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2 LIVIU I. NICOLAESCU

1. DERIVED CATEGORIES AND DERIVED FUNCTORS: A SHORT INTRODUCTION

For a detailed presentation of this subject we refer to [4, 6, 7, 8]. Suppose A is an Abelian category.
We can form the Abelian category CpAq consisting of complexes of objects in A. We denote the
objects in CpAq by A
 or pA
, dq. The homology of such a complex will be denoted by H
pA
q.

A morphism s P HomCpAqpA

, B
q is called a quasi-isomorphism (qis brevity) if it induces an

isomorphism in co-homology. We will indicate qis-s by using the notation

A
 s
ù B
.

Define a new additive category KpAq whose objects coincide with the objects of CpAq, i.e. are
complexes, but the morphisms are the homotopy classes of morphisms in CpAq, i.e.

HomKpAqpA

, B
q :� HomCpAqpA


, B
q{ �,

where � denotes the homotopy relation. Often we will use the notation

rA
, B
s :� HomKpAqpA

, B
q.

The derived category of A will be a category DpAq with the same objects as KpAq but with a
much larger class of morphisms. More precisely, a morphism in HomDpAqX


, Y 
q is a ”roof”, i.e. a
diagram of the form

X
 s
ø Z
 f

Ñ Y 
.

This roof should be interpreted as a ”fraction”

X
 f{s
ÝÑ Y 
.

Two such roofs

f{s � X
 s
ø Z


0
f
Ñ Y 
 and g{t � X
 t

ø Z

1

g
Ñ Y 


define identical morphisms in DpAq, f{s � g{t, if there exists a roof

X
 u
ø Z
 h

Ñ Y 


and qis

Z
 ik
ù Z


k , k � 0, 1

such that the diagram below is homotopy commutative.

Z

0

s

}} }=
}=

}=
}= f

!!B
BB

BB
BB

B

X
 Z

u
oo o/ o/ o/

i0

OO
O�
O�
O�

i1
�� �O
�O
�O

h // Y 


Z

1

t

aa
a!

a!
a!

a! g

==||||||||

The composition of two such morphisms

X

0

s0
ø Y 


0
f0Ñ X


1 , X

1

s1
ø Y 


1
f1Ñ X


2
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is a roof X1
s0�t
ø Z
 f1�gÑ X


2 , where Y 

0

t
ø Z
 g

Ñ Y 

1 is a roof such that the diagram below is

homotopy commutative.

Z


t

}} }=
}=

}=
}= g

!!C
CC

CC
CC

C

Y 

0

s0

~~ ~>
~>

~>
~> f0

  B
BB

BB
BB

B
Y 


1

s1

~~ ~>
~>

~>
~> f1

  B
BB

BB
BB

B

X

0 X


1 X

2

One can verify that such operations are well defined. DpAq is an additive category. The group
operation on HomDpAqpX


, Y 
q is defined as follows. Any two fractions

f{s, g{t P HomDpAqpX

, Y 
q

have a “common denominator”, i.e. there exists a qis Z
 u
ù X
 and morphisms Z
 f 1,g1

ÝÑ Y 
 such
that

f{s � f 1{u, g{t � g1u.

We then set
f{s� g{t � pf 1 � g1q{u.

Note that we have a tautological functor

Q : KpAq Ñ DpAq, X
 ÞÑ X


f P HomKpAqpX

, Y 
q ÞÑ f{1X � X
 1X

ø X
 f
Ñ Y 
 P HomDpAqpX


, Y 
q.

Q is called the localization functor and it has the following universality property. For any additive
functor F : KpAq Ñ B, B additive category, such that F pϕq is an isomorphism for every qisX
 ϕ

ù

Y 
, there exists a unique functor QF : DpAq Ñ B such that the diagram below is commutative

KpAq
Q //

F
$$I

III
III

III
DpAq

QF
��

B

The category KpAq has several interesting subcategories K�pAq, � P tb,�,�u, where b stands
for bounded complexes, � for complexes bounded from below and � for complexes bounded from
above. Using the same procedure as above we obtain derived categories

Q� : K�pAq Ñ D�pAq

satisfying similar universality properties. We deduce that there exist natural injective functors

i� : D�pAq Ñ DpAq

so we can regard D�pAq as subcategories of DpAq. In fact they are full subcategories of DpAq (see
[6, Prop. 6.15]). This means that for every objects X
, Y 
 in D�pAq we have

HomD�pAqpX

, Y 
q � HomDpAqpX


, Y 
q.
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This is established using a useful trick called truncation. Given a complex pX
, dq and an integer n
we define complexes τ¤nX
 and τ¥n as follows.

τ¤nX
p �

$&
%

Xp if p   n
0 if p ¡ n

ker dn if p � n
, τ¥nX

p �

$&
%

Xp if p ¡ n
0 if p   n

coker dn�1 if p � n
.

Observe that we have natural morphisms of complexes

τ¤nX

 τ¤n
ÝÑ X
, X
 τ¥n

ÝÑ τ¥nX

.

The first morphism is a qis in dimensions ¤ n and the second one is a qis in dimension ¥ n. In
particular, if HppX
q � 0 for p ¡ n then τ¤n is a qis while if HppX
q � 0 for p   n then τ¥n is
a qis. If HppX
q � 0 for all p � n then X
 and τ¥nτ¤nX
 are isomorphic in the derived category.
The latter is a complex concentrated only in dimension n.

Recall that an object I P A is called injective if the functor

Homp
, Iq : Aop Ñ Ab

is exact. More precisely, this means that for any monomorphism A
ϕ
ãÑ B in A the morphism

HomApB, Iq Ñ HomApA, Iq is surjective. Equivalently, this means that every morphism f P
HomApA, Iq can be extended to a morphism g P HomApB, Iq

A

f ��@
@@

@@
@@

@
� � ϕ // B

g

��
I

The injectives form a full additive category of A which we denote by I � IA. The Abelian category
is said to have enough injectives if any object of A is a sub-object of an injective.

Theorem 1.1. If the Abelian category A has enough injectives then every object in C�pAq has an
injective resolution, i.e. it is quasi-isomorphic to a complex of injectives. [\

The resolution of a complex should be regarded as an abstract incarnation of the geometrical oper-
ation of triangulation of spaces. Alternatively, an injective resolution of a complex can be thought of
as a sort of an approximation of that complex by a simpler object. The above result should be com-
pared with the more elementary result: every continuous function can be uniformly approximated by
step functions.

Theorem 1.2. Suppose A enough injectives and I
 P C�pIq. The every qis A
 f
ù B
 between

objects in C�pAq induces an isomorphism

ϕ� : rB
, I
s Ñ rA
, I
s.

This means that for every homotopy class of morphisms f P rA
, I
s there exists a unique homotopy
class of morphisms g P rB
, I
s such that the diagram below is homotopy commutative

A


f !!C
CC

CC
CC

C
ϕ ///o/o/o B


g

��
I
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For a proof we refer to [7, Thm. I.6.2]. Note that this theorem implies that the quasi-isomorphisms
between bounded below complexes of injectives are necessarily homotopy equivalences. This theo-
rem implies the following important result.

Theorem 1.3. If the Abelian category has sufficiently many injectives then the composition

K�pIq Ñ K�pAq
Q
ÝÑ D�pAq

is an equivalence of categories.

Remark 1.4. The above result can be generalized as follows. First we introduce the notion of gener-
ating subcategory to be a full additive subcategory J of A satisfying the following conditions

(i) Every object of A is a sub-object of an object in J.
(ii) If 0 Ñ AÑ B Ñ C Ñ 0 is a short exact sequence in A such that A,B P J then C P J

We form a category D�pJq whose objects are complexes J
 P K�pJq and whose morphisms are
roofs of the form

J
1
s
ø object in K�pJq

f
Ñ J
2 .

We get a functor
QA

J : D�pJq Ñ D�pAq.

Then this functor is an equivalence of categories. For a proof we refer to [8, Prop. 1.6.10, 1.7.7].
[\

The additive category KpAq has an extra structure which is inherited by DpAq. Formally it is
equipped with a structure of triangulated category. Note first that there exists an automorphism of
categories

T : KpAq Ñ KpAq, A
 ÞÑ Ar1s
 :� A
�1, dAr1s � �dA.

In KpAq we can speak of triangles, which are sequences of homotopy classes of morphisms

pX,Y, Z;u, v, wq :� X
 u
ÝÑ Y 
 v

ÝÑ Z
 w
ÝÑ Xr1s
 �

Z

X Y

�
��
w

w
u

[
[̂

v
.

The (clockwise) rotation of pX,Y, Z;u, v, wq is the triangle

RpX,Y, Z;u, v, wq � pY,Z,Xr1s, v, w,�ur1sq �

Xr1s

Y Z

�
���

�ur1s

w
v

[
[[̂

w .

The morphisms of triangles are defined in an obvious way, through commutative diagrams.
To a morphism u P HomCpAqpX


, Y 
q we can associate its cone complex Cpuq P CpAq defined
by1

pCpuq
, duq � pY 
 `Xr1s
, duq, dCpuq

�
yn
xn�1

�
�

�
dY �u
0 dXr1s

�
�

�
yn
xn�1

�
.

1Warning: There are various sign conventions in the literature. Our convention agrees with the ones in [1, §2.6] and
[7]. In [4, 8] the cone of u coincides with our Cp�uq.
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(Recall that dXr1s � �dX . ) If we denote by ppfq the projection Y 
 `Xr1s
 � Xr1s
 and by ipfq
the inclusion Y 
 ãÑ Y 
 `Xr1s
 we obtain a triangle

∆u :�
�
X,Y,Cpuq, Xr1s; u, ipuq, ppuq,

	
:� X
 u

ÝÑ Y 
 ipfq
ÝÑ Cpuq


ppuq
ÝÑ Xr1s
.

We will refer to this as the triangle associated to a cone. One can think of the cone complex as a sort
of difference between X and Y along u.

Cpuq � distupY 
, X
q � distpY 
 u
ÐÝ X
q

Its cohomology is a measure of the difference between the cohomologies of X and Y . The short
exact sequence of complexes

0 Ñ Y 
 ipuq
ÝÑ Cpuq

ppuq
ÝÑ Xr1s
 Ñ 0

implies the following identity between Euler characteristics

χpH
pCpuqqq � χpH
pY qq � χpH
pXqq.

This justifies the interpretation of Cpuq as distance between X and Y . A distinguished triangle will
be a triangle in KpAq isomorphic to the triangle of a cone. We denote by TKpAq the collection of
distinguished triangles.

The collection T � TKpAq of distinguished triangles in KpAq satisfies a few fundamental proper-
ties. We list them below.

TR1. (a)(Normalization axiom) Every triangle isomorphic to a triangle in T is a triangle in T.
(b) For any morphism X
 u

Ñ Y 
 there exists a triangle pX,Y, Z;u, v, wq P T.
(c) pX,X, 0;1X , 0, 0q P T.
TR2. (Rotation axiom)

pX,Y, Z;u, v, wq P T ðñ RpX,Y, Z;u, v, wq � pY,Z, T pXq; v, w,�ur1sq P T.

To prove this note that for every morphism u P HomCpAqpX,Y q we have a homotopy commutative
diagram

Y
ipuq //

1Y

��

Cpuq
ppuq //

1Cpuq

��

Xr1s
�ur1s //

φ
��

Y r1s

1Y r1s

��
Y

ipuq
// Cpuq

ipipuqq
// Cpipuqq

ppipuqq
// Y r1s

, (1.1)

where Cpipuqq � CpY
ipuq
ãÑ Cpuqq � Cpuq ` Y r1s � Y `Xr1s ` Y r1s,

dCpipuq �

�
� dY �ur1s �1Y r1s

0 dXr1s 0
0 0 dY r1s

�
� .

and

Xr1s Q xn�1 φ
ÞÑ

�
� 0

xn�1

�upxn�1q

�
� P Cpipuqq

is a homotopy equivalence. More precisely, if we denote by ψ the natural projectionCpipuqq Ñ Xr1s
then

ψ � φ � 1Xr1s.
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Define

s : Y n`Xn�1`Y n�1 � CpipuqqnÝÑCpipuqqr�1sn � Y n�1`Xn`Y n, s �

�
� 0 0 0

0 0 0
�1Y n 0 0

�
� .

Observe that

p1Cpipuqqn � φψq

�
� yn

xn�1

yn�1

�
� �

�
� yn

0
upxn�1q � yn�1

�
� �

�
� 1Y 0 0

0 0 0
0 ur1s 1Y r1s

�
�
�
� yn

xn�1

yn�1

�
� .

Note that �
� 1Y 0 0

0 0 0
0 ur1s 1Y r1s

�
� �

�
� dY �ur1s �1Y r1s

0 dXr1s 0
0 0 dY r1s

�
�
�
� 0 0 0

0 0 0
�1Y n 0 0

�
�

�

�
� 0 0 0

0 0 0
�1Y n 0 0

�
�
�
� dY �ur1s �1Y r1s

0 dXr1s 0
0 0 dY r1s

�
� .

Hence
1Cpipuqqn � φψ � sdCpipuqq � dCpipuqqs.

This homotopy commutative diagram implies that

R∆u � ∆ipuq.

TR3. (Completion axiom) For every pX,Y, Z;u, v, wq, pX 1, Y 1, Z 1;u1, v1, w1q P T and every X f
Ñ

X 1 , Y g
Ñ Y 1 so that we have a commutative diagram

X
u //

f
��

Y

g

��
X 1 u1 // Y 1

we can find Z h
Ñ Z 1, not necessarily unique, such that the diagram below is commutative

X
u //

f

��

Y

g

��

v // Z

h

��

w // T pXq

T pfq
��

X 1 u1 // Y 1 v1 // Z 1 w1
// T pX 1q

TR4 (The octahedron axiom ) It states among other things that there exists a morphism w such that

distvupZ
, X
q � distw
�

distvpZ
, Y 
q, distupY 
, X
qr1s
	

“ � ” distvpZ
, Y 
q � distupY 
, X
q.

For more details see [4, 6].

A triangle in DpAq is called distinguished if it is isomorphic (in DpAq) to the image via the
localization functor Q of a distinguished triangle in KpAq. The collection TDpAq of distinguished
triangles in DpAq will continue to satisfy the axioms TR1-TR4.
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Example 1.5 (Fundamental example). To every short exact sequence of complexes in C�pAq

0 Ñ A
 f
Ñ B
 g

Ñ C
 Ñ 0 (1.2)

we can associate in a canonical way a distinguished triangle in D�pAq

A
 f
Ñ B


g
Ñ C
 h

Ñ Ar1s
 (1.3)

First form the cylinder of f which is the complex pCylpfq, dq � pCp1A `�fqq so that where

Cylpfq
 :� A
 `B
 `A
r1s, d

�
� an

bn

an�1

�
� �

�
� dA 0 �1Ar1s

0 dB f r1s
0 0 dAr1s

�
�
�
� an

bn

an�1

�
�

Denote by qB the natural projection Cylpfq
 Ñ B
, and by jB the natural inclusionB
 ãÑ Cylpfq
.
One can check that these are chain morphisms and satisfy

qB � jB � 1B, jB � qB � 1Cylpfq.

The morphism g induces a natural map γ : Cpfq � B
 `Ar1s
 Ñ C
 and we obtain a commutative
diagram

0 // A


1A

��

f // B

ipfq //

jB
��

Cpfq

1C

��

//// 0

0 // A

f̄ //

1A

��

Cylpfq
π //

qB

��

Cpfq

γ

��

// 0

0 // A

f // B


g // C
 // 0
where the last two rows are exact. The morphisms 1A and qB are homotopy equivalences and invok-
ing the five lemma we deduce that γ is a qis as well. Define now h P HomD�pAqpC


, Ar1s
q as the
roof

C
 γ
ø Cpfq

ppfq
ÝÑ Ar1s
.

The top row defines a distinguished triangle quasi-isomorphic to the bottom row

pA
, B
, C
; f, g, hq � ∆f

The morphism
h P HomDpAqpC


, Ar1s
q
is called the characteristic class of the short exact sequence (1.2).

[\

We have the following result.

Proposition 1.6. A triangle pX,Y, Z, u, v, wq is distinguished if and only if it is isomorphic to a
triangle of the form

pA
, dAq
i
Ñ pA
 `B
, dq

p
� pB
, dBq

h
Ñ Ar1s
, (1.4)

where h is defined by phpbq, dBbq � dp0, bq, i.e. h is the off-diagonal component of d with respect to
the direct sum decomposition

d �

�
dA h
0 dB

�
.
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The morphism h P HomKpAqpB

, Ar1s
q is an invariant of the homotopy class of pA
 `B
, dq. The

morphism induced by h in cohomology coincides with the connecting morphism of the long exact
sequence associated to the short exact sequence

0 Ñ pA
, dAq
i
Ñ pA
 `B
, dq

p
� pB
, dBq Ñ 0.

Proof The condition d2 � 0 implies that h P HomKpAqpB

, Ar1s
q. Note that

pA
 `B
, dq � Cp�hqr�1s.

and thus we have a distinguished triangle

A
 iphq
ÝÑ Cp�hqr�1s

pphq
ÝÑ B
 h

ÝÑ A
r1s.

[\

A cohomological functor on D�pAq is an additive functor F : D�pAq Ñ B, B Abelian category,
such that for every distinguished triangle

X
 f
Ñ Y 
 g

Ñ Z
 h
Ñ Xr1s


we get an exact sequence in B

F pX
q
F pfq
ÝÑ F pY 
q

F pgq
ÝÑ F pZ
q.

If we set Fn :� F � Tn so that FnpX
q :� F pXrns
q. Using the axiom TR2 we deduce that for
every distinguished triangle pX,Y, Z, f, g, hq we obtain a long exact sequence in B

� � � Ñ FnpX
q
p�1qnf rns
ÝÑ FnpY 
q

p�1qngrns
ÝÑ FnpZ
q

p�1qnhrns
ÝÑ Fn�1pX
q Ñ � � � (1.5)

In particular, a homological functor associates to each short exact sequence in C�pAq

0 Ñ X
 Ñ Y 
 Ñ Z
 Ñ 0

the long exact sequence (1.5). A homological functor is an additive functorG : D�pAqop Ñ B which
associates to each distinguished triangle an short exact sequence as above.

Remark 1.7 (Food for thought). Suppose the Abelian category is a subcategory of a category of
modules. Then the the morphisms of CpAq are actual set-theoretic maps, while the morphisms of
DpAq are not. Let’s call them “virtual maps”. A cohomological functor sends “virtual maps” to
genuine maps! [\

Example 1.8. We have a tautological homological functor

H : D�pAq Ñ A

which associates to each complexX
 its 0-th cohomologyH0pX
q. In this caseHnpX
q � H0pXrns
q
coincides with the n-th cohomology of the complex X
. [\

Example 1.9 (Yoneda’s Description of Ext). For every object R
 P DpAq the functors

HomD�pAqpR

,�q and HomD�pAqp�, R


q

are (co)homological functors. We prove this for the functor HomD�pAqp�, R

q. Suppose we are

given a distinguished triangle

X
 f
Ñ Y 
 g

Ñ Z
 h
Ñ Xr1s
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We need to show that the sequence

HomD�pAqpZ

, R
q

g�
Ñ HomD�pAqpY


, R
q
f�
Ñ HomD�pAqpX


, R
q

is exact, i.e. f�g� � 0 and ker f� � Im g�. To prove the first part we will show that gf � 0 P
D�pAq. From the normalization axiom we get a distinguished triangle pX,X, 0; 1X , 0, 0q. From the

completion axiom we can find 0 φ
Ñ X to complete a commutative diagram

X
1X //

1X

��

X

f

��

0 // 0

φ

��

// T pXq

��
X

f // Y
g // Z // T pXq

so that g � f � φ � 0 � 0. Suppose ϕ P HomD�pAqpY

, R
q is in ker f�, i.e. we have a commutative

diagram

X

f //

0 !!D
DD

DD
DD

D Y 


ϕ

��
R


.

We have to show that there exists ψ : Z
 Ñ R
 such that the diagram below is commutative

Y 


ϕ !!C
CC

CC
CC

C g
// Z


ψ
��
R


.

The existence of such ψ is postulated by the completion axiom since ψ completes the commutative
diagram

X


0

��

f // Y 

g //

ϕ

��

Z
 h //

ψ

��

Xr1s


0

��
0

0
// R


1R


// R
 // 0

.

Given a short exact sequence of complexes

0 Ñ X
 Ñ Y 
 Ñ Z
 Ñ 0

we obtain a long exact sequence

� � � Ñ HomD�pAqpZ

, R
q Ñ HomD�pAqpY


, R
q Ñ

Ñ HomD�pAqpX

, R
q Ñ HomD�pAqpZ


, Rr1s
q Ñ � � � .

For any two complexes A
, B
 P C�pAq we define the hyper-Ext

Ext
npA
, B
q :� HomD�pAqpA


, Brns
q � HomD�pAqpArks

, Brk � ns
q. (1.6)

If A
, B
 P K�pAq are complexes of injective objects then

Ext
npA
, B
q � rA
, Brns
s.

We have a natural fully faithful functor

r�s : A Ñ C�pAq
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which associates to each object A the complex rAs the complex rAs
 with rAs0 � A and rAsn � 0 if
n � 0. Then

ExtnpA,Bq � Ext
nprAs, rBsq,

where in the left-hand-side we have the classical Ext-functors associated to a pair of objects in an
Abelian category.

[\

An additive functor F : A Ñ B between Abelian categories is called left exact if for any short
exact sequence

0 Ñ AÑ B Ñ C

the sequence
0 Ñ F pAq Ñ F pBq Ñ F pCq

is exact. F induces a functor K�pF q : K�pAq Ñ K�pBq.

Definition 1.10. A derived functor for F is a pair pRF, ρF q with the following properties.
(a) RF is an exact functor D�pAq Ñ DpBq�, i.e. an additive functor which maps distinguished
triangles to distinguished triangles.
(b) ρF is an morphism of functors QB �K�pF q Ñ RF �QA

D�pAq

RF

$$I
IIIIIIII

K�pAq

QA

::ttttttttt

K�pF q $$JJJJJJJJJ
DpBq

K�pBq

QB

::uuuuuuuuu

(c) For any exact functor G : D�pAq Ñ DpBq� and morphism of functors

ρ :
�
K�pAq

QB�K
�pF q

ÝÑ DpBq
	
Ñ

�
K�pAq

G�QAÝÑ DpBq
	

there exists a unique morphism

c :
�
D�pAq

RF
ÝÑ DpBq

	
Ñ

�
D�pAq

G
ÝÑ DpBq

	

such that
ρ � pc �QAq � ρF .

This definition is a mouthful. We will trade a little bit of rigor in favor of intuition. First of all we
will drop the localization functors Q from notation because the category K�pAq (resp. K�pBq) has
the same objects as D�pAq (resp. D�pBq). These categories differ only through their morphisms.
The functor RF assigns to each complex X
 in C�pAq a complex RF pX
q in CpBq and to every
roof

ϕ : X
 s
ø something f

Ñ Y 
 P HomD�pAqpX

, Y 
q

a roof RF pϕq : RF pX
q Ñ RF pY 
q in DpBq. These assignments behave nicely with respect to the
morphisms inD�pAq which come from genuine morphisms of complexes. More precisely there exist
roofs

ρF pX

q : F pX
q Ñ RF pX
q
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(call them quasi-resolutions) such that for every complexes in X
, Y 
 in A and every genuine mor-
phism of complexes we have a commutative diagram in DpBq

RF pX
q
RF pϕq// RF pY 
q

F pX
q

ρF pX

q

OO

F pϕq // F pY 
q

ρF pY

q

OO
.

We can say that ρF defines a a coherent system of quasi-resolutions.
The universality property states that given a similar exact functor D�pAq

G
ÝÑ D�pBq equipped as

well with a “coherent system of quasi-resolutions” ρpX
q : F pX
q Ñ GpX
q there exists a unique
systems of “compatibilities”

D�pAq Q X
 ÞÑ cX
 P HomDpBq

�
RF pX
q, GpX
q

�
,

such that for any complexesX
, Y 
 and any roof ϕ between them we have the following commutative
diagrams.

GpX
q

F pX
q

ρpX
q

OO

ρF pX

q
// RF pX
q

cX

ee

, GpX
q
Gpϕq // GpY 
q

RF pX
q

cX


OO

RF pϕq
// RF pY 
q

cY 


OO

The derived functor, when it exists, is unique up to isomorphism. We see that to establish the existence
of the derived functor we need to have a procedure of constructing resolutions of complexes. We
indicate below one such situation.

Definition 1.11. The left exact functor F : A Ñ B is said to admit enough F -injective objects if
there exists a generating subcategory J of A such that the restriction of F to J is exact, i.e. if

0 Ñ AÑ B Ñ C Ñ 0

is a short exact sequence in J then

0 Ñ F pAq Ñ F pBq Ñ F pCq Ñ 0

is a short exact sequence in B. The subcategory J is also called a class of objects adapted to F .

Remark 1.12. Observe that given a left exact functor F : A Ñ B and a short exact sequence of
injective objects in A

0 Ñ I 1 Ñ I Ñ I2 Ñ 0
the resulting sequence

0 Ñ F pI 1q Ñ F pIq Ñ F pI2q Ñ 0
is also short exact. In particular, if A has enough injectives it also has enough F -injective objects.

[\

Proposition 1.13. If F admits enough F -injective objects then there exists a derived functor

R�F : D�pAq Ñ DpBq.

It is constructed as follows.

Step 1: Localize along a class of adapted objects. Fix a class J of objects adapted to F . Form the
derived category D�pJq described in Remark 1.4.
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Step 2: The construction of the derived functor. Fix an equivalence

U : D�pAq Ñ D�pJq.

We have a functor
K�pJq

K�F
ÝÑ K�pBq Ñ D�pBq.

By definition F maps acyclic complexes in J to acyclic complexes in B and in particular it maps qis’s
to isomorphisms in D�pBq. We deduce the existence of a functor

D�pJq Ñ D�pBq

Composing this functor with the equivalence U we obtain a functor

RF� : D�pAq Ñ D�pBq.

[\

Definition 1.14. Suppose the left exact functor F : A Ñ B admits enough F -injective objects.

(a) For every complex X
 in A we define the F -hypercohomology of X
 to be the cohomology of
RF �pX
q (this complex in B is unique up to a an isomorphism in DpBq). We denote this hyperco-
homology by

RnF pX
q :� HnpRF pX
qq.

(b) Every object X P A can be identified with a complex rXs concentrated in dimension zero. In this
case we set

RnF pXq :� RnF prXsq

(c) An object A P A is called F -acyclic if RnF pAq � 0, @n ¡ 0.
[\

Observe that if F admits enough injective F -injective objects, then the class of F -acyclic objects
is adapted to F . In particular, this implies that the subcategory of F -acyclic objects is a generating
subcategory and thus to compute RF pX
q for a complex X
 P C�pAq it suffices to find a resolution
of X
 by F -acyclic objects.

The following result follows immediately from the above discussion.

Proposition 1.15. Suppose A1,A2,A3 are Abelian categories and

F : A1 Ñ A2, F2 : A2 Ñ A3

are two left exact functors. Assume J1 is a class of F1-acyclic and J2 is a class of F2-acyclic objects
such that

F1pJ1q � J2.

Then J1 is a class of F2 � F1-acyclic objects and we have an isomorphism

R�pF2 � F1q � R�F2 �R
�F1.

Example 1.16 (The hypercohomology spectral sequences). Let us describe a basic procedure for
computing the hypercohomology groups.

Suppose F : A Ñ B is a left exact functor, and that A has enough injective. Denote by I full
additive subcategory of A consisting of injective objects. Given a complex X
 P C�pAq we can find
a quasi-isomorphism

X
 φ
ù I
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and then the hypercohomology groups of X
 are isomorphic to HnpF pI
qq. To compute them we
can use the hypercohomology spectral sequence. Suppose first Xn � 0 for n   0. First we choose a
Cartan-Eilenberg resolution. This is a double complex pI
,
, dI , dIIq together with a morphism

ρ : pX
, dXq Ñ pI
,0, dIq

satisfying the following conditions.

(i) The objects I
,
 are injective.
(ii) For every p ¥ 0 the p-th column complex

0 Ñ Xp ρn
ÝÑ Ip,0

dIIÝÑ Ip,1
dIIÝÑ Ip,2

dIIÝÑ � � �

is acyclic.
(iii) For every q ¥ 0 we have a q-th row complex

I0,q dIÝÑ I1,q dIÝÑ I2,q dIÝÑ � � �

whose co-cycles Z
,q
I , co-boundaries B
,q

I , and cohomologies H
,q
I are injective objects.

(iv) For every p ¥ 0 the complexes pZp,
I , dIIq pB

,q
I , dIIq and pHp,


I , dIIq are resolutions of the
objects ZppX
, dXq, BppX
, dXq and HppX
, dXq.

Form the total complex

TotmpI
,
q � `j�k�mI
j,k, D � dI � dII : ΣpIq
 Ñ ΣpIq
�1.

The objects Tot
pIq are injective, and the map ρ : X
 Ñ Tot
pIq is a quasi-isomorphism. Thus the
cohomology of F pTot
pIqq is isomorphic to the F -hypercohomology of X
. There are two spectral
sequences converging to this cohomology. The first spectral sequence

1Ep,q1 � Hq
IIpF pI

p,
qq

Using condition (ii) of the Cartan-Eilenberg resolution we deduce

Hq
IIpF pI

p,
qq � RqF pXpq.

We conclude
1Ep,q2 � HppRqF pX
qq.

As for the second spectral sequence we have
2Ep,q1 � Hp

I pF pI

,qqq.

Using the condition (iv) in the definition of a Cartan-Eilenberg complex we deduce
2Ep,q2 � RqF pHppXqq.

This spectral sequence is called the hypercohomology spectral sequence.
Suppose we are in the context of Proposition 1.15, where we had two left exact functors

A
F
ÝÑ B

G
ÝÑ C.

such that
RpG � F q � RG �RF.

Arguing in a similar fashion we deduce that for every object X P A we obtain a spectral sequence
E
,

r which converges to R
pG � F qpXq, whose E2-term is

Ep,q2 � RpGpRqF pXqq.

[\
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Example 1.17 (RHom). Suppose A is an Abelian category. We have a functor

Hom
p�.�q : CpAqop � CpAq Ñ CpAbq

pX
, Y 
q Ñ Hom
pX
, Y 
q,

where
HomnpX
, Y 
qn :�

¹
p

HomApX
p, Y rnspq,

with differential
D � DHom : HomnpX
, Y 
q Ñ Homn�1pX
, Y 
q

HomnpX
, Y 
q Q ϕ ÞÑ Dϕ � dY ϕ� p�1qnϕdX P Homn�1pX
, Y 
q.

One can show that Hom
 induces a functor

Hom
 : KpAqop �KpAq Ñ KpAbq

and
HnpHom
pX
, Y 
qq � rX
, Y rns
s.

Assume that A has enough injectives. Fix X
 P KpAq. The functor

Hom
pX
,�q : K�pAq Ñ KpAbq

enjoys the following properties.

À If I
 P K�pAq is a complex of injective objects quasi-isomorphic to zero then the complex
Hom


C�pAqpX

, I
q is quasi-isomorphic to zero. Indeed we have

HnpHom

C�pAqpX


, I
qq � rX
, Irns
s.

Theorem 1.2 shows that we have isomorphisms

rI
, I
s � r0, I
s, rI
, 0s � r0, 0s � 0

so that the quasi-isomorphism I
ù 0 is a homotopy equivalence whence the desired conclusion.
Á If f : I
 ù J
 is a qis between bounded from below complexes of injective objects then the
induced map

f̄ :� Hom

C�pAqpX


, I
q Ñ HomC�pAqpX

, J
q

is a quasi-isomorphism.
Indeed one can show that the cone of f̄ is the complex Hom


C�pAqpX

, Cpfqq, where Cpfq is the

cone of f and it is a complex of injective objets. Since f is a qis we deduce 0 ù Cpfq and we can
now conclude using À.

If we denote by I � IA the full subcategory of A consisting of injective objects we deduce that the
functor

Hom
pX
,�q : K�pIAq Ñ K�pAbq
sends quasi-isomorphism to isomorphisms. In particular we obtain a functor

R�
II HompX
,�q : D�pAq Ñ D�pAbq.

This functor maps distinguished triangles to distinguished triangles. We obtain a bi-functor

RII Homp�,�q : KpAqop �D�pAq Ñ D�pAbq.

Observe that for any complex of injectives I
 and any qis f : A
ù B
 we get according to Theorem
1.2 a qis

f : Hom
pB
, I
q Ñ Hom
pA
, I
q.
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We thus obtain a functor

RIR
�
II Hom : DpAqop �D�pAq Ñ D�pAbq.

Using Theorem 1.2 again we deduce

Hn
�
RIR

�
II HompX
, Y 
q

�
� HomDpAqpX


, Y rns
q � Ext
npX
, Y 
q.

Observe that if X is an object in A identified with a complex concentrated in dimension 0 then
the Hypercohomology spectral sequence shows that there exists a spectral sequence converging to
Ext


pX,Y 
q whose E2-term is

Ep,q2 � ExtppX,HqpY 
qq.

[\

Example 1.18 (Products). Suppose A is an Abelian category with sufficiently many injectives and
F : A Ñ B is a left exact functor to another Abelian category. For any objects X,Y P A we have a
natural product

ExtnpX,Y q �RpF pXq Ñ Rn�ppY q, pf, αq ÞÑ f Y α

define as follows. Choose injective resolutions I
 for X
 and J
 for Y . Then

α P HnpF pX
qq, f P rX
, Y rps
s.

In particular, f induces morphisms

F pfq : F pX
qÝÑF pY qrps
, RF pfq : HnpF pX
qq Ñ Hn�ppY 
qq

We set
f Y α � RnF pfqpαq.

[\

2. BASIC OPERATIONS ON SHEAVES

For every commutative ringRwe denote by pShRpXq (resp. ShRpXq) the category of presheaves
(resp. sheaves) of R-modules on X . For every open set U � X and every presheaf S over X we will
denote he space of sections of S over U by SpUq or ΓpU, Sq.

A morphism of (pre)sheaves f : S0 Ñ S1 is a collection of morphisms

fU : S0pUq Ñ S1pUq,

one for each open set U ãÑ X , compatible with the restriction maps. pShRpXq is an additive
category, while ShRpXq is an Abelian category.

Note that ShRpXq is naturally a full subcategory of pShRpXq. Moreover there exists a functor
� : pShRpXq Ñ ShRpXq

the sheafification which is a left adjoint to the inclusion functor i : ShRpXq Ñ pShR, i.e. there
exists an isomorphism

HomShRpF
�,Gq � HompShR

�
F, ipGq

�
, (2.1)

natural in F P pShR and G P ShR.
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Remark 2.1. In practice, most sheaves are defined as sheafifications of some presheaves. The above
isomorphism essentially states that if G is a sheaf, and F� is the sheafification of F that any morphism
F� Ñ G is uniquely determined by a collection of morphisms

FpUq Ñ GpUq

compatible with the restriction maps. In practice, this is how most morphisms of sheaves are de-
scribed, by first indicating a morphisms of presheaves and then using the tautological isomorphism
(2.1). [\

We will write ShpXq for ShZpXq. For every Abelian group G we denote by G � XG P ShpXq
the associated constant sheaf over X . For every sheaf S P ShpXq and every open subset U � X we
denote by S |U the restriction of S to U , i.e. the sheaf

U
open
Ðâ V ÞÑ SpV q.

For F P ShRpXq, U � X and s P ΓpU,Fq we set

supp s :� tu P U ; su � Uu.

supp s is closed in U , but it may not be closed in X .
We denote by HompS0, S1q � HomShpXqpS0, S1q the Abelian group of morphisms S0 Ñ S1. We

denote by HompS0, S1q the sheaf

U ÞÑ HompS0, S1qpUq � HomZpS0 |U , S1 |U q.

By definition
HompS0, S1q :� ΓpX,HompS0, S1qq.

Note that if S and T are two sheaves of Abelian groups on X and x0 P X then there exists a natural
morphism of Abelian groups

HompS,Tqx0 Ñ HompSx0 ,Tx0q.

In general this morphism is neither injective nor surjective.

Example 2.2. Suppose X is a smooth manifold and EX denotes the sheaf of smooth complex valued
functions onX . A partial differential operator P defines a morphism P P HompEX , EXq. Conversely,
every endomorphism of the sheaf EX is a partial differential operator, [9, 10]. [\

Given two sheaves S0, S1 P ShRpXqwe define their tensor product as the sheaf S0bRS1 associated
to the presheaf

U ÞÑ S0pUq b S1pUq.

Remark 2.3. Let us point out that the natural map

S0pUq bR S1pUq Ñ ΓpU, S0 bR S1q

need not be an isomorphism. Consider for example X � RP2, S0=Z-orientation sheaf of RP2 and
S1= the Z{2-orientation sheaf, or equivalently the constant sheaf Z{2. Then S0 b S1 � S1 however
S0pXq � 0 so that

S0pXq b S1pXq � 0 � pS0 b S1qpXq � Z{2.
[\
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The functors Hom and b are related by the adjunction formula which states that there exists an
isomorphism

HompF b G,Hq � HompF,HompG,Hqq (2.2)
natural in F,G,H P ShRpXq.

Proposition 2.4. (a)ShRpXq is an Abelian category which has enough injectives.
(b) The functor

ΓpX,�q : ShRpXq Ñ RMod
is left exact.

Proof (a) Let F P ShRpXq. For every x P X we consider an embedding of Fx in an injective
R-module Mx. Now form

M �
¹
xPX

Mx, ΓpU, Iq �
!
pmxqxPX ; mx � 0, @x P XzUu

Then for every S P ShRpXq we have

HompS,Mq �
¹
xPX

HompSx,Mxq

which shows that M is injective. Part (b) is elementary.
[\

The Godement resolution of a sheaf F P ShRpXq is constructed inductively as follows. We set

G0
F :�

¹
xPX

Fx, G0
FpUq :�

¹
uPU

Fu.

We get a natural inclusion
F Ñ G0

F.

We set
F1 :� cokerpF Ñ G0

Fq.

Then G1
F :� G0

F1
. Iterating we obtain the Godement resolution

0 Ñ F Ñ G0
F Ñ G1

F Ñ � � � .

For every sheaf F P ShRpXq we get two left exact functors

Homp�,Fq : ShRpXqop Ñ RMod

Homp�,Fq : ShRpXqop Ñ ShRpXq.
Given a continuous map f : X Ñ Y we get two functors

f� : ShpXq Ñ ShpY q and f�1 : ShpY q Ñ ShpXq.

More explicitly, for every S P ShpXq the push-forward f�S is the sheaf

Y � U ÞÝÑ Spf�1pUqq,

while for T P ShpY q we define f�1T as the sheaf associated to the presheaf pf�1q0T defined by

X � V ÞÝÑ ΓpV, pf�1q0Tq :� limÝÑ
U�fpV q

ΓpU,Tq.

f� is left exact while f�1 is exact. For every sheaf T P ShpY q and every open set U � Y we have

ΓpU, f�f�1Tq � Γpf�1pUq, f�1Tq.
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Since U � fpf�1pUqq we deduce from the universality property of inductive limit that there exists a
natural map

ΓpU,Tq Ñ Γpf�1pUq, pf�1q0Tq Ñ ΓpU, f�f�1Tq.

This defines a canonical morphism
Af : TÝÑf�f

�1T.

We regard Af as a natural transformation between the functors 1ShpY q and f�f�1. This is known as
the adjunction functor.

Given a morphism
φ P HomShpXqpf

�1T, Sq

we obtain a morphism
f�φ P HomShpXqpf�f

�1T, f�Sq

and thus a morphism
f�φ � Af P HomShpY qpT, f�Sq.

We obtain in this fashion a natural isomorphism i.e. we have natural isomorphisms

HomShpXqpf
�1T, Sq � HomShpY qpT, f�Sq, @S P ShpXq, T P ShpY q. (2.3)

which shows that f� is the right adjoint of f�1. The adjunction morphism Af corresponds to 1f�1T

via (2.3).

Example 2.5. (a) Suppose f : R2 Ñ R is the continuous map px, yq ÞÑ x2 � y2. We denote by T the
sheaf of continuous functions on R. Then f�1T is the subsheaf of the sheaf of continuous functions
on R2 whose sections are the continuous functions constant along the level sets of f .

Observe that for every open interval I � p`, Lq � R we have

ΓpI, f�f�1Tq �

$&
%

C
�
p`, Lq

�
if ` ¡ 0

0 if L   0
C
�
r0, Lq

�
if `   0   L

.

(b) Suppose f : C Ñ C is the holomorphic map z ÞÑ z3. We denote by O the sheaf of holomorphic
functions on C. Denote by ρ a primitive cubic root of 1. Then

pf�f
�1Oqz0 �

"
O3
z0 if z0 � 0

O0 if z0 � 0 .

Note that the holomorphic map f induces a morphism of sheaves

f# : f�1O Ñ O.

[\

For every sheaf S P ShpXq and every subset i : A ãÑ X we set

S |A:� i�1S P ShpAq.

We set
ΓpA, Sq :� ΓpA, S |Aq � limÝÑ

U�A

ΓpU, Sq.

We have a tautological map
ΓpX, Sq Ñ ΓpA, Sq.

A family of supports2 on a paracompact topological space is a collection Φ of closed subsets of X
satisfying the following conditions.

2Traditionally, a family of supports with these properties is called a paracompactifying family of supports.
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 Any finite union of sets in Φ is a set in Φ.

 Any closed subset of a set in Φ is a set in Φ.

 Every set in Φ admits a neighborhood which is a set in Φ.

Example 2.6. (a) The collection of all closed subsets of X is a family of supports. Usually we will
not indicate this family by any symbol. Sometimes we will use the notation cl for this family.
(b) If X is a locally compact space then the collection of all compact subsets is a family of supports.
We will denote this family by c � cX .
(c) Suppose Y ãÑ X is a locally closed subset of the paracompact space X , and Φ is a family of
supports on X . Then the collection

Φ |Y :�
!
S P Φ; S � Y

(
is a family of supports on Y . For example if X � C, Y is the open unit disk in C and Φ consist of all
the closed sets in C then Φ |Y consists of all the compact subsets of the unit disk.
(d) Suppose Y ãÑ X is a locally closed subset of the paracompact space X , and Φ is a family of
supports on X . Then the collection

ΦX Y :�
!
S X Y ; S P Φ

(
is a family of supports on Y . [\

In the sequel all topological spaces will be tacitly assumed to be locally compact, unless otherwise
indicated.

Suppose Φ is a family of supports. For every open set U ãÑ X we set

ΓΦpU, Sq :�
 
s P ΓpU, Sq; supp s P Φ

(
.

The resulting functor
ΓΦpX,�q : ShRpXq Ñ RMod .

is left exact. In particular, Γc denotes sections with compact support.

Example 2.7. Suppose X � R is the set of all integers equipped with the induced topology and R is
the constant sheaf on X . Then

ΓpX,Rq �
¹
nPZ

R, ΓcpX,Rq �
à
nPZ

R.

[\

Suppose f : Y Ñ Z is continuous map between two spaces. Then f defines a functor

f! : ShpY q Ñ ShpZq,

where for every S P ShpY q we define f!S as the sheaf

U ÞÑ ΓpU, f!Sq � Γf pf�1pUq, Sq :�
 
s P Γpf�1pUq, Sq; supp s f

Ñ U is proper3(.
The resulting functor f! : ShRpXq Ñ ShRpY q is left-exact.

A subset W of a topological space is called locally closed if any point w P W admits an open
neighborhood V in X such that V XW is closed in V . Observe that the open subsets are locally
closed. The closed subsets are locally closed. In fact a subset is locally closed if and only if it can be
described as the intersection of a closed subset of X with an open subset of X .

3This means that f is closed (maps closed sets to closed sets) and its fibers are compact.
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Consider the inclusion i : Z ãÑ X of a subset Z. We get an exact functor

i! : ShRpZq Ñ ShRpXq.

Note that
ΓpU, i!Sq �

!
s P ΓpU X Z, Sq; supp s is closed in U

)
.

For every sheaf S on X we set
SZ :� i!S |Z� i!i

�1S.

We have the following result whose proof can be found in [5, II.2.9].

Proposition 2.8.

Z locally closed ðñ pSZqx �

"
Sx if x P Z
0 if x P XzZ.

Moreover SZ is the unique sheaf on X with the above property. [\

In the sequel we will assume Z is locally closed.
For every locally closed set Z the correspondence ShRpXq Ñ ShRpXq, S ÞÑ SZ defines an exact

functor, and we have a natural isomorphism

SZ � RZ b S.

Note that for every Abelian group G we have

i!pZGq � pXGqZ �: GZ .

Let us emphasize that ZG is a sheaf on Z, while GZ is a sheaf on the ambient space X . When
j : Z ãÑ X is the inclusion of a closed subset we have

j! � j� : ShRpZq Ñ ShRpXq.

and thus, according to (2.3) a natural isomorphism

HomShRpZqpj
�1F, Sq � HomShRpXqpF, j�Sq, F P ShRpXq, S P ShRpZq.

In particular if we let S � j�1F we obtain a morphism

F Ñ FZ � j�S (2.4)

corresponding to Ij�1F P HomShRpZqpj
�1F, j�1Fq.

Suppose i : O ãÑ X is the inclusion of an open subset. Then SO � i!i
�1S is the sheaf described

by
X � U ÞÝÑ SOpUq �

 
s P SpOX Uq; supp s is closed in U

(
. (2.5)

We have an isomorphism of Abelian groups

HomShRpXqpi!F, Sq � HomShRpOqpF, i
�1Sq � HomShRpOqpF, S |Oq (2.6)

which is natural in F P ShRpOq and S P ShRpXq . In particular, if we let F � i�1S we obtain a
natural extension by zero morphism

τ : SO Ñ S (2.7)
corresponding to Ii�1S P HomShRpOqpi

�1S, i�1Sq.
Let us describe the isomorphism (2.6). Suppose Φ P HomShpOqpF, i

�1Sq so that Φ is described by
a family of morphisms

ΦU : ΓpU,Fq Ñ ΓpU, i�1Sq � ΓpU, Sq,
one morphism for each open subset U � O. We need to produce a family of morphisms

ΨV : ΓpV, i!Fq Ñ ΓpV, Sq,
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one morphism for each open subset V � X . To do this observe that

ΓpV, i!Fq �
!
u P ΓpOX V,Fq; suppu is closed in V

)
.

The morphism ΦOXV maps the sections in ΓpO X V,Fq with support closed in V to sections in
ΓpOX V, Sq with support closed in V , i.e. sections of SO over V . We get a morphism

ΨV : ΓpOX V,Fq Ñ ΓpV, SOq
τVÝÑ ΓpV, Sq.

The last morphism coincides with the tautological morphism (2.7).
We define a good neighborhood of a locally closed set S to be an open neighborhood U of S such

that S is closed with respect to the subspace topology on U . For any good neighborhood U of S we
define

ΓSpU,Fq :�
 
s P ΓpU,Fq; supp s � S

(
� ker

�
FpUq Ñ FpUzSq

�
.

Note that if V is another good neighborhood of S then U X V is a good neighborhood of S and we
deduce

ΓSpU X V,Fq � ΓSpU,Fq � ΓSpV,Fq.
The module ΓSpU,Fq is thus independent of the good neighborhood U and we will denote it by
ΓSpXq. We obtain in this fashion a left exact functor

ΓSpX,�q : ShRpXq Ñ RMod .

The correspondence
U ÞÑ ΓSXU pU,Fq

defines a sheaf on X which we denote by ΓSpFq. We obtain in this fashion a left exact functor

ΓSp�q : ShRpXq Ñ ShRpXq.

Let us point out that
ΓSpFq � HompRS ,Fq. (2.8)

When U is open we have
ΓU pFq � i�i

�1F. (2.9)
For closed subset Z � X we obtain a left exact functor

ΓZpX,�q � ΓpX,�q � ΓZp�q : ShRpXq Ñ RMod, F ÞÑ ΓpX,ΓZpFqq.

Note that in general for F,G P ShRpXq and any locally closed set S � X we have

HompFS ,Gq � HompF,ΓSpGqq.

The last isomorphism follows from the adjunction isomorphism

HompF b RS ,Gq � HompF,HompRS ,Gqq.

Hence the functor G Ñ ΓSpGq is the right adjoint of the exact functor F Ñ FS . Let us observe that
for any open set U � X and any S P ShRpXq we have

HomShRpRU , Sq � HompR,ΓU pSq q � ΓU pSq � ΓpU, Sq.

Remark 2.9 (Warning). There is a striking similarity between the sheaves FS and ΓSpFq. Are they
really different?

If for example F � R and S is an open disk in R2 and B is a small open disk intersecting S but
not contained in S then a section of FS on B is a section of F on B X S with support closed in B.
But any section of R on B X S is constant so its support is either the empty set or the entire B X S
which is not closed in B. We deduce

ΓpB,FSq � 0.
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On the other hand
Γ
�
B,ΓSpFq

�
� ΓSXBpB,Fq � ΓpS XB,Fq � R.

If S is the horizontal axis in R2 and F � R, then for any open disk D intersecting this axis there is
no section of R on D supported on the segment along which D meets the horizontal axis. This shows
that ΓSpRq � 0. Clearly, RS is nontrivial.

[\

We have constructed several (semi-exact) functors on the Abelian category of sheaves. To describe
the associated derived functors it will be convenient to describe large families of sheaves adapted
to these functors. Recall that a full additive subcategory J of an Abelian category is adapted to a
left-exact additive functor F : A Ñ B if the following conditions hold.


 Every object is a sub-object of an object in J.

 If 0 Ñ AÑ B Ñ C Ñ 0 is a short exact sequence in A such that A,B P J then C P J.

 F maps short exact sequences of objects in J to short exact sequences in B.

Definition 2.10. Suppose Φ is a family of supports on X .
(a) A sheaf S Ñ X is called flabby if for every open set U ãÑ X the restriction map SpXq Ñ SpUq
is onto.
(b) A sheaf S is called Φ-soft if for every set S P Φ the tautological map

ΓΦpX, Sq Ñ ΓpS, Sq � ΓpS, S |Sq

is surjective.
(c) A sheaf S is called Φ-fine if the sheaf HompS, Sq is Φ-soft.
(d) The sheaf S is called flat if the functor bS is exact.

[\

Remark 2.11. Flabby sheaves are also Φ-soft. When Φ is the collection of all closed (resp. compact)
subsets we will refer to the Φ-soft sheaves simply as soft (resp. c-soft) sheaves. [\

We have the following sequences of inclusions

injective sheaves � flabby sheaves � Φ-soft sheaves,

Φ-fine sheaves � Φ-soft sheaves.

Proposition 2.12 ([8]). Suppose X,Y are locally compact spaces, Z � X is a locally closed set and
f : X Ñ Y is a continuous map.
(a) Let S P ShRpXq. The class of injective sheaves is adapted to the functors

HomShRpXqp�, Sq, HomShRpXqp�, Sq, f�.

(b) The class of flabby sheaves is adapted to the functors

ΓΦpX,�q, ΓZp�q, ΓZpX,�q.

(c) The class of c-soft sheaves is adapted to the functors

ΓcpX,�q, f!.

(d) Let S P ShRpXq. The class of flat sheaves is adapted to the functor bS.

To study the compositions of such functors we need to know the behavior of these classes of
sheaves with respect to these functors
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Proposition 2.13 ([8]). Suppose X,Y are locally compact spaces, Z � X is a locally closed set and
f : X Ñ Y is a continuous map.
(a) If S is injective then f�S and ΓZpSq are injective, and HompF, Sq is flabby for any sheaf F P
ShRpXq.
(b) f�pflabbyq � flabby, ΓZpflabbyq � flabby.
(c) f!pc-softq � c-soft. If S is c-soft then so is S |Z and SZ .

Definition 2.14. Suppose Φ is a family of supports on the space X .
(a) We denote by H�

ΦpX,�q the cohomology with supports in Φ, i.e. the derived functors of

ΓΦpX,�q : ShRpXq Ñ RMod .

(b) If G is an Abelian group we set

H�pX,Gq :� H�
clpX,Gq.

(c) If X is locally compact then the collection c of compact subsets defines a family of supports and
we set

H�
c pX,Gq :� H�

c pX,Gq.

[\

Lemma 2.15. Suppose Φ is an admissible family of supports on X . For every locally closed subset
i : W ãÑ X and any sheaves S P ShpXq, F P ShpW q we have natural isomorphisms

H�
Φ|W

pW,Fq � H�
ΦpX, i!Fq,

H�
Φ|W

pW, i�1Sq � H�
ΦpX, SW q.

Proof The second equality follows from the first. To prove the first equality observe that the functor

i! : ShpW q Ñ ShpXq

is exact and we have a commutative diagram of functors

ShpW q ShpXq

Ab

'
'')

ΓΦ|W
pW,�q

w
i!

[
[[̂ ΓΦpX,�q

.

[\

Remark 2.16. Suppose X is a locally compact space. If O ãÑ X is open then for every sheaf
F P ShpXq we have

H�
c pO,F |Oq � H�

c pX,FOq.

If additionally O is pre-compact we deduce

H�
c pO,F |Oq � H�pX,FOq.

If S ãÑ X is closed then

H�pX,FSq � H�pS,F |Sq, H�
c pX,FSq � H�

c pS,F |Sq.

[\
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For every closed subset Z � X and every sheaf S P ShpXq we have a short exact excision
sequence in ShpXq

0 Ñ SXzZ Ñ S Ñ SZ Ñ 0 (2.10)

More generally, given a locally closed subset Z, a closed subset Z 1 � Z and an arbitrary sheaf
F P ShpXq we get a short exact excision sequence

0 Ñ SZzZ1 Ñ SZ Ñ SZ1 Ñ 0 (2.11)

Given open sets U1, U2 � X , closed sets Z1, Z2 � X and arbitrary sheaf F we have the following
short exact Mayer-Vietoris sequences of sheaves

0 Ñ FU1XU2 Ñ FU1 ` FU2 Ñ FU1YU2 Ñ 0, (2.12a)

0 Ñ FZ1YZ2 Ñ FZ1 ` FZ2 Ñ FZ1XZ2 Ñ 0 (2.12b)
The sequence (2.12a) induces the well known Mayer-Vietoris sequences in the cohomology with
compact supports while (2.12b) induces the Mayer-Vietoris sequence for the usual cohomology.

Remark 2.17. If Z is a closed subset of the locally compact space X , and O � XzZ, the sequence
(2.10) shows that we can interpret H�pX, SOq as a relative cohomology

H�pX, SOq � H�pX,Z; Sq � H�pX,XzO, Sq.

This statement can be made quite rigorous.
Suppose Φ is the set of all closed subsets of the paracompact space X , Z is a closed subset of X ,

and G is an Abelian group. Then we have an isomorphism

H�
Φ|XzS

pXzZ,Gq � H�pX,Z;Gq,

where in the right had side is the relative Alexander-Spanier cohomology. When X and Z are not
too wild this coincides with the singular cohomology. For more details we refer to [3, II.12] or [5,
II.4.10]. Note also that Lemma 2.15 implies that for every sheaf S we have and isomorphism

H�
Φ|XzZ

pXzZ,Gq � H�pX,GXzZq � H�pX,GOq.

[\

L
X U

FIGURE 1. A closed cone and an open cone over L.

Example 2.18. Suppose that L is a “nice” compact space (e.g. a CW -complex). Form the cones (see
Figure 1)

X :� r0, 1s � L{t0u � L, U � Xz
�
t1u � L

�
.

For any Abelian group G we have a short exact sequence

0 Ñ GU Ñ GX Ñ GL Ñ 0.

From Remark 2.16 we deduce

H
pX,GU q � H

c pU,Gq, H
pX,GLq � H
pL,Gq.
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Hence we obtain a long exact sequence

� � � Ñ Hk
c pU,Gq Ñ HkpX,Gq Ñ HkpL,Gq Ñ Hk�1

c pU,Gq Ñ � � � .

For m ¥ 2 we get isomorphisms

Hm
c pU,Gq � Hm�1pL,Gq.

For m � 1 we get a short exact sequence

0 Ñ H0pX,Gq
i
Ñ H0pL,Gq Ñ H1

c pU,Gq Ñ 0

If b0pLq denotes the number of components of L then

H0pL,Gq � Gb0pLq

and the map i has the form
G Q g ÞÑ pg, � � � , gqloooomoooon

b0pLq

P Gb0pLq.

The image of this group is the diagonal subgroup of Gb0pLq. We deduce

H1
c pU,Gq � Gb0pLq{∆pGb0pLqq � Gb0pLq�1.

In particular
χcpUq :� χpH�

c pU,Qqq � 1� χpLq.

[\

Finally we would like to say a few words about the local cohomology modules supported by a
locally closed set. These are the derived functors of ΓZpX,�q and they are denoted by H


ZpX,Fq.
For every locally closed set and every closed set Z 1 � Z we have a long exact sequence

� � � Ñ Hj
Z1pX,Fq Ñ Hj

ZpX,Fq Ñ Hj
ZzZ1pX,Fq

�1
ÝÑ � � � (2.13)

To understand the origin of this sequence let us observe that if F is a flabby sheaf then we have a short
exact sequence of flabby sheaves

0 Ñ ΓZ1pFq Ñ ΓZpFq Ñ ΓZzZ1pFq Ñ 0.

The injectivity of the first arrow is tautological, while the surjectivity of the second arrow follows
from the flabiness of ΓZpFq and the isomorphism

ΓpU,ΓZzZ1pFqq � ΓpUzZ 1,ΓZpFqq.

We obtain a distinguished triangle in the derived category of sheaves

ΓZ1pF
q Ñ ΓZpF
q Ñ ΓZzZ1pF
q
r1s
ÝÑ .

In particular if Z � X and Z 1 � S � X is closed so U � XzS is open we obtain the distinguished
triangle in the derived category of R-modules

RΓSpX,F
q Ñ RΓpX,F
q
a
ÝÑ ΓpXzS,F
q

r1s
ÝÑ

The morphism a is called the attaching map. We obtain the long exact sequence

� � � Ñ Hj
SpX,Fq Ñ HjpX,Fq Ñ HjpXzS,Fq

�1
ÝÑ � � � (2.14)

Given a cohomology class u P HjpXzS,Fq we can ask when it extends to a cohomology class on X ,
i.e. it is the image of an element û P HjpX,Fq via the natural morphism. We see that this happens if
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and only if the element δu P Hj�1
S pX,Fq is trivial. Thus the local cohomology groups can be viewed

as collecting the obstructions to extension problems.
Let us point out that for any flabby sheaf F, any open subsets U1, U2 and any closed sets Z1, Z2 we

have short exact sequences

0 Ñ ΓU1YU2pFq Ñ ΓU1pFq ` ΓU2pFq Ñ ΓU1XU2pFq Ñ 0 (2.15a)

0 Ñ ΓZ1XZ2pFq Ñ ΓZ1pFq ` ΓZ2pFq Ñ ΓZ1YZ2pFq Ñ 0. (2.15b)

In (2.15a) the arrows are induced by the restriction maps ΓpU,Fq Ñ ΓpV,Fq, U � V open subsets.
In (2.15b) the arrows are ”extension by zero” morphisms. The exactness of these sequences is due to
the flabiness of F.

The local cohomology sheaves, i.e. the homology of RΓZpFq is are the sheaves associated to the
presheaves

H
j
ZpUq :� Hj

ZXU pU,Fq.

Remark 2.19. Suppose X � R2 and Z is a line in this plane. Note that the sequence (2.14) implies
that the local cohomology of R supported on Z is in general not zero although, as shown in Remark
2.9, ΓZpRq is zero!!! The local cohomology is of F along Z is not the cohomology of ΓZpFq.
The long exact sequence (2.14) suggests that we can interpret the local cohomology as the relative
cohomology of the pair pX,XzZq. For more on this interpretation we refer to [3, II§12].

[\

Proposition 2.20. If Z is a closed subset of a locally compact space X and i : Z ãÑ X denotes the
canonical inclusion then for any field K and any sheaf F of K-vector spaces on X we have

Hp
ZpX,Fq � Extppi�K,Fq � ExtppKZ ,Fq.

Proof We have an isomorphism of functors ShKpXq Ñ VectK (see [8, Prop. 2.3.10])

HomShpXqpi�ZK,Fq � HomShpXqpKZ ,Fq � ΓZpX,Fq.

Their derived functors must be isomorphic as well whence the desired conclusion.
[\

Example 2.21. Consider again the cone X discussed in Example 2.18. We denote by x its vertex.
We would like to compute the local cohomology H


txupX,Rq. We have a long exact sequence

� � � Ñ H

txupXq Ñ H
pXq Ñ H
pXztxuq Ñ H
�1

txu pXq Ñ � � �

Note that we have a natural morphism H

txupXq Ñ H


c pUq, U � Xz
�
t1u � L

�
. Observing that

Xztxu deformation retracts to t1u � L. Comparing the above sequence with

� � � Ñ H

c pUqÝÑH
pXqÝÑH
pCqÝÑH
�1

c pUqÝÑ � � � .

we deduce from the five-lemma that

H

txupXq � H


c pUq � H

c pBrpxqq,

where Brpxq is a small open ball in X centered at x. [\
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Example 2.22 (Baby micro-local Morse theory). Consider the function

φpx, yq � |x|2 � |y|2

defined on a small open ball Bp�q centered at the origin of Rp�q � Rp
x ` Rq

y, p ¡ 0. We would like
to compute H


tφ¤0upB,Rq. For simplicity we set

Z :� tφ ¤ 0u XBp�q.

This region is shaded in gray in Figure 2. Observe that

Bp�qzZ � Bpz0 � Sp�1,

where � stands for the homotopy. Using (2.14) we deduce

� � � Ñ HjpBp�q,Rq Ñ HjpSp�1,Rq Ñ Hj�1
Z pBp�q,Rq Ñ Hj�1pBp�q,Rq Ñ � � �

x

y

FIGURE 2. The region y2 � x2 ¥ 0.

We deduce that

Hj�1
Z pBp�q,Rq � HjpSp�1,Rq � Hj�1pSp,Rq, @j ¡ 0.

For j � 0 we have a short exact sequence

0 Ñ H0pBp�q,Rq Ñ H0pSp�1,Rq Ñ H1
SpB

p�q,Rq Ñ 0.

This proves that

Hj
tφ¤0upB

p�q,Rq � HjpBp, BBp; Rq � Hjpφ�1pp0, εsq, φ�1pεq; Rq.

Similarly
Hj
tφ¥0upB

p�q,Rq � HjpBq, BBq; Rq
so that

χ
�
H

tφ¥0upB,Rq

�
� p�1qq � p�1qmpφ,0q,

where mpφ, 0q denotes the Morse index of φ at 0. [\

Let J denote one of the full additive subcategories of injective, flabby, or c-soft sheaves, or the
opposite of the full subcategory of flat sheaves. .

A sheaf F on a locally compact space X is said to have J-dimension ¤ r if it admits a resolution
of length ¤ r by objects in J, i.e. there exists a long exact sequence in ShpXq

0 Ñ F Ñ S0 Ñ � � � Ñ Sr Ñ 0, Si P J.
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We write this
dimJ F ¤ r.

We define the J-dimension as the smallest r with this property. Observe that F P J iff dimJ F ¤ 0.
We can regard the ringR as a sheaf over the space consisting of a single point. ClearlyR is flabby and
hence soft. On the other hand we can speak of the flat, or injective dimension. We have the following
result.

Theorem 2.23 ([13]). Suppose R is a commutative Noetherian ring with 1 and r P Z¥0. Then the
following statements are equivalent.
(a) diminj R � r.
(b) dimflatR � r
(c) dimproj R � r.

When any of these conditions is satisfied we write

gldimR � r.

The space X is said to have J-dimension ¤ r if every sheaf on X has J-dimension ¤ r. We write
this

dimJX ¤ r.

All sheaves have finite flat dimension provided that the coefficient ring has finite global dimension.
We have the following result whose proof could be found in [2, §6].

Proposition 2.24. For any F P ShRpXq we have

dimflat F ¤ gldimR.

When J is one of the categories, injective, flabby, soft, then the notion of J-dimension depends on
the algebraic topology of the space X and captures some of our intuition of dimension. For a proof
of the following results we refer to [11, Exposé 2]. In particular, they give an algebraic-topologic
description of the sheaves in J since they are the sheaves of J-dimension 0.

Proposition 2.25. Assume X is a locally compact space. Then the following statements are equiva-
lent.
(a)

dimsoft F ¤ r.

(b)
Hr�1
c pX,Fq � 0.

Hq
c pX,Fq � 0, @q ¡ p.

(d) For any resolution
0 Ñ F Ñ S0 Ñ S1 Ñ � � � Ñ Sr�1 Ñ Sr Ñ 0

where S0, � � � , Sr�1 are c-soft, then Sr is c-soft as well.
(e) Every point x P X has an open neighborhood Vx such that Hr�1

c pU,Fq � 0, for all open subsets
U ãÑ Vx.

Proposition 2.26. Assume X is a locally compact space. Then the following statements are equiva-
lent.
(a)

dimflabby F ¤ r.
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(b) For every closed set S � X we have

Hr�1
S pX,Fq � 0.

(c) For every closed set S � X we have

Hr�1
S pFq � 0 P ShRpXq.

There are some relations between these notions of dimensions. We state them under a simplifying
assumption on the topological space X .

Proposition 2.27. AssumeX is a subset of an Euclidean space and F P ShRpXq. Then the following
hold

(a)

dimflabby F ¤ dimsoft F ¤ dimflabby F � 1.

(b) If R is a regular ring4 of dimension p then

dimflabbyX ¤ diminj X ¤ dimsoftX � p� 1.

In particular, if R � C we have p � 0 and

dimflabbyX ¤ diminj X ¤ dimsoftX � 1.

Example 2.28 (The bi-functor RHom and
L
b). Fix a Noetherian commutative ring with 1. For any

injective sheaf S P ShR the functor

ShRpXqop Ñ ShRpXq, F ÞÑ HompF, Sq

is exact and thus we obtain a derived functor

D�pShRXqop �D�pShRXq Ñ D�pShRXq, pf
,G
q ÞÑ RHompF
,G
q.

Every sheaf admits a resolution by a bounded from above complex of flat sheaves. We obtain in this
fashion a (left) derived bi-functor

L
b : D�pShRXq �D�pShRXq Ñ D�pShRXq, pF
,G
q ÞÑ F
 L

bR G
.

For any F,G P D�pShRq and any S P D�pShRXq we have the adjunction isomorphism

RHompF
L
bG, Sq � RHom

�
F, RHompG, Sq

�
. (2.16)

When F, g are sheaves (i.e. complexes of sheaves concentrated in dimension 0 then we set

Ext
pF,Gq :� RHom
pF,Gq.

[\

4 This means that all its local rings are regular of dimension p.



THE DERIVED CATEGORY OF SHEAVES AND THE POINCARÉ-VERDIER DUALITY 31

3. THE DERIVED FUNCTOR Rf!

Fix a commutative noetherian ring R with 1. For every topological space T and � P tb,�,�u we
set

D�pRTq :� D�pShRpTqq.

Suppose f : X Ñ S is a continuous map between locally compact spaces. Then the full subcategory
of ShRpXq consisting of c-soft sheaves is adapted to the functor

f! : ShRpXq Ñ ShRpSq.

In particular we have a derived functor

Rf! : D�pRXq Ñ D�pRSq

We list below some of its most frequently used properties. For proofs we refer to [7, 8].
For every sheaf F on X , j P Z, and every s P S we have a natural isomorphism

pRjf!Fqs :� HjpRf!Fqs � Hj
c pf

�1psq,Fq, (3.1)

where HjpRf!Fq denote the cohomology sheaves of the complexRf!F. This shows that we can view

Rf! as a sort of integration-along-fibers functor. Observe that if X f
ÝÑ S

g
ÝÑ T then we have a

natural isomorphism
Rpg � fq! � Rg! �Rf!.

To formulate the other natural properties of Rf! we need to discuss Cartesian diagrams.
Suppose f : X Ñ S and g : Y Ñ S are two continuous maps of finite dimensional, locally

compact spaces. We set

X �S Y :�
!
px, yq P X � Y ; fpxq � gpyq

)
.

A Cartesian diagram associated to f and g is a diagram of the form

X �S Y Y

X S

w
πY

u

πX

u

g

w
f

Example 3.1. Here are a few interesting examples of cartesian diagrams. Given a continuous map

(a) If g : X Ñ S is a locally trivial fibration then X �S Y Ñ X is the pull back of X g
ÝÑ S via f .

(b) S � tptu and f : X Ñ S and g : Y Ñ S are the constant maps then X �S Y coincides with the
Cartesian product of X and Y .
(c) Suppose f : X Ñ S is continuous, Y :� tsu � S and g is the inclusion tsu ãÑ S Then

X �S Y � f�1pfpxqq

and the corresponding Cartesian diagram is

f�1psq tsu

X S

w
f

z

u

js

z

u

i

w
f
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where js denotes the inclusion of the fiber

f�1psq ãÑ X.

(d) If f : X Ñ S and g : Y Ñ S are inclusions of subsets X,Y � S then X �S Y � X X Y .
[\

Proposition 3.2 (Base Change Formula). Given a Cartesian diagram

X �S Y Y

X S

w
πY

u

πX

u

g

w
f

we have a natural isomorphism of functors D�pRY q Ñ D�pRXq

f�1Rg! � RpπXq!π
�1
Y .

and a natural isomorphism of functors D�pRXq Ñ D�pRY q

g�1Rf! � RpπY q!π
�1
X .

Observe that the base change formula coupled with Example 3.1(b) implies (3.1).
The key fact behind the base change formula is the following.

Lemma 3.3. Given a Cartesian diagram

X �S Y Y

X S

w
πY

u

πX

u

g

w
f

we have a natural isomorphism of functors ShRpY qÝÑShRpY q

g�1 � f! � pπY q! � π
�1
X . (3.2)

Proof First we construct a natural morphism

f! � pπXq� Ñ g� � pπY q!. (3.3)

Let G P ShRpX �S Y q and V an open subset of S. Then

f! � pπXq�GpV q � Γf pf�1pV q, pπXq�Gq

where we recall that Γf signifies sections with compact vertical (with respect to f ) support. Next
observe that

π�1
X pf�1pV qq �

 
px, yq P X � Y ; fpxq � gpyq P V

(
� π�1

Y pg�1pV qq � X �V Y.

Thus u P f! � pπXq�GpV q if and only if u P ΓpX �V Y,Gq and there exists T � X proper over S
such that

suppu � π�1
X pT q.
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Then
πY : suppuÑ Y

is proper and u defines a section of g� � pπY q!.

Remark 3.4. There may not exist a natural morphism g� � pπY q! Ñ f! � pπXq�. As an example
suppose S � R, X � p0, 2q, Y � r1, 2q and f, g are the canonical inclusions. Then X �S Y �
X X Y � Y � r1, 2q so that the map πX is tautologically proper. Let G be the constant sheaf R over
X X Y . Then the constat section 1 P ΓpX X Y,Rq is proper over Y � X X Y . However, there is no
subset C of X proper over S (i.e. a closed subset of R contained in X such that X X Y � C. Thus
this section defines a section of g� � pπY q! but does not define a section of f! � pπXq�. [\

To construct the morphism (3.2) we observe that since g� is the right adjoint of g�1 we have

Hompg�1 � f!, pπY q! � π
�1
X q � Hompf!, g�pπY q! � π

�1
X q

Using the morphism (3.3) we obtain a morphism

Hompf!, g�pπY q! � π
�1
X q ÐÝ Hompf!, f! � pπXq�π

�1
X q

The natural morphism I Ñ pπXq�π
�1
X defines a canonical morphism in

f! Ñ f! � pπXq�π
�1
X

which via the above chain of morphisms defines a canonical morphism

g�1 � f! Ñ pπY q! � π
�1
X .

We claim that this is an isomorphism. Let S P ShRpXq and y P Y . Then

pg�1 � f!Sqy � pf!Sqgpyq � Γcpf�1pgpyqq, Sq.

The map πX induces a homeomorphism

π�1
Y pyq Ñ f�1pgpyqq.

and an isomorphism

Γcpf�1pgpyqq, Sq
�
ÝÑ Γcpπ�1

Y pyq, π�1
X Sq � ppπY q!π

�1
X Sqy

[\

The functor Rf! interacts nicely with the functors RHom and
L
b. For several reasons listed below

we need to make some additional assumptions on the maps X f
ÝÑ S.


 We need to make sure the derived functor
L
b is defined. Thus we need to require that each bounded

(resp. from above) complex on X and S has resolution by a bounded (resp. from above) complex of

flat sheaves. This is the case if both spaces X and S have finite dimension. In this case
L
b is defined

on D� �D�.

 The functor RHom is defined on D �D�. Thus the common domain of definition of RHom and
L
b is D� �Db.

To summarize, in the sequel we will assume that all space are admissible, i.e they are locally
compact and finite dimensional. Will regard Rf! as a functor

Rf! : DbpRXq Ñ DbpRSq.
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Proposition 3.5 (Projection Formula). Suppose f : X Ñ S is a continuous between admissible
spaces. Then we have an isomorphism

pRf!F

q

L
bR G
 � Rf!pF


 L
bR f

�1G
q

natural in F
 P DbpRXq and G
 P DbpRSq.

Let us describe the key fact behind the projection formula. Given a sheaf F P ShRpXq and a flat
sheaf G P ShRpSq there exists a canonical isomorphism

f!pFq bR G Ñ f!pF bR f
�1pGqq

induced by a morphism
f�pFq bR G Ñ f�pF bR f

�1pGqq.

Put it differently, the above morphism is some canonical element

Hompf�pFq b G, f�pF b f�1pGqq

where for simplicity we omitted any reference of the ring R. This element is the image of IFbf�1G

via the the following sequence of morphisms

I P HomXpF b f�1G,F b f�1Gq

(use the adjunction morphism pf�1f�qF Ñ F)

Ñ HomX

�
pf�1f�Fq b f�1G,F b f�1G

�
�
ÝÑ Hom

�
f�1pf�F b Gq,F b f�1G

�
(use the fact that f� is the right adjoint of f�1)

�
ÝÑ Hom

�
f�F b G, f�pF b f�1Gq

�
.

At stalk level this map can be described as follows. Given s P S we have

f!pFqs b Gs
�
ÝÑ Γc

�
f�1psq,F |f�1psq

�
b Gs

τ
ÝÑ Γc

�
f�1psq,F |f�1psq bGs

�
�
ÝÑ f!pF b f�1Gqs

The tautological morphism τ is an isomorphism when G is flat. This follows from the following fact,
[8, Lemma 2.5.12].

Lemma 3.6. Suppose R is a commutative ring with 1 andM is a flat R-module. Suppose F is a sheaf
of R-modules over the locally compact space X . Then there exists a canonical isomorphism

ΓcpX,Fq bMÝÑΓcpX,F bMq.

In particular, if F is c-soft then so is F bM .

Proposition 3.7 (Künneth Formula). Given a Cartesian diagram of admissible spaces and continuous
maps

X �S Y Y

X S

w
πY

u

πX

\
\
\
\\]
δ

u

g

w
f

,
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where δ � fπX � gπY . We have a isomorphism

Rδ!pπ
�1
X F

L
bπ�1

Y Gq � Rf!F
L
bRg!G. (3.4)

natural in F P DbpRXq and G P DbpRY q.

Proof Using the projection formula we deduce

pRπXq!
�
π�1
X F

L
bπ�1

Y G
�
� F

L
bpRπXq!π

�1
Y G

Using the base change formula we deduce

pRπXq!π
�1
Y G � f�1Rg!G

so that

pRπXq!
�
π�1
X F

L
bπ�1

Y G
�
� F

L
b f�1Rg!G.

Using the projection formula once again we deduce

Rδ!

�
π�1
X F

L
bπ�1

Y G
�
� Rf!pRπXq!

�
π�1
X F

L
bπ�1

Y G
�
� Rf!F

L
bRg!G.

[\

Künneth formula together with Proposition 2.25 implies that the product of two finite dimensional
spaces is a finite dimensional space.

Corollary 3.8. Given two admissible spaces X,Y we denote by πY the natural projection

πY : X � Y � Y.

Then for any Noetherian ring R we have an isomorphism in D�pRXq

pRπY q!R � c�1
Y RΓcpX,Rq

In particular, the higher derived sheaves of pRπY q!R are constant on Y .

Proof Consider the Cartesian diagram

X � Y X

Y pt

w
πX

u

πY

u

cX

w
cY

The base change formula implies

pRπY q!R � RpπY q!π
�1
X R � c�1

Y pcXq!R � c�1
Y RΓcpX,Rq.

[\
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4. LIMITS

We would like to survey and generalize the classical concepts of inductive/projective limits. We
start with the classical notions.

Suppose pI, q is an ordered set. We identify I with a category, where we have an object Oi for
each i P I and a exactly one morphism Oi Ñ Oj for each i   j. If C is a category, then an inductive
family in C parametrized by I is a functor

X : I Ñ C, i ÞÑ Xi, i   j ÞÑ φji : Xi Ñ Xj .

A projective family in C is then a functor

Y : Iop Ñ C, i ÞÑ Yi, i   j ÞÑ ψij : Yj Ñ Yi.

Definition 4.1. (a) Suppose pXi, φjiq is an inductive family of objects in a category C. We say that

X � limÝÑ
I

Xi

if there exists a collection of morphisms φi : Xi Ñ X satisfying the following conditions.

(a1) For every i   j we have a commutative diagram

Xi Xj

X

[
[]

φi

w
φji

�
�� φj

ðñ φi � φjφji.

(a2) For every family of morphisms Xi
fiÝÑ Y such that

Xi Xj

Y

[
[]

fi

w
φji

�
�� fj

ðñ fjφji � fi

there exists a morphism f : X Ñ Y such that the diagram below is commutative

Xi Xj

X

Y

4
4
4
4
4
4
446

fi

[
[
[]
φi

w
φji

h
h
h
h
h
h
hhk

fj

�
�
��

φj

u
f

ðñ fφi � fi, @i.

(b) Suppose pYi, ψijq is a projective system in C. The definition of Y � limÐÝI Yi is obtained from the
definition of limÝÑ by reversing all the arrows.

(c) Suppose pXi, φjiq is an inductive family of objects in a category C. We say that

LimÝÝÑI
Xi � X

if there exists a collection of morphisms φi : Xi Ñ X satisfying (a1), (a2) and there exists i0 P I and
a morphism e0 : X Ñ Xi0 such that

φi0 � e0 � 1X
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and for every i there exists j ¡ i, i0 such that the diagram below is commutative

.

Xj Xi0

Xi X

u
φji0

u

φji

w
φi

u

e0 ðñ φji � φji0e0φi.

(4.1)
(d) The definition of LimÐÝÝ is the same but with all the arrows reversed. [\

Remark 4.2 (Mnemonic device). limÝÑ produces an initial object while limÐÝ produces a terminal object.
[\

Example 4.3. If I is equipped with the trivial order relation, i.e. not two different elements in I are
comparable then

limÝÑ
I

Xi �
à
iPI

Xi

and
limÐÝ
Iop

Yi �
¹
iPI

Yi.

[\

Example 4.4. Suppose pAn, φnmqn¥m¥0 is an inductive sequence of R-modules, R-commutative
ring with 1, such that LimÝÝÑn

An exists. We denote this limit by A. In particular

A � limÝÑ
n

An �
à
n

An{∆φ, ∆φ �
¸
i¤j

∆ij ,

where
∆ij �

!
pc1, � � � , ck, � � � q P

à
n

An, an � 0, @n � i, j, aj � �φjipaiq
)
.

For example

∆12 �
!
pa,�φ12paq, 0, 0 � � � q; a P A1

)
etc.

and we have

pa1, a2, � � � , an, 0, � � � q � pa1, a2, � � � , an, 0, � � � q � pa1,�φ21pa1q, 0 � � � q � � � �

�
�

0, � � � , 0looomooon
n�1

, an � φn1pa1q � � � � � φn,n�1pan�1q, 0, � � �
�
P limÝÑ

n

An.

Since A � LimÝÝÑn
An there exists s0 : A Ñ A0 such that φ0s0 � 1A, and for any k ¥ 0 there exists

n � nk ¥ k such that the diagram below is commutative

Ak
φk //

φnk
��

A

s0
��sn}}

An A0.
φn0

oo

Note that φnsn � φnφn0s0 � φ0s0 � 1A so that sn must be 1� 1. This shows in particular that

kerpA0
φn0ÝÑ Anq � kerpA0

φ0ÝÑ Aq.
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In other words the increasing sequence of submodules kerpA0
φn0ÝÑ Anq stabilizes. We can visualize

this condition in a different way. Form

Ān � An{ kerpAn Ñ limÝÑ
n

Anq.

the morphisms φnm induce monomorphisms

φ̄nm : Ām Ñ Ām

and ¤
n

Ān � limÝÑ
n

Ān � limÝÑ
n

An � A.

If limÝÑn
An � LimÝÝÑn

An then the ascending chain pĀ1 � Ā2 � � � � q stabilizes. This happens automat-
ically if An are modules over a Noetherian ring R and A � limÝÑAn is a finitely generated R-module.
Conversely, if the limit A � limÝÑn

An is a finitely generated projective module over the Noetherian
ring R then

A � limÝÑ
n

An � LimÝÝÑn
An

For example if A is a sheaf of Abelian groups on a metric space X and An � ΓpB2�npxq,Aq then

limÝÑ
n

An � Ax

then LimÝÝÑn
An � Ax iff and only there exists a natural method of extending a germ f P Ax to the ball

B1pxq. Moreover the sections of the sheaf satisfy a weak form of the unique continuation principle:
there exists r0 ¡ 0 such that if the germ at x of f P ΓpB1pxq,Aq is zero then the restriction of f to
Br0pxq must be trivial. [\

Definition 4.5. Suppose pAn, ψmnqn¥m¥0 is a projective system. We say that it satisfies the Mittag-
Leffler condition if for every k ¥ 0 there exists mk ¥ k such that the morphisms

ψkm : Am Ñ Ak

have the same image for all m ¥ mk. We will refer to the projective systems satisfying the Mittag-
Lefler condition as Mittag-Leffler systems. [\

Example 4.6. Suppose pAnqn¥0 is a projective sequence of Abelian groups, i.e. for every n ¡ 0 we

are given a morphism An
ψn
ÝÑ An�1 and for n ¡ m we denote by ψmn the composition

ψmn : An
ψm
ÝÑ Am�1 Ñ � � �

ψn�1
ÝÑ An.

Suppose
A � LimÐÝÝnAn.

Then
A � limÐÝ

n

An �
!
~a � pa0, a1, � � � , q P

¹
An; ai � ψijpajq, @j ¡ i

)
.

The natural projections πn : AÑ An lie in commutative diagrams

A

πn
��

πm

""E
EEEEEEE

An
ψmn
// Am.
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Additionally, there exists ρ0 : A0 Ñ A such that ρ0π0 � 1A such that, for every m ¥ 0 there exists
n � nm ¡ m for which the diagram below is commutative

An
ψ0n //

ψmn
��

ρn

!!

A0

ρ0

����
Am A.πm
oo

(4.2)

We set ρn � ρ0 � ψ0n : An Ñ A. If we choose m � 0 in the above diagram and we set B0 �
ψ0n0pAn0q � A0 we obtain a commutative diagram

An0

ψ0n0 ����

ρn0

!!C
CC

CC
CC

C

B0 A.π0

oo

We deduce that π0 is onto B0 and its inverse is ρ0. ρ0 is thus an isomorphism

ρ0 : B0 Ñ A, B0 Q b0 ÞÑ pb0, t1pb0q, � � � , tnpb0q, � � � q P A

tm : B0 Ñ Am, t0 � 1B0 , tm � ψmntn, @m ¤ n.

We conclude that

ψ0n � tn � 1B0 ùñ ψ0npAnq � B0 � ψ0n0pAn0q, @n ¥ 0.

In other words, the decreasing sequence of subgroups Im pAn
φ0nÝÑ A0q stabilizes.

Now observe that

ρm � πm � ρ0 � ψ0m � πmloooomoooon
π0

� 1A.

We can now play the same game with 0 replaced by m and n0 replaced by nm. We denote by Bm the
image of ψmnm : Anm Ñ Am. Using the diagram (4.2) we deduce in a similar fashion that

ψmnpAnq � Bm, @n ¥ m.

This shows that pAn, ψmnq is a Mittag-Leffler system.
[\

Let N :� Z¥0 and denote by HompNop,Abq the category of projective systems of Abelian groups.
This is an Abelian category and limÐÝ defines an additive covariant functor

limÐÝ : HompNop,Abq Ñ Ab .

Let us observe that for every Abelian group G we have

limÐÝ
n

HompG,Anq � HompG, limÐÝ
n

Anq

This is a left exact functor, i.e. transforms injective morphisms into injective morphisms. However it
is not an exact functor.
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Example 4.7. Let R be a principal ideal domain (R � Z,Qrts), and p P R a prime element. Set
An � R, Bn � R{pn Denote by πn the natural projection An Ñ Bn so that we have a commutative
diagram

An � R

p�

��

πn // // Bn � R{pn

����
An�1 � R

πn�1

// // R{pn�1

Observe that limÐÝnR{p
nR is the ring of p-adic integers while limÐÝnAn � 0.

[\

Proposition 4.8. Suppose we are given a short exact sequence of projective sequences of Abelian
groups

0 // An
fn //

αn
��

Bn
gn //

βn
��

Cn //

γn
��

// 0

0 // An�1
fn�1

// Bn�1 gn�1

// Cn�1
// 0

(a) If pAnq and pCnq satisfy the Mittag-Leffler condition then so does pBnq.
(b) If pBnq satisfies the Mittag-Leffler condition then so does pCnq.
(c) If pAnq satisfies the Mittag-Leffler condition then the sequence

0 Ñ limÐÝ
n

An
f
ÝÑ limÐÝ

n

Bn
g
ÝÑ limÐÝ

n

Cn Ñ 0

is exact.

Proof Diagram chasing and soul searching. [\

Consider a projective sequence of complexes of Abelian groups pA

n, dq so that for every n ¥ 1

we have a commutative diagram

A

n

αn

��

d // A
�1
n

αn
��

A

n�1

d // A
�1
n�1

We get projective sequences Z
pAnq, B
pAnq, H
pAnq. The inverse limit

A

8 :� limÐÝ

n

A

n,

is a complex and the canonical morphisms A

8 Ñ A


n are morphisms of complexes. We get mor-
phisms

φkn : HkpA8q Ñ HkpAnq

and by passing to the limit we obtain morphisms

φk : HkpA8q Ñ limÐÝ
n

HkpAnq.
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Proposition 4.9. Assume that for each k the projective system pAknqn¥0 satisfies the Mittag-Leffler
condition. Then the following hold.

(a) The morphism φk is surjective for every k.
(b) If for some k the projective system

�
Hk�1pAnq

�
n¥0

satisfies the Mittag-Leffler condition then φk

is bijective.

Proof (a) For every k we have short exact sequences

0 Ñ ZknÝÑAknÝÑBk�1
n Ñ 0, (4.3)

0 Ñ Bk
n Ñ Zkn Ñ HkpAnq Ñ 0. (4.4)

They induce a short sequence

0 Ñ limÐÝ
n

Bk
n Ñ limÐÝ

n

Zkn Ñ limÐÝ
n

HkpAnq Ñ 0. (4.5)

Since pA

nq satisfies ML we deduce from (4.3) and Proposition 4.8(b) that pB


nq satisfies ML so that
the sequence (4.5) is exact.

Now observe that
Zk8 :� kerpAk8

d8ÝÑ Ak�1
8 q � limÐÝ

n

Zkn

and the canonical map
Bk
8 :� Im pAk�1

8
d8ÝÑ Ak8qÝÑ limÐÝ

n

Bk
n

is one-to-one. Hence we have a natural surjection

Zk8{B
k
8 Ñ limÐÝ

n

Zkn{ limÐÝ
n

Bk
n

p4.5q
� limÐÝ

n

HkpAnq.

(b) Using the short exact sequence (4.4) with k replaced by k�1 and using the fact thatBpBk�1
n qn¥0,

pHk�1pAqnqqn¥0 satisfy ML we deduce from Proposition 4.8(a) that pZk�1
n qn¥0 satisfies ML. We

deduce that the sequence

0 Ñ limÐÝ
n

Zk�1
n ÝÑ limÐÝ

n

Akn
d8ÝÑ limÐÝ

n

Bk
n Ñ 0

is exact so that the canonical map

Bk
8 :� limÐÝ

n

Im pAk�1
8

d8ÝÑ Ak8qÝÑ limÐÝ
n

Bk
n

is a bijection.
[\

Proposition 4.10. Let X be a topological space and F P D�pShZpXqq. Consider an increasing
sequence of open subsets pUnqn¥1 and a decreasing sequence of closed subsets. We set

U �
¤
n¥1

Un, Zn �
£
n¥1

Zn.

Then the following hold.

(a) For any j the natural map

φj : Hj
ZpX,Fq Ñ limÐÝ

n

Hj
Zn
pUn,Fq

is surjective.



42 LIVIU I. NICOLAESCU

(b) Assume that for a given j the projective system tHj�1
Zn

pUn,Fqun¥1 satisfies ML Then φj is
bijective.
(c) Suppose now that pXnq is an increasing family of subsets of X satisfying

X �
¤
n

Xn, Xn � IntpXn�1q.

If for some j the projective system tHj�1pXn,Fq satisfies ML then the natural map

HjpX,Fq Ñ limÐÝ
n

HjpXn,Fq

is bijective.

Proof We can assume that F is a complex of flabby sheaves. Denote by E

n the simple complex

associated to the double complex

� � � // ΓpUnzZn,Fj�1q // ΓpUnzZn,Fjq // � � �

� � � // ΓpUn,Fj�1

OO

// ΓpUn,Fjq

OO

// � � �

Then
Hj
Zn
pUn,Fq � HjpE


nq, Hj
ZpU,Fq � HjplimÐÝ

n

Enq.

(a) and (b) follows from Proposition 4.9. Part (c) also follows from Proposition 4.9 using the fact that
the projective system tHj�1pIntXn,Fqun¥1 satisfies ML and

limÐÝ
n

HjpXn,Fq � limÐÝ
n

HjpIntXn,Fq.

[\

It is very easy yet very profitable to enlarge the notion of projective, injective limit. We will achieve
this by replacing the directed index family I in the definition of a projective(inductive) family by a
more general object.

Suppose I,C are categories. Then an I-inductive (resp. I-projective) family in C is a functor
X : I Ñ C (resp. Y : Iop Ñ C). We denote by Ind pI,Cq (resp. Proj pI,Cq) the collection of
inductive (resp. projective) families in C. These collections are categories in a natural fashion.

Suppose C � Set and Y P Proj pI,Setq. We define

limÐÝ
I

Y �
!
pyi; i P Iq P

¹
iPI

Yi; yi � Y pfqyj , @i
f
Ñ j

)
.

We have a natural functor

Const : C Ñ Proj pI,Cq, C Q C ÞÑ ConstC ,

where

ConstCpiq � C, ConstCpfq � 1C , @i
f
Ñ j.

Given Y P Proj pI,Cq and C P C we can identify a morphism

ConstC Ñ Y
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with a collection of maps C ψiÑ Yi such that for every i f
Ñ j we have a commutative diagram

C
ψi

��@
@@

@@
@@

@

ψj
��
Yj

Xpfq
// Yi

Hence
HomProjpConstC , Y q � limÐÝ

I

HomCpC, Yiq.

Define
limÐÝ
I

Y : Cop Ñ Set, C ÞÑ HomProjpConstC , Y q � limÐÝ
I

HomCpC, Yiq.

Similarly, given X P Ind pI,Cq

limÝÑ
I

X : C Ñ Set, C ÞÑ HomIndpX,ConstCq � limÐÝ
I

HomCpXi, Cq.

Definition 4.11. (a) If X : I Ñ C is an inductive family we say that limÝÑI
Xi exists in C if the functor

limÝÑ
I

X : C Ñ Set

is representable, i.e there exists an object X8 P C and bijection

HomCpX8, Cq � HomIndpX,ConstCq � limÐÝ
I

HomCpXi, Cq

natural in C P C.
(b) If Y : Iop Ñ C is a projective limit in C then we say that the limit limÐÝI Yi exists in C if the functor
limÐÝI Y : Cop Ñ Set is representable, i.e. there exists an object Y8 P C and bijections

HomCpC, Y8q � HomProjpConstC , Y q � limÐÝ
I

HomCpC, Yiq,

natural in C P C.

Observe that when I is the category associated to a directed ordered set we obtain the old definitions
of limÝÑ and limÐÝ.

Definition 4.12. A (nonempty) category I is called directed (or filtrant) if it satisfies the following
conditions.

(i) For every i, j P I there exists k P I and morphisms iÑ k and j Ñ k.
(ii) For any morphisms f, g : iÑ j there exists a morphism h : j Ñ k such that

hf � fg.

Suppose I is a directed small category. Consider an inductive family of sets

X : I Ñ Set, i ÞÑ Xi.

Observe that limÝÑI
Xi exists in Set and we have a natural isomorphism

limÝÑ
I

Xi �
§
iPI

Xi{ �, xi � xj ðñ Di
f
Ñ k, j

g
Ñ k : Xpfqxi � Xpgqxj

In the sequel we will work exclusively with directed small categories I so that limÝÑI
exists in Set.
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Suppose we are given a category C, an inductive family X : I Ñ C, and a projective family
Y : Iop Ñ C. We obtain a contravariant functor

” limÝÑ
I

Xi” : Cop Q C ÞÑ limÝÑ
I

HomCpC,Xiq P Set

and a covariant functor

” limÐÝ
I

”Yi : C Q C ÞÑ limÝÑ
I

HomCpYi, Cq.

A functor Cop Ñ Set isomorphic to some ” limÝÑI
Xi” is called an IND-object while a functor C Ñ

Set isomorphic to some ” limÐÝI ”Yi is called a PRO-object.

Remark 4.13. The reason for introducing such concepts is that the homological properties of the
inductive (projective) limit constructions depend only on the IND (resp. PRO) objects they define
(see [11, Exp. 6], [12]). More precisely two inductive families pXiqiPI , pXjqjPJ (resp two projective
families pYiqiPI , pYjqjPJ ) are called essentially equivalent if they define isomorphic IND-objects
(resp. PRO-objects). When working with inductive (projective) families in Abelian categories which
admit arbitrary inductive (projective) limits then essentially equivalent families will have isomorphic
higher derived limits limÝÑ

q (resp. limÐÝ
q).

[\

We would like to understand when an IND-object (resp. a PRO-object) is representable. Differently
put, an inductive (projective) family defines a representable IND-object (resp. PRO-object) when it
is essentially equivalent to a constant family. We consider only the case of ” limÝÑI

Xi”.
Let us first observe that every element φ P limÝÑI

HomCpC,Xiq is described by some morphism

φi : C Ñ Xi.

Two morphisms φi : C Ñ Xi and φj : C Ñ Xj describe the same element if there exists k P I and

morphisms i f
Ñ k, j g

Ñ k such that the diagrams below are commutative

Xk

C

φk
>>}}}}}}}}

φi

// Xi,

f

OO Xk

C

φk
>>}}}}}}}}

φj

// Xj .

g

OO

Suppose there exists an object X8 P C and natural isomorphisms

limÝÑ
I

HomCpC,Xiq � HomCpC,X8q.

If we let C � Xi0 , for some i0 P I we obtain

limÝÑ
I

HomCpXi0 , Xiq � HomCpXi0 , X8q

The morphism 1Xi0
P HomCpXi0 , Xi0q �

�
I HomCpXi0 , Xiq defines an element in

limÝÑI
HomCpXi0 , Xiq and thus a morphism

φi0 P HomCpXi0 , X8q.
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Suppose we have a morphism i0
f
Ñ j0. Then f and 1Xi0 determine the same element in limÝÑI

HomCpXi0 , Xiq.
We have a commutative diagram

limÝÑI
HomCpXj0 , Xiq

f�

��

oo // HomCpXj0 , X8q

f�

��
limÝÑI

HomCpXi0 , Xiq oo // HomCpXi0 , X8q

which implies that

f�pφj0q � φi0 ðñ φi0 � φj0 � f, @i0
f
Ñ j0.

If we take C � X8 we conclude that the element 1X8 P HomCpX8, X8q determines an element

ρ P limÝÑ
I

HomCpX8, Xiq.

This is represented by an element in
�
I HomCpX8, Xiq so that there exists k0 P I and a morphism

ρk0 : X8 Ñ Xk0

which corresponds to 1X8 . Now consider a morphism φj : Xj Ñ X8. We get a commutative
diagram

ρk0 P limÝÑI
HomCpX8, Xiq

φ�j
��

oo // HomCpX8, X8q Q 1X8

φ�j
��

ρk0 � φj P limÝÑI
HomCpXj , Xiq Q 1Xj oo // HomCpXj , X8q Q φj .

This shows that the morphisms ρk0 � φj and 1Xj define the same element in limÝÑI
HomCpXj , Xiq.

Hence, there must exists k ¡ k0, j and morphisms k0
f
Ñ k, j g

Ñ such that

F � ρk0 � φj � g ðñ X8

ρk0 // Xk0

f

��
Xj

φj

OO

g
// Xk.

If we now assume that I is the category associated to a directed ordered set we obtain the following
characterization of the functors Lim. For more details we refer to [8, I.11] or [11, Exp. 6].

Proposition 4.14. Suppose I is a directed ordered set and pAi, φjiqj¡i is an inductive family and
pBi, ψijqj¡i is a projective family in a category C. Then the following hold.

(a) A8 � LimÝÝÑI
Ai iff A8 represents the functor

Cop Q C ÞÑ limÝÑ
I

HomCpC,Aiq P Set.

natural in X P C.
(b) B8 � LimÐÝÝI Bi iff represents the functor

C QÞÑ limÝÑ
I

HomCpBi, Cq � HomCpB8, Xq P Set.

[\
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Proposition 4.15. If F : C Ñ C1 is a functor and

LimÝÝÑI
Xi � X

then
LimÝÝÑI

F pXiq � F pLimÝÝÑI
Xiq � F pXq.

Proof Let ρi � F pφiq : F pXiq Ñ F pXq, ρji � F pφjiq : F pXiq Ñ F pXjq. Suppose we have
and object Z P C1 and morphisms gi : F pXiq Ñ Z such that for every i   j the diagram below is
commutative

F pXiq F pXjq

Z

[
[[]gi

w
ρji

�
���
gj

ðñ gjρji � gi.

We define s0 � F pe0q, g :� gi0s0. We have to show that for every i P I we have a commutative
diagram

F pXiq F pXq

Z

w
ρi

[
[
[
[
[]

gi

u

g ðñ gi � gρi.

Choose j ¡ i, i0 as in (4.1). Then

gi � gjρji, gjρji0 � gi0 .

On the other hand

ρji
p4.1q
� ρji0s0ρi ùñ gi � gjρji0s0ρi � gi0s0ρi � gρi.

[\

Definition 4.16. Suppose A is an Abelian category, C � A is a subcategory (not necessarily Abelian).
We say that an inductive family pXi, φjiqiPI in A is essentially of type C if for every i there exists
j ¡ i such that the morphism φji factorizes through an object in C, i.e. for every i   j there exists an
object Cji in C and morphisms

fji : Xi Ñ Cji, gji : Cji Ñ Xj

such that the diagram below is commutative.

Xi

Cji Xj

[
[
[[]
φji

u
fji

w
gji

For a proof of the following result we refer to [11, Exp. 6, Prop.5.4].
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Proposition 4.17. Suppose pXi, φjiqiPI is an inductive family in A such that LimÝÝÑI
Xi exists. Then

the family pXiq is essentially of type C if and only if the following holds.

There exists an inductive family pCs, ftsqsPS in C such that

LimÝÝÑS
Cs � LimÝÝÑI

Xi.

Example 4.18. Suppose the category C consists of a single object O and a single morphism, 1O. An
inductive family of type C is called an essentially constant family. We see that an essentially constant
family is an inductive family pXi, φjiqiPI for which LimÝÝÑI

X exists. [\

5. COHOMOLOGICALLY CONSTRUCTIBLE SHEAVES

We need a brief algebra interlude. R will denote a Noetherian ring with 1. We assume that A has
finite global dimension, gldimR   8.

In geometric applications it is desirable to associate numerical invariants to various objects in a
derived category of complexes. Clearly this cannot happen without some finiteness assumption. The
perfect complexes are precisely those from which we can extract numerical invariants.

When working with sheaves, it is convenient and necessary to impose certain rigidity assumptions,
much like the requirement of coherence for the sheaves in algebraic geometry. The right notion of
rigidity will be that of constructibility.

Definition 5.1. An object C
 P DbpRModq is called perfect if it is isomorphic (in Db) to a bounded
complex of finitely generated projective R-modules.

We denote by RModf the Abelian category of finitely generatedR-modules and byDbpRModf q
the associated derived category of bounded complexes of finitely generated R-modules.

Proposition 5.2. Every object in DbpRModf q is perfect.

Proof We have to prove that any bounded complex of finitely generated R-modules is quasi-
isomorphic to a bounded complex of finitely generated projective R-modules. The finitely generated
projective modules form a full additive category of the Abelian category of finitely generated R-
modules. Moreover, every finitely generated R-module is the quotient of a finitely generated R-
module. If we choose n ¥ gldimR then we deduce that if

X Ñ Pn�1 Ñ � � � Ñ P1 Ñ P0 ÑM Ñ 0

is an exact sequence with M and X finite and Pi finite projective then we deduce X must be projec-
tive. We can now conclude using [8, Cor. 1.7.8].

[\

We denote by Db
f pRModq the full subcategory of DbpRModq consisting of complexes with

finitely generated cohomology. Clearly DbpRModf q is a full subcategory of Db
f pRModq.

Proposition 5.3. The inclusion

i : DbpRModf q ãÑ Db
f pRModq

is an equivalence of categories. In other words, to every bounded complex with finite cohomology we
can associate in a natural way a quasi-isomorphic bounded complex of finite projective modules. [\
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Proof The category of finitely generated R-modules is a thick Abelian subcategory of RMod
(see [8, §1.7] for a definition of thickness). Observe that for any finitely generated R-module M and
every epimorphism of R-modules f : N Ñ M there exists a finitely generated R-module X and a
morphism g : X Ñ N such that the composition

g � f : X ÑM

is an epimorphism. We can now apply [8, Prop. 1.7.11]5.
[\

Remark 5.4. Putting together the above results we deduce that every bounded complex with finitely
generated cohomology is quasi-isomorphic to a perfect complex, i.e. finite length complex of finitely
generated projectives. [\

Given R-modules A, B, C we have natural morphisms

adj : HomRpAbB,Cq Ñ HomRpA,HompB,Cqq,

HomRpAbB,Cq Q T ÞÑ adjT P HomRpA,HompB,Cqq, adjT paqpbq � T pab bq.

and
ev : HomRpA,Bq bR C Ñ HomRpA,B bR Cq,

HomRpA,Bq bR C Q T b c ÞÑ evT P HomRpA,B bR Cq, evT paq � T paq b c.

The first morphism is an isomorphism and it shows that the functor HompB,�q is the right adjoint
of the functor bRB. The second morphism is in general not an isomorphism. For example, if we
take B � R so that HompA,Bq � HompA,Rq �: A� then the image of ev consists of morphisms
AÑ C with finitely generated image. Still, there is a more subtle obstruction. We have the following
result, [1, §1, Thm. 1].

Proposition 5.5. The following are equivalent.

(a) The R-module C is flat.
(b) ev : HomRpA,Bq bR C Ñ HomRpA,B bR Cq is an isomorphism for any finitely presented
R-module A and any R-module B.
(c) The natural morphism A� b C Ñ HomRpA,Cq is an isomorphism for any finitely presented
R-module A.

Any finitely generated projective module over a Noetherian ring is automatically finitely presented.
We deduce that for a flat module F and a finitely generated projective module we have an isomor-
phism

P � b F � HompP, F q.
Note that for every R-module M have a tautological morphism

JM : M ÑM��

which corresponds to the tautological linear map

M bM� Ñ R, mbm� ÞÑ m�pmq,

via the adjunction isomorphism

HompM bM�, Rq Ñ HompM,HompM�, Rqq.

5We are actually using the dual statement, with all arrows reversed, and monomorphisms replaced by epimorphisms
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Observe that if any morphism of modules M f
ÝÑ N induces a morphism f�� : M�� Ñ N�� and the

diagram

M M��

N N��

w
JM

u

f

u

f��

w
JN

Proposition 5.6. AssumeR is Noetherian with 1. Suppose P is a finitely generated projective module.
Then the tautological morphism

J : P Ñ P ��

is an isomorphism.

Proof We have a short exact sequence

0 Ñ K Ñ Rn
π
ÝÑ P Ñ 0.

Since P is projective the sequence is split. Fix a section s : P Ñ Rn, π � s � 1P . Using the
tautological identifications R� � R and

pRnq� �
�
`nj�1R

	n
�

n¹
j�1

R� � `nj�1R
�

we get a split exact sequence

0 Ñ K�� Ñ pRnq�� Ñ P �� Ñ 0

and a commutative diagram

0 // K

JK
��

// Rn

JR
��

π //
P

JP
��

s
oo // 0

0 // K // Rn
π�� //

P
s��
oo // 0

Since π�� is onto we deduce JP is onto. On the other hand

s��JP � JRs.

and since JRs is one-to-one we deduce that JP is one-to-one.
[\

Proposition 5.7 (Special adjunction formula). 6 Suppose R is a Noetherian ring with 1 such that
gldimR   8. Then we have a natural isomorphism

RHompA
, B
q
L
bC
 � RHompA
,RHompB
, C
qq (5.1)

which is natural in A
, B
 P Db
f pRModq, C
 P DbpRModq.

Proof This is clearly true for A
, B
 P DbpRModf q, C P DbpRModq. Next use the equivalence
of categories

DbpRModf q ãÑ Db
f pRModq.

[\

6”Formule d’adjonction cher à Cartan”
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Definition 5.8. Suppose X is a locally compact space of finite soft dimension and R is a Noetherian
ring of finite global dimension. An object F P DbpShRpXqq is called cohomologically constructible
(c.c. for brevity) if for any point x P X the following conditions are satisfied.
(a) LimÝÝÑUQx

RΓpU,Fq and LimÐÝÝUXxRΓcpU,Fq exist and the canonical maps

LimÝÝÑUQx
RΓpU,Fq Ñ Fx, (5.2a)

RΓtxupX,Fq Ñ LimÐÝÝUQxRΓcpU,Fq (5.2b)

are isomorphisms (in the derived category).
(b) The complexes Fx and RΓtxupX,Fq are perfect.

The cohomologically constructible complexes form a full subcategory of DbpShRpXqq which we
denote by DccpShRpXqq.

Remark 5.9. Observe that condition (a) can be rephrased as saying that for every x P X the inductive
system  

RΓpU,Fq; U neighborhood of x
(

and the projective system  
RΓcpU,Fq; U neighborhood of x

(
are essentially constant and

limÝÑ
UQx

RΓpU,Fq � Fx, limÐÝ
UQx

RΓcpU,Fq � RΓtxupX,Fq.

The constructibility condition has some obvious co-homological consequences. It implies for exam-
ple that the inductive system  

H
pU,Fq; U neighborhood of x
(

and the projective system  
H

KpX,Fq; K compact neighborhood of x

(
are essentially constant in RMod, and

limÝÑ
UQx

H
pU,Fq � H
pFxq P RModf , limÐÝ
KQx

H

KpX,Fq � H


txupX,Fq P RModf .

Often all one needs in applications are these cohomological statements (see [2, Chap. V], [11, Exp.
8, 9] for more details). In particular, in [2, Chap. V,§3] it is shown that if

H
pFxq, H

txupX,Fq P RModf

then the condition
limÐÝ
KQx

H

KpX,Fq � HtxupX,Fq

implies
limÝÑ
UQx

H
pU,Fq � H
pFxq.

[\

We will discuss later on how to produce a large supply of c.c. complexes of sheaves.
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6. DUALITY WITH COEFFICIENTS IN A FIELD. THE ABSOLUTE CASE

Suppose K is a field and X is a locally compact space. For every K-vector space E we denote by
Ev its dual

Ev :� HomKpE,Kq.
Suppose S is a sheaf K-vector spaces on X . The inclusion j : V ãÑ U of two open sets induces an
“extension by zero” map

j! : ΓcpV, Sq Ñ ΓcpU, sq
and by duality a map

jv! : ΓcpU, Sqv Ñ ΓcpV, Sqv.
We obtain a presheaf Sv by setting

ΓpU, Svq :� ΓcpU, Sqv.

Remark 6.1 (Food for thought). The presheaf Sv should not be confused with the presheaf HompS,Kq.
Suppose K � R and S is the constant sheaf R on a compact smooth manifold X . Then HompS,Kq �
R. On the other hand Sv � 0 since ΓcpV,Rq � 0 for every open ball V ãÑ X .

As a different type of example consider X � R. For each open set U � R denote by Ω1 the sheaf
of 1-forms on U .

Let U � p�1, 1q and set η � 1
1�x2dx. The segment I :� p�1, 1q can be viewed as a linear

functional Ω1
cpUq Ñ R by

Ω1
cpUq Q ϕ ÞÑ pϕq :�

»
I
ϕ.

Although the linear functional
³
I : Ω1

cpUq Ñ R admits many extensions to a linear functional
Ω1pUq Ñ R, the “natural choice” is not defined for the 1-form η.

[\

Proposition 6.2. If S is a c-soft sheaf on the locally compact space X then the presheaf Sv is a sheaf.

Proof Suppose U, V are two open subsets of X . Applying the functor Γc to the Mayer-Vietoris
sequence (2.12a) we obtain an exact sequence

0 Ñ ΓcpU X V, Sq Ñ ΓcpU, Sq ` ΓcpV, Sq Ñ ΓcpU Y V, Sq Ñ H1
c pU X V, Sq.

Since the restriction to an open set of a c-soft sheaf is also c-soft we deduce H1
c pU X V, Sq � 0 so

that we have a short exact sequence

0 Ñ ΓcpU X V, Sq Ñ ΓcpU, Sq ` ΓcpV, Sq Ñ ΓcpU Y V, Sq Ñ 0.

Applying HomKp�,Kq to this sequence we obtain an exact sequence

0 Ñ ΓpU Y V, Svq Ñ ΓpU, Svq ` ΓpV, Svq Ñ ΓpU X V, Svq. (6.1)

This shows that given two sections sU P ΓpU, Svq and sV P ΓpV, Svqwhich agree on the overlap there
exists a unique section sUYV P ΓcpU Y V, Svq which extends both sU and sV .

Consider now a directed family U of open subsets of X , i.e. for any U, V P U, there exists W P U

such that W � U Y V . Denote by O the union of all open sets in U. We see immediately from the
compactness of supports that

ΓcpO, Sq � limÝÑ
UPU

ΓcpU, Sq.

Using the natural isomorphisms

HomKp limÝÑ
UPU

ΓcpU, Sq,Kq � limÐÝ
UPU

HomKpΓcpU, Sq,Kq � limÐÝ
UPU

ΓpU, Svq
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We deduce that given a directed family sU P HomKpΓcpU, Sq,Kq � ΓcpU, Svq, U P U (i.e. a family
satisfying sU |ΓcpV,Sq� sV , @U � V ) there exists a unique sO : ΓcpO, Sq Ñ K such that

sO |ΓcpU,Sq� sU , @U P U.

Given an arbitrary open cover V of an open subset O � X we can enlarge it to the directed cover
Ṽ of O consisting of all the finite union of members of V. A family of sections tsV ; V P Vu which
agree on the overlaps, extends using (6.1) to a directed family of sections tsU ; U P Ṽuwhich defines
a unique section sO P ΓpO, Svq. This implies that Sv defines a sheaf.

[\

Proposition 6.3. Suppose X is a finite dimensional locally compact space. Then for every c-soft
sheaf S P ShKpXq and any F P ShKpXq the sheaf SbK F is c-soft.

Proof The proof is carried in two steps. First we notice that if j : U Ñ X denotes the inclusion of
an open set then we have a natural isomorphism

Sb j!pUKq � j!j
�1S � SU .

Next we construct a resolution of F

� � � Ñ Pr Ñ � � � Ñ P1 Ñ P0 Ñ F Ñ 0,

where each Pj is a direct sum of sheaves of the form KU , U
j
ãÑ X open. Since we are working with

sheaves of K-vector spaces the functor

ShKpXq
SbKÝÑ ShKpXq

is exact and thus we get another resolution

� � � Ñ Sb Pr
drÑ � � � Ñ Sb P1

d1Ñ Sb P0
d0Ñ Sb F Ñ 0,

In particular we get a resolution of ker dr

0 Ñ ker dr Ñ Sb Pr�1 Ñ � � � Ñ Sb P1 Ñ Sb P0
d0Ñ Sb F Ñ 0

where Sb Pj are c-soft for any 0 ¤ j   r. If r ¡ dimsX we deduce F b S is c-soft.
[\

Proposition 6.4. Let X be a finite dimensional locally compact space and S a c-soft sheaf. Then
there is an isomorphism of functors

ShKpXq Q F Ñ ΓcpX,F b Sqv P VectK

and
ShKpXq Q F Ñ HompF, Svq P VectK .

In other words, the functor

ShKpXq
op Q F Ñ ΓcpX,F b Sqv P VectK

is represented by the sheaf Sv.

Idea of proof First we need to define the morphism of functors. In other words, for any sheaf F we
need to construct linear map

TF : ΓcpX,F b Sqv Ñ HompF, Svq.

Equivalently, this means that we have to associate to each open set U ãÑ X a linear map

TF,U : ΓcpX,F b SqvÝÑHomKpΓpU,F q,ΓcpU, Sqvq.
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which is compatible with the restriction maps. Given a linear functional

L : ΓcpX,F b Sq Ñ K,
we define

LU : ΓpU,Fq Ñ ΓcpU, Sqv

as follows. For fU P ΓpU,Fq and sU P ΓcpU, Sq we have fU b sU P ΓcpU,F b Sq � ΓcpX,F b Sq
and we set

xLU pfU q, sUy � xL, pfU b sU qy,

where x�,�y denotes the natural pairing between a vector space and its dual.
We observe first that TF is an isomorphism when F is a sheaf of the form KU , U ãÑ X open

subset. In general, any K-sheaf F admits a presentation of the form

RÑ GÑ F � 0

where G and R are direct sums of sheaves of the form KU . The two functors are left exact and we
conclude using the five-lemma.

[\

Remark 6.5. Proposition 6.4 result is the heart of the Verdier duality. When the space X is a point it
coincides with the adjunction formula

pU bK V
vqv � HomKpU, V q,

for every K-vector spaces U and V . [\

Corollary 6.6. If X and S are as in Proposition 6.4 then the sheaf Sv is injective.

Proof We have to show that the functor

ShKpXq Q F ÞÑ HompF, Svq � ΓcpX,F b Sqv

is exact.
Indeed, suppose we are given a short exact sequence of sheaves

0 Ñ F1 Ñ F Ñ F2 Ñ 0

Since we work with sheaves of vector spaces we get a short exact sequence of c-soft sheaves

0 Ñ F1 b S Ñ F b S Ñ F2 b S Ñ 0

The conclusion follows from the fact that the c-soft sheaves are Γc-injective objects.
[\

LetX denote a locally compact space of finite dimension and let K denote a fixed field. We denote
by D�

KpXq the derived category of bounded from below complexes of sheaves of K-vector spaces.
We denote by D�

KpIXq subcategory of K�pShKXq of complexes of injective sheaves. We know
that D�

KpIXq is equivalent to the derived category D�
KpXq. When X � � is the space consisting of

a single vector space then D�
Kp�q is equivalent to the category of bounded from below complexes of

K-vector spaces with trivial differentials.
To every object I
 P D�

KpIXq we associate the vector space

rΓcpX, I
q,Ks � rΓcpX, I
q, rKss.
We get a (contravariant) functor

D�pIXq
op Ñ VectK, I
 ÞÑ rΓcpX, I
q,Ks.
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We will prove that this functor is representable. More precisely we have the following result.

Theorem 6.7 (Poincaré-Verdier. The absolute case). Suppose X is a finite dimensional, locally com-
pact space. Then there exists D
 P D�

KpIXq and a natural isomorphism of vector spaces

rI
,D
sp� HomD�
K pIXq

pI
,D
qq � rΓcpX, I
q,Ks

as I
 varies through D�pIXq.

Proof Fix a finite soft resolution pS
, dq of KX

0 Ñ K Ñ S0 Ñ � � � Ñ Sn Ñ 0, n � dimX.

Define the complex pSv
, dvq, where

Γ
�
U, pSvqm q � HompΓcpU, S�mq,Kq,

dv � p�1qm�1d� : HompΓcpU, S�mq,Kq Ñ HompΓcpU, S�m�1q,Kq
For every integers p and q we have according to Proposition 6.4 natural isomorphisms

ΓcpX, Ip b Sqqv � HompIp, pSvqqq.

Taking the direct sum over all p� q � �m we obtain a canonical isomorphism of vector spaces!
ΓcpX, I
 b S
 qv

)m
� HommpI
, pSvq
q.

Lemma 6.8. The above isomorphisms induce isomorphisms of complexes

Ψ :
�!

ΓcpX, I
 b S
 qv
)

, δq

�
ÝÑ

�
Hom
pI
, pSvq
q, d

	
.

Proof Suppose L : ΓcpX, Ip b Sq q Ñ K, p� q � �m. We have to show that

ΨδpLq � dΨpLq in Homm�1pI
, pSvq
q.

We have

ΨpLq P HompIp, pSvqqq, dΨpLq � u` v P HompIp�1, pSvqqq `HompIp, pSvqq�1q.

More precisely

dΨpLq � dv
S
 �ΨpLq � p�1qm�1ΨpLq � dI
 � p�1qm�1

�
ΨpLq � dI
 � p�1qpd�S
ΨpLq

	

ΨpδLq � p�1qm�1Ψ
�
L � dI
bS


�
� p�1qm�1

�
Ψ
�
L � pdI
 b 1S
q

�
� p�1qpΨ

�
L � p1I
 b dS
q

�	
.

This proves the desired claim.
[\

From the quasi-isomorphism XK ù S
 we get a quasi-isomorphism I
 ù I
 b S
7 and since
the complexes are c-soft we obtain quasi-isomorphisms

ΓcpX, I
qù ΓcpX, I
 b S
q ùñ ΓcpX, I
qv ø ΓcpX, I
 b S
qv.

Using the isomorphism in Lemma 6.8 we obtain a quasi-isomorphism

Hom
pI
, pSvq
qù ΓcpX, I
qv.

7We are tacitly using the fact that I
 consists of K-flat objects.
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Taking H0 of both sides we obtain an isomorphism

rI
, pSvq
s Ñ rΓcpX, I
q,Ks.
We have obtained the duality theorem with D
 � pSvq
.

[\

The complex D
 is called the dualizing complex. It is a bounded complex of injective objects
uniquely determined up to homotopy. Moreover, the above proof shows that we can choose D
 such
Dp � 0 if p R r�dimX, 0s. The cohomology sheaves HppD
q are uniquely determined up to
isomorphism. We have the following result.

Proposition 6.9. For any integer p, the cohomology sheaf H�ppD
q is the sheaf associated to the
presheaf

U ÞÑ HompHp
c pU,Kq,Kq.

Proof We want to prove that we have an isomorphism

Hp
c pX,Fq

v � H�p HompF,D
q (6.2)

natural in F P ShpXq. To do this, we choose an injective resolution Fù I
. Notice that

Hp
c pX,Fq � HpΓcpX, I
q � H0ΓcpX, Irps
q.

From the duality formula we have

Hp
c pX,Fq

v � rΓcpX, Irps
q,Ks � rIrps
,D
s � rI
,D
r�pss

Using the quasi-isomorphism Fù I
 we deduce from Theorem 1.2 that we have an isomorphism

rI
,D
r�pss � rF,D
r�pss � H�p HompF,D
q.

This concludes the proof of (6.2).
Let us now choose F � KU in (6.2), U ãÑ X open subset. If we denote by i the natural inclusion

then KU � i!i
�1pKq. We deduce

Hp
c pX,KU q � H�p Hompi!i�1K,D
q.

The computations in Example 2.18(a) show that

Hp
c pX,KU q � Hp

c pU,Kq.
Hence

Hp
c pU,Kqv � H�p Hompi!i�1K,D
q

p2.6q
� H�p Hompi�1K, i�1D
q

� H�p HompUK,D
 |U q � H�ppU,D
q.

Since the isomorphism (6.2) is natural in F we deduce that the isomorphism

Hp
c pU,Kqv � H�ppU,D
q

is compatible with the inclusions of open sets.
[\

From now on we will use the notation ωX � ωX,K for the dualizing complex of the finite di-
mensional locally compact space X . We will always assume that ωX is concentrated in dimensions
�dimX, � � � ,�1, 0.

Fix a sheaf F P ShKpXq. We get a left exact functor

HompF,�q : ShKpXq Ñ VectK .
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This is the composition of two functors

HompF,�q : Shk̄pXq Ñ ShKpXq, ΓpX,�q : ShKpXq Ñ VectK .

For any injective sheaf I P ShKpXq the sheaf HompF, Iq is flabby (see [5, Lemme II.7.3.2] or [8,
Prop. 2.4.6]), i.e. ΓpX,�q acyclic.

Thus the derived functor of HompF,�q exists and we have an isomorphism

RHompF,�q � RΓpX,�q �RHompF,�q.

For any (bounded) complex S
 we can compute the HompF,�q-hypercohomology of S
 using the
second hypercohomology spectral sequence whose E2-term is

Ep,q2 � ExtqpF,HppSqq.

If we let S
 � ω
X and we use the dualizing complex ωX we obtain a complex whose E2 term is

Ep,q2 � ExtqpF,HppωXqq

and converges to
Hm HomDbpVectqpΓcpX,Fq,Kq � H�m

c pX,Fqv.

Suppose X is a topological manifold. In this case we deduce that HppωXq � 0 for p � �n. The
sheaf H�npωXq is called the orientation sheaf ofX . It is a locally constant sheaf which we denote by
orX . This sheaf, viewed as a complex concentrated in dimension 0 is quasi-isomorphic to ωXr�ns
so that

ωX � orXrns.

In this case we have

Ep,q2 pXq �

"
ExtqpF,orXq if p � �n

0 if p � �n
.

The spectral sequence degenerates at E2 and we obtain a natural in F isomorphism

Hn�q
c pX,Fqv � H�pq�nq

c pX,Fqv � ExtqpF,orXq. (6.3)

Remark 6.10 (Yoneda’s trace). Using the isomorphism

rωX , ωXs � rΓcpX,ωXq,Ks

we obtain a linear map »
X

: ΓcpX,ωXq Ñ K

corresponding to the identity map 1 P rωX , ωXs. This is called Yoneda’s trace. Let us disect this
construction.

Fix a soft resolution S of K. Then

ωX � Sv � Sb Sv.

Then
rΓcpX,ωXq,Ks � rΓcpX, Sb Svq,Ks

The trace
³
X is uniquely determined by the requirement»

X
ub L � Lpuq, @u P ΓcpX, Sq, L P SvpXq � Hom

�
ΓcpX, Sq,K

�
.

Given
Φ P rI
, ωXs
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we obtain YΦ P rΓcpX, I
q,Ks as the composition

ΓcpX, I
q
Φ
ÝÑ ΓcpX,ωXq

³
XÝÑ K.

The correspondence
rI
, ωXs Q Φ ÞÑ YΦ P rΓcpX, I
q,Ks

is precisely the duality isomorphism.
[\

Example 6.11 (Classical Poincaré duality). Suppose I
 is an injective resolution of the constant sheaf
K. Then

rI
r�ps, ωXs � rI
, ωXrpss � RHompK, ωXrpsq � RΓpX,ωXrpsq.
On the other hand we have

rI
r�ps, ωXs � rΓcpX, I
r�psq,Ks
Passing to (hyper)cohomology (i.e. applying the functor H0) we deduce

H�ppX,ωXq � Hp
c pX,Kqv.

Now suppose X is a manifold so that ωX � orXrns. We deduce the classical Poincaré duality

Hn�ppX,orXq � Hp
c pX,Kqv.

In this case we have an integration map»
X

: ΓcpX,orXrnsq Ñ K.

Every element in Hn�ppX,orXq can be represented as an element of

Φ P
�
I
rps , orXrns

�
�

�
I
 , orXrn� ps

�
.

As explained in Example 1.18 we get a cup product map

ΦY : Hp
c pX,Kq Ñ H0

c pX,orXrnsq, α ÞÑ ΦY α,

and then Yoneda’s map YΦ : Hp
c pX,Kq Ñ K has the form

Hp
c pX,Kq Q α ÞÑ

»
X

ΦY α P K.

Now set p � n� k. The above discussion shows that we have a perfect pairing

HkpX,orXq �Hn�k
c pX,Kq Ñ K, pΦ, αq ÞÑ

»
X

ΦY α.

[\

Example 6.12 (Alexander duality). Suppose Z is a closed subset of an oriented topological manifold
X . From Proposition 2.20 we deduce that for every sheaf F on X we have

Hp
ZpX,Fq � HomDbpShpXqqrKZ ,Frpss.

The shifted dualizing complex ω
Xr�ns is a resolution of K and thus letting F � K

Hp
ZpX,Kq � HomDbpShpXqqrKZ , ωXrp� nss � Hn�p

c pX,KZq
v � Hn�p

c pZ,Kqv.

An element Φ P Hp
ZpX,Kq is represented by a homotopy class of morphisms

Φ : KZrn� ps Ñ ωX
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and we get a cup product map

ΦY : Hn�p
c pZ,Kq � Hn�p

c pX,KZq Ñ H0pX,ωXq.

The isomorphism
Hp
ZpX,Kq � Hn�p

c pZ,Kqv

can be given the Yoneda description

Hp
ZpX,Kq Q Φ ÞÑ

»
X
�ΦY : Hn�p

c pZ,Kq Ñ K.

We deduce that if Z has soft dimension ¤ r then

Hp
ZpX,Kq � 0 ùñ r ¤ p ¤ n.

[\

7. THE GENERAL POINCARÉ-VERDIER DUALITY

The Poincaré-Verdier duality discussed in the previous section has a relative version, which deals
with continuous families of locally compact spaces. In the sequel R will denote a commutative
noetherian ring with 1. We assume gldim R   8. For every locally compact space X we set

HomX :� HomShRpXq, D�pRXq :� D�pShRpXqq,

and by IX � IX,R the full subcategory of ShRpXq consisting of injective sheaves of R-modules.

Theorem 7.1 (Relative Poincaré-Verdier duality). Suppose f : X Ñ S is a continuous map between
two finite dimensional, locally compact spaces. Then there exists a functor of triangulated categories8

f ! : D�pRSq Ñ D�pRXq

and an isomorphism
HomD�pRSqpRf!F , Gq � HomD�pRXqpF , f

!Gq

natural in F P D�pRXq and G P D�pRSq. Briefly, f ! is the right adjoint of Rf!.

To understand the strategy, let us first think naively and forget that F,G are complexes of sheaves
and think of them as genuine sheaves. Then for every open set U � X we have

ΓpU, f !Gq � HompRU , f
!Gq � Hompf!RU ,Gq.

We see a first difficulty: the sheaf f!RU is often trivial so that the above construction would produce
the trivial sheaf. Take for example the canonical projection π : R2 Ñ R, px, yq ÞÑ x. Then for every
x P R and every open set x P V � R the sheaf RU will not have sections on π�1pV q with compact
vertical support. The problem is that the sheaf R is ”too rigid”. We need to ”soften it up”.

Thus we would have to replace R with a soft resolution, R � L which we can think of as an
”approximation of 1”. This operation is very similar to the regularization procedure in analysis. In that
context one chooses a sequence of compactly supported functions pϕnq converging as distributions
to the Dirac δ, which is a unit with respect to the convolution. Then the operators ϕn� approximate
the identity, but their ranges consist of better behaved objects. It would be nice if given any sheaf F

the tensor product F b L is a soft resolution of F. This will not happen but, if we replace F by a soft
resolution F̃ and if by any chance L is also flat then the tensor product F̃ b L would be a resolution
of F. If F̃ b L were soft as well then we have produced our soft approximation of any sheaf. This
heuristic discussion9 may perhaps shed some light on the significance of the following result.

8In particular, f ! commutes with the shift and maps distinguished triangles to distinguished triangles.
9In hindsight all things make perfect sense.
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Lemma 7.2. Suppose K is a flat c-soft sheaf of Abelian groups on X . Then the following hold.
(i) For any sheaf G P ShRpXq the tensor product GbZ K P ShRpXq is c-soft.
(ii) The functor

ShRpXq Q G ÞÑ fK! pGq � f!pGbZ Kq P ShRpSq

is exact.

Proof (i) If G � ZU , U � X open then G bK � KU is c-soft. In general we choose a resolution
of G

� � � Ñ G�j Ñ G�j�1 Ñ � � � Ñ G0 Ñ G Ñ 0,
where each G�j is a direct sum of sheaves of the form ZU , U open. Taking bK we get a resolution

� � � Ñ G�j bK Ñ G�j�1 bK Ñ � � � Ñ G0 bK Ñ GbK Ñ 0,

where each G�j bK is c-soft. The finite dimensionality of X will then force GbK to be soft.
For (ii) observe that bK is exact, and maps sheaves to c-soft sheaves. Next, f! is exact on c-soft

sheaves.
[\

As suggested in the above heuristic discussion functor f! can be ”approximated” by functors of the
type fK! . We will prove that

fK! : ShRpXq Ñ ShRpSq

has a right adjoint. In particular, we have to prove that for every G P ShRpSq the functor

ShRpXq Q F ÞÑ HomSpf
K
! pFq,Gq P Abop

is representable. The next result is the heart of the proof of the duality theorem. It explains when a
contravariant functor form the category of sheaves on a space to the category of Abelian groups is
representable. It is in essence a more sophisticated version of the acyclic models theorem.

Theorem 7.3 (Representability Theorem). Suppose we are given a functor

F : ShRpXq Ñ Abop.

Then F is representable if and only if it is continuous, i.e. it transforms injective limits in ShR to
projective limits in Ab.

Proof The necessity follows from the discussion on limits in §4.
Assume now that F transforms inductive limits to projective limits. For simplicity we take R � Z.

We want to show it is representable. Let us first guess what could be its representative. It has to be a
sheaf G on X such that for any other sheaf F we have a natural isomorphism

HompF,Gq � F pFq.

If we take F � ZU we deduce
GpUq � F pZU q.

For any open sets V � U we have a natural morphism ZV Ñ ZU and thus an induced morphism

|V : F pZU q Ñ F pZV q.
In particular, the correspondence U ÞÝÑ F pZU q is a presheaf which we denote by G. By construction

GpUq � F pZU q.
Let us show that G is in fact a sheaf.

Consider a collection of open sets pUαq and set U �
�
α Uα. Suppose fα P F pZUαq are such that

fα |Uαβ� fβ |Uαβ .
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Observe that we have an exact sequence of sheavesà
α,β

ZUαβÝÑ
à
α

ZUαÝÑZU Ñ 0.

Since F transforms inductive limits into projective limits it will transform direct sums into direct
products, and kernels into cokernels. Hence we obtain a short exact sequence

0 Ñ GpUqÝÑ
¹
α

GpUαqÝÑ
¹
α,β

GpUαβq.

which shows that G is a sheaf.
Next, we need to construct an isomorphism

TF : HompF,Gq Ñ F pFq

functorial in F. Let us explain the strategy. We first construct the isomorphism TF for sheaves F in a
full subcategory M of ShpXq. We will refer to M as the category of models. Next we will show that
every sheaf F can be described as an inductive limit

F � limÝÑ
I

Fi, Fi P M.

Then we use the natural isomorphisms

HompF,Gq � HomplimÝÑ
I

Fi,Gq � limÐÝ
I

HompFi,Gq

� limÐÝ
I

F pFiq � F plimÝÑ
I

Fiq � F pFq.

The models will be the sheaves ZnU , U open, n ¥ 0. We define

TU : HompZnU ,Gq � GpUqn � F pZU qn

to be the tautological isomorphism.
For an arbitrary sheaf F we define a category

Σ � ΣF �
!
pZnU , fU q; U open, fU P HompZnU ,Fq

)
,

where

HomΣ

�
pZnU , fU q, pZmV , fV q

�
�

!
τ P HompZnU ,ZmV q; ZnU

τ //

fU !!C
CC

CC
CC

C
ZnV
fV
��

F

, fV � τ � fU

)
.

For every t � pZnU , fU q P Σ we set Ft � ZnU and

φt :� fU P HompFt,Fq.

Clearly if s � pZmV , fV q P Σ and

τ P HomΣps, tq � HompZmV ,ZnU q

we have a tautological morphism τ : Fs Ñ Ft and a tautological commutative diagram

Fs � ZmV
τ //

φs�fV &&MMMMMMMMMMM
ZnU � Ft

fU�φt
��

F.
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We want to show that
F � limÝÑ

Σ

Fs,

that is, for any sheaf S and any morphisms σs P HompFs, Sq, s P Σ such that

σt � ϕ � σs ðñ Fs
ϕ //

σs
  A

AA
AA

AA
A Ft

σt

��
S

, @ϕ P HomΣps, tq, (7.1)

there exists a unique morphism σ : F Ñ S such that the diagrams below are commutative

F
σ // S

Fs

φs

OO

σs

??��������

(7.2)

The definition of σ is tautological. We need to describe a family of morphisms

σU : FpUq Ñ SpUq,

one for each open set U .
For every fU P FpUq we get an element s � pZU , fU q P ΣF and the commutativity of (7.2) forces

us to set
σU pfU q � σsp1q, 1 P ΓpU,ZU q � HompZU ,ZU q.

This proves the uniqueness of σ. The commutativity of the diagrams (7.1) implies that σ is a mor-
phism of sheaves of sets. To prove that σ is a morphism of sheaves of groups consider

f1
U , f

2
U P FpUq.

We obtain objects

sk � pZU , fkU q P Σ, k � 1, 2, s � pZ2
U , pf

1
U , f

2
U qq P Σ, t � pZU , f1

U � f2
U q P Σ.

Consider the morphisms
δ P HomΣpt, sq, τk P HomΣpsk, sq,

defined by

ZU
δ
ÝÑ Z2

U , x ÞÑ px, xq,

and
ZU Ñ Z2

U , x
τ1,τ2ÞÝÑ px, 0q, p0, xq.

We obtain a commutative diagram

Fsk � ZU
τk //

σsk &&MMMMMMMMMM
Z2
U � Fs

σs

��

ZU � Ft
δoo

σtyyrrrrrrrrrr

SpUq .

Hence
σpf1

U q � σs1p1q � σsp1, 0q, σpf2
U q � σs2p1q � σsp0, 1q

ùñ σpf1
U q � σpf2

U q � σsp1, 0q � σsp0, 1q � σsp1, 1q.
On the other hand

σsp1, 1q � σtp1q � σpf1
U � f2

U q.
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We can now use the additivity of σ to prove that all the diagrams (7.2) are commutative so that

F � limÝÑ
sPΣ

Fs.

This completes the proof of the representability theorem.
[\

Consider a flat soft sheaf K P ShZpXq and the functor

FG,K : ShRpXq Q F ÞÑ HomSpf
K
! pFq,Gq P Abop.

Since the functor fK! is exact, we deduce that the functor FG,K maps cokernels into kernels. To prove
that it maps injective limits to projective limits it suffices to show that it maps direct sums to direct
products which is obvious because both bK and f! map direct sums to direct sums. This proves that
FG,K is representable and we denote by f !

KpGq its representative.
Observe that since fK! is exact we deduce from the isomorphism

HomS

�
fK! pFq,G

�
� HomX

�
F, f !

KpGq
�

that G is injective iff f !
KpGq is injective.

Lemma 7.4. The constant sheaf ZX admits a resolution

0 Ñ ZX Ñ K0 Ñ � � � Ñ Kr Ñ 0

where all Kj-s are flat, c-soft sheaves.

This resolution will be a suitable truncation of the Godement resolution of XZ, [7, Prop. VI.1.3].
Let K be a complex as in Lemma 7.4. For G
 P K�pIS,Rq we denote by f !

KG P K�pIX,Rq the
total complex associated to the double complex f !

K�qG
p

f !
KpG


q � Totpf !
K�qG

pq.

The functor
K�pIS,Rq Q G ÞÑ f !

KG P K�pIX,Rq

induces a morphism of triangulated categories

f ! : D�pRSq Ñ D�pRXq

which by its very construction is a right adjoint of Rf! : D�pRXq Ñ D�pRSq.
[\

Example 7.5 (Absolute Verdier duality with integral coefficients). SupposeX is admissible, gldim R  
8 and c denotes the collapse map c : X Ñ tptu. We deduce that for every S P DbpRXq we have an
isomorphism

RHomRpΓcpX, Sq,Rq � Rc�DXS � RHpX,DXSq.

Suppose R � Z, and S is an injective resolution of the constant sheaf Z. Using the injective resolution

DZ : 0 Ñ Z Ñ Q Ñ Q{Z Ñ 0

we deduce that
H
pRHomZpΓcpX,Zq,Zqq � Ext


pΓcpX,Zq, DZq.

The hyper-Ext terms can be computed using a spectral sequence which degenerates at its E2-term

Ep,q2 � ExtppH�q
c pX,Zq,Zq,



THE DERIVED CATEGORY OF SHEAVES AND THE POINCARÉ-VERDIER DUALITY 63

or in tabular form,

p � 0 p � 1 p � 2
q � 0 HompH0

c ,Zq ExtpH0
c ,Zq 0 � � �

q � �1 HompH1
c ,Zq ExtpH1

c ,Zq 0 � � �

q � �2 HompH2
c ,Zq ExtpH2

c ,Zq 0 � � �
...

... 0
...

.

This leads to the split short exact sequence

0 Ñ ExtpHp�1
c pX,Zq,Zq Ñ H�ppX,DXZq Ñ HompHp

c pX,Zq,Zq Ñ 0.

Since DXZ � ωX we can use the above short exact sequence to compute the hypercohomology
sheaves of ωX . We can rewrite the above results in a form similar to Proposition 6.9. More precisely,
for any sheaf F on X we have an isomorphism

RHompΓcpX,Fq,Zq � RHompF, ωXq.

If we take F � ZU we deduce

RHompRΓcpU,Zq,Zq � RΓpU, ωXq.

In particular
H
pU, ωXq � Ext


pRΓcpU,Zq,Zq.
The last hyper-Ext can be computed via the above short exact sequence.

The middle term in the above sequence is known as the Borel-Moore homology with coefficients
in Z an it is denoted by HppX,Zq. Observe that if X is a n-dimesional manifold then

HppX,Zq � H�ppX,ωXq � H�ppX,orXrnsq � Hn�ppX,orXq.

In particular
HnpX,Zq � H0pX,orXq � RHompZ,orXq.

An orientation on a manifold is a choice of an isomorphism Z Ñ orX . This determines an element
rXs in the top dimensional Borel-Moore cohomology group. We can identify it with the manifold
itself. Note that X need not be compact. For example, for X � R with the canonical orientation we
obtain a cycle with non-compact support rRs P H1pR,Zq.

[\

8. SOME BASIC PROPERTIES OF f !

Suppose f : X Ñ S is a continuous map between two finite dimensional, locally compact spaces
and R is a commutative noetherian ring with 1 such that gldim R   8. The functor f ! enjoys several
properties dual to the properties of the functor Rf!. For simplicity we will restrict ourself to the
derived categories of bounded complexes.

Observe first that there exist two natural morphisms

I Ñ f !Rf!, Rf!f
! Ñ I

The first is obtained from the isomorphism

HompRf!, Rf!q � HompI, f !Rf!q
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while the second is obtained from the isomorphism

HompRf!f
!, Iq � Hompf !, f !q,

Observe next that if
X

f
ÝÑ Y

g
ÝÑ Z

is a sequence of continuous maps between finite dimensional, locally compact spaces then

pg � fq! � f ! � g!.

Proposition 8.1 (Base Change Formula). Suppose we are given a Cartesian square

X �S Y Y

X S

w
πY

u

πX

u

g

w
f

of continuous maps and finite dimensional, locally compact spaces. Then the following hold.
(i) There is an isomorphism of functors

f ! �Rg� � RpπXq� � π
!
Y . (8.1)

(ii) There is a morphism of functors

π�1
X � f ! Ñ π!

Y � g
�1. (8.2)

Proof The isomorphism (8.1) is dual to the base change isomorphism involving Rf! while the
morphism (8.2) is dual to the morphism (3.3). Let us supply the details. The proof is based on the
Yoneda’s Principle.

Proposition 8.2 (Yoneda’s Principle). Suppose C is a (small) category. The functor

Y : C Ñ Funct pCop,Setq, X ÞÝÑ HomCp�, Xq,

is fully faithful, i.e. for every objects X0, X1 P C the induced map

Y : HomCpX0, X1q Ñ HomFunct

�
HomCp�, X0q,HomCp�, X1q

�
is a bijection. In particular, the functors HomCp�, X0q and HomCp�, X1q are isomorphic if and
only if the objects X0, X1 are isomorphic. [\

Returning to our problem observe that the base change formula for Rf! implies have an isomor-
phism

HomY pg
�1 �Rf!F,Gq � HomY pRpπY q! � π

�1
X F,Gq

natural in F P ShRpXq, G P ShRpY q. Using the fact that �� is the right adjoint of ��1 and �! is
the right adjoint of �! we obtain the desired conclusion from the Yoneda’s principle.

[\

Proposition 8.3 (Dual Projection formula). Given a continuous map f : X Ñ S there exists a
morphism

f !S0

L
bR f

�1S1 Ñ f !pS0

L
bR S1q

natural in S0, S1 P D
bpRSq.
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Proof For S0, S1, S P D
bpRSq we have

HomXpf
!S0

L
bR f

�1S1, f
!Sq � HomS

�
Rf!pf

!S0

L
bR f

�1S1q, S
�

(use the projection formula for RF!)

� HomS

�
pRf!f

!S0q
L
b S1, S

�
The natural morphism

Rf!f
! Ñ I

induces a morphism

HompS0

L
b S1, Sq Ñ HomS

�
pRf!f

!S0q
L
b S1, S

�
.

If we take S � S0

L
b S1 we obtain via the above chain of maps a natural morphism

f !S0

L
bR f

�1S1 Ñ f !pS0

L
b S1q.

[\

Proposition 8.4. Let f : X Ñ S be a continuous map between admissible spaces.
(a) We have an isomorphism

RHompRf!G,Fq � Rf�RHompG, f !Fq. (8.3)
natural in F P DbpRSq and G P DbpRXq.
(b) We have an isomorphism

f !RHompS0, S1q � RHompf�1S0, f
!S1q (8.4)

natural in S0, S1 P D
bpRSq.

Proof Observe first that for any sheaves S0, S1 on X we have a natural morphism

f� HompS0, S1q Ñ Hompf!S0, f!S1q

Indeed, for every open set U � S we have

f� HompS0, S1qpUq � HompS0 |f�1pUq, S1 |f�1pUqq.

Any morphism φ in f� HompS0, S1qpUq maps a section u1 of S1 properly supported over U to a
section of S1 which is also properly supported over U since

suppφpu0q � suppu1.

Since the soft dimension of X and S is finite so is the flabby dimension since

flabby dimension ¤ soft dimension� 1.

Thus every bounded complex of sheaves on X admits bounded flabby resolutions and thus we can
pass to derived functors10 to obtain a

Rf�RHompS0, S1q Ñ RHompRf!S0, Rf!S1q (8.5)

In particular for F P DbpRSq and G P DbpRXq we have a canonical morphism

Rf�RHompG, f !Fq Ñ RHompRf!G, Rf!f
!Fq.

10The flabby sheaves are adapted to Hom and f!. The soft ones are not adapted to Hom.



66 LIVIU I. NICOLAESCU

Using the canonical morphism Rf!f
!F Ñ F we obtain a morphism

Rf�RHompG, f !Fq Ñ RHompRf!G,Fq.

We want to show that this map is a quasi-isomorphism of complexes of sheaves. Let V be an open
subset of S. Then

Hj
�
RΓpV,Rf�RHompG, f !Fq q

�
� HomDbpRf�1pV qq

�
G |f�1pV q, f

!Frjs |f�1pV q

�
(use the Poincaré-Verdier duality)

� HomDbpRV q

�
pRf!Gq |V ,Frjs |V

�
� Hj

�
RΓpV,RHompRf!G,Fq

�
.

(b) We use again the Yoneda Principle. Let S P DbpRXq. Then

HomX

�
S, f !RHompS0, S1q

�
(use the Poincaré-Verdier duality)

� HomS

�
Rf!S, RHompS0, S1q

�
(use the adjunction isomorphism (2.16))

� HomS

�
Rf!S

L
b S0, S1

�
(use the projection formula)

� HomS

�
Rf!pS

L
b f�1S0q, S1

�
(use the the Poincaré-Verdier duality)

� HomS

�
S

L
b f�1S0, f

!S1

�
(use the adjunction isomorphism (2.16))

� HomS

�
S, RHompf�1S0, f

!S1q
�
.

[\

Definition 8.5. (a) For every continuous map f : X Ñ S between finite dimensional locally compact
spaces and every commutative Noetherian ring R with 1 of finite global dimension, we define the
relative dualizing complex of X rel S with coefficients in R to be the object

ωX{S � f !RS P D
bpRXq.

Since R has finite global dimension, the dualizing complex is quasi-isomorphic to a bounded complex
of injective sheaves. In particular , if S is a point and f is the collapse map X c

Ñ tptu then

ωX :� ωX{pt � c!R

is called the (absolute) dualizing complex of X .
(b) For X and R as above and any F P DbpRXq we define DXF P DbpRXq as

DXF :� RHompF, ωXq.

We say that DXF is the Poincaré-Verdier dual of F.

In the sequel we assume that the coefficient ring has finite global dimension.
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Remark 8.6. There exists a natural morphism of functors

IDbpRXq Ñ D2
X

induced by the evaluation map

DbpRXq Q F
 ÞÑ RHompRHompF
, ωXq, ωXq.

In general this morphism is not an isomorphism but becomes so when restricted to full subcategory
of DbpRXq consisting of cohomologically constructible complexes.

[\

Proposition 8.7. For every continuous map f : X Ñ S between admissible spaces we have an
isomorphism

DXf
�1F � f !DSF,

natural in F P DbpRSq. In particular, there exists a natural morphism

f�1F Ñ DXf
!DSF.

Proof Observe first that f !ωS � ωX . We have

RHomXpf
�1F, ωXq � RHomXpf

�1F, f !ωSq
p8.4q
� f !RHomSpF, ωSq � f !DSF.

[\

9. ALTERNATE DESCRIPTIONS OF f !

There are some basic situations when the functor f ! can be given alternate descriptions.
Suppose i � iU : U Ñ X denotes the inclusion of an open subset. Using (2.6) we obtain an

isomorphism
HomXpi!F,Gq � HomU pF, i

�1Gq

natural in F P ShRpUq, and G P ShRpXq. We conclude that

i!U � i�1
U .

Proposition 9.1. Suppose j : X ãÑ S denotes the inclusion of a locally closed subset in a locally
compact space. Assume R has finite global dimension. Then

j! � j�1 �RΓXpFq, @F P DbpRSq.

Proof Let F P DbpRSq, G P DbpRXq. Then for every closed subset Z � S we have

ΓZp�q � HompRZ ,�q.

Using the adjunction isomorphism (2.2) and the Poincaré-Verdier duality (in this case j! is exact so
that Rj! � j!))

HomXpG, j
!Fq � HomSpj!G,Fq � HomSpj!G, RΓXpFqq

� HomXpj
�1j�G, j

�1RΓXpFqq � HomXpG, j
�1RΓXpFqq.

This proves that
j!F � j�1RΓXpFq.

[\
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Using the dual projection formula for a continuous map between admissible spaces f : X Ñ S
we obtain a morphism

ωX{S

L
b f�1pSq � f !pRSq

L
b f�1pSq Ñ f !pRS b Sq � f !pSq, @S P DbpRSq.

We will describe below one instance when this morphism is an isomorphism.

Definition 9.2. A map f : X Ñ S between admissible spaces is called a topological submersion of
relative dimension ` if for every x P X there exists an open neighborhood V inX such thatU � fpV q
is an open neighborhood of s � fpxq in S and there exists a homeomorphism h : V Ñ U � R` such
that the diagram below is commutative.

V U � R`

U U

w
h

uu

f

uu

pU

w
IU

Loosely speaking a topological submersion is a fibration, where the fibers are topological mani-
folds of dimension `.

Definition 9.3. The space S is called locally contractible if every point s P S admits a basis of
contractible, open neighborhoods.

Proposition 9.4. Assume f : X Ñ S is a topological submersion of relative dimension `, and S is
locally contractible. Then the following hold.
(a) HkpωX{Sq � 0 for k � �` and H�`pωX{Sq is locally isomorphic to XR.
(b) The canonical morphism of functors

f !pRSq
L
b f�1p�q Ñ f !p�q

is an isomorphism.

Proof Denote by B the unit open ball centered at the origin of R`. For every point x P X we
can find a basis of product like open neighborhoods, i.e. open neighborhoods W with the following
property. There exists an open, path connected contractible neighborhood V of s � fpxq P S, and a
homeomorphism

h : B � V ÑW

such that if
iW : W ãÑ X and iV : V ãÑ S

denote the natural inclusions and

hW :� iW � h : B � V ÑW ãÑ X

then the diagram below is commutative.

B � V X

V S

y w
hW

u

πV

u

f

y w
iV

.
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Let S P DbpRSq. Then

RΓpW, f !Sq � RHomW pR, i
�1
W f !Sq � RHomB�V pR, h

�1
W f !Sq

(h�1
W � h!

W )

� RHomB�V pR, h
!
W f

!Sq � RHomB�V pR, π
!
V i

!
V Sq � RHomB�V pR, π

!
V i

�1
V Sq

� RHomV

�
RπV !R, S |V

�
.

Using Corollary 3.8 we deduce

RπV !RB�V � RΓcpB,RBq b RV

Hence we deduce
RΓpW, f !Sq � RHomV

�
RΓcpB,RBq b RV , S |V

�
� RHomV

�
RΓcpB,RBq, RHompRV , Sq

�
Above we regard RΓcpB,RBq as a complex of constant, free, finite rank sheaves on V . Using the
special adjunction formula we obtain an isomorphism

RHomV

�
RΓcpB,RBq, RHompRV , Sq

�
� RHom

�
RΓcpB,RBq,R

� L
bRHom

�
RV , S

�
.

Using the Poincaré-Verdier duality on B we deduce further

RHom
�
RΓcpB,RBq,R

�
� RΓpB,ωBq.

Hence

RΓpW, f !Sq � RΓpB,ωBq
L
bRΓpV, Sq � RΓpB � V, ωB

L
b Sq.

[\

Assume R � Z and S is an oriented manifold. The orientation is given by an isomorphism

orS � ZS .

In particular, we obtain an isomorphism

ωS � orSrdimSs � ZSrdimSs.

We deduce

DSZS � Hom
�

ZS , ωS
�
� ZSrdimSs ùñ ZS � pDSZSqr�dimSs � pDSZrdimSsq.

Using Proposition 8.7 we deduce

ωX{S � f !ZS � f !DSpZSrdimSsq � DXf
�1ZSrdimSs

(use the fact that f�1 is an exact functor)

� DXZXrdimSs � Hom
�

ZX , ωXr�dimSs
�
� ωXr�dimSs.

Example 9.5.

Suppose E
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10. DUALITY AND CONSTRUCTIBILITY

The results established so far simplify somewhat when restricted to the special class of con-
structible sheaves defined in §5. For the reader’s convenience we reproduce here the definition of
these sheaves.

Suppose X is a locally compact space of finite soft dimension and R is a ring of finite global
dimension. An object F P DbpShRpXqq is called cohomologically constructible (c.c. for brevity) if
for any point x P X the following conditions are satisfied.

(a) LimÝÝÑUQx
RΓpU,Fq and LimÐÝÝUQxRΓcpU,Fq exist and the canonical maps

LimÝÝÑUQx
RΓpU,Fq Ñ Fx, RΓtxupX,Fq Ñ LimÐÝÝUQxRΓcpU,Fq

are isomorphisms.
(b) The complexes Fx and RΓxpX,Fq are perfect.

Proposition 10.1. Assume F P DbpRXq is cohomologically constructible. Then the following hold.

(i) DXF is cohomologically constructible.
(ii) The natural morphism FÝÑDXDXF is an isomorphism.
(iii) For any x P X we have

RΓtxupX,DXFq � RHompFx,Rq, (10.1a)

pDXFqx � RHompRΓtxupX,Fq,Rq. (10.1b)

Proof We have
RΓpU,DXFq � RHompΓcpU,Fq,Rq.

Applying the functor LimÝÝÑUQx
and using Proposition 4.15 we deduce

LimÝÝÑUQx
RΓpU,DXFq � RHompLimÐÝÝUQx ΓcpU,Fq,Rq � RHompRΓtxupX,Fq,Rq.

This proves (10.1b) and thus exists and it is perfect..
Suppose K is a compact neighborhood of x. We have

RΓKpX,DXFq � RHompRK ,DXFq � RHompFK , ωXq

(Verdier duality)
RHompRΓcpX,FKq,Rq � RHompRΓpX,FKq,Rq.

Applying the functor LimÐÝÝ and Proposition 4.15 we get

LimÐÝÝUQxRΓcpU,DXFq � LimÐÝÝKQx
RΓKpX,DXF q � RHompLimÝÝÑKQx

RΓpX,FKq,Rq

RHomppLimÝÝÑUQx
RΓpU,Fq,Rq � RHompFx,Rq.

This proves (10.1b) and completes the proof of (i) and (iii).
We now know that DXF and DXDXF are both cohomologically constructible. Using (10.1b) we

deduce

pDXDXFqx � RHompRΓtxupX,DXFq,Rq
p10.1aq
� RHom

�
RHompRΓtxupX,Fq,Rq, R

�
� Fx

where at the last step we have used the fact that RΓtxupX,Fq is perfect.
[\
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Corollary 10.2. Suppose f : X Ñ S is a continuous map between finite dimensional locally compact
spaces, and R is a commutative Noetheriang ring with 1 of finite global dimension. Then, for every
constructible F P DbpShRpSqq we have

f !F � DXf
�1DSF.

Proof Using Proposition 8.7 we deduce

f !D2
SF � DXf

�1DSF.

Since F is constructible we have D2
SF � F.

[\

Corollary 10.3. Suppose f : X Ñ S is as above. Then

ωX{S � DXpf
�1ωSq.

Moreover for very S P DbpShRpSqq

f !S � f�1S
L
bDXpf

�1ωSq.
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