgery formula [49, Lemma 5.1]. ]

A.4 The “limit” expression Let us now explain how we will use the above the-
oretical results. For each xy € H \ {1} pick an arbitrary i with y(K;) # 1. Then x
belongs to G; too. The group G; is an union of complex tori, we denote by T, ;
the irreducible component containing . In fact, there exists w’® € G such that
Ty, = {t %4 x;t € C*}, where

t g x(v) =" @) x(v) forall t € C* and v e G

A possible set of “weights” w’ can be determined easily. G; is a free Abelian group of
rank 1 which injects into G'. We can choose w’ to be an arbitrary non-trivial element
of G;. Obviously, w’ depends on the index i. In general, there is no universal choice
of the index ¢ which is suitable for any character x.

Using the matrix notation, w® can be regarded as a vector @' so that I« is an (integer)
multiple of b°, where b’ is the vector whose i-th entry is 1, all the other entries are
zero. Then the above proposition reads as follows:

lim {j‘E’(}(t *pi X)
X(KG) =1 =1 H#i(t st X(K)~1 — 1)

‘j‘M,G(X) =

In particular, by switching the index set I, to V, if x(u,) # 1 for all v, one has:

‘ATE,&(X)

T 00 = ) = 1)
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A.5 The first part of the proof According to Turaev [49], for any ¢ €
Spin®(E,0F) the Alexander-Conway polynomial T s has the form

Teo=9 [ (o —1D"",
v

where g € G’ depends on & by a normalization rule established by Turaev [49, Section
8] (described in terms of “charges”). The generator set {g,}yey of H (defined via
the plumbing) and {[u]}vey (defined via the surgery) can be identified as follows.
(Here we will identify their Poincaré duals.) Consider a resolution X — X of (X, 0)
as above. The lattice inclusion I: L — L' (ie, H*(X,0X,7) — H?(X,Z)) can be
identified with the lattice inclusion P = G — G’ (ie, H*(E,Z) — H*(E,0E,Z)).
Indeed, let D* be the 4-dimensional ball with boundary S3 with £ € $3. Then X
can be obtained from D* by attaching n = #) copies of 2-handles D? x D?. Let the
union of these handles be denoted by H. Clearly, S3\int(E) is a union T' of solid tori.
Then the isomorphism L’ — G’ is given by the following sequence of isomorphism:

12 (E,0E) L g2t 1) & gt 1) & g2k, m) Y BA(R).

Above, (1) is an excision, (2) is given by the triple (D*, 5% T), (3) is excision, and
(4) is a restriction isomorphism. Moreover, under this isomorphism, the basis {, }+
correspond exactly to the basis {D,},. This also shows that g, = [u,] for all v. Now,
fix a character Y € H, xy # 1. Set v, and @* € Z" as in Theorem 5.7, ie, with
I = —m*b*. Then, using the notations of A.4, clearly w* € Z" = G, p, € G’, and
po (W) is exactly the v—component w? of @w*. Hence t %z X(ity) = t“>x(g»). Then
by the above notations and A.4 we conclude that for any o € Spin®(M)

. . 8p—2

Tao(x) = x(h) - lim g/ (t " X(90) — 1) ,
for some h = h(o) € H which depends (bijectively) on o. (Clearly, the limit is not
effected by the choice of m*.) Now, notice that if we use the identity ‘j'MJ()Z) =
Taro(x) (cf 3.8(3)), Theorem 5.7 is equivalent with the following identity

* 0y —2
Taro () = Xha) - lim TT (£ x(9) = 1) 0
veV

The above discussion shows clearly that this is true, modulo the ambiguity about h, .
This ambiguity (ie, the fact that in the above expression exactly h, should be inserted)
is verified via 3.9(2) (since there is exactly one h which satisfies 3.9(2) with a fixed
spin® structure o).

A.6 Additional discussion about the “weights” Before we start the second
part, we clarify an important fact about the behavior of the weights considered above.
Recall that above, for a fixed y # 1, we chose v, with x(g,,) # 1. This can be
rather unpleasant in any Fourier formula, since for different characters we have to take
different vertices v,. Therefore, we also wish to analyze the case of an arbitrary vy
(disregarding the fact that x(gy,) is 1 or not) instead of v,.
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A.7 Lemma Fix a character x € H\ {1}.

(a) For an arbitrary vertex vg, consider a vector w°, with components {w?},, satis-
fying Iw® = —mP° for some positive m®. Then the limit

lim (t“’g x(gv) — 1>6U72

t—1
veEY

exists and it is finite.

(b) Let I, := {v : either x(g,) # 1 or v has an adjacent vertex uw with x(g,) # 1}.
Then the above limit is the same for any vy € I, .

Proof First we fix some notations. We say that

o asubgraph I'V of the plumbing graph I' satisfies the property (P) if > (6, —2) > 0,
where the sum ), runs over the vertices of IV (and ¢, is the degree of v in I').

e I is a “full” subgraph of I' if any two vertices of IV adjacent in I" are adjacent in
I as well. For any subgraph I, we denote by V(I") its set of vertices.

e a full proper subgraph I" of T has property (C) if it has a unique vertex (say vend )
which is connected by an edge of T' with a vertex in V(') \ V(I'). For any x € H,
let T be the full subgraph of I' with set of vertices {v € V|x(g,) = 1}. Next, fix a
character xy € H \ {1} and a vertex v of '. Then

€vgv + Zgu =0 in H, hence x(g,)* - HX(gu) =1, (1)

where the sum (resp. product) runs over the adjacent vertices u of v in I'. Therefore,
if v is in I'' then

#{u : u adjacent to v and u ¢ V(I'!)} # 1. (2)
The proof of (a) We have to show that I'l satisfies (P). Let I''¢ be one of its
connected components, and denote by §1¢ the degree of v in I'¢. Since '™ is a
tree, one has Y 1..(05¢ —2) = —2. Since I'¢ is a proper subgraph of the connected
graph I, there exists at least one edge of I' which is not an edge of I'"¢, but it has

one of its end-vertices in T'1:¢. In fact, (2) shows that there are at least two such edges.
Therefore, I'" satisfies (P).

The proof of (b) First we claim the following fact.
(F) Let IV be a full proper subgraph of T" which satisfies (C). Then for any
vo € (V(I)\V(I")) U {vena}

the solution {w®}, of I’ = —mO%° has the following special property: the subset
{vg}vev(p) , modulo a multiplicative constant, is independent of the choice of vg.
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Indeed, the subset {v0 }vev(rry, modulo a multiplicative constant, is completely deter-
mined by the set of relations of type (1) considered for vertices v € V(I') \ {vend}-
Since the intersection form associated with I" is non-degenerate, this system has a
maximal rank. Now, we make a partition of V(I''¢) (cf part (a) for the notation).
Each set S of the partition defines a full subgraph I''%J of T'h:¢ with S = V(I'he7).
The partition is defined in such a way that each I''*>J is a maximal subgraph satisfying
both properties (P) and (C). One way to construct such a partition is the following.

Let us start with T'h¢. By (a), it satisfies (P). If it does not satisfies (C), then take
two of its vertices, both having adjacent vertices outside of I'"¢. Eliminate next all
the edges of 'V situated on the path connecting these two vertices, and then, if
necessary, repeat the above procedure for the connected components of the remaining
graph. After a finite number of steps all the connected components will satisfy both
properties (P) and (C).

Now, fact (F) can be applied for all these subgraphs I'':¢7. In the limit we regroup
the product corresponding to the subsets V(I''*¢7) | and the result follows. D

A.8 The second part of the proof: preliminaries Our next goal is to show that
the right hand side of (¢) satisfies the formulae 3.9(1) and (2) for the spin® structure
&. This clearly ends our proof.

For this, let us fix a vertex vg € V and we plan to verify 3.9 (1) and (2) for h = gy, -
In the sequel we prefer to fix m® in the equation of vy, namely we let m > 0 be the
smallest positive integer so that

I%° = —mib has a solution @° = {w},ey € Z#V. (3)

Clearly ged({w?},) = 1 (and each w? > 0, fact not really important here). For a
non-trivial character x € H with X(gv,) # 1, the vertex vy is a good candidate for
v, (or, at least, the weights @* in (¢) can be replaced by the weights " since they
provide the same limit, c¢f A.7). But for characters x with x(gy,) = 1 the limit in
A.7 (consider for vy) can be different from the limit needed in (¢) (where one has v, ).
Nevertheless, the products of these (probably different) limits with x(g,,) — 1 are the
same (namely zero) (and in 3.9(1) and (2) we need only these type of products !). More

precisely, for any x € H \ {1}:
-2

(x(guvo) = 1) - lim II (th x(9v) — 1)5,, = (X(goo) = 1) - lim 11 (t“’gx(gv) - 1)61)_2

veY vEV

Therefore, in all our verifications, we can use only one set of weights, namely @’ =
{w9},, given exactly by the vertex vy, and this is good for all x € H \ {1}. In the
sequel we drop the upper index 0, and we simply write w, instead w?. Let us introduce

the notation 5 s
R =TT (" xto) -1) "
veY
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We have to show that lim;_.1 x(he )R, (t) satisfies the formulae 3.9(1) and (2) for the
spin® structure . Since in these formulae we need the product of this limit with
X(gv,) — 1, we set 0, := J,, for any v # v, but d,, := d,, + 1, and define

Py(t) == Ry (t) - (twvo X(gos) — 1): I (twv (an) 1)5,,_2.

veEV
In the case of the trivial character y = 1, we define A(t) via the identity:
A(t - 5
O = e =TT = -2 @)

t—1"
veEVY

Since >°, (6, —2) = —1, one gets that A(t) has no pole or zero at t = 1, in fact:

Ay =[] &+ +t+ 1) (5)
veY

Let Lo be a fixed generic fiber of the S'-bundle over E,, used in the plumbing
construction of M (cf 2.13). Set Gy := Hi(M \ Lo,Z).

The reader familiar with the theorem of A’Campo about the zeta function associated
with the monodromy action of a Milnor fibration, certainly realizes that Py (t) is such a
zeta function, and A(t) is a characteristic polynomial of a monodromy operator. The
next proof will not use this possible interpretation. Nevertheless, in A.10 we will show
that A(t) € Z[t], and A(1) is the order of the torsion subgroup of Gy .

Since Ho(M, M \ Lo,Z) = Z, one has the exact sequence:
0-7% Go 2 H— 0,

where i(1z) = §oo:=the homology class in M \ Ly of the meridian of Ly viewed as a
knot in M. Let g, be the homology class in Gg of dD,,, defined similarly as g, € H,
cf 2.13. Obviously, {g, }vey is a generator set for Go. Define ¢: Gy — Z by G, — w,.
The equations (3) guarantee that this is well-defined. Moreover, since ged ({wy },) =1,
@ is onto. Then clearly, its kernel T is exactly the subgroup of torsion elements of
Go. Let j: T — Gy be the natural inclusion. Again by (3), ©(joo) = m, hence
the composition ¢ o i in multiplication by m. These facts can be summarized in the
following diagram (where r is induced by ¢):

It is convenient to identify Z,, with a subgroup of Q/Z via Z,, > a — % € Q/Z.
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A.9 Lemma Forany h € H, r(h) =bpn(gv,,h) via the above identification.

Proof It is enough to verify the identity for each g,, v € V. In that case, r(g,) =

q(p(gv)) = Wy = wy/m € Q/Z. But by 2.2 and A.8(3), bar(gugs gv) = —(Hvgs Hv)o =
— 1o (I Y 1) = wy/m as well. O

Fix g € Gy so that ¢(g) = 1z. This provides automatically a splitting of the exact
sequence 0 - T — Gy — Z — 0, ie, a morphism s: Gg — T with so j = idy and
s(g) = 1r. In the sequel, we extend any morphism and character to the corresponding
group-algebras over Z (and we denote them by the same symbol). For any character
¢ of Gy we define the representation & : Go — C[[t,t™1]]* given by & (z) = &(z)t*®).
(This can be identified with a family of characters. Indeed, for any fixed ¢ € C* and
character ¢, one can define the character & given by x — &(2)t¥(®). Eg, for £ = poy,
&; is just a more convenient notation for the action ¢ xgzo x, ¢f A.4 and A.5.)

Now, the point is that the identity (4) has a generalization in the following sense.

A.10 Theorem For any character £ € Gy define

A= T et 1) "= TT o i 1)

veY veEVY

Then there exist an element § € Z[Go| such that the following hold.
(a) For any ¢ € Gy

PO = g2y

(b) 1(8) = A(1): 1(5) = aug(8) = A(L) = |T].

(c) s(0) =%r, where X7 = rx € Z[T].

Proof From the first part of the proof (cf A.3.(b) and A.5(t)) follows that lim; .4
]55(75), modulo a multiplicative factor of type F£(z), for some x € Gy, is the Fourier
transform of the Reidemeister—Turaev torsion T on M \ Ly associated with some spin®
structure (whose identification is not needed here). By [48, 4.2.1], T —3¥7p/(1 —g) €
Z|Gy], identity valid in Q(Gy), the ring of quotients of Q[Gy]. By the first statement

Pe(t) = F&(2T) for any € € Go. Hence, for some A € Z[Gy] one has:

xZ - ET
g—1 )
This identity multiplied by &(g — 1), for £ = 1 and ¢t — 1, and via (4), provides
A(1l) = £|T|. By (5), A(1) is positive, hence in (*) +1 = +1. Moreover, A(1) = |T.
Now, if one defines ¢ := A(g—1)+ 237, then (a) and (c) follow easily, and 1,(5) = A(¢)
is exactly (4). O

Pe(t) = &(4) £ & ( (+)
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In order to verify 3.9(1) and (2), we will apply the above theorem to special characters
of the type { = x op, where x € H. It is clear that for any y € Z[Go] and h € H, the
sum Y x(h)-xop(y) =>. x(h-p(y)) over x € H is an integer multiple of |H|. Hence:

1 1 1
] > x(h) - xoply) = ~1ap ) 1) =~ gyoue(y) (mod Z). (6)

xEH
Using the splitting of Gy into T' x Z given by g, one can easily verify that in Q(Gp)

y —s(y)
g—1

€ Z|Gy] for any y € Z[Gy]. (7)

In the sequel, we write simply x: for (x o p)e.

A.11 Verification of 3.9(1) Now we will verify that (k)R (t) (x € H\ {1})
satisfies 3.9(1) for h = h, (in fact, for any h € H). For this, fix a vertex vg, and
g € Go with ¢(g) = 1 as above. Take an arbitrary © € Gog. Then we have to show
that

!/

|—;,| lim 3 X (W) Ry (8)(t°* X(95) = 1) (xe(@) = 1) = =bar(guo, p(2)) (mod Z).  (8)

x€H
Via A.10, the left hand side of (8) is
1 . ’ xt(z) —1
— lim h) - xe(6) =————. 9
i 2 X xa(9) - S me 9)
x€EH

Set a := p(z). Since s(6x) = s(d), (9) transforms as follows (use (6), (7) and A.10):

1 .. - dx —s(éx) 6—s(0), 1 ox — s(0x) § — s(9)
H] }T}X;IX(M'M( g1 g1 )= H| tin 1(h)-1o( g1 g—1 )
. AT —|T) = A(t) + |7 1 a
-1 = — A(l)a=-2 7).
[H| i1 t—1 g Aa= - (mod 2)

But the right hand side of (8), via A.9, is the same —a/m € Q/Z.

A.12 Verification of 3.9(2) Now we will verify

/

i 37 R R () (79X (00y) = 1) = =60 (910) (mod ). (10)
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The fraction in this expression can be written as (cf (7))

6 —5(0)\  x(s(9)
Xt( g—1 >+Xt(g)—1' (11)

This sum-decomposition provides two contributions. The first via (6), (7) and A.10
gives:

1 .. - 0 —s(d
— lim X(hs) - Xt(g%(l)

min s o — L 2O =AM Ly mod 2,

i ]

where A’(t) denoted the derivative of A with respect to ¢. On the other hand, cf (5),

Al(t) - (ol b+ 1)
0y — 2
Z( ) two—l 4 .. 4t 41

)

hence
A1) 1 -
=136, - 2w, - .

v

Since A(1) = |T| = |H|/m, the first contribution is

1 5o s(0). 1
ﬁtlgq HX(ha) 'Xt(?) =3 (00 — 2)(wy — 1).
X€ v

For the second contribution, notice that x(s(d)) = x(Xr) is zero unless x is in the
image of 7: Zp, — H; if x is in this image then x(¥r) = |T[. For any x € Z,, we
write x(1) = ¢. Assume that r(h,) = —a (or equivalently, r(h,) = —=- € Q/Z).
Then

1 . r x(Z7) 1 .. r |T| 1 / 1
— lim X(hg) - ———— = — lim x(hg)  ——— = — ¢t —.
7 1 2 Xhe) - 0 = i 2 ) e = 2 e
x€H XEZm CE€ZLm

Since

one gets that the second contribution is (cf B.6):

1 / 1 a 1 11 a 1
_ a, _ - _ — _— = —— — — —1 d 7Z).
mZC ¢—1 m+m (-1 m Zm(m ) (mod Z)
CEZLm CEZLm

Therefore, the left hand side of (10), modulo Z, is

1 _
=g 20 = 2w = 1) = T = 7o (m 1),
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Notice that Y, (6, —2) = —1. Moreover w, = —ml,, , and the coefficient r,, of Zx

VU Y

equals 1 -3 (0, —2)I,! (cf5.2), hence the above expression can be transformed into

1 1 = a 1 1 _ a
5 " 5. (5v_2)wv_E:_57“@0“‘5[@0110_%'

Now, let us compute the right hand side of (10). Since hy-0can = 0 one has 2h,+Zx =

¢(o). Then the characteristic element which provides & is —c(o) = —2h, — Zk.
Therefore
o 1 1 B
—q (0)(gv0) = §(D'UO_ZK_2hU7D'UO)Q = 5(2 I’UU})EU_ZTUEIHDUO)Q_(hENDvo)Q
1 1
= 5 1)01)0 - arvo - (hU)Dvo)Q-
But, using 2.2 and A.9, (hs, Dyy)g = —brm(ho,gv,) = —7(h) = %. This proves

A.12(10). At this point we invoke the following elementary fact.

Suppose q1, g2 are two quadratic functions on the finite abelian group H associated
with the bilinear forms by, ba; and S C H is a generating set such that q1(s) = q2(s)
and bi(s,h) =ba(s,h) forall s€ S and h € H. Then q1(h) = q2(h) for all h € H.

Using A.11(8), A.12(10) and the above fact we obtain 3.9(2), for any h. The identity
3.9(2) implies that Y(ho )Ry (t) = Tars(x). This concludes the proof of Theorem 5.7.

(Notice that, in fact, we verified even more. First recall, cf [49], that the sign of the
(sign-refined) torsion is decided by universal rules. In some cases its identification is
rather involved. The point is that the above verification also reassures us that in (¢)
we have the right sign.) D

B Basic facts concerning the Dedekind—Rademacher
sums

In this Appendix we collected some facts about (generalized) Dedekind sums which
constitute a necessary minimum in the concrete computation of the Seiberg—Witten
invariants (and in the understanding of the relationship between Dedekind sums and
Fourier analysis). Let |x] be the integer part of x, and {z} := z — |z] its fractional
part. In the paper [43], Rademacher introduces for every pair of coprime integers h, k
and any real numbers z,y the following generalization of the classical Dedekind sum

s(h, ki, y) = 2 <<“T+y>> <(W + x)) — —s(—h,k;—2,y),
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where ((z)) denotes the Dedekind symbol

_f {z}—-1/2 if xzeR\Z
((x)){ 0 if zeZ

A simple computations shows that s(h, k;x,y) depends only on z,y (mod 1). Addi-
tionally

s(h,k;w,y) = s(h — mk, k;z + my,y).

Moreover, have the following result
k—1)(k—2
Begoi-Cgen ez
s(1,k;0,y) = (B.1)
15 + 5 B2({y}) yER\Z,

where Ba(t) = t2 —t + 1/6 is the second Bernoulli polynomial. If 2 = y = 0 then
we simply write s(h,k). Perhaps the most important property of these Dedekind—
Rademacher sums is their reciprocity law which makes them computationally very
friendly: their computational complexity is comparable with the complexity of the
classical Euclid’s algorithm. To formulate it we must distinguish two cases.

e Both = and y are integers. Then

1 R2+E2+1

e z and/or y is not an integer. Then

s(h,k;x,y) + s(k, h;y, x)

2 €T 2 T
— (@) - () + h=1a(y) +¢2(h29h‘]: kx) + k™ py(x) (B.3)

where ¥3(z) := B2({z}). In particular, if z,y € R are not both integers we deduce

s(Lmiz,y) = —((@)) - ((mz +)) + (@) () + L2 V2T M) + mPs(@)

2m
(B.4)

An important ingredient behind the reciprocity law is the following identity ([43,
Lemma 1])

k

S (1)) = () toramy wem (B.5)

=0

=
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The various Fourier-Dedekind sums we use in this paper can be expressed in terms of
Dedekind-Rademacher sums. This follows from the identity ([20, page 170])

1 t 2t — 1
- ' :((—)), for all p,q e Z, p > 1. (B.6)
Pz 16 2p
In other words, the function
0 if ¢=1
P=1}cC* - C, .
{¢ } - ¢ { IT1C if ¢#1

is the Fourier transform of the function

R 2t — 1
Z, — C, ti—>(< 5 ))

The identity (B.6) implies that

1 ta’ 2tq — 1
_E S —(< 4 >),forallp,q€Z,p>1, (p,q) =1,
p

So1-¢ 2p

where ¢’ = ¢! (mod p). Using the fact that Fourier transform of the convolution

product of two functions Z, — C is the pointwise product of the Fourier transforms
of these functions we deduce after some simple manipulations the following identity.

I - gf1-2% 1
p 2 oy =ty (B.7)

¢r=1

If ¢ =0 then by (B.5) (and a computation), or by [44, 18a], one has

I S e
b ToD@on T en B8

By setting ¢ = —1 and ¢t = 0 in the above equality we deduce

1 roo1 (B.1) p 1
- — = —5(—-1,p,0,—-1/2) = s(1,p,0,1/2) =" — — —. B.9

The Fourier transform of the function d,,, : Z, — C, #~ ((qt/p)) is the function (see
[44, Chapter 2, Section C])

— i (#1

1
{Cp_l}_’C’CH{Q 0 i (=1

Then
s(—a.p)= Y, 0p1(t)0pq(s) = (0p1 % 0p0)(0)

t+s=0 (mod p)
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! ¢ ¢
EG S0

This implies (cf also with [44])

1 1
]_)Cpil C_ 1 : Cq _ 1 = _48(q)p) (B]'O)
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